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Abstract

This paper studies the embeddings of a complex submanifold S inside a complex manifold M; in par-
ticular, we are interested in comparing the embedding of S in M with the embedding of S as the zero
section in the total space of the normal bundle Ng of S in M. We gxplicitly describe some cohomologi-
cal classes allowing to measure the difference between the two embeddings, in the spirit of the work by
Grauert, Griffiths, and Camacho, Movasati and Sad; we are also able to explain the geometrical meaning
of the separate vanishing of these classes. Our results hold for any codimension, but even for curves in a
surface we generalize previous results due to Laufert and Camacho, Movasati and Sad.
© 2008 Elsevier Inc. All rights reserved.
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0. Introduction

This paper is devoted to the study of the embeddings of a complex submanifold S inside a
larger complex manifold M in particular, we are interested in comparing the embedding of S in
M with the embedding of S as the zero section in the total space of the normal bundle Ng of S
in M. We gxplicitly describe some cohomological classes allowing to measure the difference
between the two embeddings, in the spirit of [8,11,12]. Our hope is that it may be a step towards
a classification of foliations on M transverse to a submanifold S; see [8].
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Our interest in this topic originated in our previous papers [1,2], where we studied index the-
orems for holomorphic self-maps and foliations. We had a complex submanifold S of a complex
manifold M and a holomorphic object F (either a holomorphic self-map of M fixing S pointwise,
or a possibly singular holomorphic foliation of M); along the lines of the original Camacho—Sad
index theorem [6], we wanted to recover Chern classes of the normal bundle Ng of S in M by
means of local invariants associated to singular points of either S or of the holomorphic object F.
It turned out that to get index theorems of this kind one needs either hypotheses on the relative
position of § and F (e.g., the holomorphic foliation should be tangent to §), or on the embedding
of § into M: it should be close enough to the embedding of S in Ng as zero section.

We found two ways to express the geometrical conditions on the embedding we needed; either
in terms of the existence of local coordinates with suitable properties (in a way similar to what
was done in [8], a main source of inspiration for the present paper), or in a more intrinsic way,
as splittings of suitable exact sequence of sheaves, thus allowing us to rephrase the conditions
in terms of vanishing of cohomology classes. Furthermore, it turned out that we were actually
working only with the first two of a list of more and more stringent conditions on the embedding,
and that it might be interesting to study the whole list of conditions.

The first (well-known) condition on the embedding is the splitting condition. We say that S
splits into M if the exact sequence

O—TS—TM|s—> Ns—> O

splits ag sequence of vector bundles over S, where T'S (respectively, T M|s) is the holomorphic
tangent bundle of S (respectively, of M restricted to S). It turns out (see Section 1) that S splits
into M if and only if the exact sequence

0 — Is/I3 — Om/T2 — Os =0y /Is —> O

splits as sequence of sheaves of rings, where Oy (respectively, Og) is the structure sheaf of M
(respectively, of S), and Zg is the ideal sheaf of S.

Thus if S splits we have a way to extend germs of holomorphic functions on S to germs
of holomorphic functions defined on M up to the first order. It is then natural to say that S is
k-splitting into M (for some k > 1) if the exact sequence

0 — IS/Z'?H — (91\/1/7:_154'1 — Og— 0O

splits as sequence of sheaves of rings. If this happens, it turns out (see Section 3) that we can in-
troduce a structure of @g-module on Zg /Ié’“ for 2 < h < k+ 1 in such a way that the sequences

0 — T/T0 — Tg/T0% — Ig/Th — 0

become exact sequences of Og-modules. If these sequences split, we say that S is k-comfortably
embedded in M. (In [1,2] we introduced split, 2-split and 1-comfortably embedded submanifolds
only.)

We can characterize these conditions in terms of local coordinates. Indeed, in Section 2 we
prove that S is k-splitting into M if and only if there is an atlas { = {(Uy, z4)} of M adapted to S
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(that is, such that Uy N S # @ implies U, NS = {zé = ... =z = 0}, where m is the codimension
of §) such that
k. p
a g —0
9zg - 0za |
forallry,...,rn=1,....m,all p=m+1,...,n =dim M, and all jpdices o, 8 such that U, N

Ug N S # . Furthermore, S is k-comfortably embedded in M if and only if (Section 3) there is
an atlas 3 = {(Uy, z4)} of M adapted to S such that

8k2p ak+lzs
riﬂrk =0, and r—ﬂr =0,
aza‘--~31a s azal... ZO[HI
forall ri,...,r+1,s=1,...,m,all p=m+1,...,n =dim M, and all jndices o, B such that

Uy NUgN S # . In particular, we see that if S is k-splitting and (k — 1)-comfortably embedded
then we have an atlas 4l such that the changes of coordinates are of the form

m
g = Z(aﬂa)g(zg)z; + Ryy1, forr=1,...,m,
s=1

z§=¢§a(z;§)+Rk+1, forp=m+1,...,n,
where zg = (ZZ’H, ...,2}) are local coordinates on S, and Ry denotes a term belonging

to Zfé“, that is vanishing of order at least k 4+ 1 along S. We remark that in the total space
of the normal bundle Ng we can always find an atlas (the natural one induced by any adapted
atlas of M) with changes of coordinates of the form

m
= Z(alga);(zg)z;, forr=1,...,m,
s=1
z§=¢§a(zg), forp=m+1,...,n;

therefore we may say that the embedding of a k-splitting and (k — 1)-comfortably embedded
submanifold looks, up to order k, like its embedding into the normal bundle.

This is the reason why we were led to study the classical problem of comparing the em-
bedding of a submanifold S in a complex manifold M with the embedding of S in the normal
bundle Ny as zero section. In particular, one would like to know when these two embeddings are
holomorphically equivalent, that is when there is a neighbourhood U of S in M biholomorphic
to a neighbourhood of the zero section in Ng (in some sense, such a U would be a holomorphic
tubular neighbourhood of S in M). In most approaches to this problem (see, e.g., [3,7-9,11,12,
14,16-18,22] and references therein) the first step consists in showing that the two embeddings
are biholomorphic up to a finite order k (and we shall say that S is k-linearizable) if a suitable
cohomology class vanishes. Then one gives geometrical conditions ensuring the vanishing of all
the involved cohomology groups, and that if the two embeddings are formally isomorphic (that
is, biholomorphic up to any finite order) then they are actually biholomorphic.

The main result of this paper is a direct proof (see Theorem 4.1) of the fact that a complex
submanifold is k-linearizable in this sense if and only if it is k-splitting and (k — 1)-comfortably
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embedded. Combining this with our results on the existence of suitable local coordinates, we
are then able to gxplicitly write two cohomology classes providing the obstructions from k-
linearizable to (k + 1)-linearizable. It should be remarked that most other authors (see, e.g., [11])
first gives this obstruction as a single cohomology class, and then use a formal argument to split
this class in two; our approach explains instead the geometrical meaning of the independent
vanishing of any of the two classes. Furthermore, our results hold for any codimension, and not
only in codimension one.

In Section 5 we exemplify our results in the case of a compact Riemann surface S embedded
in a complex surface M. In particular, we are able to recover results originally proved in [8] under
the slightly stronger assumption that S is fibered embedded into M (which implies, in particular,
that S is k-splitting for any k > 1).

Finally, Section 6 is devoted to a slightly different characterization of 1-comfortably embed-
ded submanifolds. In [1,2] we showed that the 1-comfortably embedded condition can be used to
define holomorphic connections on suitable vector bundles; here we show that a possible justifi-
cation for this phenomenon is that 1-comfortably embedded is exactly equivalent to the existence
of an infinitesimal holomorphic connection on Ng.

1. Holomorphic splitting

Let us begin by recalling some general terminology on exact sequences of sheaves. We say
that an exact sequence of sheaves (of abelian groups, rings, modules. .. )

0—R-S5SLT—0 (1.1)

on a variety S splits if there is a morphism o : 7 — S of sheaves (of abelian groups, rings,
modules. . .) such that p oo =id. Any such morphism is called a splitting morphism. It is easy to
see that (1.1) splits (as sequence of sheaves of modules) if and only if there exists a left splitting
morphism, that is a morphism of sheaves of modules 7 : § — R such that 7 o« = id. Furthermore,
for every splitting morphism o there exists a unique left splitting morphism t such that

tot+o0op=id. (1.2)

Following Grothendieck and Atiyah (see [4]), one can give a cohomological characterization
of splitting for sequences of locally free Og-modules defined over a complex manifold S.

Let £ and £” be two sheaves of locally free Os-modules over the same complex manifold S.
An extension of £” by £’ is an exact sequence of locally free Og-modules

0—¢ —E—E&—o. (1.3)

If O — & — & — £ — O is another extension of &’ by &', one says that the two extensions
are equivalent if there is an isomorphism x : &€ — £ of Og-modules such that

(0] & & &’ o
|
0 5/ é-‘ 5// 0
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commutes. Almost by definition, an extension of £” by £’ splits if and only if it is equivalent to
the trivial extension O — & — &' ® &' — £ — 0.
Applying the functor Hom(E”, -) to the sequence (1.3) one gets the exact sequence

O — Hom(&”, &) — Hom(E”, ) — Hom(E”, £") — O. (1.4)

Let § : HO(S, Hom(E”, £")) — H' (S, Hom(E",£)) be the connecting homomorphism in the
long exact cohomology sequence of (1.4). Then one can associate to the exact sequence (1.3) the
cohomology class

8(idgr) € H'(S, Hom(E", £).

This procedure gives a 1-to-1 gorrespondence between the cohomology group H (S, Hom(&",
£")) and isomorphism classes of extensions of £” by £’ (see [4, Proposition 1.2]):

Proposition 1.1. Let S be a complex manifold, and £ and E" two locally free Os-modules. Then
two extensions of £" by £ are equivalent if and only if they correspond to the same cohomol-
ogy class in H'(S,Hom(E”, £")). In particular, the exact sequence (1.3) splits if and only if it
corresponds to the zero cohomology class.

Let us now introduce the sheaves we are interested in. Let M be a complex manifold of
dimension n, and let S be a reduced, globally irreducible subvariety of M of codimension m > 1.
We denote: by Oy the sheaf of germs of holomorphic functions on M; by Zg the subsheaf
of Oy of germs vanishing on S; and by Og the quotient sheaf Oy /Zs of germs of holomorphic
functions on S. Furthermore, let 73, denote the sheaf of germs of holomorphic sections of the
holomorphic tangent bundle TM of M, and £2), the sheaf of germs of holomorphic 1-forms
on M. Finally, we shall denote by 73 s the sheaf of germs of holomorphic sections along S
of the restriction TM|s of TM to S, and by £2; s the sheaf of germs of holomorphic sections
along S of T*M|s. It is easy to check that Ty s = Ty ®0,, Os and 2y 5 = 2y ®,, Os.

For k > 1 we shall denote by f > [ f]i the canonical projection of Oy onto Oy /I’g. The
cotangent sheaf §2g of § is defined by

25 = 2y.5/d>(Zs/L3).

where d5 : (’)M/I_% — 2p.5 1s given by da f1o = df ® [1];. In particular, we have the conormal
sequence of sheaves of Og-modules associated to S:

Ts/72 -2 2us L5 25— 0. (1.5)

Applying the functor Homp, (-, Oy) to the conormal sequence we get the normal sequence of
sheaves of Og-modules associated to S:

0 — Ts - Tiy.s 2> N, (1.6)

where 75 = Homp, (25, Os) is the tangent sheaf of S, Ns = Homp, (Zs/T3%, Oy) is the normal
sheaf of S, and p; is the morphism dual to d.
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The first condition we shall consider on the embedding of the variety S inside M is:

Definition 1.1. Let S be a reduced, globally irreducible subvariety of a complex manifold M. We
say that S splits into M if there exists a morphism of sheaves of Og-modules ¢ : 25 — 2.5
such that p o o0 =1id, where p : 27 s — 25 is the canonical projection.

Remark 1.1. In the literature this notion has sometimes appeared under a different name; for
instance, Morrow and Rossi in [19] say that the embedding S — M is direct.

It is not difficult to see that splitting subvarieties must be smooth:

Proposition 1.2. Ler S be a reduced, globally irreducible subvariety of a complex manifold M.
Assume that S splits in M. Then S is non-singular, and the morphism d, :IS/Ig — 2p.s is
injective.

Proof. Let us consider the sequence
0—K— Qus- 25— 0,

where K =d)(Tg /If) = Ker(p). This is a splitting exact sequence of Og-modules; let o : 25 —
£2p.s be a splitting morphism, and choose any x € S. Then o ((§25),) is a direct addend of
the projective module (£23,5)y; therefore o ((§25)y) is itself projective and thus, being Og
Noetherian, it is Og -free. But ¢ is an injective Og-morphism; therefore (£25), itself is Og -
free for any x € S.

Now, both £2)/ s and £25 are coherent sheaves of Og-modules, and S is globally irreducible;
therefore £2g is locally Og-free of constant rank ». Checking the rank at a point in the regular
part of S we see that » must be equal to the dimension of S, and hence [13, Theorem I1.8.15] S is
non-singular, and [13, Theorem I1.8.17] d> is injective. O

In particular, when S splits into M the sequence

0 — Tg/T2- 2 Qys - 25— 0 (1.7)

is a splitting exact sequence of Og-modules, and we also have a left splitting morphism t :
QM,S — Is/Ié

Remark 1.2. If S splits into M then the normal sequence

0— Ts—>Tys > Ng—> O (1.8)
is a splitting exact sequence of Og-modules too: a splitting morphism is the dual t* : Ny — Ty s
of a left splitting morphism of (1.7). Conversely, if S is a (reduced) locally complete intersection

and (1.8) is exact, then § is non-singular (see, e.g., [21]) and so if moreover (1.8) splits then S
splits into M. There are examples of singular varieties for which (1.8) is exact (see again [21])3
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The aim of this section is to describe several equivalent characterizations of splitting subva-
rieties. Most of them were already present in the literature; we collect them here because they
provide a template for the study of the more stringent conditions on the embedding of S into M
we shall study starting from the next section.

Definition 1.2. Let S be a reduced, globally irreducible subvariety of a complex manifold M.

For any k > h > 0 let 6y : (’)M/I§+1 — OM/Ig‘H be the canonical projection given by

Ok h[ flk+1 = [ fln+1; when h = 0 we shall write 6y instead of 6y o. The kth infinitesimal neigh-

bourhood of S in M is the ringed space S(k) = (S, Oy /I’S‘H) together with the canonical

inclusion of ringed spaces ; : S = S(0) — S(k) given by ¢ = (ids, 0r). We shall also set
— k+1

OS(k) = OM/IS .

Definition 1.3. A kth order infinitesimal retraction is a morphism of ringed spaces r : S(k) —> S
such that r o ¢y = 1id. A kth order infinitesimal retraction is given by a pair r = (ids, p), where p :
Os — Os(x) is aring morphism such that 6; o p = id. So, the existence of a kth order infinitesimal
retraction is equivalent to the existence of a splitting morphism for the exact sequence of sheaves
of rings

0 —> Tg/TE — Oy 2> 05 —> 0. (1.9)

Such a splitting morphism is called a kth order lifting. More generally, for k > h > 0 we shall
say that S(k) retracts onto S(h) if there is a morphism of ringed spaces r : S(k) — S(h) such
that r o ¢, x = 1id, where ¢, x = (idgs, 6k p) : S(h) — S(k) is the natural inclusion.

Remark 1.3. It is easy to see that p([1];) = [1]x+1 for any kth order lifting p : Os — Oy /I§+1 .
This is not an automatic consequence of p being a morphism of sheaves of rings but can be proved
as follows: from 6 o p = id we get [11x41 — p([111) € Zs/Zt !, thatis p([11)) = [1 + Alxs1 for
a suitable & € Zg. Now

(14 ks = p(U11) = p(I11)p (1) = [+ 1)?], = [1+2k+ 1],

and so [A + h%]x41 = O. But [1 + hlx41 is a unit in Os(x); therefore [hli+1 = O, and p([1]1) =
[11g+1-

Definition 1.4. Let O, R be sheaves of rings, 6 : R — O a morphism of sheaves of rings, and

M a sheaf of O-modules. A 0-derivation of R in M is a morphism of sheaves of abelian groups
D : R — M such that

D(rir2) =0(r1) - D(r2) +0(r2) - D(r1)

for any r, r» € R. In other words, D is a derivation with respect to the R-module structure
induced via restriction of scalars by 6.

We can now state a first list of properties equivalent to splitting (see [20, Lemma 1.1] and [10,
Proposition 16.12] for proofs) including the existence of first order infinitesimal retractions:
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Proposition 1.3. Let S be a reduced, globally irreducible subvariety of a complex manifold M.
Then there is a 1-to-1 correspondence among the following classes of morphisms:

(a) morphisms o : 25 — 2.5 of sheaves of Os-modules such that p o o =id;

(b) morphisms v : 2y s — IS/I§ of sheaves of Os-modules such that T o dy = id;

(¢) derivations D : Oy — IS/Ig such that D|7; = 12|75

(d) morphisms Tty : 2y — ZS/If of sheaves of Opr-modules such that dr o Ty = 7w, where
7 2y — 2u s is the canonical projection;

(e) O1-derivations p : Os(1y — IS/I§ such that p oi; = id, where i :IS/I§ — Og1) is the
canonical inclusion and 01 : Og1y — On/Zs is the canonical projection;

(f) morphisms p : Os — Ogs(1) of sheaves of rings such that 61 o p = id.

In particular, S splits into M if and only if it admits a first order infinitesimal retraction. Finally,
if any (and hence all) of the classes (a)—(f) is not empty, then it is in 1-to-1 ¢orrespondence with
the following classes of morphisms too:

(g) morphisms t* : Ng — Ty s of sheaves of Os-modules such that p; o t* = id;
(h) morphisms o* : Tyr s — Ts of sheaves of Os-modules such that 1 o o* = id.

We have already noticed that a splitting subvariety is necessarily non-singular; therefore we
can use differential geometric techniques to get another couple of characterizations of splitting
submanifolds.

Definition 1.5. Let S be a complex submanifold (not necessarily closed) of codimensionm > 1 in
an n-dimensional complex manifold M, and let (Uy, zo) a chart of M. We shall gystematically

write zo = (2}, ..., 2%) = (2}, 20), with 2/, = (z}, ..., z") and 7/ = (_zg’“,...,zg). We shall
say that (Uy, z4) is adapted to S if either U, NS =P or U, NS =U, NS = {zg{ =-..=z0 =0}.
In particular, if (Ugy, z4) is adapted to S then {zé, ..., 20} is a set of generators of Zg , for

all x € Uy N S. An atlas 3 = {(Uy, z¢)} of M is adapted to S if all its charts are; then g =
{(Ugy NS, 20) | Uy NS # 7} is an atlas for S. We shall say that an atlas {(Uy, z¢)} adapted to S
is projectable if zo4 € Uy implies (O’ zl)) € Uy N S for any Uy such that Uy N S # @. Clearly,
every atlas adapted to S can be refined to a projectable adapted atlas.

Definition 1.6. Let S be a complex submanifold (not necessarily closed) of codimension m > 1
in an n-dimensional complex manifold M. The normal bundle Ng of S in M is the quotient
bundle TM|g/TS; its dual is the conormal bundle N;. If (Uy, zo) is a chart adapted to S, for
r =1,...,m we shall denote by 9, the projection of 0/9z} |y,ns in Ns, and by w], the local
section of N; induced by dz.,|y,ns. Then {914, ..., Om,¢} and {wé, ..., o} are local frames
over Uy N S for Ng and N respectively, dual to each other.

Remark 1.4. From now on, every chart and atlas we consider on M will be adapted to S. Fur-
thermore, we shall use Einstein convention on the sum over repeated indices. Indices like j, &, k
will run from 1 to n; indices like r, s, ¢, u#, v will run from 1 to m; and indices like p, ¢ will run
from m + 1 to n.
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Remark 1.5. If (Uy, zo) and (Ug, zg) are two adapted charts with U, N Ug N S # ¢, then it is
easy to check that

(0] (1.10)
ozl S

forallr=1,...,mand p=m+1,...,n.

Definition 1.7. Let 4l = {(Uy, z4)} be an adapted atlas for a complex submanifold S of codimen-
sion m > 1 of a complex n-dimensional manifold M. We say that il is a splitting atlas (see [1,2])
if

P
%) _o
BZZ Ky

forallr =1,...,m, p=m+1,...,n and indices «, B such that U, N Ug N S # . In other
words, and recalling (1.10), the jacobian matrices of the changes of coordinates become block-
diagonal when restricted to S.

Definition 1.8. Let 4 = {(Uy, z4)} be an atlas adapted to S. If p : Os — Og(yy is a first order
lifting for S, we say U is adapted to p if

0
p([fh):[f]z—[ f ] (L11)
2

azl, K
for all f € O(Uy) and all indices « such that U, NS # 0.
In [2] we proved the following characterization of splitting submanifolds:

Proposition 1.4. Let S be a complex submanifold of codimension m > 1 of a n-dimensional
complex manifold M. Then:

(i) the cohomology class s € H'(S, Hom($2s, N §)) associated to the conormal exact sequence
is represented by the 1-cocycle {sgy} € H' (s, Hom(2s, ./\/'Sf)) given by

d 0
— Q@ — e H(Uy,NUg NS, N ®Tg),
dz5 0|5 * Bzl (Ua U s ®T)

where 31 = {(Uy, 2)} is an atlas adapted to S. In particular, S splits into M if and only if
5=0;

(1) S splits into M if and only if there exists a splitting atlas for S in M;

(iii) an atlas adapted to S is splitting if and only if it is adapted to a first order lifting;

@iv) if S splits into M, then for any first order lifting there exists an atlas adapted to it.
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Remark 1.6. Assume that ${ = {(U,, z¢)} is a projectable atlas adapted to S. Then if f € O(U,)
we can write

of
az& (Za)Za + R2a

_ ron i
f(za) —f(O 1Za) + 92"

o

(0'.2))zh, + Ro=f(0',z0) +

where R, denotes an element of Ig(Ua), possibly changing from one occurrence to the next.
From this formula it follows that il is adapted to a first order lifting p if and only if

p(Lf11) =f(0".2,) + Ry

for every f € O(Uy). In other words, il is a splitting atlas if and only if we can patch together
the trivial local liftings [ f11 + [f(O’, zJ)]2 so to get a global first order lifting.

Remark 1.7. Given a first order lifting p : Og — Oy /I% and an atlas 4 = {(Uy, zo)} adapted
to §, it is not difficult to check that 4{ is adapted to p if and only if for every (U, z4) € 4 with
Uy NS # 0 and every f € Oply, one has

- of .
p([f]Z) = I:azgt Za:|2’
where p : Os) — Is /I§ is the 01 -derivation associated to o by Proposition 1.3.

As mentioned in the introduction, one of the aims of our constructions will be the comparison
of the embedding of S into M with its embedding (as zero section) in the normal bundle. The
first result of this kind is our last characterization of splitting submanifolds:

Proposition 1.5. Let S be a submanifold of a complex manifold M. Then S splits into M if
and only if its first infinitesimal neighbourhood S(1) in M is isomorphic to its first infinitesimal
neighbourhood Sy (1) in Ng, where we are identifying S with the zero section of N.

Proof. The main observation here is that if E is any vector bundle over S, then T E|g is canoni-
cally isomorphic to 7S @ E. When E = Ny this implies that the projection T Ns|s — Ng on the
second direct summand induces an isomorphism No, — Ng, where N, is the normal bundle
of S (or, more precisely, of the zero section of Ng) in Ng; in particular, then, S always splits in Ng
(see also Example 1.1 below). Furthermore, this isomorphism induces an isomorphism between
J\/;‘ and Ngs, and thus an isomorphism of sheaves of Og-modules yx :ISJVS/I.%,NS — IS/IZ,
where Ty, is the ideal sheaf of § in Ng.

By definition, an isomorphism between Sy (1) and S(1) is given by an isomorphism of sheaves
of rings v : ONS/I_%,NS — OM/I§ such that 61 oy = 6‘1N, where Q]N : (’)NS/I;NS — Oy is the
canonical projection.

If Sy (1) and S(1) are isomorphic, we can define a morphism of sheaves of rings p : Og —
Om /Zgw by setting p = v o pV, where p” is the first order lifting induced by the splitting of S
in Ng described above. Then it is easy to see that 6] o p = id, and thus § splits in M by Proposi-
tion 1.3.

Please cite this article in press as: M. Abate et al., Embeddings of submanifolds and normal bundles, Adv. Math.
(2008), doi:10.1016/j.aim.2008.10.001

© 0O N O O A WO N =

30



© 0O N o g »~ WO N =

JID:YAIMA AID:3134 /FLA [mi+; v 1.104; Prn:21/10/2008; 10:38] P.11 (1-37)
M. Abate et al. / Advances in Mathematics eee (eeee) eee—eee 11

Conversely, assume that S splits in M, and let p : Og — Oy /Ig be a first order lifting. Then
we can define a morphism y : ONS/IE Ny OM/I§ by setting

V=006 +i1ox0p",

where 5V is the QIN -derivation associated to the first order lifting p and i : Zg /I§ — Oy /I§
is the canonical inclusion. Then it is not difficult to check that ¥ is an isomorphism of sheaves
of rings such that 6] oy = 0N and thus Sy (1) and S(1) are isomorphic. O

Example 1.1. A local holomorphic retract is always split in the ambient manifold (and thus it
is necessarily non-singular). Indeed, if p : U — S is a local holomorphic retraction, then a first
order lifting p : Og — OM/I§ is given by p(f) = [f o plz. In particular, the zero section of a
vector bundle always splits, as well as any slice S x {x} in a product M = S x X (with both S
and X non-singular, of course).

Example 1.2. If S is a Stein submanifold of a complex manifold M (e.g., if S is an open Riemann
surface), then S splits into M. Indeed, we have H' (S, Ts @ N, ¢) = (0) by Cartan’s Theorem B,
and the assertion follows from Proposition 1.4.(i). In particular, if S is a singular curve in M then
the non-singular part of S always splits in M.

Example 1.3. Let S be a non-singular, compact, irreducible curve of genus g on a surface M. If
S -8 <4 —4g then S splits into M. In fact, the Serre duality for Riemann surfaces implies that

H'(S, Ts @ N§) = H(S, 25 ® 25 ® N),

and the latter group vanishes because the line bundle 7*S ® T*S ® Ny has negative degree by
assumption. The bound S - § < 4 — 4g is sharp: for instance, a non-singular compact projective
plane conic S has genus g = 0 and self-intersection S - S = 4, but it does not split in the projective
plane (see [19,20,23]).

Example 1.4. Let M be an algebraic surface embedded in P” and let S be a section of M with an
hyperplane H, with the property that there exists a point P ¢ H belonging to each plane tangent
to M in points of S. Then § splits in M. In [5], the-aatherg show a partial converse: if S splits
in M and the natural morphism HO(S, 25) @ HO(P", Opr) — HO(S, 25(1)) is injective, then
there exists a point P ¢ H belonging to each plane tangent to M in a point of S.

Example 1.5. Let S be a compact Riemann surface of genus g > 0, and ¢ : 71 (S) — Diffy(C")
be a representation of the fundamental group of S into the group of germs of biholomorphisms
of C" fixing the origin; assume that all the elements of the image of ¢ are convergent on some
polydisk A € C” centered at the origin. If S is the universal covering space of S, we shall also
identify 71 (S) with the group of the automorphisms of the covering. The suspension M of the
representation ¢ is by definition the quotient of A x S obtained identifying (z, p) and (w, §) if
and only if there exists y € w1 (S) such that (w, §) = (0(¥)(2), y - p)- Then S embeds into M as
the O-slice, that splits into M.

Other examples of splitting submanifolds are discussed in [2] and [15].
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2. k-splitting submanifolds

In the previous section we have seen that a complex submanifold S of a complex manifold M
splits into M if and only if the sequence

0 —> Tg/T2 -5 Oy /T2 25 Oy /Ts —> O @.1)
splits as a sequence of sheaves of rings. This suggests a natural generalization:
Definition 2.1. Let S be a submanifold of a complex manifold M, and k > 1. We shall say that

S k-splits (or is k-splitting) into M if there is an infinitesimal retraction of S(k) onto S, that is if
there is a kth order lifting p : Os — Oy /Z'ISH'1 , or, in still other words, if the exact sequence

0 —> Tg/TH < 0y /T %5 04y /75 — 0 2.2)
splits as sequence of sheaves of rings.
Remark 2.1. In [12, p. 373] a k-splitting submanifold is called k-transversely foliated.

The main result of this section is a characterization of k-splitting submanifolds along the lines
of Proposition 1.4. To state it, we need the analogue of Definitions 1.7 and 1.8:

Definition 2.2. Let { = {(Uy, z4)} be an adapted atlas for a complex submanifold S of codimen-
sion m > 1 of a complex n-dimensional manifold M, and let k > 1. We say that il is a k-splitting
atlas (see [1,2]) if

8Z§ X

€
s
9z,

(2.3)

forallr =1,...,m, p=m+1,...,n and indices «, 8 such that U, NUg N S # @.
Definition 2.3. We shall say that an atlas {(Uy, zo)} adapted to S is adapted to a kth order
lifting p : Os — Oy /T if

k 1 af
— ol =L oL , 2.4
elfTi E ( )zz[azg...azgﬁ“ za]kH 24

=0

for every f € O(Uy) and all indices « such that U, N S # (.
Then:

Theorem 2.1. Let S be an m-codimensional submanifold of an n-dimensional complex mani-

fold M. Then:

(1) S is k-splitting into M if and only if there exists a k-splitting atlas;
(ii) an atlas adapted to S is k-splitting if and only if it is adapted to a kth order lifting;
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(iii) a projectable atlas adapted to S is k-splitting if and only if the local kth order liftings
pa(lf11) = £(0'.25) + I5™ (2.5)

patch together to define a global kth order lifting;
@iv) if S is k-splitting into M then every kth order lifting admits an atlas adapted to it.

Proof. Let 4l = {(Uy, zo)} be a projectable adapted atlas, and f € O(Uy); first of all we would
like to prove that

Z( 1)11,[ o ,,zo, z;’:| . (2.6)
k+1

Let us proceed by induction on k. For k = 1 we have already proved this in Remark 1.7; so
assume that (2.6) holds for kK — 1. Then we can write

k

1 d/ r
P (Lf1); = [f N1 — E f[iaz” / —(0',z))z)! ~~-za’]k 1
. o . +

J
= 02

8J+hf

1 ,
= [fle+1 — Z Z( s [7zz]
-+ 02y k+1

-1

k l
- P | 1 If
=[flkr1 — Z(Z( D = h)V)l'[ A .“ZOZLH

=1

k

1 a!
:Z_ 1~ [7](”19...4;} ’
©1 02 k+1

o

as claimed. In particular, the right-hand side of (2.6) is a ring morphism, and to get (ii) it suffices
to prove (iii).
Let 4 = {(Uy, zo)} be a projectable atlas adapted to S, and assume there is 0 < / < k such that

azf;
az, S
forallr=1,...,mand p=m + 1, ..., n, which is equivalent to assuming that
a'zh
B
—— €7
oz ozl °
forall ri,...,y=1,...,mand all p=m +1,...,n. Then it easy to prove by induction on [
that we can write
25 (2p) = by () + i1y @p)zg - 2" 2.7)
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for suitable ¢p € O(Uy,NUgNS) and h,a i1 € O(Uy NUg), symmetric in the lower indices;

clearly, ¢gq 0 ¢aﬂ =id.

To simplify the understanding of the subsequent computations, we shall gxplicitly use the
local chart ¢, : Uy — C" associated to (Uy, 2o). Now let (Uq, 2o) and (Ug, zg) € U such that
Uy NUg NS #; we need to evaluate pg([ f11) — po ([ f]11). First of all we have

pp(LIN) = pallSN) = £ 095" (0'.25) = £ 095 (0.25) + T3
=fowg (0".25) = fows (vpows (0 (¢aowp') @p)) + T
Now, (2.7) yields
¢p o ¢51(0/7 ((pa o(pgl)//(Zﬁ)) = (0’, ¢ﬁa(¢aﬁ(z;§) + Ay (Zﬁ)z;s . gﬂ))

and
¢f30‘ (¢0‘ﬂ (Zg) +h T4l (Zﬂ)zﬂ ﬂHl) - /3 + a¢l’ (¢aﬁ (Zg))hfl“'rlﬂ (Zﬂ)zg h 'Z;Hl + Rita
C(

!

<

_Zﬂ f(o/ Z//)hrl rl+1(Zﬂ)Zﬁ Z;’H + Ri2,
o

where, here and elsewhere, R; denotes a term with elements in 7 g Therefore we get
q

o Of
e L R T
0Zy 8/3

0z

pp(Lf1) = pa(lf11) = —
af k
=l (2p)2f -2 of + Rig2 + It

In particular, if / = k we get p, = pg, and thus if 4 is a k-splitting atlas we get a global kth
order lifting, proving one direction in (i), (ii) and (iii). Conversely, if [ < k then py # pg, and
thus we obtain the other direction in (ii) and (iii).

For later use, we gxplicitly remark that if / =k — 1 then

9
P~ Pa = —hfl‘..rklsg ®[zf - 2f )y, € H(UaNUNS. Ts @ T/TSH). (2.8)
o

Furthermore, it is easy to see that

1 azh

5= Koy

B, 2.9)

Now, let us assume that we have a kth order lifting p : Os — Oy /I’§+1; we claim that there

exists an atlas adapted to p. This will yield (iv) and the missing direction in (i), completing the
proof.

We shall argue by induction on k. For k = 1 the assertion follows from Proposition 1.4. Now
let k > 1. Then p; =6k x—1 o p is a (k — 1)th order lifting; let 4 = {(Uy, z»)} be a (necessarily
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(k — 1)-splitting) projectable atlas adapted to p;. Define local kth order liftings p, as in (2.5),
and set o, = p — py. Now

Ok k—1 004 = p1 — O k—10 po = O,

because the atlas is adapted to pj; therefore the image of oy is contained in II§ /I§+] . The latter
is an Og-module; we claim that o : Osly,ns = I’§ /I’;+1 |u,ns is a derivation. Indeed,

0o (f8) = p()P(8) — pu(f)Pa(8) = p(f) (P — Pa)(8) + Pu() (P — Pa)(f)
=f-00(g) + g 0a(f),
hecause o (f), 0q(g) € Z8/ZET, and uv = G (u) - v for all u € O /Z5 T and v € ZK /75

Hence we can find (sa)f, .rp € O(Uqy N S), symmetric in the lower indices, such that

d
0o = 50y g O[22 -
0Zg

Now, by construction 6, — 0g = pg — pq; therefore (2.8) yields

S Y S S,
Iy dzg 81/3" )] 0zh 4 dzy Bzﬁ" .
‘v]-usk@ te 8Z¢;k + ey — @(sﬁ)sl---skg te 3Z£gk €ls,
and then
azsl aZS;’{—l 8 Tk 8 p 8Zs1 azsk,I
B B < Z B B
h”T e <sa>ﬁ..‘rkﬁ - ﬁ(sﬂ)?lu.w@ oo els (210
o 4 Lo

Let us then consider the change of coordinates

2‘; = ZEH
~ )4 ”
2y =25+ (Sadryony (Za)ZZ‘ 2y

defined in suitable open sets 0a C U,; we claim that {(Ua, Za)} is the atlas we are looking for.
Indeed, we have

9zh azhozy azhoch  ozh  03f 0z

0% 97y 0%y 024 0%, 0z 024 0%

_ azlh

=
azﬂ

- azrk 8Z1’
+k|:(sa)fl“‘rkzgtl oz az(i B 3_3
B 9%

(Sﬂ)zl.‘.sk,lrzfgl zfg“] + Ry.

Now, (2.7) with [ =k — 1 yields

azl

az/’g

= khfpl “nYk_]rZ;; - 'legkil + Ri,

Please cite this article in press as: M. Abate et al., Embeddings of submanifolds and normal bundles, Adv. Math.
(2008), doi:10.1016/j.aim.2008.10.001

© O N o o »~ 0w N =


Original text:
Inserted Text:
beacuse

Filippo Bracci
Nota
Accepted impostata da Filippo Bracci


© 0 N O 0o~ O N =

A A A B B DD DWW W W W W W W WW N NN DNDDNDNDNDNDDND NN S S s S ad S A
N o o0 A WO N 2 O © 00N o 0o B~ O 2+ O © 0o N o g~ O+ O © 0o N o g~ W NN =+ O

JID:YAIMA AID:3134 /FLA [mi+; v 1.104; Prn:21/10/2008; 10:38] P.16 (1-37)

16 M. Abate et al. / Advances in Mathematics eee (eeee) eee—esee
and so
825 s‘/‘ Fk— 8Z(’;lk
32% =k hsl - Sk— 1rZ/3 "+ (Soz)rl l c Zy I@
azlh ~
- 8_a(sﬂ)g1 S‘k,lrzfl}l o 'Z%k I:I + Rk
p
dzy oz 92
=k hSpl"'Skflr r e rﬂ + (s ot)r] Tk =
azal aZ k—1 azr
1 Sk—1
azg q azﬁ Bz Ti—
- @(Sﬂ)sl“%—lrﬁ'” 8Zrk 1 rl Za : +Rk
=Ry € I§~

thanks to (2.10), where we used the fact that z5f = (324 /8zﬂ)zﬁ + R>.

Finally, we should check that {(Ua, Ze)} is adapted to p. But indeed (2.8) applied with Z,
instead of zg yields

f + Riy1 =04 (f) + Riy1;

f(0',25) = £(0 23) = (57 25} - 3 P

hence
p(Lf1) = pu(If11) + 0u(lf1) = £(O". 2) + TS,
and the assertion follows from (2.6). O

Remark 2.2. In particular, there is an infinitesimal retraction of S(k) onto S if and only if there
is an atlas {(Uy, z¢)} adapted to § whose coordinates changes are of the form

7 = () (2a)Zg forr=1,...,m,
zgqugﬁ(zg) +Ryyy forp=m+1,....n

which, roughly speaking, says that a neighbourhood of M is a fiber bundle over S up to or-
der k. The jets of the vector fields a - in Tyr @ Osy, for r =1, ..., m, generate an infinitesimal
foliation Fy, i.e., an involutive submodule of Ty ® Osy.

We explicitly compute the obstruction, predicted by [12, Proposition 1.6], for passing from
(k — 1)-split to k-split:

Proposition 2.2. Let S be an m-codimensional submanifold of an n-dimensional complex
manifold M. Assume that S is (k — 1)-splitting in M; let pg—1 : Os — OM/I’S‘ be a
(k — 1)th order lifting, and {(Uy, ¢o)} a (k — 1)-splitting atlas adapted to px—1. Let gy €
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H'(S,Hom(£2s, Z§/I§+l)) be the cohomology class represented by the 1-cocycle {(gk)ga} €
H! (Us, Hom(£2g, Ib’i/I’;H)) given by

1 kP
0 %a i@)[zg...zrﬂk]

_— e HY(U,NUz N S, Ts @ TF /75T,
Koz ---dzjf |s 928 (VanUp0 S Ts 8 L5/ 15"

(9k) pa = k+1

Then there exists a kth order lifting py : Os — OM/I_'E+1 such that px—1 = Ok—p; k © Pk if and
only if g = O.

Proof. One direction follows from the previous theorem, (2.8) and (2.9). Conversely, if g = O
up to shrinking the U, we can find (sa)fl...rk € O(U, N S) such that setting

0
O = (Sa )iy 7 ® EA "'erxk]kﬂ
02

we get (gk)ga = 0 — 0. Then arguing as in the last part of the proof of the previous theorem
we find a k-splitting atlas, and we are done. O

3. Comfortably embedded submanifolds

The sequence (2.2) is only one of the possible natural generalizations of (2.1). Another, ap-
parently as natural, generalization is the sequence

) 3 621 2 )
0 —> T2/T} < Oy /T3 =5 Oy /T — 0; (3.1)

the splitting (as sequence of sheaves of rings) of this exact sequence is equivalent to the existence
of an infinitesimal retraction of S(2) onto S(1). Surprisingly enough, this cannot ever happen:

Proposition 3.1. Letr S be a reduced, globally irreducible subvariety of a complex manifold M,
and take k > h > 1. Assume there is an infinitesimal retraction of S(k) onto S(h); then

[(k+1)/2] <h+1

(where [x] is the smallest integer greater than or equal to x ). In particular, there are no infinites-
imal retractions of S(k) onto S(1) for any k > 2.

Proof. For any 1 <! < & consider the following commutative diagram with exact rows and
columns
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0 10)
Ok.h
0 —— Iyt gLyt o 7t — o

o J— I§+I/I§+l<ﬁ OM/I§+1 . OM/I?H — - 0.

Ok.1-1 On,i-1

On /Ty ———= On/T}

o 0

By assumption, we have a morphism of sheaves of rings p : Oy /Ig+1 — Oy /I]S‘Jrl such
that 6 » o p = id. Composing with ;, ;1 on the left we get

Oni—1=0n1-100kp0p=0ri—10p.

This implies that p(Z5/Zat") € Z4/Z&M: indeed, if u € Z4/Ztt! we have 6 —1(p(u)) =
On,1—1(u) = O, and hence p(u) € T4 /Tt

Now, if u € le/Zg“ we have u” = O as soon as r > (h + 1)/1. Therefore if r > (h + 1)/1
we have

0=pw)=pw eIy

for all u € IIS/IS‘H. But since S is reduced, we have v" = O in I{S/I]SH'1 if and only if
v e ZF /T8 with p > (k + 1)/r. Therefore if [(k + 1)/r] = h + 1 we have p(Z4/Zot!) C
IgH/IIS‘H, and thus 6 , o P'Ig/zg“ = O, impossible; therefore, [(k+ 1)/r] <h + 1.

Now, the largest value of [(k 4+ 1)/r] is attained for the lowest value of r; and since r >
(h+1)/1, the lowest value of r is 2, attained taking / = h. Therefore we get [(k+1)/2] <h+1,
as claimed. O

The lesson suggested by the previous proof is that if one would like to study the splitting
of sequences of sheaves of rings like (3.1), it is important to take care of what happens in the
nilpotent part of the rings, that is in the sheaves Ig /I’_é. We observe that the sheaf I_’é /IIS‘+1 is
isomorphic to the symmetric power Sym* (\; ¢) of the conormal sheaf, and thus it naturally is
an Og-module. The main new idea of this section is that when S is k-splitting then the sheaf
Is /I§Jrl too has a canonical structure of Og-module:
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Proposition 3.2. Let S be a complex submanifold of codimension m of a complex manifold M,
and let p : O — OM/I§+1 be a kth order lifting, with k > 0. Then for any 1 < h <k + 1 the
lifting p induces a structure of locally Og-free module on Tg /I;’+1 so that the sequence

On.h—
0 — Th/Th* & 7o/ XS 7Tl — 0 (3.2
becomes an exact sequence of locally Og-free modules.

Proof. We shall work by induction on k. For k = O there is nothing to prove; so let us assume
that the assertion holds for £ — 1. As we already remarked, for any # > 1 the sheaf Ig /I?Jrl
has a natural structure of locally free Og-module. The kth order lifting o induces a (k — 1)-
order lifting o1 = 6k x—1 o p; therefore by induction for 1 < & < k we have a structure of locally
free Og-module on Zg /I§+1 so that all the (3.2), become exact sequences of locally free Og-

modules. Now, Zg /I]S‘+2 naturally is a Oy /Z§+l-module; we can then endow it with the Og-
module structure obtained by restriction of the scalars via p:

v [Alip2 = p ) - [Aliqg2,

for all v € Og and h € Ty, where in the right-hand side we are using the Oy /I]S‘H—module
operation. Since p is a ring morphism and (by Remark 1.4) p[1]; = [1]x+1, we get a well-
defined structure of Og-module on Zg /I§+2. We must verify that the inclusion ¢ : I§+l /I§+2 —

Ts /IISch2 and the projection 61 x are Og-module morphisms when I§+1/I’§+2 has its own
Og-structure and Zg /I]S"H has the Og-structure induced by p; by induction.

Given v € Oy, choose f € Oy such that v =[f];, and fI €Zssothat p(v) =[f + fZ]k+1.
Then for all g € I§+l we have

(v [glks2) =([felks2) = [felra =[(f + fI)g]k+2 =p) - [glk+2 = - glk+2,

and ¢ is an Og-morphism.
Analogously, if g € Ts we have

Okr1 k(v [8lera) = Okrra[ fo+ f1e)isn = [fe+ fTe]iy = P1(V) - [glis1

=v - O1klglkr2,

and 641 « is an Og-morphism.
Finally, since (by induction) Zs/Zg"" and Z¢ ™' /Z§ ™ are locally Og-free, Zs/Z5 " is locally
Og-free too, and we are done. 0O

Remark 3.1. If {(U,, zo)} is an atlas adapted to a kth order lifting p : O5 — (’)M/I§+1 ,itis easy

to see that {[z},1n+1, [2e 2 Jit15s - - -+ [26 =+~ Za' n+1) is @ local free set of generators of IS/Ig“Ll
over Og forh=1,...,k+1.

We are thus led to the following generalization of the notion of comfortably embedded sub-
manifolds introduced in [1,2]:
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Definition 3.1. Let S be a (not necessarily closed) submanifold of a complex manifold M,
and let p : Og — (’)M/I]SH'1 be a kth order lifting, with k > 1. A comfortable splitting se-
quence v associated to p is a (k + 1)-uple v = (vo 1, ..., Vkk+1), Where for 1 <h <k +1
each v,_1 p :IS/Ig — IS/IgJrl is a splitting Og-morphism of the sequence (3.2);, with respect
to the Og-module structures induced by p. A pair (p, v), where p is a kth order lifting and v is a
comfortable splitting sequence associated to p, is called a k-comfortable pair for S in M. We say
that S is k-comfortably embedded in M with respect to p if it exists a k-comfortable pair (o, v)
for Sin M.

Remark 3.2. The choice of a k-comfortable pair (p, v) fixes an isomorphism of Og-modules
On/IsH =05 @I/ T2 0 T2 /T3 @ - - @ T5/TEH.

The computation of the cohomology class associated to the exact sequence (3.2); is not too
difficult:

Proposition 3.3. Let S be a complex submanifold of codimension m of a complex manifold M,
and let p : Og — OM/I]S“H be a kth order lifting. Choose a projectable atlas L = {(Uy, z4)}
adapted 1o p. Then the 1-cocycle (b, } € H' (8s, Hom(Zs /T, TG /TT2)) given by

1 92y az‘f;“ AR L gy

hp Zt] "'Zth - . r ”.ZrkJrl (33)
501([ o U‘]kJrl) (k i 1)! aZQ az(rxk+l angl . ~3Zf3‘+l S[ o o ]k+2
Jor 1 < ty,....th <m and 1 < h < k, represents the class hf € HI(S,Hom(IS/IIS‘H,
I]S‘H /I§+2)) associated to the exact sequence
0 — I Tt — T/ T8 — T /75 — 0, (3.4)

where Lg /I{é+l and Tg /I§+2 have the Og-module structure induced by p.
Proof. We can define local splittings vy : Zg /Z'IS‘Jrl lv, = Zs /I]SH'2 |y, by setting

va[zg "‘ZZ']kH = [z "'ZZ']HZ

and extending by Og-linearity; since 4l is adapted to p, Theorem 2.1 implies that each vy is a
well-defined morphism of Og-modules.
Now, for any f € Oy we can write

Y= £(0. 7 s i ajf AT, ST R 3.5
f(zp.25) = f( ’Zﬁ)+zj.—azs1 a_z‘”( (Z5)2y - Zg + Reo, (-5
D)t 0zg -0z

where Rj42 € I’;Jrz. In particular, Theorem 2.1(iii) implies

k+1 i
1 0/ h s
[Alk+2 = f10<|:—i| ) 2z ,
Z]v 31}}- | [ B ﬁ]k+2

5
il -0z
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for all h € Zg, and

[flis1=p(0f 1) +

IIMW

l ([7jf ] )[Zsﬂl z;’] (3.6)
S k+1 :
7! azﬁ dzg 1
forall f € Oy.

Using these formulas we easily see that

hféa([fo‘ "'ZZ]k+1) = vﬂ([zf)} : lh]k+1) Vﬂ([ztl ZZ’]k+l)

=VB ([fol Zlh]k+1) [fol "'ZZ']kJrz
__ 1 |:ak+l(Z(lxl Zl):| [Z ZSkH]

(k+DUL oz --aggs [)5F P k2

1 azsﬂl 9 ;k+l ak+1( 1 th)

(k+ 1)! aZQ azrkﬂ azi“} azikﬂ

S[Zgll "'Z;Hl]k—i-Z’

as claimed. O

Corollary 3.4. Let S be a (k — 1)-comfortably embedded submanifold of a complex manifold M,
and let (p1, v1) be a (k — 1)-comfortable pair. Assume that we have a kth order lifting p such that
Ok k—1 © p = p1. Then the sequence vy extends to a comfortable splitting sequence v associated
to p if and only if the class h* € H' (S, Hom(IS/I§+1,I§+1/I§+2)) vanishes.

We can characterize k-comfortably embedded submanifolds using adapted atlases.

Definition 3.2. Let S be a complex submanifold of codimension m in a complex n-dimensional
manifold M, and let k > 1. A k-comfortable atlas is an atlas {(Uy, zo)} adapted to S such that

azl 9%z,
b and ﬁ S I§ 3.7)
Lo 0Z¢

p
azl,

forallr,si,so=1,...,m,all p=m+1,...,nand all indices o, B such that U, NUg N S # ¥.
In particular, a k-comfortable atlas is always k-splitting.

Definition 3.3. Let S be a k-comfortably embedded submanifold of codimension m of a complex
manifold M, and (p, v) a k-comfortable pair for S in M. We shall say that an atlas {(Uy, z¢)}
adapted to S is adapted to (p, v) if it is adapted to p and

Vh—l,h([zgz]h) = [Zg]h+l
foral I<hA<k+1,1<j<h—Tland 1 <r <m.

The following result, in particular, recovers the original definition of 1-comfortably embedded
submanifold introduced in [],2]:
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Theorem 3.5. Let S be an m-codimensional submanifold of an n-dimensional complex mani-
fold M. Then:

(i) S is k-comfortably embedded into M if and only if there exists a k-comfortable atlas;
(ii) an atlas adapted to S is k-comfortable if and only if it is adapted to a k-comfortable pair;
(i) if S is k-comfortably embedded into M then every k-comfortable pair admits a k-
comfortable atlas adapted to it.

Proof. First of all, notice that (3.7) implies that

alzh 9z
921 ﬂa eyt and 97! ﬂa FeIg (3.8)
Zﬁt P ZC( Z(Jt  { ZO{

forall2<I<k+1,r,r,....,p=1,...,m,p=m+1,...,n and indices «, 8 such that Uy, N
Upg N S # (. In particular, if there exists a k-comfortable atlas then Theorem 2.1, Proposition 3.3
and Proposition 1.1 imply that S is k-comfortably embedded, and that the atlas is adapted to a
k-comfortable pair.

To prove the rest of the theorem, we shall work by induction on k. For k = 0 there is nothing
to prove; so we assume that the statement holds for k — 1, and that there exists a k-comfortable
pair (p, v) for S. We must prove that it exists an atlas adapted to (p, v), and that this atlas is
necessarily k-comfortable.

Let p1 =6k k—10pand vy = (vo 1, ..., Vk—1k); clearly, (p1, v1) is a (k — 1)-comfortable pair
for S in M. The induction hypothesis then provides us with a (k — 1)-comfortable atlas 4( adapted
to (p1,v1); arguing as in the proof of Theorem 2.1 we can moreover modify this atlas to get a
new projectable k-splitting and (k — 1)-comfortable atlas (still denoted by 4l) adapted to p and
to (p1, v1). We must now show how to modify LI so to get an atlas adapted to (p, v), and to prove
that such an atlas is necessarily k-comfortable.

The first observation is that from Bzzf9 /925,07, € Iéfl we get

¥
81/3
0z

Zo T g 22T Ry 3.9)

ro__
2= st Ca

S
o

for suitable functions h;l | € Oy NUg N'S) symmetric in the lower indices. Notice that

S,

hy, ...s,,, = 0if and only if L is k-comfortable.
From (3.9) we derive three identities that will be useful later:
32% azlrg r K Sk
] ) + (k+ Dhy, 020 20 + Rit1s
o "o

.
Bkt DI Tl LR
823}18232 - r1erg—15152 “o o k>

s s S1 Sk+1
ZS _ aza Zr _ aza r 3Za . 3Z,1 Zrl .. 'Zrkﬂ
o g Sp8 r T
P B 3Z/r3 1 Sk41 3Zﬂ' azﬁk+l s B B

+ Ri42. (3.10)

- 3zl

In particular it follows that
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azs) E)zij ry Ty
o @ s 24 "‘Zﬂ]h
[ 2] = if1<h<k+2 1<j h—l,mdU}U#(Lk+2L
* * In 82,1 za hr e, o | k+1
oz it 2] o ;;Hl S [Z Jkt2,

ifj:landh:k+2.

Now for every index « such that Uy, N S # @ define vg j41;« :IS/Ib]i+l lu, = IS/I]S‘+2|Ua by
setting

Vek+ta ([25 ~~-z;§/]k+1) =z} ~'z;§/],{Jr2

and then extending by Og-linearity. The previous computations imply that

Vk,k-‘rl;ﬂ([zzzl "'Zz/]k-i-l) - Vk,kﬂ:ﬂé([del ) S/]k+1)
_ 820‘ Py L2d o zd e i =1,
0 if2<j <k.

In particular, 4l is adapted to (p, v) if and only if hy, , =0, if and only if i is k-comfortable.

Tk
Now set 0y = Vk k+1 — Vk.k+1:a; SINCE Gp1.k 0 0y = O, it follows that Imo, C I§+1/I]S‘+2.

In particular, there are (Coz)i. ey € O(Uy N S), symmetric in the lower indices, such that

Ua([zi]k-l,-l) I (C“)f‘l---rk+l ’ [Zrl Zg‘k_*—l]k—‘,-2'

Since 0y — 0 = Vg k41;8 — Vk,k+1;0> WE et

N
A2y | 7 e Vk+1]
32 cregr " Ra L k+2
2 Azl 97!
_ (C )X & ( ) ﬂ . ﬁ '[Zrl"‘Zrk+l]
- QIry Tkt 9z r Cp)s - “Sk+1 8 8Zr1<+1 o o k+2°

that is

Bz 8zg‘“ 811’3

hr s +(Cﬂ)11 et 3 Py - 3z, 06) TRal €ls. (3.11)

We are finally ready to modify {{. We define new coordinates Z, by setting

A S
{ 2 =26 + (o)l (z0)za - za™ forr=1,...,m,
b =P forp=m+1,...,n

on suitable U, € U,. We claim that = {(005, Zo)} is as desired. First of all, it is easy to see that

oy p
Bzﬂ _ 81/3
azh, 9z,

+ Ry,
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and so {1 is still k-splitting and adapted to p. A quick computation shows that

3222 3%zL  9Zp Bzl 9z 8222

ASI AR5 — ARSI aAS ~S] A AS s
0%5 0202 0% 0% 0zl, 0%y 925 97072

and hence
23 2 1 te—1 o _tx o_lk+1
0Z00 0202 0z 0z ot dzed 9zl dzy Azp
a7’
- ﬁ(ca)’,l...,“mz]zg' zg '+ R eIk
o

as desired, thanks to (3.10) and (3.1 1). R

Finally, it is easy to check that il is adapted to (p, v). Indeed, if we define 6, by using 4l
instead of 41, the previous calculations can be used to show thatA 0y — 0y = 0y, and thus 6, = O,
which means exactly (recalling the induction hypothesis) that 4 is adapted to (o, v). O

Remark 3.3. In other words, S is k-comfortably embedded into M if and only if there is an
atlas {(Uy, z)} adapted to S whose changes of coordinates are of the form

= (apa)i(20)zy + Riga forr=1,....m, a1
z§=¢§5(25)+Rk+1 forp=m+1,...,n. ’

As a corollary of the previous theorem, we are able to characterize the obstruction for passing
from (k — 1)-comfortably embedded to k-comfortably embedded:

Corollary 3.6. Let S be an m-codimensional k split submanifold of an n-dimensional complex
manifold M and assume that there exists a kth order lifting p : Os — Oy /Ilg+1 such that S is
(k — 1)-comfortably embedded in M with respect to p1 = 6 x—1 o p. Fix a (k — 1)-comfortable
pair (p1,v1), and let 4 = {(Uy, 24)} be a projectable atlas adapted to p and (p1,v1). Then
the cohomology class h* associated to the exact sequence (3.4) is represented by the 1-cocycle
{0} € H' (s, N5 @ T /) given by

69 _ 1 BZE 8z2k+1 ak+lz(tx ) e [Zrl Zi‘k+1] .
== — 7 : ", . ) )
Ba (k+ 1) 9z Py 82;31 .HBZ;;HA s o o o« k42

Thus S is k-comfortably embedded (with respect to p) if and only if h* = O in H' (S, N5 ®
Sym~+! NH).

Proof. The (k — 1)-comfortable pair (o1, v;) induces a canonical splitting
k

Is/T5 = @1k /Tet:
h=1

Please cite this article in press as: M. Abate et al., Embeddings of submanifolds and normal bundles, Adv. Math.
(2008), doi:10.1016/j.aim.2008.10.001

© 0O N O O A WO N =



© 0O N o g »~ WO N =

JID:YAIMA AID:3134 /FLA [mi+; v 1.104; Prn:21/10/2008; 10:38] P.25 (1-37)

M. Abate et al. / Advances in Mathematics eee (eeee) eee—eee 25

therefore the class h” associated to the sequence (3.4) and computed in Proposition 3.3 lives in

k
H' (S, Hom(Zs/Z¢H Z5H /7)) = @) H' (S, Hom(T8 /24 Z5H /7)),
h=1

The expression of h” given in (3.3) clearly reflects this decomposition. Now, (3.8) implies that

81Z£‘ eT
~ T o~ S
8Zﬂ BZﬁ

for all 2 </ < k. Therefore (3.3) shows that the only non-zero component of h* is the one
contained in

H'(S,Hom(Zs/Z3, T5 M /Z5T2)) = H' (S, Ns @ T8 T /TEH?) = H (S, Ns ® Sym T (A)),
and its expression is given by (3.13). O

Recalling Proposition 2.2, we then see that the obstruction for passing from (k — 1)-split to k-
splitlives in H IS, Ty ® Symk N, ;‘)), while the obstruction for passing from (k — 1)-comfortably
embedded to k-comfortably embedded lives in H!(S, N5 ® Symk+1 W, ¢)). Now, a vanishing
theorem due to Grauert ([11, Hilfssatz 1]; see also [7]) says that if Ng is negative in the sense of
Grauert (that is, the zero section of Ng can be blown down to a point) then these groups vanish
for k large enough. We thus obtain the following

Corollary 3.7. Let S be an m-codimensional compact complex submanifold of an n-dimensional
manifold M, and assume that Ng is negative in the sense of Grauert. Then there exists a ko > 1
such that if S is ko-splitting (respectively, ko-comfortably embedded) in M then it is k-splitting
(respectively, k-comfortably embedded) for all k > k.

A similar result can also be obtained assuming instead that N is positive in a suitable sense;
see [9,12,16,17,22].

Remark 3.4. At present we do not know whether a submanifold which is k-comfortably embed-
ded with respect to a given kth order lifting is k-comfortably embedded with respect to any kth
order lifting.

We end this section with some examples of k-split and k-comfortably embedded submani-
folds. We refer to Section 5 for a more detailed study of k-split and k-comfortably embedded
curves in a surface.

Example 3.1. The zero section of a vector bundle is always k-split and k-comfortably embedded
in the total space of the bundle for any k > 1: indeed, any atlas trivializing the bundle satisfies
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Example 3.2. A local holomorphic retract is always k-split in the ambient manifold. Indeed, if
p : U — Sis alocal holomorphic retraction, then a kth order lifting p : Os — Op /Zfé“ is given

by p(f) =L1f o plit1.

Example 3.3. If S is a Stein submanifold of a complex manifold M (e.g., if S is an open Riemann
surface), then S is k-split and k-comfortably embedded into M for any k > 1. Indeed, by Cartan’s
Theorem B the first cohomology group of § with coefficients in any coherentgsheaf vanishes, and
the assertion follows from Propositions 1.1, 2.2 and 3.3. In particular, if S is a singular curve in
M then the non-singular part of S is always comfortably embedded in M.

Example 3.4. Let M be the blow-up of a submanifold X in a complex manifold M. Then the
exceptional divisor E C M is k-split and k-comfortably embedded in M for any k > 1: indeed,
it is easy to check that the atlas of M induced by an atlas of M adapted to X is a k-comfortable
atlas for any k > 1.

4. Embeddings in the normal bundle and k-linearizable submanifolds
Proposition 1.5 suggests a third way of generalizing the notion of splitting submanifold:

Definition 4.1. Let S be a complex submanifold of a complex manifold M. We shall say that
S is k-linearizable if its kth infinitesimal neighbourhood S(k) in M is isomorphic to its kth
infinitesimal neighbourhood Sy (k) in Ng, where we are identifying S with the zero section
of N S.

We have seen that S splits into M if and only if it is 1-linearizable (Proposition 1.5). In
general, however, k-split does not imply k-linearizable (while the converse hold). The missing
link is provided by the notion of (k — 1)-comfortably embedded:

Theorem 4.1. Let S be a complex submanifold of a complex manifold M, and k > 2. Then S is
k-linearizable if and only if it is k-split and (k — 1)-comfortably embedded (with respect to the
(k — 1)th order lifting induced by the k-splitting).

Proof. We shall denote by Zs x the ideal sheaf of S in Ng, and by 9;;” « - Ong /Igjvl —
Ong /I]S‘ﬁ\} the canonical projections. Notice that S is k-split and k-comfortably embedded in Ng
for any k > 1, by, for instance, Example 3.1; we shall denote by p,ﬁv : Os — Ong /Iﬁ\} and
Vliv—l,k :IS,N/IIS"N — IS,N/I]S"JR} the corresponding morphisms.

We shall work by induction on k. We have already seen that Sy (1) = S(1) implies that S
is 1-split. Suppose now that Sy(k — 1) = S(k — 1) implies that S is (k — 1)-split and (k — 2)-
comfortably embedded, and assume that Sy (k) = S(k). Let ¢ : O /I’S‘j\} — Ouy /Ié“ be a

ring isomorphism such that 6; o ¥ = 6,?’ . The gist of the proof is contained in the following
commutative diagrams:
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N
91\'

0 —— Is /Ty = Ong /TNy Os —= 0

SN <—
o
Lo
Ok
0 — Ig/TiH s Oy /TEH! Os —= 0,
Pk

N
ek.k—l

0 ——= Tk N /IS = Tsn /IS —  Isn/Téy —= 0

SN <——
N
Vk—1.k .
Ok k-1
e |
0 — Ik T —— T /7! Is/T — 0.
Vk—1,k

First of all, we define py = ¢ o ,o,iv . As in the proof of Proposition 1.5, we see that this is a
ring morphism such that 6 o p; = id, and so S is k-split in M.

Now, 6 o ¥ = 6} implies that v (Ker6,Y) € Ker6. that is ¥ (Zs v /T y) € Zs/Is+'. Since
¥ is a ring isomorphism, it induces a ring isomorphism (still denoted by 1) between the nilpo-
tent parts of the two rings, Is,N/Iéj\} and IS/Ibli+1 , and thus, by restriction, a ring isomorphism

between I§ N /I]SC,—;} and I’S‘ /I]S‘H. Therefore it also induces a quotient ring isomorphism v
between Oy, /Z5 \ and Op/Z% such that 6y o Y =6} |, and thus Sy (k — 1) = S(k — 1).
Furthermore, 1& sends IS,N/I;N into IS/I§ so that 1@ o Glka_l = 6k x—1 o Y. This restriction

of ¥ is an isomorphism of Og-modules: indeed

(- [hTk) = v (op  [hTk) = v (01 (o8 @) [h]ks1)) = [V (o ) ¥ [h]es1],
=[x @)Y [hles1], = pr—1 (”)&([h]k) =u- I/Af([h]k)
forall u € O and h € Zg, y, where p¥ | = Olfk_l o pp and p—1 = Ok k—1 0 pr.
We then define vy_1 4y =¥ o v,iv_l,k o 1/}_1 ; we claim that vg_1 x is a morphism of Og-modules
such that 0y x—1 o vg—1 x =id. Indeed,
Vet k (- [h1e) = Yo vy o (u - [hlk) = ovy (-9~ (k)
= (- (10 0T (1)) = ¥ (o @) (0 0 07 (11))
=¥ (o0 W) (¥ o vy 0¥ ) ([hlk) = pr wyve—1.x ([ k)
=u - vi—1.k([hlk)
forall u € Os and h € Zs. Finally, 64 x 1 o vk_1.4 = ¥/ o@,yk_l o v,iv_l,k o¥~! =id, and hence S
is (k — 1)-comfortably embedded in M, as claimed.

Conversely, assume that § is k-split and (k — 1)-comfortably embedded. Since we shall use
different maps, let us write the involved commutative diagrams:
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N
91(

0 — Isn/Tsy — Ong/I5H Os ——= 0

SN <~—
o
/| d
Ok
0 ——= Is/IsH —— Oy~ 05 —— 0,
Pk

oy,
o ’
0 —=Ts y/Tshy — Isn/Tghy — Isn/Tsy — O

<N N
, Vi—1.1 , Vi—1.1 .
X 14 v
01.1-1

0 —— 1L/7¢H! Is/ T Is/T5 — 0.

<
~N
Vi—1,1

Yy E—
Vi-1,

In the proof of Proposition 1.5 we defined an Og-module isomorphism x : Zg n /Iéy N
Ts/T%; since IIS/IIS‘H = Syml(Ig/Ig), and likewise for IZS N/Ié+1\1,, we get for all [ > 1 an
Os-module isomorphism x' :IéyN/Ié)*Al] — Z[S/ZIS“. We claim that for all 1 <[ < k we can

define a ring and Os-module isomorphism /' : Zg x /Ilsfl\l, —TIs /Ils+l so that the above diagram
commutes.

We argue by induction on /. For [ = 1, it suffices to take ! = x. Assume now that we have
defined 1//1_1, and let

I -1 N I =N
Yi=vg0¥ 00+ X oVl

where 17]1\1 1., is the left splitting morphism associated to v;\i 1- It is easy to check that Yl s
invertible, with inverse given by

-1 N I—1\—1 n-1_-~
(W) =viie (V) 0bu—+ (') o,
where v;_1 is the left splitting morphism associated to v;_1 ;. Since all the maps involved are

Og-module morphisms, ¥ is a Og-module morphism; we are left to show that v/ is a ring
morphism. Using the definition, it is easy to see that 1 is a ring morphism if and only if

Do (e o ¥ @ (i o v @) = x o 5 (0 v ). @)

for all u, v € T,y /T y-
To prove (4.1), we work in local coordinates. Let (U, z) be a chart in a (k — 1)-comfortable

atlas, so that we have v;_y;[" ---z"]; = [z - ]y forall i=1,...,L,a=1,....1 -1
andry,...,ra =1,...,m. The chart (U, z) induces a chart (U, z) in a (k — 1)-comfortable atlas
of Ng, with Z = (v, z”), where v = (v!, ..., v™) are the fiber coordinates. Then we have xv' =

[z" 12, and thus

T IR O]
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forall i =1, ..., k. From this and the fact that v vl_l J(W')iv) =0 foralli=1,...,kandr =

1,...,m, it follows easily that y* ([v’]H_l) =[Z)iz1 foralli=1,...,[—landr=1,...,m
Now take u, v € Is,N/Ié’N; we can write

-1 -1
U= Zarl'”ra . [Url .. .vra]l and u = Z:Bsr--sh . [v“ .. .USb]l
a=1 b=1
for suitable oy,...r,,, Bs, .5, € Os. Then

I =N N N S
X o Vl—l,l(Vl—l,l(u)vl—l,l(v)) = Z arl“hﬁslwsb . [ZH .. glags '”Z%]Hl'
a+b=l

Using the fact that ¢/~ ! is a ring morphism and an Qs-morphism we also find

-1

(i oy @) = Z“rl---ra [e2],, and

a=1
-1

(vi—10 W_l)(v) = Zﬂﬂ---% [ "'Zsb]1+1’
b=1

and hence

Dt (=1 o ¥ ) @ (im0 v T () = Z oy Bsyoosy - [21 2102 2]

a+b=l

as claimed.
So in particular we have proved that ¥ : Ty g /Iﬁ,‘*‘s1 — Ty /I]S"H is a ring and Og-module

isomorphism. Let us then define v : ONS/I_];E — (’)M/Ingrl by

v =peob +y opf,

where as usual ﬁ,ﬁv is the derivation associated to p,ﬁv . It is easy to check that 6y o ¥ = 6?,?’ , and
that i is invertible; we are left to show that it is a ring morphism.

Ifu,ve (’)1\75/2715‘?5\,1 we can write u = p,ﬁv(uo)—i-ﬁ,iv(u), with u, = Glﬁv(u); so ¥ (u) = pr(uy) +
¥* () (u)); and analogously for v. Therefore

uv = p (o) g (Vo) + [ o)Ay (V) + o (Vo) B () + B W)y (V)]
= pp o) pp (Vo) + [to - Y (V) +vo - B W) + B WA (v)].
and thus
Y (uv) = pr(Uovo) + Y (1o - B (V) + Vo - B () + A (W)Y (V)

= Pk (o) ok (V6) + Ut - YX (B (V) + vo - YF (B W) + ¥ (5 W) v* (5 (v))
=Yy @®). O

Please cite this article in press as: M. Abate et al., Embeddings of submanifolds and normal bundles, Adv. Math.
(2008), doi:10.1016/j.aim.2008.10.001

© O N o o »~ 0w N =



© 0 N O 0o~ O N =

A A A B B DD DWW W W W W W W WW N NN DNDDNDNDNDNDDND NN S S s S ad S A
N o o0 A WO N 2 O © 00N o 0o B~ O 2+ O © 0o N o g~ O+ O © 0o N o g~ W NN =+ O

JID:YAIMA AID:3134 /FLA [mi+; v 1.104; Prn:21/10/2008; 10:38] P.30 (1-37)

30 M. Abate et al. / Advances in Mathematics eee (eeee) eee—esee

Thus a submanifold S is k-linearizable if and only if there is an atlas {(Uy, zo)} adapted to S
whose changes of coordinates are of the form

2y = (apa)s(z0)zy + R forr=1,....m,
ZZZ gﬁ(zg)+Rk+1 forp=m+1,...,n.

Remark 4.1. Camacho, Movasati and Sad in [8] defined a k-linearizable curve as a complex
curve S in a complex manifold M for which there exists an atlas adapted to S whose changes of
coordinates are of the form

Z% = (aﬂa)g(Zg)Z; 4+ Ri41 forr =1,
Z§=¢5ﬁ(zg) forp=2,...,n;

they dropped the remainder term in the z/, variables only because they were interested in curves
with a neighbourhood fibered by (n — 1)-dimensional disks. As a consequence, our notion of
2-linearizable curves (or submanifolds) is strictly weaker than the notion of 2-linearizable curves
used in [8].

Recalling Proposition 2.2 and Corollary 3.6 we see that the obstructions for passing
from (k — 1)-linearizable to k-linearizable live in H'(S,Ts ® Symk WV, ¢)) and, for k > 2,
in H'(S, N5 ® Symf (N{)). Using again Grauert’s vanishing theorem [11, Hilfssatz 1, p. 344]
we get

Corollary 4.2. Let S be an m-codimensional compact complex submanifold of an n-dimensional
manifold M, and assume that Ng is negative in the sense of Grauert. Then there exists a ko > 1
such that if S is ko-linearizable then it is k-linearizable for all k > k.

Again, we can get similar results also assuming suitable positivity conditions on Ng; see
[9,12,16,17,22]. Furthermore, in the next section we shall be able to compute the number kq for
curves in a complex surface.

Remark 4.2. When S is a hypersurface in M, and thus N is a line bundle, we actually have found
that the obstructions to k-linearizability live in H'(S, 7g ® (M)®) and in H!(S, WH)®1),
in accord with Grauert’s theory (see, again, [11] and [7]).

Remark 4.3. It is important to remark that the isomorphisms between S (k) and Sy (k) obtained
in the previous corollary are compatible in the sense that if k" > k then the restriction to S (k)
of the isomorphism between S(k’) and Sy (k') induces the given isomorphism between S (k)
and Sy (k). In some sense, we have obtained an isomorphism between the formal neighbour-
hood of S in M and the formal neighbourhood of S in Ng. Grauert [11] and others have given
conditions ensuring that such a formal isomorphism extends to a biholomorphism between an
actual neighbourhood of S in M to an actual neighbourhood of S in Ng. In particular, applying
Grauert’s formal principle (see [7, Theorem 4.3]) we recover Grauert’s result:

Corollary 4.3. (See Grauert [11].) Let S be a compact complex hypersurface of an n-
dimensional manifold M. Assume that Ng is negative in the sense of Grauert, and that S is
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exceptional in M (that is, it can be blown down to a point). Then there exists a ko > 1 such that if
S is ko-linearizable then a neighbourhood of S in M is biholomorphic to a neighbourhood of S
in Ng.

Remark 4.4. A compact Riemann surface S in a complex surface M is exceptional if and only
if its self-intersection S - § is negative, if and only if its normal bundle is negative in the sense of
Grauert; see [7].

Remark 4.5. The formal principle holds in several other instances too (but not always). For
instance, using [9,12,16,17,22] we can get a statement analogous to Corollary 4.3 assuming
suitable positivity conditions on Ng (and arbitrary codimension).

Remark 4.6. Let S be a submanifold of a complex manifold M and denote by g : S — M the
inclusion. Then one of these cases hold:

(a) S is k-linearizable in M for all k > 1.

(b) S is k-split in M for all k¥ > 1, but there exist mg > 1 and a m,-splitting o such that
S is not mg-comfortably embedded in M but it is (mg — 1)-comfortably embedded. In
this case, we can associate to the embedding S — M a non-zero cohomology class h” €
H'(S, Ns @ Ty« jzyt?),

(c) there exists an integer kg, > 1 such that § is not k-split in M, but it is (k — 1)-splitting. In
this case, given any fixed (k, — 1)-splitting o, we can associate to the embedding § — M

a non-zero cohomology class gx, € H 15, Ts ® ZI;*"' /I§g+l). Furthermore, we can choose
1 <mg <kg —1sothat §is (mg — 1)-comfortably embedded (with respect to the lifting
induced by p) in M but not mg-comfortably embedded in M, and hence we get a non-zero

cohomology class h? € H' (S, Ns ® I;"gH/IZ’g“).

It is clear by the construction that if two different embeddings of the same submanifold S have
biholomorphic neighbourhoods then the integers and the cohomology classes constructed above
must be the same in both cases. It would be interesting to know other invariants. For instance,
a consequence of Corollary 4.3 and Remark 4.4 is that two infinitely linearizable (in the sense
of Remark 4.3) embeddings of a compact Riemann surface with negative self-intersection in a
complex surface always have biholomorphic neighbourhoods. However, as far as we know, even
for curves with negative self-intersection in case (b) other invariants beside mg and ” are not
yet known.

5. Embeddings of a smooth curve

In this section we shall use Serre duality to describe sufficient conditions for a compact curve
in a complex surface to be k-split, k-comfortably embedded and/or k-linearizable.

Let S be a non-singular, compact, irreducible curve of genus g on a surface M. In particular,
N is a line bundle; therefore Sym* (N D= WE Y@k for all k > 1, and the obstruction for passing
from (k — 1)-split to k-split lives in H LS, Ts @ (W §)®k). The Serre duality for Riemann surfaces
implies that

H(S, Ts ® (N3)®) = HO(S. 25 ® 25 @ NEX).
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Now,
deg(2s ® 25 @NI*) =dg — 4+ k(S - 5);
therefore
K(S-S)<d—4g = H'(S,Ts0WN:))=(0). .1)

It follows in particular thatif g > 1and S-S <4 —4g,org=0and S-S <0, then § is k-splitting
in M for every k > 1.

The obstruction for a split curve to be 1-comfortably embedded is in H 1S, Ns ® (W §)®2) =
H'(S,N7). Serre duality yields

HY (S, N?) = HO(S, 25 ® Ny);
$0, since deg(2s @ Ns) =2g —2+ S - S, we get
S-S<2-2¢ = H'(S,Ns® (N} =(0). (5.2)

In particular, if g > 1and S-S <4 —4gorg=0and S-S <2 then S is (splitting and) 1-
comfortably embedded.

More generally, assume that S is k-split and (k — 1)-comfortably embedded. The obstruction
for S to be k-comfortably embedded lives in H(S, N5 ® (W) ®+1) = HI(S, (W})®F). Then
using Serre duality as before we find

K(S-S)<2-2¢ = H'(S,Ns® N =(0). (5.3)

In particular, if g > 1 and S - S < 2 — 2g then k-splitting implies k-comfortably embedded, while
if g=0and S-S <0 then S is k-comfortably embedded for all £ > 1.
We can summarize the content of our computations in the following

Proposition 5.1. Let S be a non-singular, compact, irreducible curve of genus g in a surface M.
Then:

) ifg=land S-S <4 —4g then S is k-split into M forall k > 1;
() ifg=land S-S <2 —2g then S k-split implies S k-comfortably embedded into M for
any k > 1; in particular, if g > 1 and S - S <4 — 4g then S is k-linearizable for all k > 1;
(iii) ifg=0and S-S <0 then S is k-linearizable for all k > 1;
@iv) ifg=0and S-S < 1 then S is 3-split and 1-comfortably embedded into M ;
v) ifg=0and S - S < 3 then S splits into M.

Remark 5.1. Proposition 5.1(ii) has been proved in a slightly different way in [8], where S was
assumed to be fibered imbedded into M (and thus, in particular, k-split for all k > 1).

Another way of looking at (5.1) and (5.3) yields the following

Proposition 5.2. Let S be a non-singular, compact, irreducible curve of genus g > 1 in a sur-
face M. Then:
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1) if S-S <O0and S is ko-splitting for some ko > (4g —4)/|S - S| then S is k-splitting for all
k> ko,
(1) if S-S < 0and S is ko-comfortably embedded for some kg > (2g —2)/|S - S| then k-splitting
implies k-comfortably embedded for any k > ko;
(i) if S-S <0and S is ko-linearizable for some ko > (4g —4)/|S - S| then S is k-linearizable
forall k > k.

Recalling Remarks 4.3 and 4.4, we can apply Grauert’s formal principle [7, Theorem 4.3] to
recover, among other things, results due to Laufer and Camacho, Movasati and Sad:

Corollary 5.3. Let S be a non-singular, compact, irreducible curve of genus g in a surface M
with negative self-intersection S - S < 0. If

(@ g=0,o0r

(b) g > 1, S is ko-split and ky-comfortably embedded for some kg > (4g —4)/|S - S| and k| >
2g—2)/1S -S|, or

(¢) (see Laufer [18, Chapter V1)) g > 1and S-S <4 —4g, or

(d) (seel8])g=>1,S-S<2—2gandS is ko-split for some ko > (4g —4)/|S - S|,

then a neighbourhood of S in M is biholomorphic to a neighbourhood of the zero section of Ng.
6. Another characterization of split and comfortably embedded submanifolds

In [2] we used the 1-comfortably embedded condition to build partial holomorphic connec-
tions on the normal bundle, and we wondered why this condition appeared to be the right one
for such constructions. In this section we give an answer of sort to this question, showing that
a submanifold is 1-comfortably embedded if and only if it exists an infinitesimal holomorphic
connection on the normal bundle.

Let us begin with a definition.

Definition 6.1. Let S be a complex subvariety of a complex manifold M. The sheaf of holomor-
phic differentials on S(1) is given by

sy = -QM/(IéﬂM + df_%);
its dual 7g(1) = Homoy, (£25(1), Os1y), where Og(1y = OM/I§ as usual, is the holomorphic
tangent sheaf of S(1). The map d(1) : Osy = 251y given by d1)([ f]2) = 71 (df), where 7y :
£2pm — $25(1) is the natural projection, is the canonical differential. We refer to [18, Chapter VI]
for properties of differentials on an analytic space with nilpotents.

Proposition 1.3 yields a characterization of splitting manifolds in terms of £251):

Proposition 6.1. Let S be a submanifold of a complex manifold M. Then S splits into M if and
only if there exists a surjective Og(1y-morphism

X(l) N -QS([) —> Zs/Z§
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such that X (1yodyoiy =1id, where iy : IS/I§ — Oy /Ig is the natural inclusion. Furthermore,
if p: Os — Osq is a first order lifting, and o : Os1y — IS/I§ is the associated left splitting
morphism, then p = X (1) o d(1).

Proof. By Proposition 1.3, S splits in M if and only if there exists a 6;-derivation p : Og(1) —
Zs/T such that § o iy =id.

Assuming p given, the universal property of differentials yields a Og(jy-morphism X(j) :
251y — Is/Z§ such that X1y o d(1) = p; in particular, X1y o d(1y o i1 =1id.

Conversely, given X (1 then p = X (1) o d(1) is a 0 -derivation such that p o i; =1id, and thus §
splits into M. O

To give the announced characterization of 1-comfortably embedded submanifolds we need a
last definition and a last proposition.

Definition 6.2. Let S be a submanifold of a complex manifold M. Assume that S splits in M
and denote by X (1) : £2s(1) — Zs/Zs the Og(1)-morphism associated to the choice of a first order
lifting by Proposition 6.1. An infinitesimal normal connection along X1y on a Og(j)-module £
on S is a C-linear map )~((1) & — IS/Ig ®y, € satisfying the Leibniz rule

X1)(gs) = X1y (d1)(9)) ® s + gX(1)(s)
for all local sections g of Og(1y and s of £.

Remark 6.1. Any locally free Og-module £ can be considered as a locally free Og(1)-module
endowing it with the structure obtained by restriction of the scalars via the first order lifting p.
However, for the application we have in mind we shall need a locally free Og(1)-module which
is not obtained in this way.

Remark 6.2. In this section, indices like a, b, ¢, d will run from 1 to tk(&).

Proposition 6.2. Let S be a submanifold of a complex manifold M. Assume that S splits in M,
with first order lifting p : Os — Os1y and associated Og1y-morphism X1y : 251y = N¢. Let
& be a locally free Og(1y-module on S. Then the obstruction to the existence of an infinitesimal
normal connection on £ along X 1y is the class §,(€) € H'(S, IS/Ig ® End(E)) represented, in
an atlas 4 = {(Uy, z4)} adapted to p and trivializing £, by the 1-cocycle

4 [3(@ep)?
[(‘Pﬂa)fl]zl:aiarﬂczg ® el’gu eq.p,
2a 2

where ep o (for b=1,...,1kE) is a local frame for € over U, N S, e;"lb is the dual frame, and
[(qbaﬂ)lg]g € Os1) are the transition functions of £.

Proof. Let X(1) : & — Is /I% ®p, € be an infinitesimal normal connection along X1y, and
define an element 77?,(1 e H'(U, NS, IS/Ig) by the formula

f((l)(ec,a) = nf»,a Qepa-
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Now, if Uy NUg N S # () we have ep = [(@aﬂ)g]zedﬁ; SO

N2 ® [(@ap)i ], ea.p = X1y (eca) = Xy ([(Pap)?], €ap)
= Xy (dy [(@ap)?],) ® eap+ [(Pap)?], - nfh g ® €ap-

But

) D @up)?
Xy(doy ([(Pap)],)) = 5 ([(@ap)l],) = [Trﬁza}z’

o

by Remark 1.8, and hence

2 @ap)!

z } +[(@ap)?], - 115 -
2

[(q)aﬂ)z]z ! n?,a = [ 3z, o

If we define the O-cocycle € = {£,} € HO(Us, IS/Ig ® £* ® &) by setting

b *
E0[ = nc,a ® eac ® eb,ﬂt’

we get
by —tp = ng,a ® ezc ®epa — 77?,/3 ® €;§C R ep,p

a((pa )CC[ r a c *
~ (@t (| 2525 L@l ) @ [@pri Loy’ © [(@unfloeas

- nf,,g ® e ®ep,p

3(Pup)?
= [MZQ} ® [(Ppa)s ] e ®eap,
3Z& 2

and thus §,(€) = 0.
d
Conversely, assume that [((Dﬁa)j;]z[%]z[zg]z ® el’g" ® eqp =ty — tg with & €
HOg, IS/I§ ®E*®E). Writing £, = nf’a ® e @ ep,q, it is easy to check that setting

o b
Xy(eca) =n¢q ® €ho
we define an infinitesimal normal connectionon £. O

If S splits into M, and 4 = {(Uy, z¢)} is a splitting atlas, then it is easy to check that the
position

,
(@up) = [aﬁ}
aza 2

defines a 1-cocycle with coefficients in GL(m, Os(1)), and hence a locally free Og(1)-module
on S that, with a slight abuse of notations, we shall denote by Ng. One of the reasons justifying
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this notation is that the 1-cocycle of the locally free Og(1)-module Zg /I§ is the inverse transposed
of the 1-cocycle of N, and thus N§ = T /I§ as Og(1)-modules too. Notice, however, that (1.11)
implies that this N is not the locally free Og(1)-module obtained by restriction of the scalars
via p starting from the usual normal sheaf on § (as described in Remark 6.1) unless S is 1-
comfortably embedded in M.

We finally have the promised characterization of 1-comfortably embedded submanifolds:

Proposition 6.3. Let S be a submanifold of a complex manifold M. Assume that S splits in M,
with first order lifting p : Os — Osq) and associated Os(1)-morphism X1y : 2s1y — Zs /3.
Then S is 1-comfortably embedded into M if and only if there exists an infinitesimal normal
connection on Ns.

Proof. Let U = {(Uq, z¢)} be an atlas adapted to p, and denote by {9, } and {[z],]>} the induced
local frames on N and Zg /I§ as locally free Og(1y-modules. Proposition 6.2 says that there
exists an infinitesimal holomorphic connection on N along Xy if and only if the 1-cocycle
8,(Ns) in H'(S, (Z5/Z2)®* ® Ns) given by

312 82153 u s « 82ng u v
|:8Zf3 ]2[3158% 2[Za]2 ® [Zﬁ]z ®dp= 974322 1[Zoz]z ® [Za]z ® 9. p

vanishes.

Now, 8,(Ns) clearly belongs to H'(S,Sym?(Zs/Z3) ® N5s). Since Sym*(Zs/Z3) is a
direct summand of (IS/I_%)@z, a l-cocycle in HI(S, Symz(Ig/Ig) ® Ns) vanishes in
HY(S, (Zs/IH)®* ® Ny) if and only if it vanishes in H'(S,Sym?(Zs/Z3) ® N). Since
Sym?*(Zs/I3) = T2%/T3, the assertion follows from Corollary 3.6. O

Remark 6.3. Assume S splits into M and let X1y : 25(1) — N be the corresponding Og1)-
morphism. Then one can adapt the notion (see [4]) of first jet bundle and associate to any Og1)-
module £ an Og(1y-module J jl\[sé' , the sheaf of normal first jets of £, and an exact sequence of
Os(1)-modules

0O—>Ns®E—> I\ E>E—O (6.1)

in such a way that if £ is locally free than J JI\/SE is locally free too, and the class §,(&) in-
troduced in Proposition 6.2 is exactly the class associated to the extension (6.1). In particular,
Proposition 6.3 implies that the sequence (6.1) splits if and only if S is 1-comfortably embedded.
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