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Abstract

We construct the Atiyah classes of holomorphic vector bundles
using (1, 0)-connections and developing a Chern-Weil type theory, al-
lowing us to effectively compare Chern and Atiyah forms. Combining
this point of view with the Cech-Dolbeault cohomology, we prove sev-
eral results about vanishing and localization of Atiyah classes, as well
as some applications. In particular, we prove a Bott type vanishing
theorem for (not necessarily involutive) holomorphic distributions.
As an example we also present an explicit computation of the residue
of a singular distribution on the normal bundle of an invariant sub-
manifold that arises from the Camacho-Sad type localization.
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0 Introduction

Characteristic classes are invariants of manifolds providing obstructions to
the existence of certain geometric objects. For instance, it is well-known
that the existence of a non-singular vector field on a manifold M implies
the vanishing of the top Chern class of M. Roughly speaking, character-
istic classes detect the necessary existence of singularities (e.g., zeros of a
vector field) of the given geometric object; and thus it is only natural to
expect that, in a suitable sense, characteristic classes might be localized
nearby those singularities. Residue (or index) theory systematically deals
with such a localization procedure, and the results yield interesting and deep
informations both on the manifold and on the geometric object.

This approach has been developed with considerable success for Chern
classes and singular holomorphic foliations, starting with the seminal work



of P. Baum and R. Bott [6] up to very recent applications. It is based
on the Bott vanishing theorem, which says that the characteristic forms
associated to certain Chern polynomials vanish in the presence of actions
of (or of partial connections along) non-singular holomorphic foliations, i.e.,
involutive subbundles of the holomorphic tangent bundle. This suggests
that in general the corresponding characteristic classes should localize at
the singular set of a holomorphic foliation, and thus it should be possible to
express them using (suitably defined) residues.

In this way important index theorems have been proved; for the normal
sheaf of a foliation (using Baum-Bott residues; see, e.g., [5], [6], [13]), for the
normal sheaf of invariant subvarieties (using Camacho-Sad residues; see, e.g.,
[12], [17], [18]), and for the normal sheaf of the foliation along an invariant
subvariety (using the so-called variation residues; see, e.g., [23]). In turns,
these index theorems had important applications to dynamics. Just to give
a couple of examples, the Camacho-Sad index theorem is crucial in the
proof by C. Camacho and P. Sad of the existence of separatrices for germs
of singular holomorphic vector fields in C? (see [12]); or, very recently, it
has been effectively used by D. Marin and J.-F. Mattei in their topological
classification of generic holomorphic foliations in C? nearby a singular point
(see [19]). We also list [10] as a literature with ample applications of these
residue theorems.

Localization of Chern classes has proved to be useful in discrete dynam-
ics too. For instance, in [1] (see also [8]) an analogous for holomorphic
self-maps of the Camacho-Sad theorem is proved and applied to show the
existence of parabolic curves for germs of holomorphic self-maps tangent to
the identity in C?; and analogues for holomorphic self-maps, valid in any
dimension, of Baum-Bott, Camacho-Sad and variation index theorems and
residues, with further applications to discrete dynamics, have been given in
[2]. Furthermore, in [3] it is shown how these results, both for foliations
and for self-maps, fit into a unified theory which can be described in the
framework of residue theory of partial holomorphic connections.

It should also be mentioned that localization techniques can also be ap-
plied to the study of characteristic classes of singular varieties, as sum-
marized in [9]. The residue theory in this framework leads to an analytic
intersection theory on singular varieties [24]. See also [22] for another devel-
opment in this direction.

The present paper is devoted to study the localization of Atiyah classes of
holomorphic vector bundles. Such classes have been introduced by M. Atiyah
in [4] as Dolbeault cohomology classes providing obstructions to the exis-
tence of holomorphic connections on a given holomorphic vector bundle.
Since then, Atiyah classes have been interpreted and used very much in dif-



ferent contexts, for instance, in studying Kéahler and hyper-Kahler manifolds
and Hochschild cohomology (see, e.g., [15], [20], [11]).

Our main result (see Theorem 6.10 for the complete statement) is a
vanishing theorem (analogous to the Bott vanishing theorem) for Atiyah
forms in presence of not necessarily involutive holomorphic distributions:

Theorem 0.1 Let M be a complex manifold of dimension n and F a holo-
morphic subbundle of rank r of TM. Let E be a holomorphic vector bundle
over M and (F,0) a holomorphic partial connection for E. If V is a con-
nection for E extending §, then

for all d > n —r, where a®(V) denotes the Atiyah form of bidegree (d,d).

This result provides the foundation for the residue theory of singular (and
not necessarily involutive) distributions that we shall describe in Section 8.
As an application, we present a Camacho-Sad type result (Theorem 7.1);
and we shall also work out an explicit example (Section 9).

To obtain these results, we exploit a presentation of Atiyah forms and
classes based on a Chern-Weil type construction via C'*° connections of type
(1,0) and expressed by using Cech-Dolbeault cohomology. This viewpoint
is particularly suited for developing the localization theory of characteristic
classes; furthermore it allows us to understand and formulate clearly the
relations between Chern and Atiyah classes, because (see Section 1.3) we
may compare directly the differential forms representing Atiyah classes with
those representing Chern classes, whereas this would not be possible in gen-
eral at the level of classes because Chern classes and Atiyah classes live in
different cohomologies.

The use of (1,0)-connections in this setting was already present in [4]
in the framework of principal bundles; and the idea of incorporating this
into the Chern-Weil theory had been noted in [5]. We bring these ideas to
fruition by combining them with the Cech-Dolbeault cohomology in order
to suitably localize Atiyah classes. We note that here the difference forms
play a key role. These tactics are analogues of those for Chern classes where
the Chern-Weil theory is combined with the Cech-de Rham cohomology
(originally due to D. Lehmann [16], see also [23]).

The plan of the paper is the following. In Section 1 we describe Atiyah
classes using connections of type (1,0), as said above; the comparison with
the original definition is carried out in Section 2. In Section 3 we sum-
marize the Cech-Dolbeault cohomology theory, so that in Section 4 we can
express Atiyah classes in the Cech-Dolbeault cohomology and explain the



basic principle of localization; a vanishing theorem always yields a corre-
sponding localization theorem with the associated residues. In Section 5
we briefly discuss the localization by sections, or more generally, by frames.
In Section 6 we prove our main theorem, a Bott type vanishing theorem
for non-singular distributions, the starting point for the residue theory of
singular distributions that we shall discuss in Section 8. As an important
example, we give the vanishing theorem coming from the Camacho-Sad ac-
tion in Section 7. Finally, in Section 9 we compute the Atiyah residues for
an example of singular distribution.

1 Atiyah classes

For details of the Chern-Weil theory of characteristic classes of complex
vector bundles, we refer to [6], [7], [21], [23]. Here we use the notation
in [23] (with connection and curvature matrices transposed and r and ¢
interchanged).

1.1 Atiyah forms

Let M be a complex manifold and E a holomorphic vector bundle over M
of rank ¢. For an open set U in M, we denote by AP(U) the complex vector
space of complex valued C* p-forms on U. Also, we let AP(U, E) be the
vector space of “F-valued p-forms” on U, i.e., C° sections of the bundle
N (TEM)* @ E on U, where (T§M)" denotes the dual of the complexification
of the real tangent bundle TgM of M. Thus A°(U) is the ring of C*
functions and A°(U, F) is the A°(U)-module of C* sections of £ on U.

Definition 1.1 A (C*) connection for E is a C-linear map
V: A" M,E) — AY(M,E)
satisfying the Leibniz rule
V(fs)=df @ s+ fV(s) for fe A (M) and se A°(M,E).

Definition 1.2 For r =1,...,¢, an r-frame of E on an open set U is a col-
lection s = (s1,...,s,) of r sections of E linearly independent everywhere
on U. An (-frame is simply called a frame.

Definition 1.3 Let V be a connection for £ on U, and s = (s1,...,s,)
an r-frame of E. We say that V is s -trivial if V(s;) =0 for i =1,...,r.



A connection V for E induces a C-linear map
V: AYM,E) — A*(M,E)
satisfying
Viw®s)=do®s—wAV(s) for we A(M)andsec A°(M,E).
The composition
K=VoV:A M E)— A*(M,E)

is called the curvature of V. Tt is not difficult to see that K is A°(M)-linear;
hence it can be thought of as a C'* 2-form with coefficients in the bundle
Hom(E, E).

Notice that a connection is a local operator, i.e., it is also defined on local
sections. This fact allows us to obtain local representations of a connection
and its curvature by matrices whose entries are differential forms. Thus
suppose that V is a connection for E. If e = (e1,... ¢/) is a frame of £
on U, we may write, fori=1,...,¢,

l
Vi)=Y ¢ ®e; with ¢/ in A'(U).
7=1

The matrix 6 = (93) is the connection matriz of V with respect to (). Also,
from the definition we get

¢ ¢
K(ei):ngQ{)ej with n{def—i—Z@i/\Qf.
j=1 k=1

We call k = (k) the curvature matriz of V with respect to e®. If &©) =
(é1,...,&) is another frame of F on U, we have &; = 2521 ale; for suitable
functions a! € C°(U N U), and the matrix A = (a!) is non-singular at
cach point of U N U. If we denote by 6 and & the connection and curvature
matrices of V with respect to ) we have

f=A"1. dA+A9A and R=A"'kA in UNU. (1.4)

Up to now E could have been only a C'*° complex vector bundle. Now
we use the assumption that E' is holomorphic.

Definition 1.5 A connection V for E'is of type (1,0) (or a (1, 0)-connection)
if the entries of the connection matrix with respect to a holomorphic frame
are forms of type (1,0).



Remark 1.6 (1) It is easy to check that the above property does not depend
on the choice of the holomorphic frame.

(2) A holomorphic vector bundle always admits a (1,0)-connection. In fact
let V = {Vi\} be an open covering of M trivializing E. For each A, let V,
be the connection trivial with respect to some holomorphic frame on V). If
we take a partition of unity {p,} subordinate to V and set V = )", paV,
then V is a (1,0)-connection for E.

If V is a (1,0)-connection for E, we may write its curvature K as
K — KQ,O 4 Kl,l

with K20 and K, respectively, a (2,0)-form and a (1, 1)-form with coeffi-
cients in Hom(E, E). Locally, if @ and « are respectively the connection and
the curvature matrices of V with respect to a (local) holomorphic frame of
E, then we can decompose x = x2° + kb1 according to type, and K?° and
K11 are respectively represented by

K =00+0N0 and kbt =00 . (1.7)

Thus K", being locally d-exact, is a O-closed (1,1)-form with coefficients
in Hom(FE, E).

With respect to another holomorphic frame, K'! is represented by a

matrix similar to k! (cf. (1.4)). Thus for each elementary symmetric

polynomial o, (with p = 1,2,...) we may define a d-closed C* (p, p)-form

o,(KY') on M. Locally it is given by o, (k"!), which is the coefficient of ¢?
in the expansion

det(I +t") =1+ oy (K"t + -+ o (k)P + -
In particular, oy (k") = tr(kb) and oy(kb?) = det(kb!).

Definition 1.8 Let V be a (1, 0)-connection for a holomorphic vector bun-
dle E of rank ¢. For p = 1,... ¢, we define the p-th Atiyah form a?(V) of V

by
—1\?
)= () it
2
It is a O-closed (p, p)-form on M.
More generally, if ¢ is a symmetric homogeneous polynomial of degree

d, we may write ¢ = P(01,09,...) for a suitable polynomial P. Then we
define the Atiyah form (V) of V associated to o by

P (V) = P(a(V),a*(V),...);
it is a O-closed (d, d)-form on M.



Remark 1.9 The p-th Chern form (V) of V is defined by
v=1\?*
JP(’i)a

which is a closed (2p)-form having components of bidegrees (2p,0), ..., (p, p).
The Atiyah form a?(V) is then the (p, p)-component of ¢?(V). In particular,
a"(V) = ¢*(V), where n denotes the dimension of M.

More generally, the Atiyah form % (V) of V associated to a symmetric
homogeneous polynomial ¢ of degree d is the component of type (d, d) of the
Chern form (V) = P(c"(V),*(V),...) associated to ¢. Again, if d = n
then (V) = (V).

1.2 Atiyah classes

Let E be a holomorphic vector bundle over a complex manifold M. As in
the case of Chern forms, to any finite set of (1,0)-connections for F one can
associate a difference form. Here we recall the construction given in [25,
Proposition 5.4].

Thus, given ¢ + 1 (1, 0)-connections Vo, ..., V, for E, we consider the
vector bundle E x R? — M x R? and define the connection V for it by
V=0~ t)Vo+ XL, t;V;, where (t;...,t,) denote coordinates on
R?. Denoting by A? the standard g-simplex in R? and by 7 : M x A9 — M
the projection, we have the integration along the fiber

T o AP(M x AY) — A*P79(M).
Then we set 3
(Vo,...,Vy) = m((V)).

The Atiyah difference form a?(Vo, ..., V,) is the (p, p — g¢)-component of
?(Vo,...,V,). It is alternating in the ¢ + 1 entries and satisfies

q
a’(Vo, ..., V..., V) + (=1)%0a*(Vy,...,V,) = 0. (1.9)

v=0

In particular, if ¢ = 1, we have

da*(Vo, V1) = a”(V1) — a”(Vy), (1.10)
which shows that, if V is a (1,0)-connection for E, the class of a?(V) in
HZP(M) does not depend on the choice of V.

Similarly, if ¢ is a symmetric homogeneous polynomial of degree d, we
can define a (d,d — q)-form ¢*(V,,...,V,) as the (d,d — q)-component of



the Chern difference form ¢(V,,...,V,). It satisfies an identity analogous
to (1.9).
Then we can introduce the following definition :

Definition 1.11 Let E be a holomorphic vector bundle E of rank ¢. For
p = 1,...,0 the p-th Atiyah class a?(FE) of E is the class represented by
aP(V) in HEP(M), where V is an arbitrary (1,0)-connection for £.

Similarly, if ¢ is a symmetric homogeneous polynomial of degree d, the
Atiyah class o2 (E) of E associated to ¢ is the class of (V) in Hg’d(M),
where V is an arbitrary (1, 0)-connection for E.

Remark 1.12 If n denotes the dimension of M, there is a canonical sur-
jective map Hy" (M) — Hgi (M), the de Rham cohomology of M, which
assigns the class of a form w to the class of w. If d = n, then p4(V) = (V)
for any (1,0)-connection V for E and the image of ¢(E) by the above map
is ¢(E). In particular, if M is compact, [,, ¢*(E) = [,, ¢(E).

Moreover, if d = n, then ¢*(Vy, V1) also coincides with the usual Bott
difference form ¢(Vy, V1) for any pair of (1,0)-connections Vg, V; for E.

1.3 Atiyah classes on compact Kahler manifolds

Let M be complex manifold (not necessarily Kéhler) and E a holomorphic
vector bundle on M. Let h be any Hermitian metric on £ and let V" be
the associated metric connection, i.e., V" is the unique (1,0)-connection
compatible with h. The curvature K of V is then of type (1, 1), and hence

A (V") = a? (V") for all p > 1.

In other words, Atiyah and Chern classes of the same degree can be rep-
resented by the same form. Of course, as classes they are different, be-
cause they belong to two different cohomology groups: ¢?(E) = [¢?(V")] €
H (M), while a?(E) = [a?(V")] € HZP(M), the Dolbeault cohomology
of M.

However, if M is compact Kahler, the Hodge decomposition yields a
canonical injection HE?(M) — H 2P (M), and hence we obtain the following
useful relation:

Proposition 1.13 Let M be a compact Kdahler manifold and E a holomor-
phic vector bundle on M. Let I: HZ"(M) — HE (M) be the injection given
by the Hodge decomposition. Then

I(a”(E)) = *(E) for all p>1.



2 Atiyah classes via complex analytic con-
nections

Atiyah classes were originally introduced by Atiyah in [4], with a different
construction. In this section we show that our definition yields the same
classes.

Let M be a complex manifold and O the sheaf of germs of holomorphic
functions on M. For a holomorphic vector bundle £ over M we denote by
& = O(F) the sheaf of germs of holomorphic sections of E. We also denote
by © = O(TM) and Q' = O(T* M) the sheaves of germs holomorphic vector
fields and of 1-forms on M. All tensor products in this section will be over
the sheaf O.

Definition 2.1 A holomorphic (or complex analytic) connection for E is a
homomorphism of sheaves of C-vector spaces

V:E—QA®E
satisfying
V(fs)=df @ s+ fV(s) for feOandseéf.

If e = (e1,...,e.) is a local holomorphic r-frame of E, we shall say
that V is e -trivial if Ve;=0forj=1,...,r.

Remark 2.2 A holomorphic connection V on a holomorphic vector bundle
E induces naturally a (1,0)-connection V. In fact, let s be a C'™ section of
E. Let U be an open set trivializing E and let (eq, ..., e;) be a holomorphic
frame on U. Write s = Zle fte; for suitable f* € C*°(U), and set Vs =
Zle(dfi ®e; + f'V(e;)). It is easy to check that the definition does not
depend on the choice of the frame.

Conversely, a (1, 0)-connection V such that (Vs)(u) is holomorphic wher-
ever s and u are holomorphic clearly determines a holomorphic connection.

Following Atiyah [4], we set
DE)=Ed (N ®E),

which is a direct sum as a sheaf of C-vector spaces. It is endowed with the
O-module structure given by

f(s,0)=(fs,df @ s+ fo).



Then we have the following exact sequence of (locally free) O-modules:
0— Qe DE-Le—o. (2.3)

A splitting of this sequence is a morphism 7: &€ — D(E) of O-modules
such that pon =id.

Lemma 2.4 ([4]) Let E be a holomorphic vector bundle on a complex man-
ifold M. A morphism n: € — D(E) is a splitting of (2.3) if and only if it is
of the form n(s) = (s, V(s)), where V s a holomorphic connection for E.
Thus E admits a holomorphic connection if and only if (2.3) splits.

The following is also easy to see:

Lemma 2.5 ([4]) Let V be a holomorphic connection for a holomorphic
vector bundle E. If ¢ € Homo(E,Q' @ E) then V + £ is a holomorphic
connection for E. Conversely, every holomorphic connection for E is of this
form.

The sequence (2.3) determines an element b(F) in the cohomology group
HY (M, Hom(E, Q' ® £)) as follows. First, applying the functor Hom(&,-)
to (2.3) we get the exact sequence

0 — Hom(&,Q' ® £) — Hom(E, D(E)) — Hom(E,E) — 0,
and thus the connecting homomorphism
6: H'(M,Hom(E,&)) — H' (M, Hom(E,Q' @ £)).

Then b(E) = 6(id) € H' (M, Hom(E,Q' ® £)). It is not difficult to prove
the following

Lemma 2.6 ([4]) A holomorphic vector bundle E admits a holomorphic
connection if and only if b(E) = 0.

Now, we have the Dolbeault isomorphism
H' (M, Hom(E,Q'®E)) = H' (M, Q' @Hom(€,€)) ~ Hy' (M, Hom(E, F)).

Let a(E) denote the class in Hé’l(M, Hom(E, E)) corresponding to —b(E)
via the above isomorphism (cf. [4, Theorem 5]). Then the original Atiyah
class of type (p,p) is defined as

(8= (L) anfatmy

we shall show that a?.(E) = a”(E) for all p > 1. To do so we need some
definitions.
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Definition 2.7 Let V = {V,} be an open covering of M. A V-splitting of
(2.3) is a collection {n*} of splittings n* of (2.3) on each V. A holomorphic
V-connection for E is a collection {V*} of holomorphic connections V* for
Ely,.

By Lemma 2.4, a V-splitting determines a holomorphic V-connection
and vice versa. Furthermore, every holomorphic vector bundle £ admits a
holomorphic V-connection for some open covering V. In fact, let V = {V,}
be a covering trivializing F; then take as V* a holomorphic connection
which is trivial with respect to some holomorphic frame of £ on V).

Definition 2.8 We shall call -curvature of E a O-closed (1,1)-form with
coefficients in Hom(FE, E) representing the class a(F).

The next theorem shows that we can obtain a d-curvature as the (1,1)-
component of the curvature of a suitable (1, 0)-connection :

Theorem 2.9 Let E be a holomorphic vector bundle over a complex mani-
fold M. A holomorphic V-connection for E' determines a (1,0)-connection V
for E such that the (1,1)-component of the curvature of V is a 0-curvature.

PROOF :  Let {V*} be a V-connection for E with respect to a (sufficiently
fine) open covering V = {V3} of M. On VANV, the difference ¢* = V*—V*
is an O-morphism from &€ to Q' ® &, and the collection & = {£M} is a 1-
cocycle on V representing —b(E).

We denote by AP4(Hom(E, E)) the sheaf of germs of smooth forms of
type (p, q) with coefficients in the bundle Hom(E, E'); in particular, we may
think of Hom(&, 1'®E) = Q'@Hom(E, ) as a subsheaf of A°(Hom(E, F)).
Since the sheaf AP?(Hom(E, E)) is fine, there exists a 0-cochain {r*} of
A (Hom(E, E)) on V such that

=7 —7 on VANV,

Hence
V '+ =V on VANV,

In this way we have defined a global (1,0)-connection V which coincides
with V* + 7% on Vj.

Since the forms éM are holomorphic, on Vy N V,, we have o = ort.
Hence we get a global d-closed (1,1)-form w with coefficients in Hom(FE, E)
which is equal to O7* on Vj. By chasing the diagrams, it is easy to see that
the form w represents the class a(E), and thus it is a d-curvature. Moreover,
(1.7) shows that w is the (1, 1)-component of the curvature of V, and we are
done. O

11



Corollary 2.10 Let E be a holomorphic vector bundle on a complex mani-
fold M. Then

for allp > 1.

Remark 2.11 Given a holomorphic V-connection {V*}, the O-curvature
w constructed in the proof of Theorem 2.9 is not uniquely determined; it
depends on the choice of the 0-cochain {7*}. One way to choose {7} is to
take a partition of unity {py} subordinate to V and set 7* =" p, "

We give now a more explicit expression of the forms introduced in the
proof of Theorem 2.9. Let ¢ be the rank of F, and choose an open cover V
of sufficiently small open sets trivializing £. On each V) take a holomorphic
frame (e7,...,e}) of E and let V* be the connection on Vj trivial with
respect to this frame. Finally, let {h*} be the system of transition matrices

corresponding to these choices, that is

¢
el = (WM on VANV,
k=1
Then ,
(ed) == Y (WML d(h ) @ e,
jk=1
Thus €M is represented, with respect to the frame (e, ..., e}), by the matrix

—hM - dht = dRM - (DY) = oM (R

as an element of Hom(£,Q' ® ) ~ Q' @ Hom(&,£) on Vy N'V,. Taking
a partition of unity {py} subordinate to V, we may set 7 = Y p, &,
as in Remark 2.11; the global (1,0)-connection constructed in the proof of
Theorem 2.9 is then given by V = 3" p, V", and its curvature matrix with
respect to the frame (e},...,e}) is given by 7%, and the corresponding 0-
curvature by 7. As a direct consequence of Lemma 2.6 and Corollary 2.10

we get

Proposition 2.12 Let E be a holomorphic vector bundle over a complex
manifold M. If E admits a holomorphic connection then a?(E) = 0 for all
p > 1, that is, all Atiyah classes of E vanish.

Remark 2.13 In fact, the existence of a holomorphic connection V implies
the stronger vanishing a?(V) = 0 for all p > 1. This can be easily seen from
(1.7), since the connection matrix 6 of V with respect to a holomorphic
frame is holomorphic. See Theorem 6.10 below for more general vanishing
results of this type.
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It should be remarked that the converse of Proposition 2.12 is not true.
Namely, it might happen that a?(E) = 0 for all p > 1 but a(E) # 0, as the
following example shows.

Example 2.14 Let M be a compact Riemann surface and L a line bundle
over M such that a'(L) = ¢!(L) # 0. Let F := L& L*. Then ¢'(F) =
(L) — c*(L) = 0, and by Proposition 1.13 it follows a'(F) = 0. For
dimensional reasons, a?(E) = 0 for all p > 2. Now we claim that £ does
not admit a holomorphic connection, and hence a(E) # 0 as a class in
H é’l (M ,Hom(FE, E)) In fact, by contradiction, let V denote a holomorphic
connection for . Let 7: Q' ® F — Q! ® L denote the projection and
t: L — E the immersion. It is easy to show that m o V o is a holomorphic
connection for L. But then ¢!(L) = a'(L) = 0, against our assumption.

3 Cech-Dolbeault cohomology

In this section, we recall the theory of Cech-Dolbeault cohomology in the
case of coverings consisting of two open sets. Although it is technically more
involved, the ideas are similar for the general case of coverings with arbitrary
number of open sets. We review relevant material for this case in Section 9
and refer to [25] for details

Let M be a complex manifold of dimension n. For an open set U of
M, we denote by AP4(U) the vector space of C*° (p,q)-forms on U. Let
U = {Uy, U1} be an open covering of M. We set Uy; = Uy N Uy and define
the vector space AP4(U) as

APIU) = API(Uy) & API(Uy) & AP (Upy ).

Thus an element o in A”?(U) is given by a triple o = (09, 01, 001) With o; a
(p, q)-form on U;, i = 0,1, and o¢; a (p,q — 1)-form on Up;.

We define a differential operator D: AP9(U) — APIT1({f) by
DO’ = (50‘0, 80'1, 01— 0g — 50‘01).
Then we have D o D = 0 and thus a complex for each fixed p:

pDpsa—1 DPp-a

N Ap,qfl(u) N Ap,q(u) =z Ap,qul(u) — .

We set B )
H2(U) = Ker D9 /Tm D7~

and call it the Cech-Dolbeault cohomology of U of type (p,q). We denote the
image of ¢ by the canonical surjection Ker D»? — H2%(U) by [o].
Let HZ“(M) denote the Dolbeault cohomology of M of type (p, q).
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Theorem 3.1 The map a: API(M) — APY(U) given by w — (w,w,0) in-
duces an isomorphism

o HP(M) < HEA(U).

PROOF : It is not difficult to show that « is well-defined. To prove that
« is surjective, let o = (09, 01,001) be such that Do = 0. Let {pg, p1} be
a partition of unity subordinate to U and set w = pooo + p1o1 — Opo A 001
Then it is easy to see that dw = 0 and [(w,w,0)] = [¢]. The injectivity of a
is also not difficult to show. O

We define the cup product
AP U) x AP Uu) — AptPhatd U), (3.2)

assigning to o in AP9(U) and 7 in AP () the element o « 7 in APTP4+9 (1)
given by

(c~T)o=00ATy, (0~T)1=01A7 and

(0~ T)or = (=1)P 00 A o1 + 001 A 71

Then o — 7 is linear in ¢ and 7 and we have
D(o 1) = Do~ 1+ (=15 < Dr.
Thus it induces the cup product

HZUU) x HZ (U) — HEP W)
compatible, via the isomorphism of Theorem 3.1, with the product in the
Dolbeault cohomology induced from the exterior product of forms.

Now we recall the integration on the Cech-Dolbeault cohomology. Let
M and U = {Uy, U, } be as above and { Ry, R;} a system of honey-comb cells
adapted to U (cf. [16], [23]). Thus each R;, i = 0,1, is a real submanifold
of dimension 2n with C'*° boundary in M such that R; C U;, M = Ry U R,
and that Int Rg NInt B, = 0. We set Ry; = Ry N Ry, which is equal to
ORy = —0R; as an oriented manifold.

Suppose M is compact; then each R; is compact and we may define the
integration

/M L AMMUY) — C

/U_/Uo+/01+/ 001
M Ro Ry Ro1
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for o in A™™(U). Then this induces the integration on the cohomology

/ CHU) — C,
M

which is compatible, via the isomorphism of Theorem 3.1, with the usual
integration on the Dolbeault cohomology H7"(M). Also the bilinear pairing

APUU) x APPPI(f) —s AP (UY) —s C

defined as the composition of the cup product and the integration induces
the Kodaira-Serre duality

KS: HPU(M) ~ HEOU) > HEP9Q)" = HE PP I(M) . (3.3)

Now let S be a closed set in M. Let Uy = M ~. S and U; a neighborhood
of S in M, and consider the covering U = {Uy,U,} of M. We denote by
AP9(U, Uy) the subspace of AP4(U) consisting of elements o with o9 = 0, so
that we have the exact sequence

0— Ap’q(u, U()) — AW](U) I Apﬂ(UO) — 0.

We see that the operator D maps AP4(U, Uy) into AP9HH(U, Uy). Denot-
ing by H3*(U, Up) the g-th cohomology of the complex (AP*(U,Uy), D), we
have the long exact sequence

RN Hg,qfl(UO) — H2Y(U, Uy) — HEIU) — HPY(Ug) — -+ . (34)

In view of the fact that H}*(U) ~ HE(M), we set

HEY(M, M\ S) = HE'(U, Uy).
Suppose S is compact (M may not be) and let { Ry, R} be a system of

honey-comb cells adapted to 4. Then we may assume that R; is compact
and we have the integration on A™"(U, Uy) given by

/U:/ 01+/ Jgo1-
M Ry Ro1

This again induces the integration on the cohomology

/ CHEU, Uy) — C.
M

15



The cup product (3.2) induces a pairing
APYU, Uy) x AV P4 ,) — A™™(U, Uy),
which, followed by the integration, gives a bilinear pairing
APY U, Uy) x AP (U,) — C.
This induces a homomorphism

A: HP(M, M~ S) = HEU(U, Up) — HEPUTL)Y, (35)

which we call the 0-Alezander homomorphism. Note that, although the
cohomology HE(M, M ~ S) does not depend on the choice of U; because

of the exact sequence (3.4), H;~"""(U;)* does depend on the choice of U;.
From the above construction, we have the following

Proposition 3.6 If M is compact, the following diagram is commutative :

HPYM, M\ S) ——  HPU(M)

AJ{ ZJKS
Hgfp,nfq([h)* U Hgfp,nfq<M>*_
4 Localization of Atiyah classes

In this section we describe a general scheme for dealing with localization
problems.

4.1 Atiyah classes in the Cech-Dolbeault cohomology

Let M be a complex manifold and U = {Uy,U;} an open covering of M
consisting of two open sets, so that

APP(U) = APP(Up) @ APP(U,) @ APP~1(Up).
For 1 = 0,1, let V; be a (1,0)-connection for £ on U;. Then the cochain
(V) = (a"(Vo),a"(V1),a"(Vo, V1))
is in fact a cocycle, because of (1.10), and thus defines a class [a?(V,)] in

HEP(U).

16



As in the case of Chern classes, it is not difficult to show that the class
[a?(V,)] does not depend on the choice of the connections V; and corre-
sponds to the Atiyah class a?(F) via the isomorphism of Theorem 3.1 (cf.
(23, Ch.IT, 8. DJ).

Similarly, if ¢ is a symmetric homogeneous polynomial of degree d, the
cocycle

e (V.) = (¢ (Vo), ¢ (V1), ¢ (Vo, V1)) (4.1)

defines a class in H%’d(Z/{), which corresponds to the class p*(E) via the
isomorphism of Theorem 3.1.

4.2 Localization principle

Let M be a complex manifold of dimension n and E a holomorphic vector
bundle of rank ¢ over M. Also, let S be a closed set in M and U; a neigh-
borhood of S. Setting Uy = M ~\. S, we consider the covering U = {Uy, U, }
of M. Recall that for a homogeneous symmetric polynomial ¢ of degree d,
the characteristic class p“(E) in H%’d(l/{) ~ Hg’d(M ) is represented by the
cocycle ¢(V,) in A%4(U) given by (4.1).

It often happens (see, e.g., Remark 2.13, Theorems 5.1 and 6.10 below, or
2, 3]) that the existence of a geometric object v on Uy implies the vanishing
of p(E|y,) or of p4(E|y,), or even of the forms representing them, for some
symmetric homogeneous polynomial ¢. In this section we shall show that
in this case we can localize the class o (E) at S.

To formalize this idea, assume that given a symmetric homogeneous poly-
nomial ¢ we can associate to v a class C of (1,0)-connections for E|y, such
that

(V) =0

for all V € C. We shall also assume (see, e.g., Theorem 6.10) that
04 (Vo, V1) =0

for all pairs Vo, V1 € C. In this case we shall say that ¢ is adapted to 7,
and we shall call any connection in C special.

Assume that V is special and ¢ is adapted to 7. The cocycle (V)
is then in A%Y(U, Uy) and thus it defines a class in Hg’d(M, M~ S), which
is denoted by ¢4(FE,v). It is sent to the class ¢*(E) by the canonical
homomorphism j*: Hg’d(M, M\S) — Hg’d(]\/[). It is not difficult to see that
the class o4 (E,v) does not depend on the choice of the special connection
Vo or of the connection V; (cf. [23, Ch.III, Lemma 3.1]). We call p4(E,~)
the localization of p*(E) at S by .

17



Suppose now S is compact. Then we have the 0-Alexander homomor-
phism (3.5) )
A: Hg’d(M,M NS) — Hgid’"fd(Ul)*.
Thus the class ¢4 (E,v) defines a class in Hg_d’"_d(Ul)*, which we call the
residue of ~ for the class ¢*(E) on Uy, and denote by Resga(v, E; Uy).

Suppose moreover that S has a finite number of connected components
{Sx}. For each A\, we choose a neighborhood U, of Sy so that UxNU, = () if
A # . Then we have the residue Res,a (7, E; Uy) in Hgid’"fd(UA)* for each
A. Let Ry be a 2n-dimensional manifold with C'"* boundary in U, containing
Sy in its interior and set Roy = —0R,. Then the residue Res,a(7y, E;U,) is
represented by a functional

n @A(Vl)MH/ 0 (Vo, V1) A1 (4.2)
Ry Rox

for every d-closed (n — d,n — d)-form 1 on Ul.
From the above considerations and Proposition 3.6, we have the following
residue theorem :

Theorem 4.3 Let E be a holomorphic vector bundle on a complex manifold
M of dimension n. Let S be a compact subset of M with a finite number
of connected components {S\}r. Assume we have a geometric object v on
Uy = M~.S and a symmetric homogeneous polynomial ¢ of degree d, adapted
to y. For each A choose a neighbourhood Uy of Sy so that UxNU, = 0 when
A# . Then:

(1) For each connected component Sy the residue Resya(y, E;Uy) in the
dual space Hgid’nfd(UA)* is represented by the functional (4.2);

2) if moreover M is compact, then
(
> (ix)Respa(y, BsUN) = KS(9M(E))  in Hy *" (M),
A

where 1y : Uy — M denotes the inclusion.

Remark 4.4 If d = n and M if is compact and connected, Hg_d’n_d(M)* =
Hg’O(M)* may be identified with C, and in this case, (iy).Res,a(y, E;U,) is
a complex number given by

/ VL) + / (Yo, V1),
Ry Ry

and K S(¢*(E)) may be expressed as [, p*(E).
Furthermore, in this case Hg’O(M )* = Hy(M, C), and ¢ may be replaced
by ¢ (cf. Remark 1.12) so that the Atiyah residue equals the Chern residue.

18



We finish this section by studying what happens in the case of compact
Kéhler manifolds. Thus let M be a compact Kéahler manifold of dimension n,
and E a holomorphic vector bundle on M. We have the following commuting
diagram :

I

HEP(M)  ——  Hg(M)

Kslz zlp
H P P(M)* —— Hoy 5 (M,C).

where I denotes the injection given by the Hodge decomposition, I, the
injection given by the dual decomposition, and P the Poincaré isomorphism,
which is given by the cap product with the fundamental cycle [M].

Since I(p?(E)) = ¢(E) in this case (Proposition 1.13), applying I, to the
both sides of the formula in Theorem 4.3.(2), we actually have a localization
result for Chern classes:

Theorem 4.5 Let E be a holomorphic vector bundle on a compact Kahler
manifold M of dimension n. Let S be a compact subset of M with a finite
number of connected components {Sy}r. Assume we have a geometric object
v onUy= M~ S and a symmetric homogeneous polynomial ¢ of degree d,
adapted to~y. For each A choose a neighbourhood Uy of Sy so that U\NU,, = ()
when X\ # . Then

> L((ix)Respa(v, B;Uy)) = @(E) ~ [M] in Hyy_59(M,C).
A

Notice that I,((ix).Res,a(v, E;Uy)) is represented by a cycle C' such
that for each closed (2n —2d)-form w, the integral [, w is given by the right-
hand side of (4.2) with n a 0-closed (n — d,n — d)-form representing the
(n — d,n — d)-component of the class [w] € Hip 2*(M).

5 Localization by frames

In this section we give a first example of localization of Atiyah classes fol-
lowing the scheme indicated in the previous section.

The starting point is the following vanishing theorem, which is a con-
sequence of the corresponding vanishing theorem for Chern forms (cf., e.g.,
23, Ch.II, Proposition 9.1]).

Theorem 5.1 Let E be a holomorphic vector bundle of rank  on a complex
manifold M. Let s") = (si,...,s.) be an r-frame of E on an open set
UcC M, and ¥V an s7-trivial (1,0)-connections for E on U. Then

af(V) =0, on U for p>0—r+1.
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Let S be a closed set in M and assume we have an r-frame s") of E on
M~ S. Welet Uy = M ~ S, choose a nelghborhood U, of S, and consider
the covering U = {Uy, U, } of M. Let V; be an s)-trivial (1,0)-connection
for E on Uy, and V; an arbitrary (1,0)-connection for E on U;. The p-th
Atiyah class a?(E) is represented by the Cech-Dolbeault cocycle

ap(V*) = (ap(Vg), ap(Vl), ap(V(), Vl))
By Theorem 5.1, if p > ¢ — r 4+ 1, we have a?(V,) = 0; thus a?(V,) €

APP(U,Uy) determines a class in HZ"(M, M ~ S), which we denote by
a?(E,s™) and call the localization of a?(E) by s

Remark 5.2 If we have several s("-trivial (1, 0)-connections, we also have
the vanishing of their difference form, and so s)-trivial (1,0)-connections
are special in the sense discussed in the previous section. As a consequence,
the localization a?(E, s™) does not depend on the choice of the s(-trivial
(1,0)-connection V; (or of the (1,0)-connection Vy); cf. [23].

Example 5.3 Let C' be a compact Riemann surface and L a holomorphic
line bundle over C'. Suppose we have a meromorphic section s of L and
let S be the set of zeros and poles of s. The previous construction gives
us the localization a!(L,s) in Hy'(C,C \ S) of a'(L) in H}'(C). Note
that S consists of a finite number of points. Let p be a point in S and
choose an open neighborhood U of p not containing any other point in S
and trivializing L. Let e be a holomorphic frame of L on U, and write s = fe
with f a meromorphic function on U. Let Vj be the s-trivial connection for
L on C' ~ S and V; the e-trivial connection for L on U. If we denote by ¢
the embedding U — C, we have (by Theorem 4.3 and Remark 4.4)

iResai (L, s;U) = / a'(Vy) — / a'(Vo, V1).
R OR
But we also have a'(V;) = 0, and a computation gives

CLl(VU,Vl) = g%

So of
Resqi (L, s;U) = ——=—R ,
iResqi (L, s;U) = 7r\/_ es, < )

and Theorem 4.5 yields

2 2w;_ (df) /cal(L)'

pES

In particular we have recovered the classical residue formula for the Chern
class, as [, c'(L) = [, a'(L) in this case.
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See [25] for another fundamental example of localized classes of this type,
i.e., the “O-Thom class” of a holomorphic vector bundle.

6 A Bott type vanishing theorem

Let M be a complex manifold and £ a complex vector bundle over M. If H
is a subbundle of the complexified tangent bundle 7Tg M, then its dual H* is
canonically viewed as a quotient of (T5M)*. We denote by p the canonical
projection (TgM)* — H*. Following [6], we give the following definition.

Definition 6.1 A partial connection for E is a pair (H,J) given by a sub-
bundle H of TgM and a C-linear map

5: A%M, E) — A%(M, H* ® E)
satisfying
d(fs)=pldf) ®s+ fo(s) for f € A°(M) and s € A°(M, E).

As in the case of connections, it is easy to show that a partial connection
is a local operator and thus it admits locally a representation by a matrix
whose entries are C'*° sections of H*.

Definition 6.2 Let (H,J) be a partial connection for E. We say that a
connection V for E extends (H,0) if the diagram

AYM,E) —— AY(M,E) = AY(M, (TEM)* @ E)

a1l por |

A% M, E) —2— A (M, H* ® E)
1s commutative.

It is easy to see that the following lemma holds ([6, Lemma (2.5)]).

Lemma 6.3 Any partial connection for a complex vector bundle admits an
extension.

Example 6.4 If F is holomorphic, then we have the differential operator
d: A%M,E) — A%M, T"M ® E).
The pair (T'M, ) is a partial connection for E.
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The following is not difficult to prove:

Lemma 6.5 ([6]) A connection V for a holomorphic vector bundle E is of
type (1,0) if and only if it extends (T'M,0).

Definition 6.6 Let E be a holomorphic vector bundle over M. A holomor-
phic partial connection for E is a pair (F, §) given by holomorphic subbundle
F of TM and a C-linear homomorphism

0:&E—F"®E
satisfying
0(fs)=pldf)®s+ fé(s) for feOandseéf.
We shall also say that d is a holomorphic partial connection along F'.

Remark 6.7 A holomorphic partial connection (F,d) for a holomorphic
vector bundle F induces a partial connection in the sense of Definition 6.1
(cf. Remark 2.2). Conversely, if (F,0) is a (C*°) partial connection such that
d(s)(u) is holomorphic wherever s and u are holomorphic, then it defines a
holomorphic partial connection, and we shall say that (F,0) is holomorphic.

Note that, if there is an “action” of F' on F, it naturally defines a partial
connection for E along F' (cf. [23, Ch.IL, 9]).

Remark 6.8 A holomorphic connection V on E clearly gives a holomorphic
partial connection (7'M, V). The connection V in Remark 2.2 (that is, V
viewed as a C* connection) is a connection extending (M & TM,V & 0).

Definition 6.9 Let (F,d) be a partial holomorphic connection for E. An
F-connection for E is a connection for E extending (F & T'M,0 & 0).

Using holomorphic partial connections we have a vanishing theorem gen-
eralizing Proposition 2.12:

Theorem 6.10 Let M be a complex manifold of dimension n and F' a holo-
morphic subbundle of rank r of TM, r < n. Let E be a holomorphic vec-
tor bundle over M and (F,0) a holomorphic partial connection for E. If
Vo,...,Vy are F-connections for E, then

QOA(VO,...,Vq) =0

for all homogeneous symmetric polynomials ¢ of degree d >n —r.
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PROOF : For simplicity, we prove the theorem for the case ¢ = 0. The
case for general ¢ follows from the construction of the difference form (cf.
Subsection 1.2).

Thus let V be an F-connection for E. Note that the problem is local; so
choose a holomorphic frame s) = (sy,...,s,) of E on some open set U, and
let 6 be the connection matrix of V with respect to s\, Taking a smaller
U, if necessary, we may write TM = F & G for some holomorphic vector
bundle G of rank n — r on U. We have the corresponding decomposition
T*M = F* & G*. Taking, again if necessary, a smaller U, we can choose
a holomorphic frame u™ = (uy,...,u,) of F on U. Let (u’,...,u) be

*

the holomorphic frame of F* dual to «™ and (v},...,v’ ) a holomorphic

’» Yn—r

frame of G* on U. Since V is of type (1,0), each entry of §# may be written
as Yoy alui + YT brup with o, b € O°(U). By definition, we have
V(si)(u;) = 8(s;)(uj), which is holomorphic. Thus each @’ is holomorphic
and hence the corresponding entry of k' = 96 is of the form

Z ob* A vy,
k=1
which yields the theorem. O

Another proof of the same theorem can be given along the lines of the
original Bott vanishing theorem and of [3, Theorem 6.1]:

PROOF :  [Second proof of Theorem 6.10] Let V and TM = F & G be
chosen as in the previous proof. The curvature K of V satisfies

K(X,Z)=0
for all sections X of F' and Z of TM. Hence, if
{ui,...;us,of, .. on_  dZy, ..., dZ,}

is a basis of (T M)* with respect to the decomposition TsM = F&GOTM,
it follows that the (1, 1)-part of each entry of the curvature matrix of K in
such a frame is of the form

n—r n

Z Z a{%v}‘ A dzy,

j=1 k=1

and again the assertion follows. O

Remark 6.11 The previous vanishing theorem is an analogue of the Bott
vanishing theorem for Chern forms. As shown in [3, Theorem 6.1], under
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the same hypotheses we have (V) = 0 for a symmetric homogeneous poly-
nomial ¢ of degree d > n —r + [7], where [¢] denotes the integer part of g.

See Section 9, Remark 9.7 below for an example where the Atiyah form
vanishes but the corresponding Chern form does not.

Remark 6.12 A version of this Bott type vanishing theorem for Atiyah
classes is proved in [5, Proposition (3.3)] and [13, Proposition 5.1] by co-
homological arguments (actually, in the latter the authors assume F' to be
involutive, but involutiveness is not really needed in their argument). The
above theorem gives a more precise form of the vanishing theorem in the
sense that it gives the vanishing at the form level.

From Theorem 6.10, Remark 6.11 and Propositions 1.13 and 2.12, we
have

Theorem 6.13 Let E be a holomorphic vector bundle on a complex mani-
fold M. Assume that E admits a holomorphic connection V, and let V be
correspoonding (1,0)-connection (cf. Remark 6.8). Let ¢ be a a symmet-
ric homogeneous polynomial of degree d > 0. Then (V) = 0. Moreover
if d > [3], then o(V) = 0. Furthermore, if M is compact Kdihler then

e(E) =0.

7 Partial connection for the normal bundle
of an invariant submanifold

Let M be a complex manifold. A (non-singular holomorphic) distribution
on M is a holomorphic subbundle F' of T'M. The rank of the distribution
is the rank of F'. In this section, we construct a partial connection for the
normal bundle of an invariant submanifold of a distribution.

Let V' be a complex submanifold of M. We denote by Z;, C O the ideal
sheaf of holomorphic function germs vanishing on V' so that Oy = O/Zy
is the sheaf of germs of holomorphic functions on V. Denoting by Ny the
normal bundle of V' in M, we have the exact sequence

0 — TV — TM|y > Ny — 0.

We say that a distribution F' on M leaves V invariant (or F' is tangent

to V), if Fly C TV.

Theorem 7.1 Let V be a complex submanifold of M. If a distribution F
on M leaves V invariant, there exists a holomorphic partial connection &
for the normal bundle Ny along F|y .
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PROOF : Let  be a point in V and take u € Oy (F|y), and s €
Ov(Ny),. Let @ € F, and 5 € ©, such that 1|y = v and 7(s]y) = s, where
m: Oy(TM|y) — Oy (Ny) is the natural projection. Define § : Oy (Ny) —
Ov(Flv)" ® Ov(Ny) by

d(s)(u) == 7([u, s]|v).

It is easy to show that 6 does not depend on the choice of 5. As for a,
let F' be locally generated by holomorphic sections vy, ..., v, of T'M, where
r = rank F'. Choose local coordinates {z,...,2,} on M such that V =
{Zms1 = ... = z, = 0}. We shall denote by T} any local vector field of
the form 7", o/ 57 2 with a; € If, (Where clearly Z¥, = O); by Nj any local

vector field of the form Z] m+1 a’ a,a with o/ € ZF; and by Ry any local
vector field of the form Z _ &= with o € T

Since F|y C TV, it follows that 0 =To+ Ny + Ry for j =1,...,r.
Therefore, since the rank of I’ and the rank of F'|y are the same, if

u=2) ¢t
j=1
with ¢/ € Oy, then
-3
j=1
with ¢/ € O such that 7|y = ¢/. Denoting by ¢’ the natural extension
(215, 20) = ¢/ (Zmsts - - -, 2n), it follows that
7 —g = eIy
Hence . .
i=Y g+ Y W
j=1 j=1

But ' .
W =h(To+ N1+ Ry) =T1 + Ry,

and it is easy to see that this latter term does not give any contribution to
the expression 7([a, s]|v). From this it follows that d is well defined, and it
is easy to check that it is a holomorphic partial connection. O

Note that the above partial connection is already known for foliations
(cf. e.g., [18]). From Theorems 7.1 and 6.10, we have
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Corollary 7.2 Let V be a complex submanifold of M of dimension m and
F' a distribution on M of rank r leaving V' invariant, r < m. Also let V
be a (1,0)-connection for Ny extending the partial connection & of Theorem
7.1. Then p*(V) = 0 for all symmetric homogeneous polynomial @ of degree
d>m—r.

We also get the following obstruction to the existence of distributions
(not necessarily integrable) tangent to a given submanifold :

Corollary 7.3 Let V and F be as in Corollary 7.2. Then o*(Ny) = 0 for
all symmetric homogeneous polynomial ¢ of degree d > m —r.

Moreover, if V' is compact Kdhler then we have ¢(Ny) = 0 for all sym-
metric homogeneous polynomial o of degree d > m — r.

8 Residues of singular distributions

A general theory of singular holomorphic distributions can be developed
modifying the one for singular holomorphic foliations (cf. [6], [23, Ch.VI]),
omitting the integrability condition.

Let M be a complex manifold of dimension n. For simplicity, we assume
that M is connected.

Definition 8.1 A (singular) holomorphic distribution of rank r on M is a
coherent sub-Oj,-module F of rank r of ©.

In the above, the rank of F is the rank of its locally free part. Note
that, since © is locally free, the coherence of F here simply means that it
is locally finitely generated. We call F the tangent sheaf of the distribution
and the quotient Nz = ©/F the normal sheaf of the distribution.

The singular set S(F) of a distribution F is defined to be the singular
set of the coherent sheaf Nz :

S(F) =Sing(Ng) = {z € M | Ng, is not O,-free }.

Note that Sing(F) C S(F). Away from S(F), the sheaf F defines a
non-singular distribution of rank r.

In particular, if F is locally free of rank r, in a neighborhood of each
point in M it is generated by r holomorphic vector fields vy, ..., v,, without
relations, on U. The set S(F)NU is the set of points where the vector fields
fail to be linearly independent.
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Singular distributions can be dually defined in terms of cotangent sheaf.
Thus a singular distribution of corank q is a coherent subsheaf G of rank ¢
of Q. Its annihilator

F=G"={veO|(v,w)=0 forallwe G}

is a singular distribution of rank r =n — q.

Corollary 7.3 in the previous section has a slightly stronger version when
the rank of the distribution is equal to the dimension of the submanifold.
Namely

Proposition 8.2 Let V. C M be a complex submanifold of dimension m.
Let F be a (possibly singular) holomorphic distribution of rank m. Assume
that F @ Oy C Oy(TV) and that ¥ = S(F) NV is an analytic subset of V
of codimension at least 2. Then a?(Ny) = 0 for all p > 0.

Moreover, if V is compact Kdhler then ¢*(Ny) =0 for all p > 0.

PrOOF :  We shall show that there exists a holomorphic connection for
Ny, then the result follows from Theorem 6.13.

By Theorem 7.1 there exists a holomorphic connection V for Ny on
V3. We are going to prove that such a connection extends holomorphically
through >. Indeed, let p € . Let U be an open neighborhood of p in V' such
that Ny |y is trivial. Let eg,..., e be a holomorphic frame for Ny|y (here
k = dim M — m). Let w be the connection matrix of V on U \ ¥. With
respect to local coordinates (z1,...,2,) on U, the entries of w are (1,0)-
forms of the type >_; a;(z)dz; with a;: U \ ¥ — C holomorphic. Since %
has codimension at least two in U, Riemann’s extension theorem implies
that each a; admits a (unique) holomorphic extension to U. In this way we
have extended V over U, and hence Ny admits a holomorphic connection.

O

Now suppose F is a singular distribution of rank r and set Uy = M . S
and S = S(F). Let U; be a neighborhood of S in M and consider the
covering U = {Uy, U }. On Uy, we have a subbundle Fy of TM such that
Flu, = O(Fp).

Suppose F is a holomorphic vector bundle on M admitting a partial holo-
morphic connection (Fp,d) on Uy. Then, choosing an Fy-connection Vo on
Uy and a (1,0)-connection V; on Uy, for a symmetric homogeneous polyno-
mial ¢ of degree d > n —r, we have the localization p*(E, F) in Hgd(u, Up)
of pA(F) in H%’d(Z/{) ~ Hg’d(M ) and, via the 9-Alexander homomorphism,
the corresponding residues.

We restate the residue theorem (Theorem 4.3) in this context :
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Theorem 8.3 In the above situation, suppose S has a finite number of con-
nected components {Sx}». Then:

(1) For each A\ we have the residue Res,a(F, E;Uy) in Hg_d’"_d(U)\)*;

(2) if M is compact, then

D (in)Respa(F,E;Uy) = KS(pY(E))  in Hy "~ 4(M)".

9 An example

In this section, we give an example of the Atiyah residue of a singular dis-
tribution on the normal bundle of an invariant submanifold.
We start with the 1-form

w=zdr+zdy —ydz

on C? with coordinates (z,y, z). It defines a corank one singular distribution
on C? with singular set {y = z = 0}. As generators of its annihilator, we
may take the vector fields

0 0 0 0
U1 =y8—y~|—z£ and ngg—a—y. (91)

The distribution defined by w leaves the plane {z = 0} invariant. Note
that from w Adw = —zdx Ady Ndz, we see that w defines a contact structure
on C? with singular set {z = 0} (Martinet hypersurface). We will see that
the first Atiyah class of the normal bundle of the (projectivized) Martinet
hypersurface is localized at the singular set of the corresponding distribution.

Now we projectivize everything. Thus let P? be the complex projective
space of dimension three with homogeneous coordinates ¢ = ((o : (1 : (2 : (3).
The projective space P? is covered by four open sets W®, 0 < i < 3, given
by ¢; # 0. We take the original affine space C* as W with = = ¢;/(,
y = (a/Co and z = (3/Co.

We consider the corank one distribution G on P? naturally obtained as
an extension of the above:

(0) On W© G is defined by wy = zdx + zdy — ydz as given before.

(1) On WO we set 21 = (o/C1, y1 = (3/C1 and 2z = (/¢ Then G is defined
by
wy = —y1dry — 2121 dy1 + 1y1 d21.
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(2) On W@ we set x5 = (3/Ca, 42 = Co/C2 and 25 = (1 /C>. Then G is defined
by

wo = —Yo dxo — T2 dYs + ToY2 dzs.

(3) On W) we set x5 = (2/C3, y3 = (1/Cs and z3 = (o/C3. Then G is defined
by
w3 = zzdxs + 23 dys — y3 dz3.

Note that w; = (¢;/¢)%w; in WO MWW so that the conormal sheaf of
the distribution G is locally free of rank one and, as a line bundle, it is —3
times the hyperplane bundle on P3. Let F = G* be the annihilator of G,
which defines a singular distribution of rank two on P3. The singular set
S(F) of F, which coincides with that of G, has three irreducible components
81:{<2:C3:O}, SQZ{<0:<3:0} and SgZ{C():Cl:O} We have a
subbundle Fy of rank 2 of TP? on P? \ S(F) defining F away from S(F).

The distribution F leaves the hyperplane V = {(3 = 0} ~ P? invariant
and we work on V. In fact the distribution F also leaves the singular hy-
persurface {(o(3 = 0}, which contains the whole S(F), invariant. This case
is treated in [26].

Thus we consider the singular distribution 7y = F ® Oy on V', whose
singular set S is given by S = S(F)NV = S;USy;. Welet P=(0:1:0:0),
which is the intersection point of S; and S5. The restriction of the bundle
Fyo = Fyly defines Fy on Uy = V'~ S. As is shown in Section 7, the normal
bundle Ny of V in P? admits a partial connection along Fy on Uy and the
first Atiyah class a'(Ny) is localized near S and yield an “Atiyah residue”.

Note that, although the first Chern class ¢!(Ny) is not a priori localized
in this context, it has the “Atiyah localization” and the “Atiyah residue”,
since it coincides with a'(Ny), V being compact Kéhler (see Remarks 9.7
and 9.14 below).

To describe the localization more precisely, we need the Cech-Dolbeault
cohomology theory for coverings involving more than two open sets, as S is
singular in our case. We briefly recall what is needed in our case.

Let Uy = V . S be as above and let Uy, Us; and Us be neighborhoods
of Sy~ {P}, Sy ~ {P} and P in V, respectively, such that U; ¢ W,
Uy ¢ W® and Us ¢ W, Then U = {Uy,...,Us} is a covering of V and
U = {Uy,U,,Us} is a covering of U' = U; U Uy U Uz, which is an open
neighborhood of S in V. Letting U;; = U; N U; and Uy, = U; N U; N Uy, we
set

APUU) = @, APUU;) @iy APTHUyy) @igr A2 (Uigr),  (9:2)
where in the first sum, 0 < i < 3, in the second, 0 < ¢ < j < 3 and in the
third, 0 < i < j < k < 3. The differential operator

D : API(Y) — APaTL(y)
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is defined by

D(O’i, Uija Uijk) = (80'1', O'j — 0; — 8@]», O'jk — Ok + O'ij -+ 80ijk)~

The ¢-th cohomology of the complex (AP*(U), D) is the Cech-Dolbeault
cohomology HZ(U) of U of type (p,q), which is shown to be canonically
isomorphic to the Dolbeault cohomology HE?(V') of V' (cf. Theorem 3.1).

Likewise we have the cohomology HZ?(U’) of the complex (AP*(U'), D)
by omitting U, in the above.

Also, setting AU, Uy) = {0 € AP(U) | o9 = 0}, we have the relative
cohomology H2(U,Uy), which we also denote by HZ*(V,V ~\ S).

The Atiyah classes are defined in the Cech-Dolbeault cohomology as in
Subsection 4.1, taking a (1, 0)-connection on each open set and making use
of difference forms. In our case, the first Atiyah class a'(Ny) is represented
by the cocycle a*(V,) in

Alt Uu) = @iA1’1<Ui) DBi<; ALO(Uij>> (9.3)
(note that AP4=2(Uyy.) = 0 in (9.2), if (p,q) = (1,1)) given by
a'(V.) = (a’(V;),a'(Vi, V;)),

with V; a (1,0)-connection on U;. If we take an Fyo-connection as V, we
have a'(Vy) = 0 (cf. Theorem 6.10). Hence a'(V.) is in A% (U, Uy) and
defines the localization a'(Ny, Fy) in H}j’l(l/{, Up).

Recall that V is defined by ¢3 = 0 in P3. Thus, in W© it is defined by
z = 0 with (z,9) coordinates on W NV (D U), in W® it is defined by
Ty = 0 with (2, 22) coordinates on W& NV (D Uy) and in W) it is defined
by 31 = 0 with (x1, 21) coordinates on WM NV (D Us).

Proposition 9.4 Let F be the singular distribution on P3 as above. It
leaves the hyperplane V' given by (3 = 0 invariant. We have the localization

a'(Ny, Fy) in HID’I(U,UO) of a'(Ny) in HEI(U) = Hé’l(V). By a suitable

choice of connections V;, it is represented by the Cech-Dolbeault cocycle
a'(V.) = (a}(V:),a(V,, V) given by

V=Tdz +d
(Vi) =0, 0<i<3 (Vo Vy) =T

2m Y
1 _ VoL dys 1 _ Volgde dxy
! (V()’VQ) -~ or <Z2 Y2 dZ2)7 “ (VO,V;g) N 27 (:L’121 21 )
v—1d v/ —1d /~1d
a'(Vy,Vy) = 2—£7 a'(V1,Vs) = —ﬂ, a'(Vy, V3) = vy—-oia
™ Y2 2 1 2T =
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PRrROOF : By taking an Fy-connection for Ny on Uy as Vj, we have
a'(V;) = 0 as above. We have the exact sequence

0— TV — TP?, - Ny — 0.

On each of Uy, Uy and Us, the bundle Ny is trivial and we may take
n=m(2), = W(%) and v = W(a%l), respectively, as a frame of Ny. Let
V; be the connection trivial with respect to v;. Then we have a!'(V;) = 0,
1 <0 <3,

To compute the difference forms a'(V;, V), we first make the following
observation (cf. Subsection 1.2). Let 6; be the connection matrix (form, in
this case) of V; with respect to some holomorphic frame v of Ny. Then,
since the 6;’s are of type (1,0),

-1

al(VZ-, V]) = cl(Vi, V]) = 7(9] — (91) (95)

&‘

Moreover, if 7 = av is another holomorphic frame and if the 0,’s are
corresponding connection forms, we have (cf. (1.4))

@:@+%. (9.6)

We first compute a'(Vy, V). For this, we find the connection forms 6,
and 0, of Vy and V; with respect to the frame 1. Since #; = 0, we only
need to find #y. Note that Uy; € W where we may take the vector fields
vy and vy in (9.1) as generators of F. We set

up =vly =y— and up = vy _9_9
1_1V_y8y 2= L2lv = o dy’

Since 6y is of type (1,0), we may write as g = f dz+ gdy. Then, on the
one hand we have V(v1)(u1) = yg - v1 and Vo(ry)(uz) = (f — g) - v1. On
the other hand by definition,

0 0 0
Vo) (u) = <[ya—y + 255 a} |V) = —u,
and

Vo(vi)(us) = 7 ([% - a%’ %} yv) ~0.

Hence we get
dz + dy
00 = - )
Yy
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which gives the expression for a*(Vy, V1) by (9.5).

Similar computations show that the connection forms of Vo with respect
to the frames 15 and 5 are, respectively, —22% + dzy and ff”—zll — dz_z117 which
give the expressions for a'(Vy, V3) and a'(Vy, V3).

Finally the relations v, = y%yl, Vg = z—llyl and v3 = il/g give the expres-

sions for a'(Vy, Va), a'(V1, V3) and a'(V3, V3) by (9.6). O

Remark 9.7 From the above, we see that the curvature form of V, with
respect to vy is given by
dx A dy

K0:d00+90/\00:— y2

Since it has no (1,1)-component, we verify a'(Vy) = 0, while ¢!(V,) =

—v2_1/{0 does not vanish.

T

We now try to find the corresponding residue. For this, we first consider
the cup product in our case. Recalling (9.2) and (9.3), it is a pairing

AN x AN U) — A22(Y)
given by
(O’i,O'ij, O) ~ (Ti,Tij,O) = (O'i AN Tiy O; A\ Tij + Uz’j A Tj, _Uij A Tjk)-

This induces a pairing H ;' (U) x H5'(U) — H%*(U), which followed by

integration [, : H%2(Z/{) ~ Hg’Q(V) — C defines the Kodaira-Serre duality.

In the relative case, we have 0y = 0 and the above cup product involves
only (7;,7;;) with ¢ > 1. Hence we have the pairing

A U, Uy) x AV U — A2 (U, Uy).
This in turn induces the pairing
HE U, Up) x HE'U') — HEZ (U, Uy),
which, followed by integration, defines the 0-Alexander homomorphism
A:Hp U, Up) — Hp' (U')”

and we have a commutative diagram as in Proposition 3.6, to which we come

back below (cf. (9.13)).
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We look the 0-Alexander homomorphism more closely. We take a “sys-
tem of honeycomb cells” (R;) adapted to U, which will be given explicitly
below. For a class [o] in HY 1(Z/{ Up), o (az, 0:;), the image of [o] by A is

a functional assigning to each class [7] in Hgl(bl’), T = (7, 7ij), the integral

o~ T= O'i/\Ti-i-/ O’oi/\Ti)
/V Z (/};l Ro;

1<i<3

(9.8)
+ Z (/ O'i/\Tij—i-O'ij/\Tj—/ O'OZ'/\TZ‘j>.
1<i<j<3 \”’ fij Rog;

In the above, each R; has the same orientation as V. We set R;; = R;NR; =
OR; N OR;, which has the same orientation as OR; (opposite orientation of
OR;) and Ry;; = Ry N R;; = ORy N OR,;;, which has the same orientation as
8R0,~.

In fact, the right hand side of (9.8) can be reduced choosing Stein open
sets as U;, 1 < ¢ < 3, which is possible (for example, we may take as U; a
tubular neighborhood of S; \ {P} in V. N W®© containing R;, or even the
whole V N W©® ~ C?).

Lemma 9.9 If we choose U;, 1 <1 < 3, to be Stein, we may represent every

class in Hgl(u’) by a cocycle of the form & = (0,&;;).

ProoOF : From D7 = 0, we have 01; = 0, 1 <i< 3. Since each U; is
Stein, there exist a (1,0)-form p; such that 7, = dp;. If we set & = (0,&;5)
with

§ij = Ti + pi = Py
Then we have 7 = £+ Dp, p = (p;,0). O

If we use the representative as above, the right hand side of (9.8) becomes

Z r (/R oi A &ij — /ij UmAfij) : (9.10)

1<i<j<3
Recall that the residue Resqi (Fy, Ny;U’) of Fy with respect to a® for
Ny on U’ is the image of the localization a'( Ny, Fy).

ij

Proposition 9.11 If we choose connections V; as in Proposition 9.4 and
a representative & of each class in H'(U') as in Lemma 9.9, the residue
Resq1 (Fy, Ny; U') is the functional assigning to [€] the value

- Y [ @@ g

1<i<j<3 ¥ F0ij
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PROOF :  The proposition follows from a'(V;) = 0 and (9.10). O

The domains of integrations Ry;; can be given explicitly, for example, as
follows. Let & be positive number with 62 < 1, and set

Ry ={CeV | |G +lef <o|al*}
Ry ={CeV ] |G <6 |G}~ Int R,
Ri={¢eV] |G]? <66}~ Int Rs,
Ry = Uy ~ (U2_ Int R; Ur<icjes Int Ry)).

From § < 1, we see that Rjs = () and thus Rgio = . We first express
Ro13 explicitly. As a set, it is given by

lyl =6, 1+ |y|*=¢6*|z|*> and z=0.

Setting §' = —Vlg”;g, we have

Ros ={ (z,y) | lx| = 0" [y =6}, (9.12)
oriented so that argx A argy is negative. Similarly we have
Roos = { (Y2, 22) | |9o| = 0, |22| =0},

which is oriented so that argys A arg 2z, is positive.
Now we consider the commutative diagram

sk

HE' U, Uy) —— Hp'U) ~HY' (V)= HY'(P?) ~ H*(P?,C)

D 0
lAV lKSV:PV (913>
HE'U'y —"— HE'U)*~ HY (V) = Hy'(P?)* ~ Hy(P2, C).

The normal bundle Ny of V in P? is isomorphic to the hyperplane bundle
H, on V = P2, Since P? is compact Kahler, we know that the first Atiyah
class a'(Ny) in Hé’l(V) = H*(P?,C) ~ C coincides with the first Chern
class ¢'(Ny) = ¢! (H,), the generator of the cohomology.

We try to find i,Res. (F, Ny; S) and verify the Residue Theorem 4.3. Re-
call that the isomorphism Hé’l(IP’Q) — H}j’l(Z/{) is induced by 7 +— (1, 73;) =
(1,0) (cf. Theorem 3.1). Also note that Hé’l(]PQ) ~ C, which is generated
by the class of

V-1

To = 2—861@%”(”2

™
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(cf. e.g., [14]). For 7y we may take, as p; in the proof of Lemma 9.9, the
forms

V-1 Tdetgdy V1 ppdys + Zadz
P1 o 1+|I|2+|y|27 P2 o 1+|y2|2+|z2|27
\/—1 T dl’1+21 le

2 1+ |z |2 + |23

pP3 = —

and we compute

€15 = e £yy — V1l
13 = P1— pP3= on 1 23 = P2 — P3 = o 2

Thus, to the canonical generator [rp], the residue assigns the value

Roa2s

2
() L (5 [ () )
013 023
:_(E)z/ d:L‘/\dy:1
2T Ros LY
(cf. (9.12)), as expected.

The above computation appears to suggest that the residue is concen-
trated on S;.

_/ a'(Vo, Vi) A iz — / a'(Vo, Va) A o3
Ro1s

Remark 9.14 Although the first Chern class ¢'(Ny) is not localized as
a Chern class (cf. Remark 9.7), it has the “Atiyah localization” and the
“Atiyah residue”.
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