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0. Introduction

In this paper we shall study the dynamics of two apparently unrelated objects: geodesics for mero-
morphic connections on a Riemann surfaces, and integral curves of homogeneous vector fields in C".

Meromorphic connections on Riemann surfaces have been well studied, particularly from an alge-
braic geometrical point of view (see, e.g., [20]); however, to our knowledge the dynamical properties
of the real geodesic curves associated to a meromorphic connection have not been investigated be-
fore. Here, by a geodesic for a meromorphic connection V on a Riemann surface S we mean a real
smooth curve o : I — S°, where I C R is an interval and S° is the complement in S of the poles of V,
satisfying the geodesic equation V, ¢’ =0.

One of the main results of this paper is (as the title suggests) a type of Poincaré-Bendixson theo-
rem describing the recurrence properties and w-limit sets of geodesics for a meromorphic connection
on P!(C). The classical Poincaré-Bendixson theorem (see, e.g., [17, Theorem 14.1.1]) deals with inte-
gral curves of vector fields defined on open subsets of the sphere S2 (notice that, as a differentiable
manifold, P!1(C) is diffeomorphic to S?): recurrent integral curves are necessarily periodic, and the
w-limit set of an integral curve either contains singular points or is a periodic integral curve. In
our Poincaré-Bendixson theorem (see Theorem 4.6) the poles of the connection replace the singular
points of the vector field:

Theorem 0.1. Let o : [0, £9) — S° be a maximal geodesic for a meromorphic connection V° on P!(C), where
S° =PY(©)\ {po. ..., pr} and py, ..., p; are the poles of V°. Then either

(i) o (t) tends to a pole of V° ast — &gp; or

(ii) o is closed, and then surrounds poles p1, ..., pg with Zf.:] ReResp; (Vo) =—1;o0r

(iii) the w-limit set of o in P1(C) is given by the support of a closed geodesic surrounding poles p1, ..., Pg
with Y°%_; ReRes, (V) = —1; or

(iv) the w-limit set of o in P1(C) is a cycle of saddle connections (see below) surrounding poles p1, ..., Pg

with Zf.:l ReRes) (V) =—1; or
(v) o intersects itself infinitely many times, and in this case every simple loop of o surrounds a set of poles
whose sum of residues has real part belonging to (—3/2, —1) U (—1, —=1/2).

In particular, a recurrent geodesic either intersects itself infinitely many times or is closed.

Here, a saddle connection is a geodesic connecting two (not necessarily distinct) poles of V°; a cycle
of saddle connections is a closed curve composed of saddle connections. Furthermore, the residue of
the connection at a pole p is defined as the residue at p of the meromorphic 1-form representing the
connection with respect to any holomorphic local coordinate in p.

We have examples (see Examples 6.1, 8.1 and 8.2) of cases (i), (ii), (iii) and (v); we do not know
yet whether case (iv) can actually be realized (but we are able to exclude it in several situations;
see Remark 8.3). Notice furthermore that (see, e.g., [18, Theorem II1.17.33]) the only limitation on
the residues of a meromorphic connection on P'(C) is that their sum should be —2; more precisely,
given any finite set of pairs {(p1,71),..., (pg,Tg)} C PY(C) x C with rq +--- + rg = —2 there exists
a meromorphic connection V° with poles {p1,..., pg} and Resp; (V°) =rj for j=1,...,g. Since
cases (ii)-(v) of Theorem 0.1 impose additional conditions on the residues (in particular, in the last
case the condition should be satisfied by each of the infinitely many simple loops of the geodesic; see
also Proposition 4.7), it follows that maximal geodesics of a meromorphic connection often display no
recurrence phenomena at all, being simply saddle connections.

It is important to notice that in general a meromorphic connection V° on a Riemann surface
is not the Chern connection of a Hermitian metric (unless all residues are real: see Proposition 1.2
and Corollary 3.7). Furthermore, even when it is, the associated Hermitian metric is never complete
(except in trivial cases: see Corollary 2.5); so the behavior of our geodesics is subtly different from the
behavior of the usual geodesics in Riemannian geometry (for instance, we can have closed geodesics
which are not periodic: geodesics for meromorphic connections are not necessarily of constant speed).
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Nevertheless, we shall be able to associate to V° a conformal family of local Hermitian flat metrics
that shall be very useful.

The proof of Theorem 0.1 depends on three main ingredients, developed in the first four sections
of this paper. The first ingredient is a detailed study of geodesics for holomorphic connections on
a simply connected Riemann surface (the universal cover of the complement of the poles); since a
holomorphic connection is necessarily flat, it turns out that its geodesics behave locally as Euclidean
segments. The second ingredient is Theorem 4.1, relating the external angles of a geodesic polygon
to the residues of the poles inside the polygon; the proof depends on the crucial observation that
a global Gauss-Bonnet formula still holds for conformal families of local flat metrics. It also turns
out that the residues control the monodromy of the connection (Proposition 3.6) and the speed of
the geodesics (Lemma 4.4). Finally, the proof of Theorem 0.1 is completed by a delicate argument
introducing a sort of Poincaré return map on a transversal defined at a point in the w-limit set of the
geodesic.

The second half of the paper is devoted to the dynamics of homogeneous vector fields. A homoge-
neous vector field in C" is a vector field of the form

d d
1 n
Py +---4+Q Pl (0.1)

Q=Q
where Q1. ..., Q" are homogeneous polynomials of degree v+1 > 2. The complex foliation generated
by Q is not that difficult to study (see, e.g., Theorem 6.2); but here we are mostly interested in the
dynamics of the real integral curves of Q. The reason is that we arrived to this problem because
we wanted to study the dynamics of holomorphic maps tangent to the identity (that is, of germs of
holomorphic self-maps of C" fixing the origin whose differential at the origin is the identity), and
homogeneous vector fields provide good examples of those. Indeed, it is easy to see that the time-1
map of a vector field of the form (0.1) has a homogeneous expansion of the form

f@Q=z24+Qv 1@+,

where Q41 = (Q1,...,Q™, and thus f is tangent to the identity. In dimension one, the classical
Leau-Fatou theorem (see, e.g., [21] and [4]) gives a complete description of the dynamics of a holo-
morphic function tangent to the identity in a full neighborhood of the origin. Using this, in 1978
Camacho [9] (see also [24]) proved that, from a topological point of view, time-1 maps of homoge-
neous vector fields provide a complete list of models for the dynamics:

Theorem 0.2. (See Camacho, 1978 [9].) Let f(z) = z + ay41z°T! + --- with ay41 # 0, be a germ of holo-
morphic function tangent to the identity. Then f is locally topologically conjugated to the time-1 map of the
homogeneous vector field

0
=z"t =
Q 0z

In dimension greater than one nothing of the sort is (as yet) known. More precisely, understanding
the (topological) dynamics of holomorphic germs tangent to the identity in a full neighborhood of the
origin is one of the main open problems in local dynamics of several complex variables. There are
versions of the Leau-Fatou flower theorem in several variables, obtained by Ecalle (see [11-14]) and
Hakim (see [15,16]) in any dimension but for generic germs, and for all germs in dimension 2 by
the first author (see [2]). But these theorems mostly give the existence of 1-dimensional invariant
sets only, and are quite far from providing a description of the dynamics in a full neighborhood of
the origin. In fact, as far as we know, before the present paper such a description was available for
a handful of examples only.

On the other hand, along the lines of Camacho’s Theorem 0.2, it is conjectured that in any di-
mension a generic (e.g., with only non-degenerate characteristic directions; see below) germ tangent
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to the identity is locally topologically conjugated to the time-1 map of a homogeneous vector field.
To build such a conjugation, one usually needs a precise description of the dynamics of the model;
so we decided to study in detail the dynamics of time-1 maps of homogeneous vector fields. Since
the orbit of a point p under the action of such a map is contained in the real integral curve issuing
from p, we were led to the study of the dynamics of real integral curves.

To state the (somewhat unexpected) link between integral curves of a homogeneous vector field
and geodesics of a meromorphic connection we need a few definitions. Let Q be a homogeneous vec-
tor field of the form (0.1), and denote by [-]:C"\ {0} — P"~1(C) the canonical projection. Following
Ecalle (see [11-14]) and Hakim (see [15,16]) we say that a direction [v] € P'(C) is a characteristic
direction of Q if the line L, = Cv is Q -invariant (and in that case we say that L, is a characteristic
leaf). If Q is identically zero along L, we say that [v] is degenerate; otherwise, it is non-degenerate.
It turns out (see, e.g., [5]) that either Q has %[(v + 1)" — 1] characteristic directions, counting multi-
plicities, or infinitely many directions are characteristic. In particular, if all directions are characteristic
we shall say that Q is dicritical. When n = 2, it turns out that either Q is dicritical or it has v + 2
characteristic directions, counting multiplicities.

The dynamical meaning of characteristic directions is expressed by the following fact (see [15]):
if y is an integral curve of Q converging to the origin tangentially to some direction [v] € P*~1(C)
then [v] is a characteristic direction. Notice however that (as noted by Rivi [22]) there might exist
integral curves converging to the origin without being tangent to any direction; see Example 6.1 (and
Corollary 8.5, giving an explanation of this phenomenon).

The dynamics inside a characteristic leaf is 1-dimensional, and easy to study (see Lemma 5.4).
So we are interested in the dynamics outside characteristic leaves of (necessarily) non-dicritical vec-
tor fields. Our second main result says that integral curves outside characteristic leaves are given by
geodesics for a suitable meromorphic connection on suitable Riemann surfaces, foliating a projec-
tive space. Let F be a rank 1 singular holomorphic foliation of a complex manifold M. Let Sing(F)
be the singular set of F, and set M° = M \ Sing(F). A (partial) meromorphic connection along F is
a C-linear map V°:Flpo — Flio ® Flme satisfying the usual Leibniz condition (see Section 5 for
details); roughly speaking, V° allows to differentiate sections of F along directions tangent to the
foliation. In particular, V° induces a (classical) meromorphic connection on each (1-dimensional) leaf
of the foliation.

If o:1 - M° is a curve contained in a leaf of the foliation (that is, o/(t) € Fo() for all t € 1),
and V° is a meromorphic connection along F, then we can consider V2,0’; we shall say that o is
a V°-geodesic if V),0' = 0. In other words, a curve o contained in a leaf L is a V°-geodesic if and
only if it is a geodesic for the meromorphic connection induced on L.

The link between integral curves and geodesics is then provided by the following result (see The-
orem 5.3):

Theorem 0.3. Let Q be a non-dicritical homogeneous vector field in C" of degree v + 1 > 2, and let S Q
be the complement in C" of the characteristic leaves of Q. Then there exists a rank 1 singular holomorphic
foliation F on P"~1(C), whose singular points are characteristic directions of Q , and a meromorphic connec-
tion V° along F such that:

(i) ify:1— §Q is an integral curve of Q then its direction [y]:1 — P"~1(C) is a V°-geodesic; conversely,

(i) ifo : 1 — P""1(C) is a V°-geodesic then there exists exactly v integral curves y1, ...,y : 1 — §Q of Q,
differing only by the multiplication by a v-th root of unity, whose direction is given by o, that is such that
o =[yjl

This result then reduces the study of integral curves of a homogeneous vector field to the study
of the foliation F and to the study of geodesics for a meromorphic connection on Riemann sur-
faces.

The proof of Theorem 0.3 depends on another couple of ingredients. Let w:M — C" be the
blow-up of the origin (see [1] for a description of the blow-up construction adapted to dynamical pur-
poses); the exceptional divisor (that is, the preimage of the origin under 77) is canonically identified
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with P"~1(C). Let p: N%ﬁ,”_l((c) — P"1(C) be the v-th tensor power of the normal bundle Npn-1c) of
the exceptional divisor in M. Then it is possible to define (see Proposition 5.2) a v-to-1 holomorphic

covering map x,:C"\ {0} — Nl‘fn"q © \ P"~1(C) (where we are identifying P"~1(C) with the zero

section of N%’n‘i] (C)) such that p o x,(z) =[z] for all ze C"\ {0O}.
Usually, the push-forward of a vector field is not a vector field. However, the homogeneity of Q
implies (see Theorem 5.3) that dy,(Q) is a holomorphic vector field G globally defined on the total
space of Nﬁ,‘?ﬂ"_l ©)> 5O using x, we transform the study of integral curves of Q in the study of integral
curves of G.
In [7] we showed (in a more general setting) how to associate to the (non-dicritical) homoge-

neous vector field Q (or, more precisely, to its time-1 map) a canonical morphism Xq :NﬁﬁL ©

TP"~1(C). The zeroes of Xq are exactly the characteristic directions of Q; so Xq is an isomorphism
outside the characteristic directions, and thus it defines a rank 1 singular holomorphic foliation F
of P"~1(C). Furthermore, again in [7] we showed how to use Q to define (in an essentially unique
way; see [8]) a partial holomorphic connection V along F on Ngf’,] ©)

In Section 5 we shall describe this construction in our context, adding a few new ideas. In
particular, we shall remark that using Xo we can push V to TP"~!(C) obtaining a meromorphic
connection V° along F in the sense mentioned above, and we shall show (Proposition 5.1) that a
curve o in P""1(C) is a V°-geodesic if and only if the image of o is contained in a leaf of F and the
curve X&l (0’) in the total space of Ng‘il((c) is an integral curve of the global vector field G =dx, (Q).
So everything fits together, and we can use meromorphic connections on Riemann surfaces to study
the dynamics of homogeneous vector fields.

To exemplify the strength of this method, in the rest of the paper we specialize to the case of
n = 2, where the foliation F has only one leaf, the complement of the characteristic directions. Then,
as a corollary of Theorem 0.1 we immediately get (see Theorem 6.3) a description of recurrent integral
curves:

Theorem 0.4. Let Q be a homogeneous holomorphic vector field on C?, and let y be a recurrent maximal
integral curve of Q. Then either y is periodic or [y ] intersects itself infinitely many times.

More can be said along these lines (see, e.g., Section 9); but to fully understand the dynamics we
need to know what happens to integral curves nearby the characteristic leaves, that is to the geodesics
nearby the poles. So in Sections 7 and 8 we turn to a detailed study of the geodesic field G and its
singularities in dimension 2, showing that we must distinguish between three types of singularities:
apparent, Fuchsian (which is the generic case) and irregular. We shall be able to give a complete
formal classification of all cases (see Proposition 7.1 and Theorem 8.1), and a complete holomorphic
classification of the first two cases (Proposition 7.1 and Theorem 8.3); in particular, it is worthwhile
to remark that in the Fuchsian case resonances appear. More precisely, we shall prove the following
(see Theorem 8.3):

Theorem 0.5. Let po € P1(C) be a Fuchsian pole of G, that is assume that in local coordinates (Uy, Zy)

centered at po, denoting by v, the induced coordinate along the fibers ongl"(C), we can write

3 _ 3
G=2zo+a1zy + - )Wg— — 2 (b + b12g + - IVE—,
0Zy 0Vy

with w > 1 and ag, bg # 0. Put p = bg/ag = Resp, (V). Then we can find a chart (U, z) centered at pg in
which G is given by
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ifu—1—p &N orby
ad ad
M zv— — p(1 +az")v>—
( 5z Pl Vo

forasuitableac Cifn=u —1— p e N*,

It is easy to check that non-degenerate characteristic directions with non-zero residue are Fuchsian
(with ;& = 1). Using Theorem 0.5 we then get a complete description of the dynamics in a neighbor-
hood of Fuchsian characteristic directions (see Proposition 8.4 and Corollary 8.5); we also have a
complete description of the dynamics in a neighborhood of apparent singularities (see Corollaries 7.2
and 7.3). Putting this together with our Poincaré-Bendixson theorems we get a complete description
of the dynamics for a substantial class of 2-dimensional homogeneous vector fields (see Corollary 8.6):

Theorem 0.6. Let Q be a non-dicritical homogeneous vector field on C2. Assume that all characteristic di-
rections of Q are non-degenerate with non-zero residue. Assume moreover that for no set of characteristic
directions the real part of the sum of the residues of V° is equal to —1.

Let y :[0, &g) — C? be a maximal integral curve of Q. Then:

(a) If y (0) belongs to a characteristic leaf Ly, then the whole image of y is contained in L,,. Moreover, either
y (t) — O (and this happens for an open Zariski dense set of initial conditions in Ly,), or ||y (t)|| — +oo0.
(b) If y (0) does not belong to a characteristic leaf, then either
(i) y converges to the origin tangentially to a characteristic direction [vo] whose residue has negative
real part; or
(ii) |y (&)|| — o0 tangentially to a characteristic direction [vq] whose residue has positive real part; or
(i) [y]1:[0, &g) — P(C) intersects itself infinitely many times.
Furthermore, if (iii) never occurs then (i) holds for an open Zariski dense set of initial conditions.

In particular, if the residues of Q do not satisfy the condition corresponding to the one described
in Theorem 0.1(v) - and we already remarked that this is often the case - then case (b)(iii) of The-
orem 0.6 cannot occur, and we get a description of the dynamics of the time-1 map of Q in a full
neighborhood of the origin; as mentioned before, as far as we know this is the first such description
for a non-trivial class of maps tangent to the identity. We also remark that we do have a description
of the dynamics even when the real part of the sum of the residues might be —1, or for some classes
of degenerate characteristic directions, and so the scope of our results is larger than Theorem 0.6; see
Section 8 for details and Section 9 for examples.

In our opinion, this approach not only offers effective tools for studying the dynamics of homo-
geneous vector fields (and thus hopefully of maps tangent to the identity), but it also gives a better
understanding of what is going on. For instance, Hakim'’s theorem [16] on the existence of parabolic
basins in this context is explained by the fact that non-degenerate characteristic directions whose
residue has negative real part are attractors (see Corollary 8.5, that actually extends Hakim'’s theo-
rem to some degenerate characteristic directions in dimension two). Or, Rivi’s [22] example of orbits
going to the origin without being tangent to any direction turns out to be related to the existence
of characteristic directions with purely imaginary residue (see again Corollary 8.5). We are also able
to give examples of unexpected phenomena. In dimension one, the Leau-Fatou flower theorem im-
plies that a map tangent to the identity has no small cycles: there is a neighborhood of the origin
containing no periodic points beside the origin itself. It was expected that even in several complex
variables maps tangent to the identity could not have small cycles; surprisingly, this turns out to be
false, and in Corollaries 7.3 and 8.5 we shall give examples having periodic points of arbitrarily high
period accumulating at the origin (see also Corollary 6.4).

This paper is organized as follows. In Section 1 we shall introduce the local metrics and the global
(metric) foliation associated to a holomorphic connection on a line bundle over a Riemann surface S.
Along the way, we shall characterize the holomorphic connections which are the Chern connection of
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a Hermitian metric on a line bundle over S. In Section 2 we shall study in depth the geodesic flow
of a holomorphic connection over a simply connected Riemann surface. In Section 3 we shall use the
monodromy representation of a holomorphic connection over a multiply connected Riemann surface
to study the geodesic flow there. In Section 4 we shall consider meromorphic connections on P! (C),
and use the previous material to prove Theorem 0.1. In Section 5 we shall clarify the relations be-
tween maps tangent to the identity, homogeneous vector fields and meromorphic connections in any
dimension, proving in particular Theorem 0.3. In Section 6 we shall specialize to dimension 2, proving
Theorem 0.4. In Section 7 we shall begin the study of the geodesic flow nearby the singularities in
dimension two; the formal and holomorphic classifications, as well as their dynamical consequences
and the proofs of Theorems 0.5 and 0.6, are contained in Section 8. Finally, in Section 9 we shall
discuss in detail 2-dimensional quadratic homogeneous vector fields.

Developing the ideas leading to this paper has been a long process, carried out not only in our
home institutions but (mostly) in several other places. We would like to thank the Department of
Mathematics of Niigata, Kyoto and Barcelona Universities, the IMPA (Rio de Janeiro, Brazil) and, in
particular, the Institut Mittag-Leffler (Djursholm, Sweden) for their warm hospitality and productive
environment.

1. The metric, horizontal and geodesic foliations

Let us begin recalling a few standard facts about holomorphic connections on line bundles over
Riemann surfaces (see, e.g., [19]).

Definition 1.1. Let E be a complex line bundle on a Riemann surface S. A holomorphic connection on E
is a C-linear map V:& — .Q; ® & satisfying the Leibniz rule

V(se)=ds®e +sVe
for all se€ Os and e € £, where £ denotes the sheaf of germs of holomorphic sections of E, while Os
is the structure sheaf of S and .Q} is the sheaf of holomorphic 1-forms on S. A horizontal section of V
is a section e € £ such that Ve = 0.
Let {(Uy,zq,€q)} be an atlas of S trivializing E, where (Uy, zy) are local charts of S and e, is
a holomorphic generator of E|y,. Over Uy, a holomorphic connection V is represented by a holomor-
phic 1-form 7y € 2 (Ug) such that
Vey =No R eq.
If {£xp} is the cocycle representing the cohomology class & € H(S, O*) of E, over Uy N Ug we have
eg =eqéup
and
1
ng=MNa + —098ug. (11)
ap
Recalling the short exact sequence of sheaves
O—>(C*—>O*81£>.Q§—>O,
we see that equality (1.1) shows that the existence of a holomorphic connection V is equivalent to the

vanishing of the image of & under the map dlog: H'(S, O*) — H!(S, Q}) induced on cohomology.
So, the class £ is the image of a class & € H!(S, C*): we now recall how to find a representative éaﬂ
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of é Up to shrinking the U,’s, we can find holomorphic functions K, € O(K,) such that ny = 0K,
on Ugy. Then (1.1) implies that on Uy NUpg

N exp(Ky)
oaf = — ap (1-2)
exp(Kp)
is a complex non-zero constant defining a cocycle representing £&. We furthermore remark that
V(exp(—Ko)eq) = 0, (1.3)

that is exp(—Ky)ey is a horizontal section on Uy.

Definition 1.2. The homomorphism p :71(S) — C* corresponding to the class & under the canonical
isomorphism H!(S,C*) = Hom(H(S, Z), C*) = Hom(m1(S), C*) is the monodromy representation of
the holomorphic connection V. We shall say that V has real periods if the image of p is contained
in S, that is if £ is the image of a class in H!(S, S!) under the natural inclusion S! < C*.

In Proposition 3.5 we shall explicitly compute the monodromy representation when S C C, ex-
plaining the rationale behind the terminology.

Now, it is well known that to a Hermitian metric g on a complex vector bundle over a complex
manifold M can be associated a unique (1, 0)-connection V (not necessarily holomorphic) such that
Vg = 0, the Chern connection of g. We would like to study the converse problem: given a holomorphic
connection V, does there exist a Hermitian metric g so that Vg=0?

Definition 1.3. Let E be a complex line bundle on a Riemann surface S, and V:£ — .Q; ® £ a holo-
morphic connection on E. We say that a Hermitian metric g on E is adapted to V if Vg = 0, that is
if

X(g(R,T)) =g(VxR,T)+g(R, VgT)
and
X(g(R,T)) = g(VxR,T) + g(R, VxT)
for all (not necessarily holomorphic) sections R, T of E, and all vector fields X on S.

Let us see what this condition means in local coordinates. With respect to an atlas {(Uy, Z¢, €q)}
trivializing E, a Hermitian metric g on E is locally represented by a positive C* function ny €
C®(Ugy,R™) given by

Ny = g(ew,eq)-
Then it is easy to see that g is adapted to V over U, if and only if
8Tla = na r’a, (1.4)

where 1, is the holomorphic 1-form representing V. A standard argument shows how to solve this
equation; for later reference we formally state here the result, whose proof is elementary.
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Proposition 1.1. Let E be a complex line bundle on a Riemann surface S, and V : £ — .Q; ® & a holomorphic
connection on E. Let (Uy, zy, ey) be a local chart trivializing E, and define ny € .Qg (Uy) by setting Ve, =
Na ® eq. Assume that we have a holomorphic primitive K of n, on Uy. Then

ng =exp(2Re Ky) = exp(Ky + Ko) (1.5)

is a positive solution of (1.4). Conversely, if ny is a positive solution of (1.4) then for any zo € Uy and simply
connected neighborhood U C Uy, of zg there is a holomorphic primitive K, € O(U) of ny over U such that
ng = exp(2Re Ky) in U. Furthermore, K, is unique up to a purely imaginary additive constant. Finally, two
(local) solutions of (1.4) differ (locally) by a positive multiplicative constant.

Remark 1.1. It is well known that a holomorphic 1-form kdz defined in an open set U C S has a
(necessarily holomorphic) primitive if and only if

/kdz:O

14

for all closed loops ¥ in U. However, the obstructions to the existence of n, are slightly weaker,
because we just need the exponential of the real part of a primitive. To be more explicit, let assume
that U = A* is a pointed disk, and use the Laurent expansion to write

k(z) = k*(z) + 2.
Z

where p is the residue of k at the origin. Then k* has vanishing residue at the origin, and thus it
admits a primitive K* on U. Locally, a primitive of p/z is of the form plogz; therefore setting

K(z) =K*(z) + plogz

we have a locally defined (multivalued) primitive of k. We are interested in the exponential of the
real part of K, given by

exp(2Re K(2)) = exp(2Re K*(2)) |z|*¢” exp(—(Im p) arg(2)).

But arg(z) is defined up to an integer multiple of 2 ; therefore, the indeterminacy of exp(2Re K) is
a multiplicative factor of the form e~27"M# with h € Z. In particular, if the residue p is real, then
we get a well-defined solution of (1.4) in the whole A*. We shall prove (see Propositions 1.2 and 3.5)
that, roughly speaking, this will be the only obstruction to the existence of a global metric adapted
to V.

Remark 1.2. The Gaussian curvature of a local metric g adapted to V is identically zero. Indeed, g is
of the form exp(2Re K)gp, where gg is the Euclidean metric. The Gaussian curvature of a metric
of the form hgg is —%Alogh. In our case h = exp(2ReK) = |exp(K)|?> is the modulus squared of
a holomorphic function; so logh is harmonic, and hence Ah = 0.

Having solved the local problem, let us see when we get a global Hermitian metric adapted to V.
Let {(Uy, zq,€q)} be an atlas of S trivializing E. Up to shrinking the U,’s, we can take a holomor-
phic primitive K, of the holomorphic 1-form 7, representing V on U,. Taking the logarithm of the
modulus of (1.2) on Uy NUpg we get

Re(Ky — Kp) +10g |Eqp] = log |Exp]. (1.6)

Hence:
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Proposition 1.2. Let E be a complex line bundle on a Riemann surface S, and V : £ — SZ; ® £ a holomorphic
connection on E. Then there exists a Hermitian metric adapted to V if and only if V has real periods.

Proof. Let g be a Hermitian metric on E. If {(Uy, z4, €y)} is any atlas trivializing E, setting ny, =
g(eqy,eq) over Uy, we must have

ng = |£qpl*ng (1.7)

over Uy NUg. If g is adapted to V, up to shrinking the Uy's, we can assume that ny =exp(2Re Ky)
over Uy, where K, is a holomorphic primitive of the form 7, representing V over U,. Then (1.7)
says that

Re(Kg — Ky) =log |up]

over Uy NUg, and hence V has real periods.
Conversely, assume that V has real periods. Then we can find an atlas {(Uy, zo, e¢)} trivializing E,
holomorphic primitives K, and constants ¢, € C* such that &5 = (cg/Cq)éap With &y € S 1 so that

Re(Kg — Ky) —log |éxp| =log|cy| — log|ca].

Then I~<a~: Ky + log|cy| is a holomorphic primitive of 7, such that (1.7) is satisfied by ny =
exp(2Re Ky), and thus setting g(ey, eo) =Ny We get a global Hermitian metric adapted to V. O

Actually, we shall be more interested in the case when does not exist a metric adapted to V.
Indeed, the first main result of this section is the following:

Proposition 1.3. Let V be a holomorphic connection on a complex line bundle E over a Riemann surface S.
Then there exists a real rank 3 non-singular foliation of E \ S (where we are identifying S with the zero section
of E) whose leaves are the level sets of any local or global Hermitian metric on E adapted to V.

Proof. Choose an atlas {(Ugy, zy, e¢)} of S trivializing E (with connected intersections) and such that
on each U, we can find a holomorphic primitive K, of the holomorphic form n, representing V. Set
ne = exp(2Re Ky ), and define g, : p~'(Uy) — RT by setting g (V) =ng (p(v))|ve|?, where p:E — S
is the canonical projection, and v, € C is so that v = vyey. Clearly, g4 is a submersion out of the
zero section, and thus its level sets define a real rank 3 non-singular foliation of p~1(Uy) \ Uy; we
must show that the foliation is independent of «. But indeed if zo € Uy NUp and v € E,, formula (1.6)
yields cyg € R such that

2p(v) =np(20)|vg]? =g (20) exp(2Re(Kp — Ko ) (20)) 1V 2 = 1Eup| 2N (20) [Eap (20)| 1512

= 1&g *ng (20) Vel = Eapl 2 ga (V);

therefore g, and gg differ by a multiplicative constant, and thus they have the same level sets in
p~ (U NUp).

Finally, if g is a Hermitian metric adapted to V defined on an open set U, Proposition 1.1 says that
on each U N U, the function n = g(ey, €y) locally is a positive multiple of ny, and hence the level
sets of the norm induced by g coincide with the level sets of g,. O

Definition 1.4. The foliation just defined induced by a holomorphic connection V on a complex line
bundle E over a Riemann surface S is the metric foliation of V on E.
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Remark 1.3. When g is a globally defined Hermitian metric adapted to V, the leaves of the metric
foliation are simply the sets {v € E\ S| g(v, v) = const.}, and thus they are diffeomorphic to S' x S
and closed in the total space of E (zero section included). But when V does not admit an adapted
metric the leaves might have a more complicated behavior; in particular, they can accumulate the
zero section (and thus they are not closed in the total space of E); see Lemma 3.2 and Theorem 3.3.

The choice of a local chart (Ug, z4, €q) trivializing the line bundle p:E — S yields local coordi-
nates (zy, V) on the total space of E, and thus a local frame for TE. Let us denote by {3y, 9/0Vvy} this
local frame, where 9, is the tangent vector corresponding to the coordinate z,, and by {p*(dzy), dvy}
the dual co-frame. From eg = ey in Uy NUg we get

Vo = (Exp o P)Vg, (1.8)
and
08y
dvy =vgp*(3&ap) + (ap o p)dvg = Vﬂ( ;Z; o P)P*(dzﬁ) + (Exp o p)dvg. (1.9)

Furthermore, we have

p*(dza) = (Yap o P)P™(dzp),

where Yyp = 024 /0zg. It follows that

My

ad ad 1 04 0
_— = —— and o0dg = 0 v
0V (faﬁop)ava p = (Yap o Pp)oy + a(&aﬂ 025 ) op

In particular, the local sections v,d/0vy give a globally defined section R of TE, whose integral
curves are the real lines through the origin in each fiber of E. Analogously, the integral curves of iR
are circumferences around the origin in each fiber of E, and gives a rank 1 real foliation of the total
space of E, singular along the zero section.

Using these notations, it is easy to see that in a local chart (Uy, z4, eq) trivializing E the metric
foliation is generated by the real 1-form

Wy :Re(|va|2p*na +v_adva), (1.10)

where 1, is the holomorphic 1-form representing V. In particular, the tangent space to the foliation
is generated by H,, iHy and iR, where H, is the local section of TE defined by

0
Hazaa_(k(xop)‘/(xa_, (1.]1)

o

with ko = 14 (9/024). In particular, it is clear that the metric foliation is transversal to the fibers of E.
The local fields H, define a complex rank 1 foliation of the total space of E, because

Hg = (Yop o p)Hy. (112)

Furthermore, it is easy to check that a local section s, of E is an integral curve of H, if and only if
Vsq = 0, that is if and only if s, is a horizontal section.
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Definition 1.5. The complex rank 1 non-singular foliation on E \ S induced by the local fields H is
the horizontal foliation of the holomorphic connection V. Clearly, the leaves of the horizontal foliation
are transversal to the fibers of E, and are contained in the leaves of the metric foliation.

It is also easy to describe this foliation using a global holomorphic 1-form on the total space of E.
Indeed, let as always {(Uy, z4, €¢)} be an atlas trivializing E, and let (z,, v,) denote the correspond-
ing local coordinates on E|y,. Denote by p:E — S the projection. Then (1.9) and (1.1) yield

1 1
p*np + ﬁdvﬂ =D Na + V—dva-

o

Therefore setting

1
w=p*ng + v—dva
o

on E|y, \ Uy, we get a global holomorphic 1-form on E\ S. Furthermore, w(Hy) = 0, and so w induces
the horizontal foliation, as claimed.

Remark 1.4. We clearly have
_ 2
Do = |Va|*Rew,
where @ is given by (1.10).

Remark 1.5. We can extend the horizontal foliation to a non-singular foliation of the whole total space
of E just by adding the zero section as a new leaf. Indeed, we have

1
Vaa):
SapoD §apoD

vgp g +dvg=vgw = [Va D ne + dve];

therefore the local forms vy p*n, + dv, define a complex rank 1 non-singular foliation on E which
coincides with the horizontal foliation off the zero section.

Later on we shall need local parametrizations for the leaves of the horizontal foliation. We need a
holomorphic map ¢ :V — E defined on some open set V C C and such that

¢ =Hgyog.
Writing in local coordinates ¢(¢) = (z¢(¢), v (¢)) we see that we need
z,=1 and v, =—kyVvy.

Hence

ze()=¢+co,  va()=crexp(—Kq(¢ + o)), (113)

where cg, c1 € C and Ky is a holomorphic primitive of n, on V + cg; compare with (1.3).

Since the local fields Hy do not glue together in the intersections, they do not define a real rank 1
foliation of E \ S. As discussed in the introduction, in the cases we shall be interested in we shall
have another ingredient available: an isomorphism X: E — TS, allowing us to introduce a real rank 1
foliation of E \ S by using X to define V-geodesics, and then considering the geodesic flow.
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Definition 1.6. Let E be a line bundle on a Riemann surface S, and assume we have a holomorphic
connection V on E and an isomorphism X:E — TS. We say that a smooth curve o :I — S, where
I C R is an interval, is a geodesic (with respect to V and X) if V. X~ 1(0’) = 0. If o is a geodesic,
then X~ 1(0’) is a curve in the total space of E; we shall momentarily show that it is an integral
curve of a vector field on E.

Remark 1.6. The reason we are explicitly using the isomorphism X instead of just considering
geodesics for a holomorphic connection on TS is that in the applications we have in mind the line
bundle E will be the restriction to S of a line bundle E defined on a larger Riemann surface $58.
We shall have a morphism X : E — TS, but this will be an isomorphism only over S. Furthermore, we
shall be interested in the behavior of geodesics in S, and of the geodesic flow in the total space of E;
and to study those it will be important to work in E using X instead of working in TS. However, in
the next three sections we shall deal with E=TS and X =id only.

If (Uy,zy,eq) is a local chart trivializing E, then there is a holomorphic function X, € O*(Uy)
such that

0
X(eq) = Xa—,
0Zq

and it is easy to check that changing coordinates X, changes according to the rule

_ Sap

Xp =
P Waﬂ

Xq. (114)

Then we have

Proposition 1.4. Let V be a holomorphic connection on a complex line bundle p: E — S over a Riemann
surface S, and X : E — TS an isomorphism. Let {(Uy, z4, ey)} be an atlas trivializing E. Then:

(i) setting

d
Glp-1,) = Xa 0 P)VaHo = (Xq 0 P)Vada — (Xaka) 0 p(va)zw

o

we define a global holomorphic section G of TE, vanishing only on the zero section;
(ii) acurve o : 1 — S is a geodesic if and only if X~1(c) is an integral curve of G.

Proof. (i) follows immediately from (1.14), (1.12) and (1.8). Denoting by z,(t) the expression of the
curve o :1 — S in the local chart (Uy, zy), it is easy to see that o is a geodesic if and only if

zZ\ Z\?
Zo ) ypeox (Ze) =o. 115
(Xa) ke a<xa> (115)

On the other hand, a curve t — (z4(t), v4(t)) is an integral curve of G if and only if

(1.16)

/

{ Z/a = Xo(Za)Va,
V), = —kg (Za) Xo (2 V.

Since X~ 1(0”) is expressed in local coordinates by (zg, z;,/ X« (z4)), assertion (ii) follows. O
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Definition 1.7. The global holomorphic field G is the geodesic field associated to V and X. The rank 1
non-singular real foliation of E \ S given by the integral curves of G is the geodesic foliation associated
to V and X. Clearly, the leaves of the geodesic foliation are contained in the leaves of the horizontal
foliation.

Remark 1.7. Since G is a global field, the leaves of the geodesic foliation, being integral curves of G,
are equipped with a canonical parametrization. In principle, we can get such a parametrization by
quadratures and taking inverses. Indeed, let t — (zy (t), v« (t)) be a local integral curve of G. By (1.13)
we must have v (t) = c1 exp(—Ky (2 (t))); hence the first equation in (1.16) yields

exp(Ky (za))
———2, =C(1.

Xa(Zg)
If Fy is a primitive of exp(Ky)/Xy we then get Fy(z(t)) =cit + c2; since F), # 0 always we finally
get

Za(t) = Fg ' (1t +€2).
We shall use this procedure in the last section of this paper.

Remark 1.8. The leaves of the geodesic foliation are contained in the leaves of the horizontal foliation,
and thus in the leaves of the metric foliation. Furthermore, they are transversal to the fibers of E. So
we have cut the total space of E off the zero section in three real foliations, of real rank 3, 2 and 1
respectively, one inside the other, and all transversal to the fibers of E.

Remark 1.9. Clearly, the field iG defines another real rank 1 non-singular foliation of E \ S; but we
shall not use it in this paper.

The main goal of this paper will be the study of the dynamics of the geodesic foliation, and then
the application of our results to the study of the dynamics of homogeneous vector fields in C". Along
the way we shall also get a few (usually easier) results on the dynamics of the metric and horizontal
foliations.

2. Simply connected Riemann surfaces

Let S be a simply connected Riemann surface, and assume that we have a holomorphic con-
nection V on TS. In particular (see, e.g., [18, Theorem 111.17.33]), S cannot be P'(C), and so S is
biholomorphic either to C or to the unit disk A. In both cases, TS =S x C, and we have a global
coordinate z on S. We would like to study the metric, horizontal and geodesic foliations associated
to V on TS.

We use 3/dz as global section of TS, giving an explicit isomorphism between TS and S x C. Let
n= kdz be the (global) holomorphic 1-form associated to V, and K:S — C a (global) holomorphic

primitive of 7. By Proposition 1.1, the function g:S x C — C given by
g(z;v) =exp(2Re K (2))|v|? (2.1)

is the norm squared of a Hermitian metric (that we shall also denote by g) adapted to V. In particular,
the leaves of the metric foliation are just given by the level sets of g:

exp(2Re K (2))|v|* = const. e R*.


abate
Highlight
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Furthermore, we have a similar description for the leaves of the horizontal foliation; indeed,
(1.13) says that they can be expressed by

exp(K(2))v = const. € C*, (2.2)

that is as the level sets of the holomorphic function (z; v) — exp(K (z))v.
As a consequence, the dynamics of both the metric and the horizontal foliations over a simply
connected Riemann surface is pretty trivial. In particular, each leaf of the horizontal foliation intersects

each fiber in exactly one point, and we have an explicit biholomorphism between S and the leaf
through the point (zg; vg) given by

z+— (z; exp(—K(2)) exp(K (z0)) vo).

Analogously, each leaf of the metric foliation intersects each fiber in exactly one circumference, and
we have an explicit diffeomorphism between S! x S and the leaf through the point (zq; vo) given by

(e*™ z) > (z; exp(—Re K (2)) exp(Re K(20))Ivo 2710,

The rest of this section is devoted to the study of the geodesic foliation. As a, somewhat unex-
pected (at least by us), consequence, we shall see (Corollary 2.5) that the metric & adapted to V
is never complete (unless S = C and V is trivial), preventing the use of standard theorems like the
Hopf-Rinow theorem, even though in this case our geodesics are the usual Riemannian geodesics of
the Riemannian metric Re g.

Our first result is the following:

Proposition 2.1. Let V be a holomorphic connection on TS = S x C, where S = Cor A is a simply connected
Riemann surface. Let 1) be the holomorphic 1-form associated to V, and K : S — C a holomorphic primitive
of 1. Finally, let ] : S—>Chbhea holomorphic primitive ofexp(K) Then | : S — C is a local isometry, where S
is endowed with the metric g adapted to V corresponding to K, and C is endowed with the Euclidean metric.

Proof. First of all, since S is simply connected, J exists. Now, by (2.1), the g-length of v € T,S is

exp(ReK(2))Iv|=|J

and hence J is a local isometry. O

In particular, and this will be important in the sequel, | sends a geodesic segment contained in
any open set U C S where ] is injective onto a line segment contained in J(U). Notice that | is
locally invertible because ]’ = exp(K) is never vanishing.

Using J, we can say a lot more on the geodesics of V. We begin with

Proposition 2.2. Let V be a holomorphic connectionon TS = S x C, where S = C or A is a simply connected
Riemann surface Let 7} be the holomorphic 1-form associated to V, and K :S — C a holomorphlc primitive
of 7). Finally, let ] : S — C be a holomorphic primitive of exp(K). Then a smooth curve o : I — S is a geodesic
if and only if there are cg, wo € C such that

J(o(t)) = cot + wo.
In particular, the geodesic issuing from zy € S along the direction vo € C* is given by o (t) = ]‘1 (cot+ J(z0)),

where co = exp(K(20))vo and ]~ is an analytic continuation of the local inverse of | nearby J(zo) chosen
so that J~1(J(z0)) = zo.
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Proof. The first assertion follows directly from the previous proposition; but let us describe another
proof giving a useful formula.

We know that if o is a geodesic then the support of ¢’ is contained in a leaf of the horizontal
foliation. Recalling (2.2), this means that ¢’ must satisfy the differential equation

o’ = coexp(—K(0)) (2.3)

for some cg € C.
Conversely, if o satisfies this equation it is easy to check that it satisfies (1.15) too (remember that
Xy =1 here), and thus it is a geodesic. But we have

o' =coexp(—K(0)) <= exp(K(0))o'=co <= (J oo)o' =co

< J(o(t))=cot + wo,
and the first assertion follows. The second is an easy consequence of the fact that
co=exp(K(zo))vo. O

Remark 2.1. In particular, the proof shows that a curve o :[0, &) — S is a geodesic if and only if

o' (t) =exp(—K (o (1)) exp(K (o (0)))o’(0)

if and only if
J(o(®) =exp(K (0 (0)))o’ (0)t + J(o(0)).

The first important fact we deduce from this result is that geodesics cannot accumulate points
in S. To better express this fact let us recall two standard definitions.

Definition 2.1. We say that a curve y :[0, &) — S (with € € (0, +00]) tends to the boundary of S if y(t)
eventually leaves every compact subset of S. In other words, y does not tend to the boundary if and
only if there is a sequence t; 1 ¢ such that y (ty) — zp € S.

Definition 2.2. An asymptotic value of a holomorphic function J: S — C is a wg € C such that there
exists a curve y :[0,1) — S tending to the boundary of S with J(y(t)) > wg as t — 1.

Proposition 2.3. Let V be a holomorphic connection on TS = S x C, where S = C or A is a simply con-
nected Riemann surface, and let oy, : [0, &y,) — S be the maximal geodesic issuing from zo € S in the direc-
tion vo € C*. Then oy, tends to the boundary of§. Furthermore, if £y, < +o00 then wo = J(z0) + J'(z0)Vo&v,
is an asymptotic value of J.

Proof. Let us first consider the case &,, = 4+oc. If oy, does not tend to the boundary we can find a
sequence ty — 400 so that oy, (ty) — Zo € S. Hence J(ov, (tk)) = J(20) € C; but J(ov,(ty)) = J(z0) +
J'(zo)voty is unbounded, contradiction.

Assume then &,, < 400, and put y(t) = oy, (ey,t) and y;(t) = J(y () = J(z0) + J'(z0)VoEv,t.
Clearly J(y(t)) - wo as t — 1; so to end the proof it suffices to show that y tends to the boundary
of S.

If y does not tend to the boundary, then there is a sequence ty — 1 with y(ty) — Zp € S; hence
Y1t = J(¥ (t0)) = J(Zo), and thus wo = J(Zo) € J(S). Let F:D — S be the local inverse of J with
F(wg) = Zg, where D is a disk centered at zg. By Proposition 2.2, there is an inverse F; of | defined in
a neighborhood U of the support of y; with F{ o y; =y; up to shrinking U we can also assume that
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U N D is connected. We have y,(ty) € D N U eventually. Furthermore, F(D) is an open neighborhood
of Zo; hence y (tx) € F(D) eventually. But

J(F1(r1 () = y1t) = J(F (11 (t)));

since J is injective in F(D), it follows that F1(y1(tx)) = F(y1(tx)) eventually. But then F and F; are
two branches of the inverse of | defined in the connected open set U N D and assuming the same
value at yq(ty); it follows that F = F; on U N D. Therefore the curve t — F(J(z9) + J'(zo)vot) is
a geodesic extending oy, beyond &y, against the maximality of &,,. O

The next step consists in studying the set of points reached by geodesics issuing from a given base
point.

Definition 2.3. For (zo, vo) € TS\ S, let oy, : [0, &y,) — S denote the maximal geodesic issuing from zg
in the direction vg, with &y, € (0, +00]. Put Dy ={v € C| &y > 1} and define exp, : D — S by
setting exp,, (v) = oy (1).

Then:

Proposition 2.4. Let V be a holomorphic connection on TS =S x C, where S = C or A is a simply connected
Riemann surface, and fix zg € S. Then:

(i) Joexp,, = J(20) + J'(z0)id;
(ii) exp,, is a biholomorphism with its image;
(iii) J is globally injective on the open simply connected set exp,,(Dz,) of points that can be joined to zg by
a geodesic, and the inverse J~1: | (€Xpy,(Dzy)) = J(20) + ] "(20) Dz, — S is given by
1 w — J(zo0)
w) = ex — .
.] ( ) pZQ < ]/(ZO)

Proof. (i) Take v € D,,. Then Proposition 2.2 yields

J(exp,, () = J(ov(1)) = J(20) + J' (z0)V,

as stated.
(ii) Part (i) implies that exp,, is injective. The holomorphicity follows from the fact that o, solves
the Cauchy problem

{ o' = exp(~K(0)) ' (z0),
0(0) =z, 0o'(0)=v,

and thus oy, (1) depends holomorphically on v. Then part (i) yields

(J' o expy, ) expy, = J'(0); (2.4)

and since J’ =exp(K) it follows that exp/z0 is never vanishing. Being globally injective, exp,, is then
a biholomorphism with its image.

(iii) It follows immediately from (i) and (ii), noticing that exp;,(Dz,) is simply connected because
D,, is star-shaped with respect to the origin. O
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As a consequence, we have an interesting corollary:

Corollary 2.5. Let V be a holomorphic connection on TS = S x C, where S = C or A is a simply connected
Riemann surface. Then a metric g adapted to V is never complete, unless S = C and V is the trivial connection.

Proof. Assume g complete. Then the geodesics are defined for all times, and hence we have D, = C
for all z e S. But then exp,(D;) is a copy of C contained in S; therefore S = C = exp,(D;). In partic-
ular, exp, must be affine linear, sending the origin to z and with derivative 1 at the origin, by (2.4);
thus exp,(v) = v + z. From Proposition 2.4 it follows that ] is affine linear too; therefore exp(K) = J'
is constant. Then K is constant, and hence 7j = 9K = 0, that is V is the trivial connection. O

We end this section with a couple of remarks on the case S = C. In this case, if V is not trivial,
exp, cannot be surjective. In fact, if exp, is surjective then | is globally injective and thus (being
S =C) J must be affine linear and, as before, we find that V is trivial. Notice that in general J has
an essential singularity at infinity; therefore (open simply connected) sets where | is injective tend
to become very thin near infinity.

We have also seen that D, cannot be C, unless V is trivial; so there are geodesics going to the
boundary in finite time. However, we cannot give a bound on this time. More precisely, we have

Proposition 2.6. Let V bea holomorphic connection on TC. Given zo € C, let € : S 1 — (0, +00] be defined
by £(e*™%) = g,2xio = sup{t > 0| te*™"¥ € D,,}. Then ¢ is unbounded on every interval of S'.

Proof. Assume, by contradiction, that there are 0 <6y < 61 <27 and M > 0 such that £(e27) < M
for all & € [6p, 61]. We know that exp,, is injective, and that all geodesics tend to the boundary of

S =C (that is, to infinity); therefore the geodesics issuing from zo with direction €2 with 6 €
[61,62] swap a wedge-like simply connected region W C C bounded by the geodesics starting with
direction vg = e2™% and v = 2™ If v =e27? we have

| J(ov®)| < |J@o)|+ ] (20)|e(v) < |J(20)| + | ] (z0)| M.

So J is bounded on W; by a Phragmen-Lindeldf argument (see [23, Theorem II1.3.4]), it follows that
J(ov,(t)) and J(oy,(t)) must have the same limit. But this would imply vg = v1, contradiction. O

When S = A, this argument just says that we cannot have an interval of geodesics all converging
to the same boundary point of A in finite time.

3. Multiply connected Riemann surfaces

Now let S be any Riemann surface, and assume we have a holomorphic connection V on TS; in
this section we shall study the metric, horizontal and geodesic foliations induced by V on TS\ S.

Let us begin with a few preliminaries. Let 7 : S — S be the universal covering _map. Since S #
P1(C), the universal covering space S is biholomorphic either to C or to A. Let V = 7*V be the
holomorphic connection on TS induced by V via 7 (it is well defined because 7 is locally invertible);
it satisfies the equations

A7 (V38) = Vg d7(8) <= ([d®dn)oV=(7*®id)oVodr. (3.1)

Let (Uy,zy) be a chart of S, and 7, the local holomorphic 1-form representing V on U,. Denote
by w the coordinate on S =C or A, and by 7 the global holomorphic 1-form representing V. We
define a local derivative 7/, :m 1 (Uy) — C* by

a 0

T (W)
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Then using (3.1) it is easy to see that 1y and 7 are related by

- 1

o

over T 1 (Uy).
As a first consequence we have

Proposition 3.1. Let S be a (multiply connected) Riemann surface, and V a holomorphic connection on TS.
Let T : S — S be the universal covering map, and V the holomorphic connection on TS induced by V via 7.
Then:

(i) dr sends leaves of the metric (respectively, horizontal) foliation in TS onto leaves of the metric (respec-
tively, horizontal) foliationin T S;
(ii) acurve & :1 — S is a geodesic for V if and only if 0 = 7 o & is a geodesic for V.

Proof. (i) Let w = p*ny —I—v‘ dvy be the (global) 1-form generating the horizontal foliation on TS\ S,
and @ = p*7j + v~'d¥ the corresponding form generating the horizontal foliation on TS A S, where
p:TS— Sand p:TS — S are the projections. In local coordinates, we can express d : TS — TS by

drr (w, ¥) = (7w (w), T (W) V),

that is vq odm = (), o p)V. Therefore

1 N 1
(dm)*w = (dm)*p*ne + (dm)* (—dva =p*N*na+v gy d(vg odr)
O{ o
1 , 1 .. ... 1.
—dv=p*+ =d
. (o 0 B) + 5 dV =p"ij + = d¥
=@, (34)

and this means exactly that dm sends leaves of the horizontal foliation upstairs onto leaves of the
horizontal foliation downstairs.

By Remark 1.5, the metric foliation downstairs (respectively, upstairs) is generated by the local
forms wy = |ve|?> Rew (respectively, @ = |V|> Re®). Then

(A7) @y = Vg o dr|* Re(dr) @ = |7}, 0 p|*[V]*Red = |1, 0 | &,

and so dmr also sends leaves of the metric foliation upstairs onto leaves of the metric foliation down-
stairs.

(ii) By definition we have

VU/O'/ = Vdj-[((}/) dm (5'/) =dm (V&/(}/),

and so V,0' =0 if and only if V56’ =0. O

We shall need to know how 7 behaves under the action of the automorphism group Aut(;r) of 7.
Lemma 3.2. Let S be a (multiply connected) Riemann surface, and V a holomorphic connection on TS. Let

7 : S — S be the universal covering map, and ? the holomorphic connection on TS induced by V via 7. Let 7}
be the holomorphic form representing V, and K a global primitive of 7). Then
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P(V)

exp(K oy) = exp(K) (3.5)

for all y € Aut(sw), where p : Aut(r) — C* is the monodromy representation of V (and we are identifying
Aut(rr) with the fundamental group of S).

Proof. Let y € Aut(r). From m oy =1 we get ¥ (m " (Uy)) =7 1 (Uy) and
(y o y)y =g

Therefore

1 y' (T
, yd(”o/zoy):n*n“—i_ﬂ_&d(

o

= |
N—"

By .,
Y=y T ne + V*(i d%) =7 e+
Let now K be a holomorphic primitive of 7. Then (3.6) becomes
~ ~ 1 ,
dKoy —K)= —de ,

and thus we can find a p(y) € C* such that

,0()/)

exp(f( oy) = exp(K)

So we are left to proving that p(y) is given by the monodromy representation.
Choose an open cover {(Ugy, zy)} of S, where the U, are simply connected (and all non-empty
intersections Uy, NUpg are connected). For any «, fix a connected component Ua id of T 1(Uy); setting

Ua,], = y(UWd), varying y € Aut(rr) we get all connected components of 7 ~!(Uy). In particular,
{(Ua,y, Zy o7, 3/dw)} is an open cover of S trivializing TS. By construction, the cocycle representing
TS with respect to this cover is trivial.

Choose a holomorphic primitive Ky of 7y on Ug. Then (3.3) yields constants ¢y, € C* such that

exp(k)h?ay =Ca,y eXp(Ka e} JT)JT(; }Uoz,y .

Assume that Uy NUg # @. Then for every y € Aut(sr) there is a unique y’ € Aut(;r) so that flo{,y N
f]ﬂ,y/ # . In this intersection we have

&aﬁa (3-7)

exp(K) Ca,y €Xp(Ky o )77, _ Ca,y exp(Ky o) <aza ﬂ) Ca,y
O =
exp(K) cﬂ y exp(Kg o n)nﬁ g,y exp(Kgom) \ 9zp cpy'

where {1/701/3} is the (locally constant) cocycle representing the monodromy representation of V;
see (1.2).
Now take yp, ¥ € Aut(r). Then

exp(K o y)|0ay = exp(K)lU 0y = Ca,yyy €XP(Ko 0 T 0 y) (7, 0 )

1 ~
= VY0 ayn(K, o Tyl = Cavyo — exp(K)
Y

Coy V Ua.yg
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Therefore p(y) =cq,yy,/Ca,y, and the assertion follows from (3.7) and the definition of the canonical
isomorphism between Cech cohomology and singular cohomology. O

Definition 3.1. We shall denote by p(7r) € C* the image of Aut(x) under p, and by |p|(7r) CR™ the
image of Aut(;r) under |p|; in particular V has real periods if and only if |p|(;r) = {1}.

Using the monodromy representation we can describe the metric and horizontal foliations:

Theorem 3.3. Let S be a (multiply connected) Riemann surface, and V a holomorphic connection on TS. Let
L be a leaf of the metric foliation, and take vo € T,,S N L. Then

LNTz,S=IlplGm) - (S'-vo) and LNTz,S=iplGm)- (S vo). (3.8)
In particular, either

(i) V has real periods, and in that case all leaves of the metric foliation are closed in TS or,
(ii) V has not real periods, and in that case all leaves of the metric foliation accumulate all points of the zero
section of T S.

Proof. Clearly S'-vocC LN T, S. Let 7 : S — S be the universal covering map; by Proposition 3.1 we
can find a leaf L of the metric foliation upstairs so that L = dm (L). Fix Zo € 7~ (zp), and let ¢ € T20§
such that dmz, (Vo) = vo. Then (Z, V) € L if and only if

exp(Re K(2))|V| = exp(Re K (Z0))|Vol,

where I~(~is a holomorphic primitive of the holomorphic 1-form 7 representing the holomorphic con-
nection V induced by V via 7. In particular, if Z =y (zo) for some y € Aut(x), then (3.5) implies that
(z,v) € L if and only if

.
- Z| -
= @l g (3.9)
(V)]
In other words,
;o _ @l s
vE) T ) TR

where we put L; = L N T;S. From drz, = y'(20) dmry, 3, We then get

5 1 3 ~ 3
dny(fo)(]“)/(fo)) = m d7-[20 (Lz,) = |,0()/ 1)‘dﬂfo (Lzy)-

But d7,(L,) = ST - vo; hence

LNTxS= | dryey @y =1ol(0) - (S' - vo).
y €Aut(r)

Taking the closure we get (3.8). In particular, if V has not real periods then 0 € |p|(7r), and (ii) follows.
Finally, assume that V has real periods. Let L C TS\ S be a leaf of the metric foliation, and
{(zk, vi)} C L with zx — zg € S and vy — v € T, S; to get (i) we must prove that (zg, vo) € L.
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Let L be the leaf of the metric foliation upstairs such that L = dm (L), and take a sequence
{Gk, V)} C L such that 7 (%) = z; and drs, (Vi) = vk. Fix a point 20 € w1 (zp). Since z — 7o in S,
we can find a sequence zy — Zp in S and a sequence {y} C Aut(;r) such that §1< = V(). Put
Vi = Vi/¥,,(Zk), so that dr;, (Vi) = dmz, (Vi) = v. Furthermore, (3.9) yields (Zx, V¢) € L.

Now, since exp(Re K(Zy))|Vk| is a non-zero constant and exp(Re K(z;)) — exp(Re K(Zp)) # 0, the

sequence {Vy} is bounded; therefore, up to a subsequence, we can assume that Vi — Vg € C. Clearly,
(2o, Vo) still belongs to the leaf L; hence

dms, (Vo) = lim dmy, (Vi) = lim vp=vo
k— 400 k— o0

belongs to L, as claimed. O
In a similar way we can prove the following

Theorem 3.4. Let S be a (multiply connected) Riemann surface, and V a holomorphic connection on TS,
and let L be a leaf of the horizontal foliation. Then p(L) = S, where p: TS — S is the canonical projection.
Furthermore, take any zo € S and vo € T, S N L. Then

LNT,S=p@)-vo and LNT,S=p(x)- vo. (3.10)
In particular, either

(i) V has real periods, and in that case either all leaves of the horizontal foliation are closed in TS or any leaf
of the horizontal foliation is dense in the leaf of the metric foliation containing it; or,

(ii) V has not real periods, and in that case all leaves of the horizontal foliation accumulate all points of the
zero section of TS.

Proof. Let 77 :S — S be the universal covering map; by Proposition 3.1 we can find a leaf L of the
horizontal foliation upstairs so that L = dmr(L). Since (2.2) implies p(L) = S, it follows immediately
that p(L) =S.

Fix Zo € m ~1(zg), and let V¢ € T20§ such that dmz, (Vo) = vo. Then (z, V) € L if and only if

exp(K (2))v = exp(K (20)) Vo,

where I~<~is a holomorphic primitive of the holomorphic 1-form 7 representing the holomorphic con-
nection V induced by V via 7. In particular, if Z =1y (zp) for some y € Aut(sr), then (3.5) implies that
(z,Vv) € L if and only if

Y'(Zo) -

7= . 311
"o (311)

Notice that L intersects each TS in just one point. From drz, = y'(20) dmry, 3, We then get

- 1 - _ -
A7y 3y (V) = ) drz, (Vo) = p(y ') dmz, (Vo).

Hence

LNT,S= |J dmye)@NTyeE)S) =p@)-vo.
y €Aut(rr)

Taking the closure we get (3.10). In particular, if V has not real periods then 0 € p(sr), and (ii) follows.


abate
Highlight
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Finally, if V has real periods then p(7) is a subgroup of S!. The subgroups of S! are either cyclic
or dense; in the first case it is easy to check that L is closed, and in the second case the assertion
follows from (3.10) and (3.8). O

The monodromy representation enters in another question: deciding when the automorphisms
of r are isometries for a Hermitian metric adapted to V.

Proposition 3.5. Let S be a (multiply connected) Riemann surface, and V a holomorphic connection on TS.
Let 7 : S — S be the universal covering map, V the holomorphic connection on TS induced by V via 7, and
g = exp(Re K)go a Hermitian metric adapted to V (where gq is the Euclidean metric). Let p : Aut() — C*
be the monodromy representation of V. Then:

(i) y € Aut(mr) is an isometry of g if and only if |p(y)| = 1; in particular, Aut(sr) C Iso(g) if and only if

V has real periods; 3 5
(ii) every y € Aut(sr) sends V-geodesics in V-geodesics, and we have

¥ 0 eXpz, (V) = exp,, ) (¥ (20)V)

forallzg € Sand v € C;
(iii) if J : S — Cis a primitive of exp(K) then

](J/(z)) - ](V(Eo)) = ,0()/)[](2) — ](20)]
forall zo,Z € S and y € Aut(m).
Proof. (i) Formula (3.5) yields

lo(y)l

exp(ReKoy) =
=T

exp(Re K ).

Therefore

E(y @); dys (V) =exp(2Re K (y @) |y @172
=|p()|° exp2Re K@)171 = |p() [ 8 ¥,

and y € Aut(r) is an isometry if and only if [p(y)| = 1.
(ii) Remark 2.1 says that a curve o :1 — S is a geodesic if and only if

o’ =exp(—K(0)) exp(K(o (t0)))o” (to)

for some (and hence all) tg € I. Now

exp(—K(y 00))exp(K(y o0 (to)))(y o) (to)

/
_Y anxp(—f(oa) pY)

pY) v’ (0 (to))
=(y'o a)[exp(—f( 00) exp(f((a(to)))o’(to)],

exp(K (o (t0)))y' (0 (to)) o (to)

and thus y oo is a geodesic if and only if o is, even when y is not an isometry.
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(iii) Formula (3.5) yields
exp(K o y)y" = p(y)exp(K).
Integrating this from zp to z we get the assertion. O

In the next result we show how to compute the monodromy representation when S C C, that is

when S is covered by a single chart. The most interesting case will be when S is the complement
in P1(C) of a finite set of points.

Proposition 3.6. Let S C C be a (multiply connected) domain, V a holomorphic connection on TS, and n the
holomorphic 1-form representing V. Then the monodromy representation p : H1(S, Z) — C* is given by

p(y) = EXP( f 77)
14

forally € H{(S, 7).

Proof. Let 7 : S — S be the universal covering map of S. Choose a zg € S, a Zg € w1 (zp), and a loop
(still denoted by y) based at zp representing y € H1(S,Z). Let y be the lift of y based at zp; then
the action on Zg of the element of Aut(rr) corresponding to y (again denoted by y) is given by y(1).
Let V be the holomorphic connection on TS induced by V via 7, and 7 the holomorphic 1-form
representing V. Choose a holomorphic primitive K of 7 1, and a determination of logr’. Then

K(7(

/\l

K(y (wo)) — K(wo) = K(7(0)

VL \Q\A

1) -
/ w*n+dlogn’) = /n*n + (log ") (y (20)) — log 7w’ (Z0)
14 Y

n+ (log') (v (20)) — log ' (Zo). (3.12)

Therefore

ool - Ko} = "8 e [ 1) = s en( [ 1)
14 14

and the assertion follows from (3.5). O

We have actually proved something more. Keeping the notations introduced in the previous proof,

from (71’ o y)y’ =’ we deduce that for each y € Aut(r) there is a unique determination of the
logarithm of y’ such that

logy’ =logn’ — (logm')oy.

Then (3.12) becomes

K (y (wo)) = K(wo) —IOgV/(Wo)‘i'/”I
%
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Put

1
PO(V)=—fU;

2mi
Y

then it is easy to check that pg:H1(S,Z) — C is a homomorphism of abelian groups, and we can
write (3.12) as

Koy =K—logy'+2mipo(y). (3.13)

Definition 3.2. The homomorphism pg:H{(S,Z) — C just introduced is the period map associated
to V.

Since p = exp(2mwipp), the connection V has real periods if and only if the image of the period
map is contained in R. In particular, Proposition 1.2 yields:

Corollary 3.7. Let S C C be a domain in the plane, and V a holomorphic connection on TS. Then there exists
a Hermitian metric adapted to V if and only if the period map is real-valued.

4. Meromorphic connections

Let us now specialize to the case we are mostly interested in, that is meromorphic connections
on P'(C). If V is a meromorphic connection on P!(C), then we can consider it as a holomorphic
connection on S =P!(C)\ {po, ..., pr}, where {po, ..., p;} are the poles of the meromorphic connec-
tion. Without loss of generality, we shall always assume pg = oo, so that S C C, and thus we have
the period map pg: H1(S,Z) — C associated to V. The homology group H(S, Z) is generated by the
counterclockwise loops y1, ..., )y around, respectively, p1, ..., pr; therefore po(y;) is, practically by
definition, the residue Res, ;(V):

1
R (V) = ) = ——
esp; (V) = po(yj) szn,

4]

where 7 is the holomorphic 1-form representing V on S. We also have the residue at oo, which is
given by p(yp), where yq is a clockwise Jordan loop in C containing {p1, ..., p;} in its interior. It is
useful to keep in mind that the classical residue theorem for meromorphic connections (see, e.g., [18,
Theorem I11.17.33]) says that

> “Resy (V) =deg TP (C) = —2. (4.1)
j=0

The aim of this section is to describe the recurrence properties of the geodesics on S, and of the
geodesic flow on TS, recurrence properties that, as we shall see, are strikingly different from the
recurrence properties of the metric and horizontal foliations described by Theorems 3.3 and 3.4.

To state the main technical tool for our study we need a definition.

Definition 4.1. Let V be a meromorphic connection on P!(C), with poles {pg = o0, p1, ..., pr}, and
set S=P1(C)\{po. ..., pr} € C. An s-sided geodesic polygon is a simply connected domain Ry C P'(C)
whose boundary is composed by s > 1 simple geodesics 07;:[0,£¢;] — S with 0j({;) =0j+1(0) =Zzj1
for j=1,...,s—1, oy(¢p) = 01(0) = z; and no other intersections; the geodesics are listed so that
dRg is positively oriented (that is Ry is the interior of dRp). The points z1,...,zs are the vertices
of Ryp.
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Then:

Theorem 4.1. Let V be a meromorphic connection on P! (C), with poles {pg = o0, p1,...,pr}, and set S =
P(C) \ {po, ..., pr} € C. Let Ry C P'(C) be an s-sided geodesic polygon with vertices z1, ..., zs. For j =
1,...,slet ¢j € (—m, ) be the external angle in zj, and let {p1, ..., pg} be the poles of V contained in Rg.
Then

S g
Zs]- =27 (1 +ZReRespj(V)>. (4.2)
j=1 j=1

In particular,

g
s+2 s—2
ReRes, . (V — , . 4.3

Proof. The idea is to apply the Gauss-Bonnet theorem, even if we do not have a global metric.
What we do have is the local Gauss-Bonnet theorem, expressed in terms of a local metric adapted
to V. We know that the Gaussian curvature of all such metrics is identically zero (see Remark 1.2);
furthermore, any such metric is a positive multiple of any other one, and thus the external an-
gles (and the notion of orthogonal parametrizations) are the same for all of them. It follows that
also the integral of the geodesic curvature does not depend on the chosen local metric (and this
can be verified directly too; see below), and hence the standard proof (see, e.g., [6, Theorem 6.3.9]
or [10, p. 274]) of the global Gauss-Bonnet theorem based on the local Gauss-Bonnet theorem still
works.

We shall apply the Gauss-Bonnet theorem to the region R obtained removing from Ry small disks

around p1, ..., pg. Denoting by t!,...,7%:[0,2w] — S the small clockwise circles bounding the disks
around pq,..., pg respectively, and by Ké the geodesic curvature of 7/, the Gauss-Bonnet theorem
says that
g ) s
Z/xgderZej:zna—g). (4.4)
J=1_; j=1

Since all the local metrics adapted to V are (non-constant) multiples of the Euclidean metric, the
standard real coordinates (x, y) on S C C are orthogonal, and we can use the formula

where E = G = exp(2Re K) and 6/ is the angle between d/dx and (tJ)’. Here K is any local holomor-
phic primitive of the form n representing V in S; since two such local primitives differ only by an
additive constant, the integrand of (4.5) does not depend on the choice of K.

We have t/(t) = pj +re”" for r > 0 small enough; hence df//dt = —1. The Cauchy-Riemann
equations yield

1 0G oK 1 0E oK
and — ———

————— =Re — =Im—.
2VEG 0x 0z 2 EG 3y 0z
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Hence (4.5) becomes

2
i 0

Let 77 : S — S be the universal covering map, and 7/ a lifting of tJ. If vj € Aut(7r) is the generator
associated to the counterclockwise loop around p;, we have tier) = yj’l(ff (0)). Let now K be

a holomorphic primitive of the holomorphic 1-form 7 representing the holomorphic connection V
induced by V via . Then, choosing a determination for the logarithm of 7/, we have

dK =d(K om +logn’).

Therefore
%(Ko‘[j) = %(Kof[ ofj) = %((f( —logn/) ofj).

Hence, using (3.13) and (7’ o y)y’ =n’/ for all y € Aut(r), we get

/Kg,' = —27 +Im[K (y; ' (77(0))) — K(/(0)) + log ' (£7(0)) — log 7' (y; ' (7' (0)))]

i
= —2m —Im(27ipo(yj)) = —27[1 4 ReResp, (V)]
and so
g , g
> fxé =—27g—21 ) ReResp;(V). (4.6)

Putting this into (4.4) we get (4.2). Finally, (4.3) follows from (4.2) and the fact that the sum of the
external angles belongs to the interval (—s,sm). O

Corollary 4.2. Let V be a meromorphic connection on P!(C), with poles {po = o0, p1, ..., pr}, and set S =
PY(C) \ {po, ..., pr} S C.Let o :[0,£] — S be a geodesic with o (0) = o (¢) and no other self-intersections;
in particular, o is an oriented Jordan curve. Let {p1, ..., pg} be the poles of V contained in the interior of o,
and ¢ € (—m, ) the external angle at o (0). Then

g
=21 (1 + Z Re Respj(V)), (4.7)
j=1
and hence
g
> “ReResp; (V) € (=3/2,—1/2). (4.8)
j=1

Proof. It follows from Theorem 4.1 with s=1. O
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Corollary 4.3. Let V be a meromorphic connection on P!(C), with poles {pg = 00, p1, ..., pr}, and set S =
P1(C) \ {po,...,pr} S C. Let 09:[0, £o] — S and o1:[0, £1] — S be two distinct geodesics with o¢(0) =
2o = 01(0) and op(£o) = z1 = 01(£1) and not intersecting elsewhere. Let {p1, ..., pg} be the poles of V
contained in the simply connected domain Ro bounded by oo and o1, and ¢; € (-7, ) the external angle
at zj, for j =1, 2. Then

5
€0+ €1 =27 (1 + ) "ReRes), (V)), (4.9)
j=1
and hence
g
> "ReRes) (V) € (=2,0). (4.10)
j=1

Proof. It follows from Theorem 4.1 with s=2. O
To prove the next corollary we need a lemma and a definition.

Lemma 4.4. Let V be a meromorphic connection on P'(C), with poles {py = o0, p1, ..., pr}, and set
S=PY(C)\ {po,...,pr} € C.Let Ry C PI(C) be an s-sided geodesic polygon with vertices z1, ..., zs. Let
0;j:10,¢;] — S be the geodesics composing the boundary of Ro, with 0j(0) = z;j for j =1,...,s, and let
{P1,...,pg} be the poles of V contained in Ro. Then

N g S
[[oje :exp(—ZniZRespj(V)> [[o]. (411)

j=1 j=1 j=1

Proof. Choose a point Z; € 7 ~1(z1), and let 61:10,41] — S be the lifting of o7 with 67(0) = Z;. Then
recursively choose the lifting 6;:(0, ¢;] — S of oj with 6j(0) =6j_ 1(£] 1). In particular, 65(¢5) =
y(wq), where y € Aut(ir) is the element associated to the class of 9Rg in m1(S, z71).
By Proposition 3.1(ii), the ; are geodesics for V; hence (Remark 2.1)

Gi(L)) = exp(—K(G(¢))) exp(—k(c}j(O)))c};(O).
Recalling that 6(0) =6j_1(¢j—1) and using (3.13) we get

N

1'[ £j) =exp(—K(y (21))) exp(K (21)) ]‘[

= exp(—27ipo(y))y' (1) [ | 6(0).
j=1
Now, o =’ oa])o/ therefore
[Tojen=]]r"(Giep) ﬂ £j) =exp(—2mipo(y) y(zl)]_[n iep) [ 1o
j=1 j=1 j=1 =1 =1

[T 7' @) &
(0
[Ti— 7(5;(0) g“f( :

= exp(—2mipo(y))y’(21)
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7'(y Z1)y' (1) l_[ /

(1) 70

=exp(—2mipo(y))
j=1

= exp(—27ipo(»)) [ [ oj(0).
j=1

Now by construction, [y] = [y1] + --- + [Vg] in H1(S,Z), where y; is a counterclockwise loop
around p;; therefore

g
Po(¥) = po(1) + -+ + po(¥g) = Y _Resp (V), (412)
j=1

and we are done. O

Definition 4.2. A geodesic o :[0,£] — S is closed if o(¢{) = o (0) and o’(£) is a positive multiple
of ¢/(0); it is periodic if o (¢) =0 (0) and ¢’(£) = o'(0).

Remark 4.1. Contrarily to the case of Riemannian geodesics, closed geodesics are not necessarily peri-
odic; see Example 6.1.

Corollary 4.5. Let V be a meromorphic connection on P!(C), with poles {po = oo, p1, ..., pr}, and set S =
PY(©C) \ {po, ..., pr} CC.Leto:[0,£] — S be a geodesic with o (0) = o (¢£) and no other self-intersections;
in particular, o is an oriented Jordan curve. Let {p1, ..., pg} be the poles of V contained in the interior of o.
Then o is a closed geodesic if and only if

g
ZReRespj(V) =-1,
j=1

and it is a periodic geodesic if and only if

g
> "Res, (V) =—1.
j=1

If o is closed, it can be extended to an infinite length geodesic o : | — S, where | is a half-line (possibly
J =R). Moreover,

(i) ifZ‘]g.’:1 ImResp; (V) < 0 then o’'(t) - 0 ast — +oo and |0/ (t)| — +oo as t tends to the other end

of J;
(ii) ifZ‘Jg:l ImResp; (V) > 0 then o'(t) — O ast — —oo and |0’ (t)] — +oc as t tends to the other end

of J.

Remark 4.2. It might actually happen that the a closed geodesic blows up at finite time (that is
J #R); see Example 6.1.

Proof. A self-intersecting geodesic o is closed if and only if the external angle at the intersection
point is 0; therefore the first assertion follows from Corollary 4.2.
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Let 7 : S — S be the universal covering map, and let & be a lifting of . In this case (4.11) becomes

g
o' (0) = exp<—2m' ZRespj (V))a’(O).

j=1

So o is periodic if and only if the sum of the residues is an integer contained (by Corollary 4.2) in
the interval (—3/2, —1/2), and the second assertion follows.
Finally, when o is closed at every turn the velocity vector is multiplied by

g
exp <27'r Z Im Respj (V)) ,

j=1
and (i) and (ii) follow. O
To state our main theorem we need two more definitions.

Definition4.3. Let o : I — S be a curve in S =P!(C)\ {po, ..., pr}. A simpleloop in o is the restriction
of o to a closed interval [to,t1] C I such that o, ¢, is a simple loop y. If p1,..., pg are the poles
of V contained in the interior of y, we shall say that y surrounds pq,..., ps.

Definition 4.4. A saddle connection for a meromorphic connection V on P!'(C) with poles {po, ..., ps}
is a maximal geodesic o : (¢6_, e4) = S=PI(C) \ {po, ..., pr} (with 6_ € [—00,0) and &, € (0, +o0])
such that o (t) tends to a pole of V both when ¢ 1 ¢, and when t | e_. A cycle of saddle connections
is a closed piecewise smooth curve in P'(C) made up of saddle connections. Again, we shall say that
a cycle of saddle connections surrounds the poles of V contained in its interior.

We can now prove a Poincaré-Bendixson theorem for meromorphic connections on P!(C):

Theorem 4.6. Let 0 : [0, &9) — S be a maximal geodesic for a meromorphic connection V on P (C), where
S=PY(C)\ {po, ..., pr} and po, ..., pr are the poles of V. Then either

(i) o(t) tends to apole of V ast — &g; or

(ii) o is closed, and then surrounds poles p1, ..., pg with Zle ReResp; (V) = —1; or

(iii) the w-limit set of o in P1(C) is given by the support of a closed geodesic surrounding poles p1, ..., Pg
with Y°7_; ReRes, (V) = —1; or

(iv) the w-limit set of o in P1(C) is a cycle of saddle connections surrounding poles p1, ..., pg with again

Z;";l ReResp; (V) =—1; or
(v) o intersects itself infinitely many times, and in this case every simple loop of o surrounds a set of poles
whose sum of residues has real part belonging to (—3/2, —1) U (—1, —=1/2).

In particular, a recurrent geodesic either intersects itself infinitely many times or is closed.

Proof. Assume that o is not closed, nor intersect itself infinitely many times (the condition on the
residues in these cases follows from Corollaries 4.2 and 4.5). Then up to changing the starting point
we can assume that o does not intersect itself. Let W be the w-limit set of ¢ in P!(C). Since W
is connected, to end the proof it suffices to show that if W contains a point zg € S then we are in
cases (iii) or (iv).

Let 7 :S — S be the universal covering map, and V the holomorphic connection on TS induced
by V via 7. Choose Zg € 7~ '(zg), a simply connected neighborhood U C S of zg, and let U be the
connected component of 77 ~!(U) containing Zo. By Proposition 3.1(ii), the segments of V-geodesic
contained in U are exactly the images under 7 of the segments of V-geodesic contained in U. Fur-
thermore, by Proposition 2.1 up to shrinking U and U we can find an isometry | between U endowed
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with the Hermitian metric adapted to V and an open set of C endowed with the Euclidean metric.
Therefore 7w o J~! sends line segments into segments of V-geodesic in U, and conversely every seg-
ment of V-geodesic in U is image of a line segment via 77 o J~!. So the geometry of the geodesics in
a neighborhood U of zj is the same as the geometry of line segments; in particular, we can find in U
a (simple) geodesic T issuing from zy and intersecting o in infinitely many points converging to zg
in U. Notice that all intersections are transversal because o does not intersect itself.

Let z; be an intersection point between o and 7. Following o from zi, let z] be the first inter-
section point between o and t closer to zg than z;; let R be the Jordan domain bounded by the
segments of o and T between z; and z|. By Corollary 4.3, this domain must contain at least one pole
of V.

If the two external angles of R have opposite signs, then we set Ry = R. If not, we follow o
after z| until it intersects again 7 in a point z| between z; and zp. If z{ is between z; and z}, then
the Jordan domain bounded by o and t between z; and z{ has external angles with opposite signs,
and we call R; this domain. If instead z{ is between z| and zg we have two possibilities. If the Jordan
domain bounded by o and 7 between z; and z] has external angles with opposite signs, we call Ry
this domain. If not, since by construction this domain R’ is disjoint from R, the poles inside R’ must
be disjoint from the poles inside R. Since the number of poles is finite, repeating this construction
sooner or later we get a Jordan domain Ry whose external angles have opposite signs.

Thus in this way we can build a sequence {R;} of disjoint 2-sided geodesic polygons whose exter-
nal angles have opposite signs bounded by a segment of o and a segment of T in such a way that
both vertices converge to zp. Every R; must contain poles; since there are only finitely many poles,
up to a subsequence we can assume they all contain the same poles p1,..., pg. Since their bound-
aries are disjoint, they are nested; so up to a subsequence we can also assume that either R;j;1 C R;
for all j or Rj;1 D Rj for all j. Up to a subsequence, we can also assume that the direction of o
at the vertex closest to zg along T is converging to a given direction vy in S!. Since o does not
self-intersect, the local geometry of the geodesics near zy implies that the direction of o at the other
vertex must also converge to vg, and thus the sum of the external angles must converge to 0. But,
by Corollary 4.3, the sum of the external angles is constant; so it must be zero. This means that in
each R; the two intersections of o with 7 are parallel, and that

g
ZReRespj(V) =1
j=1

We have a decreasing or increasing sequence of 2-sided geodesic polygons, with opposite external
angles. If z € S is any point accumulated by this sequence, again using the fact that o does not
self-intersect and the local geometrical structure of the geodesics, we see that this sequence actually
accumulates the support of a geodesic issuing from z. Therefore W N S is the union of supports of
finitely many disjoint geodesics. So if W ¢ S then we are in case (iv); if instead W C S, then W is
the support of a self-intersecting geodesic oo surrounding p1,..., pg; hence, by Corollary 4.5, og is
closed, and we are done.

Finally, the w-limit set of a recurrent geodesic intersects the support of the geodesic, and the last
assertion follows. O

Remark 4.3. We have examples (see Examples 6.1, 8.1 and 8.2) of cases (i), (ii), (iii) and (v), but no
examples yet of case (iv).

Using these methods we can also say something about self-intersecting geodesics. For instance, we
can prove the following:

Proposition 4.7. Let o : [0, &9) — S be a geodesic for a meromorphic connection V on P!(C), where S is
the complement in P1(C) of the poles of V. Assume that o contains two distinct simple loops O |ito.t;] and
O’|[t6,t;] based on the same point zg = o (to) = 0 (t1) = 0 (t,) = o (t}) and representing the same class [yo] €
11(S, zg). Then o is closed.
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Proof. Let 77 : S — S be the universal covering map, and & : [0, &9) — S a lifting of o. Since O lito.t] 1S
a simple loop representing [yo], we must have & (t1) = Y0(0 (to)), where )4 is the element of Aut(rr)
corresponding to [yo] € 711 (S, zo). Then Propositions 2.2 and 3.5(iii) yield

p(Yo)coto = p(Yo)[ (G (to)) — J(6(0))] = J(v0(6 (t0))) — J(0(6(0)))
= J(6(t1) — J(v0(6(0))) =cot1 + J(6(0)) — J(y0(6(0))),

that is
1 - ~
t1 —p(Yolto = a[J(VO(G(O))) - J(6 )],
for a suitable cg # 0. Repeating this argument for al%,t;], we get

th — p(Yo)ty =t1 — p(Yo)to.

So, taking the imaginary part and recalling that t{ # to, we get Imp(yp) = 0. Since p(yo) =
exp(2mipo(yo)), this implies sin(27 Re pg(yp)) = 0, that is 27 Re pg(yp) = kmr for a suitable k € Z.
By (4.12) and Corollary 4.2 the only possibility is k = —2, that is Re pg(yp) = —1. But then, by Corol-
lary 4.5, o is necessarily closed, and we are done. O

5. Holomorphic self-maps, homogeneous vector fields and meromorphic connections

We start this section adapting concepts introduced in [7] to our situation.

Definition 5.1. Let f: M — M be a holomorphic self-map of a complex n-dimensional manifold M,
and assume that f leaves a smooth hypersurface S ¢ M pointwise fixed; we write f € End(M, S),
and always assume that f = idy. We shall say that a local chart (U, z) of M, with z=(z', ..., 2", is
adapted to S if SNU = {z! =0}.

Example 5.1. A particularly interesting example of map f € End(M, S) is obtained blowing up a map
tangent to the identity. Let f, be a (germ of) holomorphic self-map of C" fixing the origin and tangent
to the identity, that is such that d(f,)o =id. If 7 : M — C" denotes the blow-up of the origin, let S =
771(0) =P (C) be the exceptional divisor; then the lifting f of f,, that is the unique holomorphic
self-map of M such that f,om =m o f (see, e.g., [1] for details), belongs to End(M, S).

We denote by Ns = TM|s/TS the normal bundle of S into M, by Ns the sheaf of germs of
holomorphic sections of Ns, by 7y, the sheaf of germs of holomorphic sections of TM, and we put
Tm.s =Ty ® Os, where Oy is the structure sheaf of S. More generally, given a complex vector bundle
(e.g., E), we shall denote by the corresponding calligraphic letter (e.g., £) the sheaf of germs of its
holomorphic sections.

Let f € End(M, S) and take p € S. Then for every h € Oy, (where Oy is the structure sheaf of M)
the germ ho f is well defined, and we have ho f —h € Zs ,,, where Zs is the ideal sheaf of S.

Definition 5.2. The f-order of vanishing at p of h € Oy p is
vf(h;p):max{ueN|hof—heI§fp},
and the order of contact vy of f with S is

vy =min{vy(h; p) | h € Omp}.
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In [7] we proved that v¢ does not depend on p, and that

V= min{vf(zl; p).....vi(z% p)},
where (U, z) is any local chart centered at pe S and z= (2!, ..., Z").
Definition 5.3. A map f € End(M, S) is tangential to S if
min{vs(h; p) |h € Zs p} > vf
for some (and hence any) point p € S.

Let p € S, and take a chart (U, z) adapted to S and centered at p. If f eEnd(M, S) and fi =z/o f,
we can then write

fl—2 =(")"gl, (5.1)

where g', ..., g" are holomorphic and do not all vanish when restricted to S. They in general depend
on the chosen chart; however, in [7] we proved that setting

Xf= Zgl — @ (dz")®"" (5.2)

then Xflyns defines a global section Xy of the bundle TM|s ® (N§)®”f_ where NS is the conor-
mal bundle of S into M. The bundle TM|s ® (N§)®”f is canonically isomorphic to the bun-

dle Hom(N?vf,TMls); therefore the section X; induces a morphism from N?vf to TMi|s, still
denoted by Xy.

Definition 5.4. The morphism Xy :N?vf — TM]|s just defined is the canonical morphism associated to
f €eEnd(M, S).

It is easy to check (see [7]) that f is tangential if and only if the image of Xy is contained in TS,
which amounts to saying that g'|yns = O for any local chart adapted to S.

Definition 5.5. Assume that f € End(M, S) is tangential. We shall say that p € S is a singular point
for f if Xy vanishes at p. We shall denote by Sing(f) the set of singular points for f, and by S° =

S\ Sing(f) the subset of regular points. Since N?vf is a line bundle, X¢ is injective on fo,vf . In
particular, Xy defines a rank 1 singular holomorphic foliation F; of S, regular on S°.

Definition 5.6. Assume we have a complex vector bundle 7 : F — S° on a complex manifold S°, and
a morphism X : F — TS°. A partial holomorphic X-connection on a complex vector bundle ¢ : E — S°
is a C-linear map V:& — F* ® £ such that

Vu(gs) = X(u)(g)s + gVus

forall se £, ue F and g € Oso. Clearly, if X is injective we can identify F with its image in TS°; in
that case we shall talk of a partial holomorphic connection along X(F) C TS°. Finally, if both E, F and X
extend to a larger manifold S, with S° dense in S and X injective in S° but not necessarily in S, we
shall sometimes say that V is a partial meromorphic connection along X on E.
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When f is tangential, in [7] we introduced a partial meromorphic connection V along Xy on Ng
by setting

Vu(s) =7 ([Xf(@).5]]s). (5.3)

where: s € Nso; u e./\/'gvf; 7 : Ty, so — Nso is the canonical projection; S is any element in 7y so
such that w(S|se) = s; Ui is any element in Tﬁi‘;{, such that 7 (u|s) = u; and Xy is locally given
by (5.2). In a chart (U, z) adapted to S, a local generator of Ngo is d; = 7(9/9z'), and a local gen-
erator of N?;Vf is a{@"f =91 ® --- ® 31. Therefore using i = (3/9z")®"/ as extension of af’”f, and
$§=209/9z! as extension of 3; we get

ag!

g 8].

unse

V evid] = —
DM

Up to here we limited ourselves to summarize [7]; let us now introduce new ideas.
A partial meromorphic connection V along Xy on Ns canonically induces a partial meromorphic

connection (still denoted by V) along Xy on N?vf by setting

Vs
VE1®-®su) =) 510 QVsj®: - @Sy,
j=1
In particular we get
vy ag1 vy
Vafzwf 0, = —Ufg Jise 1

As remarked before, the morphism X defines a rank 1 singular holomorphic foliation F¢ on S,
locally generated by

n
® d
VOZXf(81 Uf):ng}ums@- (5.4)
p=2

We can then define a partial meromorphic connection V°:F; — ]—"}‘ ® Fy along the identity on F7,
holomorphic on S, by setting

—1
Vs = xf(vxf(v)xf (9)).

Notice that, by construction, V° induces a (standard) holomorphic connection on each leaf of the folia-
tion Fr; so the geodesics we shall introduce momentarily will be geodesics for a holomorphic connection
on a Riemann surface, that is exactly of the kind we have studied in the first part of this paper.

Remark 5.1. When n = 2, the morphism Xy is an isomorphism between N?,Vf and TS%; so V° is a

standard meromorphic connection on S. In particular, locally we have 8/9z> = gl—zvo, and thus V° is

represented by the 1-form

dz2.
Unso

]’]O:— V lg_(g—z)/
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Definition 5.7. A V°-geodesic is a (real) curve o :1 — S° such that o/(t) € (Ff)o( for all t €I (that
is, the image of o is contained in a leaf of the foliation) and V2,0’ = 0.

In local coordinates (U, z) adapted to S, saying that the image of o is contained in a leaf of the
foliation Fy is equivalent to saying that o’ is a multiple of the generator vo introduced in (5.4). In
other words, writing 0/ = z/ o ¢ and denoting, with a slight abuse of notation, by o, this multiple,
we have that the image of o is contained in a leaf of the foliation if and only if

((Tj)/ =0, (g'00) (5.5)
for j =1,...,n (in particular, o! = 0). Furthermore, o is a V°-geodesic if and only if X;l(a/) =
o0 with

) / 8g] / 2
(0,) — vy Prdd (05)" =0. (5.6)

This suggests to introduce a holomorphic vector field G defined on the total space of p: N?vf — S by
setting

~ 3 agl
Gl =28 lynsVs,5 + Vo1
p=2

ve—, (5.7)
uns 9V

where v is the fiber coordinate corresponding to the generator 8;8 v (and v? is the square of the
coordinate v).

Proposition 5.1. Let f € End(M, S) be tangential. Then:

(i) the formula (5.7) defines a global holomorphic vector field on the total space of N?vf ;
(ii) acurve o :1 — S°is a V°-geodesic if and only if the image of o is contained in a leaf of ¢ and X;l (o)
is an integral curve of G.

Proof. (i) follows from a not too difficult computation (using, e.g., [7, (3.6) and (4.2)]), while (ii)
follows from (5.5) and (5.6). O

As mentioned before, our main example is when S is the exceptional divisor of the blow-up of the
origin in C", and f is the lifting of a germ tangent to the identity. Let us now discuss some peculiar
features of this case.

Let 7 :M — C" be the blow-up of the origin in C"*, and S =7 ~1(0) =P" !(C) the exceptional

divisor. Let w = (w!,..., w") denote coordinates in C", and set Hj={weC"| wl £ 0} c C" for
j=1,...,n. We can cover M with n charts (Uj, z;), where U :n_l(Hj) for j=1,...,n; the chart
(Uj, zj) is centered in [0:---:1:---:0] € P""1(C), and U; NS = {zj. = 0}, where z; = (z},...,z’}). The

projection 7 on Uj is given by

m(zj(p) = (Z}Zj:,...,zj, .. z'}zj)
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and the coordinate changes in U;NU; = {z{, 23' # 0} are given by

z'z’ for h = j;

Z’}= l/zi forh=i;

2zl forh #1, j;

see [1] for details. It follows that tangent vectors and covectors change according to the following
rules:

idzj+zjdz§ for h = j;

-1 dzJ for h = i;
dz’}-: ()2 ’
h .
1 h Z: ] PR
—dz' — ——dz; forh +#i, j:
zl ! (zf)2 ! 7L J;
and
l]% for h = j;
0 T
J
= zl( laz — > e lak) forh =1;
Ziow forh #i1, j.
1

We shall denote by (¢, v;j) the induced coordinates on N®V, where

. (1 n—-1\ _ (1 J n n—1
g“J_(;j,...,;j )_(zj,...,zj,...,zj)e(C )
The coordinate changes in N?” are then given by

¢hye! fori<h<j—1landi<h<n-—1,
=15 forj<h<i-z, and vj=(g/)"vi (5.8)
1/¢)  forh=i—1,

<h
<h

when j < i, and by similar formulas when j > i.
The first consequence of these formulas is the following:

Proposition 5.2. Let 77 : M — C" be the blow-up of the origin in C2, and let S = w ~1(0) = P"~1(C) be the
exceptional divisor. Then for any v € N* we can define a v-to-1 holomorphic covering map y, :C"\ {0} —
N&V\'S by setting

(! wi wh p B )
gj(w) = pARLEE bvw AXER Ry and vj(w)=(wj)
forallwe Hjand j=1,...,n.Inparticular, po x, : C*\ {0} — P"1(C) is the canonical projection, where

p:N2” — S =P""1(C) is the projection.

Proof. It suffices to remark that x, is well defined, thanks to (5.8). O
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Definition 5.8. We shall call the map x,:C"\ {0} — N]Pm 1O \ P"~1(C) just defined the v-polar

coordinates of C". Furthermore, we shall denote by [-]:C" \ {0} — P"~1(C) the canonical projection;
o)

po xp(w)=[w]

for all w e C"\ {0}, where p:N® — P"1(C) is the projection.

pn 1 ((C)

Let us now f € End(M, S) be obtained blowing up a germ f, € End(C", O) tangent to the identity,
as in Example 5.1. Write

flowy=wi+ 3 olw), (5.9)

h>v+1

where Qﬁ is a homogeneous polynomial of degree h, and v+ 1 > 2 is the order v(f,) of f,, chosen

so that (QvH, e, Q3+1) % 0. We associate to f, the homogeneous vector field of degree v + 1

Z QL

Definition 5.9. We say that a homogeneous vector field Q is dicritical if it is a multiple of the radial
vector field

In other words, Q =) i Q/ Tu7 1S dicritical if and only if

WthEEWth
forall h, k=1,...,n. Amap f, tangent to the identity is dicritical if Qy, is.

Let 7:M — C" be the blow-up of the origin, and f € End(M,P""1(C)) the lift of f, to the
blow-up. Then in the chart (U1, z1) introduced before setting f1 =z1 o f we get

2} 4 (2" Ypsp @I 4 forj=1,

iy —
fi(z1) = i+ )Vzh>u+1<z1)h Q) (1Len—2) Q) (1.¢n)]
4 1 1+EDY Yps 1 EDV1QL(1,01)

for j > 1;

similar formulas hold in the other charts. In particular, it follows that

(i) if f, is non-dicritical then f is tangential to the exceptional divisor P 1(C) and v F=v(fo)—1,
(i) if fo is dicritical then f is not tangential and vy = v(fo).

Thus most maps constructed with this procedure are tangential.
Assume then that f, is non-dicritical, so that f is tangential and vy =v(f,) —1=v. Then in the
canonical chart (Uq, z1) we have
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agl _
= =i, 8y s = e =Tl () forp=2,....n
82] Uuins
n—1 9
Glp-1wyns) = D LQuT1 (161 = 61 Q) 4 (1. ¢n) v 3¢k — F QL 51)"1
h=1 1

and similar formulas hold in the other charts. In particular, it follows that the canonical morphism Xy
and the connection V (and hence the connection V° and the V°-geodesics) depend only on the
homogeneous vector field Q f,. Thus we can use the same formulas to associate to any non-dicritical homo-

geneous vector field Q of degree v + 1 the canonical morphism Xgq : Ngf o TP"1(C), the meromorphic

connection V on Ngf 1Cy and the geodesic field G. In other words, we associate to Q = ZJ Qfﬁ all
the objects we would get starting from the time-1 map fq of Q, which is of the form

fl@=2"+Qi@+0(lzI"*?)

for j=1,...,n
To describe another consequence of these formulas we need another definition.

Definition 5.10. A characteristic direction of a homogeneous vector field Q =) i QJ aBW is a direction

[v] e P*1(C) such that the line L, = Cv is Q-invariant, where v € C" \ {0} is any representative
of [v]; in this case we shall say that L, is a characteristic leaf of Q. If moreover Q |, = O we say that
[v] is degenerate; otherwise, it is non-degenerate. If S° C P"~1(C) is the complement of the character-
istic directions of Q, we shall write §Q ={weC"\{0}]|[w] e S°}.

It is easy to see that [v] € P""1(C) is characteristic if and only if (Q!(v),..., Q"(v)) = Av for
some A € C (clearly depending on the representative v of [v]), and that [v] is non-degenerate if and
only if A # 0. Then it is clear that the singular points of Xq are exactly the characteristic directions of Q.

This is just the first signal that we can relate the dynamics of Q to the geodesic flow of V°. And
indeed we have the following:

Theorem 5.3. Let Q be a non-dicritical homogeneous vector field of degree v +1 > 2 in C". Then

dx»(Q) =G, (5.10)

where G is the geodesic field on Ng,” 1©) associated to Q. In particular a real curve y : 1 — S qQ is an integral

curve of Q if and only if x, o y is an integral curve of G. Furthermore:

(i) ify:1— §Q is an integral curve of Q then its direction [y]:1 — P"~1(C) is a V°-geodesic; conversely,

(i) if o : 1 — P""1(C) is a V°-geodesic then there exists exactly v integral curves y1, ...,y :1 — §Q of Q,
differing only by the multiplication by a v-th root of unity, whose direction is given by o, that is such that
o =[yjl

Proof. (5.10) follows from the homogeneity of Q and the formula

1 0 . .

W_@ lfh<_],

0 1 3 . .
dX\)(W) — W] a;—l’l 1 lfh>]a

(WJ)Z[Zk 1 k+2k j wht1 8 ]+v(wf)” 1311, ifh=j.

The assertions (i) and (ii) then follow from Proposition 5.1. O
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In particular, if  is an integral curve of Q then [y] necessarily belongs to a leaf L of the holomor-
phic singular foliation Fg of P"~1(C) induced by the canonical morphism Xq, and it is a geodesic for
a meromorphic connection on L. Thus the study of the dynamics of Q boils down to the study of the
singular foliation Fo of P"~1(C) and of the geodesic flow of meromorphic connections on Riemann
surfaces.

To show the power of this approach, from the next section on we shall discuss what happens in
dimension 2, where the foliation Fq is trivial; but we end this section describing the dynamics of
dicritical vector fields, the only case our approach does not work.

Actually, the dynamics of a dicritical vector field is very easy to study, because all directions are
characteristic and the dynamics inside a characteristic leaf is 1-dimensional, as shown by the follow-
ing

Lemma 5.4. Let L, = Cv be a characteristic leaf of a homogeneous vector field Q of degree v + 1 > 2 in C".
Then:

(i) if[v] € P1(C) is a degenerate characteristic direction then the dynamics of Q on L, is trivial;
(ii) if [v] € P1(C) is a non-degenerate characteristic direction, then the integral curve of Q issuing from
Zov € Ly is given by

Sov
t) = , 5.11
where L € C* is such that QJ(v) = Aqv/ for j =1, ..., n. In particular no (non-constant) integral curve

is recurrent, and we have:
(a) if oty ¢ RT then limy— o0 Vv () = O;
(b) if rogy € RY then limy_, o001 1Vev (O] = +o00.

Proof. Part (i) is clear. For part (ii), let ¢(¢) = ¢v be a parametrization of L,. Then

d
de~1(QlL,) =)»0§v+1&-

The integral curves of this 1-dimensional vector field are

o
(1= 2ovggtH)/v”

g(t) =

where the determination of the v-th root is chosen so that ¢(0) = ¢g; therefore the integral curve
of Q issuing from ¢gv is given by (5.11). O

6. Global dynamics in dimension 2

Let f € End(M, S) be tangential, where M is a 2-dimensional complex manifold and S a 1-dimen-
sional complex submanifold of M. Then the partial connection V introduced in the previous section

is a bona fide holomorphic connection on fo,vf , and we have an isomorphism X : N?ovf — TS°. We
then are in the situation described in Section 1, with E = fo,vf and X = Xy. In particular, we get

- the metric foliation on Ngvf \ S, a real non-singular foliation of real rank 3;
- the horizontal foliation on fo,vf , a complex non-singular foliation of complex rank 1;
- the geodesic foliation on Nfz)vf , a real foliation of real rank 1, singular only on the zero section.
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Furthermore, the holomorphic connection V° induced by V via Xy on TS° is a meromorphic con-
nection on S, and the geodesic field G introduced in the previous section coincides with the geodesic
field introduced in Section 1. Locally, if (Uy, zy) is a chart adapted to S, then z(zx is a local coordinate
on S, and 8/dz2 is a local generator of TS; hence we have

XO{ :gé‘uamso (6])
and

agl 9
— 52 o 2
G=XouVaeHo =8} Uaﬂsvo‘a“—i_vf—az(lx va—ava. (6.2)

UgNS

In particular, G vanishes only on the zero section and on the fibers over those singular points where
dgl/dz}|s vanishes too.

In particular, G defines a singular extension of the horizontal foliation to the whole of N?vf . We
can use (6.2) to study the associated saturated foliation. Indeed, assume that the chart (Ugy, zy) is
centered at a singular point p € Uy N S. Then on Uy, NS we can write

XoVaHy = va(zi)“[héaa + vfh}xvai],
Vg
with h(]x, hgl holomorphic functions on Uy NS not both vanishing at p. Then the section in square
brackets generates the saturation of the horizontal foliation, and it is vanishing only when h(zx (p)=0
and vy = 0, that is in the singular points for f in the zero section where gi vanishes at a higher
order than agl /dz}.

Definition 6.1. Let f € End(M, S) be tangential, where M is a 2-dimensional complex manifold and S
a 1-dimensional complex submanifold of M. The order (, of a point p € S is the order of vanishing
of Xy at p. In a local chart (Uy, z¢) adapted to S, we have

pp = ordp (g§z|s)

In particular, p € Sing(f) if and only if 1, > 1. We say that p € Sing(f) is an apparent singularity if it
is not a pole of V, that is if u, <ord, (ag;/az;) for a (and hence any) local chart (U, z4) adapted
to S. Furthermore, we shall say that p is a Fuchsian singularity if p, = ordp(ag‘}[/az}x) + 1, and that is
an irregular singularity if wp > ordp(ag(}l/az}x) + 1. Finally, we say that p is a strictly fixed point if it is
a pole of V (that is, a Fuchsian or irregular singularity), and that it is a degenerate singularity if (p,
ord,(dgl/dz}) > 1. Finally, the index of p € S is given by

1
Lp(f,S):—WResp(V).

It is not difficult to check (see [2,7] and Section 7) that these definitions do not depend on the adapted
local chart.

Remark 6.1. The index defined here is the same one introduced in [2] and [7]. In particular, there we
proved that if S is compact then

th(f,5>=fc1<Ns),

peS S

where c1(Ns) is the first Chern class of the normal bundle Ng.
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Using these definitions we can say that the geodesic field G extends to a holomorphic section of
T(N;@Vf), vanishing only on the zero section and on the fibers over degenerate singularities; and the hori-

zontal foliation extends to a saturated rank 1 complex foliation of N?Vf , Whose singular points are the strictly
fixed points for f in the zero section.

Remark 6.2. If we replace the map f by its inverse f~!, it is easy to see that X, changes sign
whereas 7, does not change. Therefore f and f~! induce the same metric and horizontal foliations,
but the geodesic field of f is the opposite of the geodesic field of f~! - and thus the orientation of
the leaves of the geodesic foliations of f is opposite to the orientation of the leaves of the geodesic
foliations of f~!, even though the leaves are the same.

Let 7 : M — C? be the blow-up of the origin in C?, and S =7 ~1(0) =P!(C) the exceptional divi-
sor. In this case we have an atlas of M adapted to S composed by two charts (Ug, zg) and (Ueo, Zxo),
with zg(Ug) = Zeso(Uso) = C2. The chart (U, zg) is centered at the point 0 =[1:0] € P!(C) of the
exceptional divisor, while the chart (Uso, o) is centered at the point co = [0: 1] € P'(C) of the ex-
ceptional divisor. If we denote by (w!, w?) the coordinates of C2, the projection 7w from M onto C?
is given by

1

1_ 1.1 .2
wl =2z wl=z 7
5 (]) , onUo, and by { 5 fo %" onUg.
w* =z47§, w?=zl,

In particular, 7 (Ug) = C? \ {(0, w?) | w? # 0} and 7 (Uso) = C% \ {(w!,0) | w! 0}, and the cocycles
of TS and Ns are respectively given by

1

Y000 (25) :—(23)2 and  £000(23) = - (6.3)
0

Y4

Furthermore, if (o, vo,») and ({so. Voo,v) are the local coordinates on the total space of N?" for
v € N* induced by the canonical charts (Ug, zg) and (Uno, Zoo) of M, we have

1
loo=— and Vg = 0w =20"Vo,v- (6.4)

— v
%o §000(0)Y

Let now Q = Q! % + Qzﬁ be a non-dicritical homogeneous vector field of degree v +1 > 2.
Using as f € End(M, S) the blow-up of the time-1 map fg of Q, and writing for simplicity vo and ¢&p
instead of v, and z3, and v and {« instead of v, and zZ,, we get

)

1
0z lugns

=Q'(1,50),  &ly,ns = Q1. 50) —%Q ' (1, %),

vQ'(1, %0)

_ dco.
Q2(1, 20) = 20Q 1 (1.20) "

Xo=Q%(1,%0) —2Q'(1,20), 1Mo=

Q'L %) 1
Oyt wsns) = Q3T 20— 1001120 0 T vp VY
1
o= 2 vQ1(1, %) LoD

=—+ :
3z0 ' Q*(1.20) — Q1 (1.20) Cavg

2 1 0 1 2 J
G|p—1(UoﬂS"):(Q (1’50)_§0Q (L{O))VO%‘FVQ (1a§0)(V0) ma
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and

agl

v =Q%Woos s 8% |yns = Q' Goos D) = €00 Q%(4c, 1),
0 lUxNS

VQ%(4oor 1)

Xoo = ! 00 1) — Lo 2 o0, 1), 0=
Q' (G 1) = 200Q%Coos D 1 QT (Goor 1) — 200 Q% (Loor 1)

oo,

Q2 D) 1
Ol 1 W) = G0 ) = 20 Q200 1) 00 T v AVee
9 0Q2(to. 1) 5

Hy = + 00 ,
000 | Qoo 1) — £00Q2(o0r 1) X9V

0 0
Gl ansy) = (Q' Coor 1) = £00 Q% (Lo, 1>)voo? +1Q%(loos 1)<voo>28v—.

If [v] € P1(C), the index tv1(Q) of Q at [v] is the index introduced in Definition 6.1, that is

1
(v(Q) = 3 Res(y) (V).

In particular, if [v] =[1: vg] then

1
Q' (1,0 >; (65)

QZ(‘I, C) - ;Ql(l’ ;)

a similar formula using 71 yields the index of Q at [0: 1]. Clearly, the index at [v] can be different
from zero only if [v] is a characteristic direction.

1
(v1(Q) = 5 Res[1.vq1(n0) = Resvo(

Remark 6.3. If [v] =[1: vg] is a non-degenerate characteristic direction, a related number is the
director &jv1(Q) of [v] given by (see [11-15])

1 3(Q%(1,0)—¢Ql,¢)

Q=970 Vo) 8¢

(vo).

A similar formula yields the director of oo =[0: 1] when the latter is a characteristic direction.

Remark 6.4. A homogeneous vector field of degree v + 1 is dicritical if and only if every direction is
characteristic. If Q is non-dicritical then it has v + 2 characteristic directions, counted with multiplic-
ity (which is just the order introduced in Definition 6.1; see [5]).

Remark 6.5. Comparing definitions we immediately see that:

(@) [v] e P1(C) is a characteristic direction for Q if and only if it is a singular point of Xq;

(b) [v] € P1(C) is a degenerate characteristic direction for Q if and only if it is a degenerate singu-
larity of Xq;

(c) if [v] e P1(C) is a non-degenerate characteristic direction then it is a strictly fixed point of X Q;

(d) [v] € P1(C) is a non-degenerate characteristic direction with non-vanishing director if and only if
it is a Fuchsian singularity of Xq of order w[y; =1, and then

-V . 1
Respy (V) (v(Q)°

dv(Q) =
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We can now study the complex foliation induced by Q in C? by means of the horizontal foliation
of N?”. The link between the two is provided by the following analogous of Theorem 5.3:

Proposition 6.1. Let Q be a non-dicritical homogeneous vector field of degree v + 1 > 2 in C?, and let
S° c P! (C) be the complement in P! (C) of the characteristic directions of Q. Then

Vv

T w2Q(w) — wiQZ(w) -

*

Xy @

Q2(wydw' + Q' (w)dw?]

on S° where w is the holomorphic 1-form representing the horizontal foliation on the total space of N?ﬁ,". In

particular a complex curve A C §Q is a (complex) leaf of the holomorphic foliation induced by Q if and only
if xv(A) is a leaf of the horizontal foliation of N?Z,".

Proof. It is an easy computation. O

So to study the holomorphic foliation induced by Q is equivalent to studying the horizontal fo-
liation of the total space of N?”. For instance, we can get a description of the closure of the leaves
completely analogous to the one given in Theorem 3.4. To state it we need a couple of definitions.

Definition 6.2. Let [v1],...,[vg] € P!(C) be the characteristic directions of a non-dicritical homoge-
neous vector field Q of degree v +1 > 2 in C2. Then the monodromy group associated to Q is the
subgroup G(Q) of C* given by

{1 z .
G(Q) :exp[an(;Z@@Zt[vj](Q)>:| c C*.

h=1

Notice that G(Q) c S! if and only if all indices of Q are real numbers; in this case we shall say that
Q has real periods.

Remark 6.6. It is not difficult to check that G(Q) is a finite cyclic subgroup of S! if and only if there
is £ € N* such that

1
Viy,1(Q) € ZZ

forallh=1,...,g.

Definition 6.3. let Q = Q1% + Qzﬁ be a non-dicritical homogeneous vector field of degree

V + 1 > 2. The metric foliation of S q induced by Q is the real rank 3 foliation given by the form

vV

Re<W2Q1(W)—W1Q2(W)

[-Q2(w)dw! + Ql(w)dwz]) =Re(x ).

In other words, it is the foliation induced by the metric foliation of Ng@“ via xy.
Then we have the following
Theorem 6.2. Let A C C?\ {0} be a non-characteristic leaf of the foliation induced by a non-dicritical homo-

geneous vector field Q of degree v + 1 > 2 in C2. Then [A] C P'(C) is the complement S° in P1(C) of the
characteristic directions of Q. Furthermore, take [v] € S° and zg € A N C*v. Then

ANC*v=G(Q)-z9g and ANC*v=G(Q) - zo. (6.6)
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In particular, either

(i) Q has real periods, and then either all non-characteristic leaves of Q are closed in S q (and this happens
if and only if G(Q) is a finite cyclic group) or any non-characteristic leaf is dense in the leaf of the metric
foliation containing it (which is necessarily closed in S Q);or

(ii) Q does not have real periods, and then all non-characteristic leaves of Q accumulate both the origin and
infinity in all directions.

Proof. A non-characteristic leaf cannot intersect a characteristic one, and so [A] € S°. By Proposi-
tion 6.1, x,(A) is then a v-to-1 cover of a leaf L of the horizontal foliation of N%,”; in particular,
since p(L) = S° we get [A] = S°.

Theorem 3.4 says that

Xo(ANC* V) =LONG = p(1) - X0 (20),

where p(r) Cc C* is the image of the monodromy representation of the holomorphic connection V

induced by Q on N&'. Therefore

ANC*v=pm.zg and ANC*v=p@r)/" -2,

where p(m)/Y ={c e C| ¢V € p()}. Hence to prove (6.6) it suffices to show that p()!/¥ = G(Q).
Let [vq1],...,[vgl e P1(C) be the characteristic directions of Q. By Proposition 3.6,

g
p(T) :exp[zni@Zrh},

h=1

where 1, € C is the residue in [v;] of the meromorphic connection V° induced by V on TS° via Xg.
Therefore

1 Eor
1/v _ . 2 h
p(T) _exp[2m<Zv EB@Z > >}

h=1

Now, it is easy to check that the meromorphic form 7nJ, representing V° in a canonical chart is related
to the form 7, representing V in the corresponding chart by

1
Mo = Na — X—aan;

therefore

rh = Respy,1(V®) = Respy, (V) — ordpy, 1 (Xq)- (6.7)

Since ordy,}(Xq) € N we get p()!/Y = G(Q), as claimed.

If Q does not have real periods, then G(Q) C C* accumulates both 0 and oo, and (ii) follows. If Q
has real periods, then G(Q) is a subgroup of S!, and hence it is either cyclic or dense, and (i) follows
from Theorem 3.4(i). O

The real flow of Q is instead described by the geodesic foliation of Nﬂ?lv(cy that we studied in the

first part of this paper. As a first consequence, we get the following Poincaré-Bendixson theorem for
homogeneous vector fields:
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Theorem 6.3. Let Q be a homogeneous holomorphic vector field on C? of degree v + 1 > 2, and let
vy 1[0, &g) — C? be a recurrent maximal integral curve of Q. Then y is periodic or [y]:[0, &o) — P(C)
intersects itself infinitely many times.

Proof. If Q is dicritical, Lemma 5.4 implies that no (non-constant) integral curve is recurrent.

Assume then that Q is not dicritical. Then y, being a recurrent integral curve, cannot intersect
a characteristic leaf, because in that case it would be contained in it and, again by Lemma 5.4, no
(non-constant) integral curve in a characteristic leaf is recurrent.

Since y is recurrent in C?\ {0}, then ¥, o y is recurrent in Ng]"(c) \ P1(C). More precisely, if we

denote by S the complement in P!(C) of the characteristic directions of Q, we know that x, oy
is recurrent in Ng@” \ S because the support of y is contained in §Q. Then p o x, o y is recurrent
in S; by Theorem 4.6, this implies that p o x, o ¥ =[y] is closed or intersect itself infinitely many
times. In the latter case we are done. In the former case, [y] must satisfy the conditions described
in Corollary 4.5; in particular, the only way for x, o ¥ to be recurrent is to be periodic. Since ¥, is
a finite-to-one map, it follows that y is periodic, as claimed. O

Corollary 6.4. Let y : R — C?\ {0} be a non-constant periodic integral curve of a homogeneous vector field Q
of degree v + 1 > 2. Then the characteristic directions [v1], ..., [vg] € P! (C) surrounded by [y ] satisfy

g g
D “Res;yj(Q) =—1+ Y ordpy1(Xo).

Proof. It follows immediately from Corollary 4.5 and (6.7). O

We can clearly say more along this line; but to get a better understanding of the dynamics of Q we
need to know something about the behavior of the geodesic field near the singularities. The next two
sections are devoted to this task; we instead end this section describing a homogeneous vector field
actually having a periodic integral curve and, more generally, examples of meromorphic connections
on P!1(C) having periodic geodesics, closed geodesics, non-closed geodesics accumulating a closed
one, and geodesic converging to a pole, thus displaying the behavior described in Theorem 4.6(i), (ii)
and (iii).

Example 6.1. Take

: 12 90 : 1,2 9
=iy(w') — 1+iy)yw we——=,
Q =iy (w) 8w1+( 1) w2
where y € R. In this case v = 1; hence ¥x, is a biholomorphism, and thus Q is biholomorphically
conjugated to the geodesic field G.
The field Q is non-dicritical. It has two characteristic directions: 0 = [1 : 0], which is non-
degenerate for y # 0, and oo = [0: 1], which is always degenerate. In the chart centered at 0 we
have

Xo=2¢ =Y, G=tovo-= +iy (o) ——:
0 = o, No = % 0, ={o 08{0 Y (Vo avg"

in particular, 0 is a Fuchsian singularity and, denoting by V° the connection induced by V on P!(C)
via Xq, we have

o = ordg(Xp) =1, Reso(V) = —iy, Reso(V°) =—1—iy.
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If ¥ # 0 the integral curves of G in the standard chart centered at O are of the form o (t) =
(&), v(t)), with

i . Vo
f(t)=§o€XP[—10g(1 —l)/Vot)], v(t) = ———,

1% 1—1iyvot
where we have chosen the determination of the logarithm so that ¢(0) = ¢g. The curve ¢ is a geodesic
for the meromorphic connection V°, and we can write

¢(t) = goexp[iy 'log|1 —iyvot| —y 'arg(1 —iyvobd)].

If iyvo € R* then arg(1 — iy vot) is equal either to O or to r depending on the sign of 1 — iy vot. In
both cases arg(1 — iy vot) is constant, and so ¢ is a closed geodesic. Notice that if iyvg € Rt then ¢
is defined only on the half-line (—oo, (iyvo)™").

If instead iy vp ¢ R then arg(1 — iy vot) — arg(—iyvp) as t — 400, and thus the geodesic ¢ accu-
mulates a circumference, which is easily seen to be the support of a closed geodesic.

In all these cases v(t) — O as t — +oo (except when iyvg € RT; in this case |v(t)| — +oo as
t — (iyvo)~'), which means that the integral curves of Q are converging to the origin (or escaping
to infinity in the exceptional case) without being tangent to any direction (because ¢ (t) has no limit);
in particular, they are not periodic.

However, if ¥ =0 we have Resg(V°?) = —1, and so we expect to find periodic integral curves of Q.
Indeed, if y =0 the integral curves of G in the standard chart centered at O are given by

¢(t) = coexp(vot), v(t) = vo.

Therefore if vg € iR we get a periodic integral curve, as desired. If instead Revy < 0 we have
Z(t) - 0, which means that the geodesic tends to [1:0] and that the integral curve of Q issuing
from (vo, {ovo) tends to a non-zero element of the characteristic leaf L1 0y C C2. Finally, if Revg >0
we have |¢(t)| - 400, which means that the geodesic tends to [0: 1] and the integral curve of Q
issuing from (vg, {gVvg) escapes to infinity.

7. Local study of the singularities

The next step consists in the study of the geodesic flow nearby singular points. We shall work in
the following setting: we have a line bundle E on a Riemann surface S (e.g., S =P!(C) and E = N?”);
a morphism X:E — TS which is an isomorphism on S° = S \ Sing(X), where Sing(X) contains only
isolated points (e.g., X = Xq); and a meromorphic connection V on E, holomorphic on E|so, such
that the geodesic field G extends holomorphically from E|so to the whole of E.

Fix a local chart (Uy, zy,ey) trivializing E and centered at a singular point pg of X. In local
coordinates we can write

a
X(ea) =Xa7—

o

where Xy : Uy — C is holomorphic with X(pg) = 0. The holomorphic 1-form 7, representing V in
these coordinates is of the form 1y, =k, dzy, where k, is meromorphic with possibly a pole in py.
The geodesic field G in these coordinates is given by

5 0
G =XqVaOq — (Xaka)vaaT;

o
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saying that G extends holomorphically over the singular point means that Y, = Xk is holomorphic
in Uy. Therefore we shall write

Y 0
r]a == X_adZa and G == XaVaaa - Yavgta—, (7.1)

o Vo

with Xy, Yo € O(Uy) and X, (po) =0.
We shall denote by V° the meromorphic connection on TS induced by V via X. We have already
remarked that the meromorphic form 7J, representing V° in the chart (Uy, zy, 3/924) is given by

1
r}g :r]a - X_an.

o

In particular,
Resp, (V°) =Resp, (V) — ordp, (X ). (7.2)
We shall write
Xg =z*hX and Y4 =2z4*"hY,

with px = ordy, (Xa), fa.y = ordy,(Ye) and hX(po), hY (po) # 0. Notice that /tx does not depend on
the coordinates, by (7.2), whereas vy in general does. Let us recast Definition 6.1 in this context:

Definition 7.1. The order ux > 1 of po € Sing(X) is the order of vanishing of X at pg, that is ux =
ordp, (X). Choosing a local chart (Uy, Zy, €¢) and writing G as in (7.1), we say that po is

an apparent singularity if wx < tg.y;

a Fuchsian singularity if ux = pla.y +1;

an irregular singularity if ptx > g,y +1; in this case m = pux — o,y > 1 is the irregularity of po;
- a degenerate singularity if pyy > 1.

In Remark 7.3 we shall see that these notions do not depend on the chosen chart. Finally, the residue
of pg is Resy,(V), and the induced residue of pg is Res‘)p0 (X) =Resp, (V) — ux.

Remark 7.1. With these notations, we have

hY hX /
= (g - )
Zax a’yh())l( Zg ha

In particular, an apparent singularity is a pole of V° without being a pole of V. Furthermore, a Fuch-
sian singularity of X is a Fuchsian singularity of V° in the classical sense (that is a pole of order 1)
unless the induced residue of pg vanishes. This is the only possibility for pg being a pole of V but
not of V?; indeed, is easy to see that this happens if and only if

Ordpo (Za Ya - MXXC() > //LX = Ordpo (X(X)7
which is equivalent to
ordp,(Yy) =ordp,(Xy) —1 and Resp, (V) =pux >1,

that is to pg being Fuchsian with vanishing induced residue.
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Remark 7.2. If py is a degenerate singularity, that is Y, (pg) = 0, then the geodesic field G vanishes
identically when restricted to the fiber E,, over the singularity.
When instead ordp,(Yy) =0, that is ag = Y4 (po) # 0, the geodesic field restricted to Ep, is given
E)

by —aov(zxm. In particular, Ep, is G-invariant, and the integral curve of G issuing from voeq(po) €

Ep, \ {0} is given by

vt =7 ote“(pO)'

+agv
Notice that lim;_, 4, v(t) = O, and that v(t) is defined for all t € R unless avg € R™.

Our aim is to simplify as much as possible the expression of G by changing the local chart and
the local generator of E. Thus we shall use changes of the form

(zg,vp) = (20, Vo) = (W(Za),é(za)voe)» (7.3)

with ¥ (0) =0 and v'(0), £(0) # 0 (in the notations of Section 1, we have ¥’ = yg, and & = &gy ).
A quick computation gives

W;X“ and Ygoy = éya - g—;xa. (7.4)

Xgoy =

Remark 7.3. In particular, if ux > gy then ugy = o y; if ux < g,y then pux < pupgy; and
Ma,y =1 implies gy > 1. So Definition 7.1 is well posed.

Remark 7.4. Since we only allow changes of coordinates of the form (7.3), the normal forms we are
going to obtain for G are (related to but) different from the usual normal forms for singular holomor-
phic vector fields in C? with respect to unrestricted (formal or) biholomorphic changes of coordinates.
Furthermore, as it will become apparent with Theorem 8.1, our classification is also different from the
classical classification of meromorphic connections on P!(C).

Let us choose v = id and & = hX. We find

Xp=24" and Yp= l(z’;‘“’hg — 2 (hY)") = 2" h},

hg
where
~ if pa.y < px then pgy = oy and hf = (hY — 2™ "V (h%))/h;
— if jigy = px then ppy = pux +ordp, ((hy) — ZZQ’Y_MXh};) > x.

So we can assume hX =1.
The first result of this section is a complete holomorphic classification of apparent singulari-
ties:

Proposition 7.1. Let E be a line bundle on a Riemann surface S, and assume we have a morphism X :E — TS
which is an isomorphism on S° = X \ Sing(X), and a meromorphic connection V on E, holomorphic on E|so,
such that the geodesic field G extends holomorphically from E|so to the whole of E. Let pg € Sing(X) be an
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apparent singularity of order (1. Then there exists a chart (U, z, e) centered at pg such that G in this chart is
given by

vl ifu=1,
#(1+azt YL forsomeaeCifu > 1.

Furthermore, if u > 1 then a € C is a (holomorphic and formal) invariant.

Proof. We have already remarked that we can find a chart (U, zy, e¢) such that hfx( = 1. Furthermore,
Ha.y = 1 because po is an apparent singularity.
As a first step, take  =id and & solving the Cauchy problem

1 4, &
EZZ th — 5—225 :0,
§(po) =1;

this problem has a solution holomorphic in a neighborhood of pg because we can rewrite the differ-
ential equation in the form

g = Z“‘“’_”hgﬁ
Then (7.4) says that in the new coordinates (Ug, zg, eg) we have
M X —
Xp=1z4hg and Yg=0,

with hj,f(po) =1.
Now, it is known (see, e.g., [18, Theorem 5.25]) that we can find a local change of variable
fixing po such that

/ -1 _ )z if,LL =1,
(W Xﬂ)(w (Z)) o {z“(] +az*~1) forsomeaeCifu > 1;
hence taking & =1 we bring G in the required form. Finally, the last assertion follows from the
corresponding fact for one variable vector fields (see, e.g., [18, Section 6B;]). O

Definition 7.2. The invariant a introduced in the latter proposition is the apparent index of the appar-
ent singularity.

As a consequence, we can describe the behavior of the geodesic flow nearby an apparent singular-
ity:

Corollary 7.2. Let E be a line bundle on a Riemann surface S, and assume we have a morphism X :E — TS
which is an isomorphism on S° = X \ Sing(X), and a meromorphic connection V on E, holomorphic on E|so,
such that the geodesic field G extends holomorphically from E|so to the whole of E. Let py € Sing(X) be an
apparent singularity of order u and apparent index a € C if u > 1. Then if o : [0, &) — S° is a geodesic with
o(t) > poast— ¢ € (0, +o0], then o’ (t) - 0, and X~1(o'(t)) tends to a non-zero element of Ep,-

Furthermore, there is a neighborhood U C S of pg such that if zo € U \ Sing(X), and oy :[0, &) — S°
denotes the maximal geodesic issuing from zq in the direction X(v) € T, S, then

(i) if w =1 then there is a non-zero direction vq € E, such that
- ifv=2¢vg € E;, withRe¢ < 0 then oy (t) — po;
- if v=2¢vq € Ez, withRe¢ > 0 then o, escapes from U;
- if v=2¢vq € E;, withRe¢ = 0 then o is a periodic geodesic surrounding po;
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(i) if u > 1 and a = O then there are . — 1 non-zero directions v1, ..., Vy_1 € Ez, such that
- ifvéRviU---URvy_1 then oy (t) — po;
- ifveRvqyU---URv,_1 then oy (t) escapes from U;
(iii) if o > 1 and a # O then there is a non-zero direction vq € E,, such that
- if v=2_¢vo € E, withRe(¢/a) > 0 then oy (t) — po;
- ifv=2¢_vo € Ez, withRe(¢ /a) = 0 then either o, (t) — po, or oy is a periodic geodesic surrounding po,
or oy escapes from U
- if v=2¢vo € E4, with Re(¢/a) < 0 then either o, (t) — po or oy escapes from U.

Proof. By Proposition 7.1, we can find a chart (U, z, e) centered at pg such that a curve 0 :[0,¢) > U

is a geodesic if and only if X~ 1(c/(t)) = (z(t), v(t)) satisfies

) n—1

{z Z4(1+azt ), (7.5)
v/ =0,

with a =0 if w = 1. In particular, v(t) = v(0), and thus clearly has a finite non-zero limit as t — &.
Moreover, o (t) — po if and only if z(t) — 0; hence z(t)*(1 +az(t)*~')v(t) — 0 as t — ¢. This means
exactly that o’/(t) — 0,,, and the first assertion is proved.

Assume now p = 1. Then solving (7.5) we find

z(t) = zgexp(vt),

where zg = z(0) and v(t) = v. In particular, o (t) — pg as t — ¢ if and only if Rev < 0. If Rev =0 we
get a periodic geodesic around pg (and indeed the induced residue of pg is —1). Finally, if Rev > 0
then o (t) escapes from U. So we have proved (i), with vg = e(zp).

If instead @ > 1 and a = 0 solving (7.5) we get

vzt 1/ (w=D)
z(t) = zo(l -0 t) ,
o’

where the determination of the root is chosen so that z(0) = zg, and v(t) = v. In particular o (t) — pg
as t — 400 unless vzg_1 eRT, and we get (ii).

If £ > 1 and a # 0 the solution of (7.5) satisfies v(t) =v and

(1 + %) exp[—(l + %)} =Cp exp[ut], (7.6)
az(t)t-1 az(t)t-1 a
with
Co= <1 + 1_ )exp(—(l + 1_ ))
azh! azh !
In particular, if zg is one of the @ — 1 roots of azg_1 = —1, then c¢gp =0 and so z(t) = zg. We assume

that U is small enough to exclude these points; in particular, we have cy # 0.
Assume Re(v/a) > 0. Then the modulus of the right-hand side of (7.6) goes to +o00 as t — +oc.
Hence the modulus of the left-hand side of (7.6), given by |w(t)| exp(— Re w(t)) where

W(t)=1+W,

goes to +oo too. This forces |w(t)| — 400, and hence z(t) — 0, as required.
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If Re(v/a) =0, then the left-hand side of (7.6) has constant modulus |cg|, and argument going
to £oo. Looking at the level sets of the function |[we~"| one sees that there is a critical value ¢ so
that

- if |cg| = ¢ then necessarily arg w(t) is bounded and [Im w(t)| — +o0;

- if |cg| < ¢ then, depending on which connected component of the level set contains w(0), either
arg w(t) is bounded and |Im w(t)| — +o0o, or arg w(t) is unbounded and |w(t)| is bounded and
bounded away from zero.

If Imw(t)| — +o0, then |w(t)| — 400, and hence z(t) — 0 as before. If instead |w(t)| is bounded,
then w(t) must periodically trace the bounded connected component of the level set of |[we™"|, and
hence z(t) is a periodic geodesic (or escapes U if U is too small).

Finally, if Re(v/a) < 0 then the modulus of the right-hand side of (7.6) goes to 0 as t — +o0, and
so either w(t) — 0 or Rew(t) — +o0. In the former case, z(t) must tend to one of the excluded
points, and so o, escapes. In the latter case |w(t)| — +o0, and hence z(t) — 0 as usual. O

The translation of this corollary for homogeneous vector fields is the following:

Corollary 7.3. Let Q be a homogeneous holomorphic vector field on C? of degree v +1 > 2. Let [vo] € P1(C)
be an apparent singularity of Xq of order ;v > 1 (and apparent index a € C if @ > 1). Then:

(i) if the direction [y (t)] € P1(C) of an integral curve y :[0, &) — C2\ {0} of Q tends to [vg] ast — €
then y (t) tends to a non-zero point of the characteristic leaf L,, C C?;
(ii) no integral curve of Q tends to the origin tangent to [vo];
(iii) there is an open set of initial conditions whose integral curves tend to a non-zero point of Ly,;
(iv) if u =1or u > 1and a # 0 then Q admits periodic orbits of arbitrarily long periods accumulating at the
origin.

Proof. Notice that Q is identically zero on Ly,; therefore either an integral curve is a constant point
of Ly, (and then all the assertions are trivial) or does not intersect Ly,. Furthermore, since character-
istic leaves are Q -invariant, we are interested only in integral curves y contained in S Q-

Assume that [y (t)] converges to [vg]. Set 0 =[y]=po xy o ¥; then o is a geodesic converging
to [vo], and X~ 1(¢’) = Xvoy.Then Corollary 7.2 says that x, oy tends to a non-zero element of E,,
where E = N]?l"(@. Now, Ey, = xv(Lv,), and x, is a v-to-1 map; since the set of accumulation points
of y is connected and contained in Ly, it follows that y (t) tends to a non-zero element in L, and
(i) is proved. (ii) follows from (i), and (iii) follows from Corollary 7.2(i), (ii) and (iii).

Finally, the periodic geodesics given by Corollary 7.2(i) and (iii) yield periodic integral curves ac-
cumulating the origin of arbitrarily long period (because the period is inversely proportional to the
modulus of the vector v giving the initial condition of the geodesic), and we get (iv). O

The next section is devoted to the classification (formal and, when possible, holomorphic) of
Fuchsian and irregular singularities, and its dynamical consequences. We end this section with a
preliminary result on the dynamics of Fuchsian singularities that shall be useful later to deal with
resonances.

Proposition 7.4. Let E be a line bundle on a Riemann surface S, and assume we have a morphism X :E — TS
which is an isomorphism on S° = X \ Sing(X), and a meromorphic connection V on E, holomorphic on E|so,
such that the geodesic field G extends holomorphically from E|so to the whole of E. Let pg € Sing(X) be
a Fuchsian singularity, and assume that Resp, (V) € R*. Then:

(i) if Resp, (V) < O then all leaves of the metric foliation over p € S° tend to the zero section as p — po;
(ii) if Resp, (V) > O then all leaves of the metric foliation over p € S° tend to infinity as p — po.
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In particular, if o : [0, &) — S° is a geodesic with o (t) — pg ast — &, then

(a) ifRespy (V) <0 then X~1(0’(t)) tends to O p, ast — &;
(b) ifResp, (V) > 0 then [ X~1(a’(t))| —» +oo ast — e.

Proof. Saying that pg is Fuchsian means that pg is a pole of order 1 of V. Therefore in local coordi-
nates (Uy, Zy, €q) centered at pg we can write 1y = ky dzy, with

£+k2,

o

ka e

where p =Resp, (V) and k7, is holomorphic in a neighborhood of po.
In Remark 1.1 we noticed that, since the residue p is real, we can find a metric g, adapted to V
in Uy \ {po} by setting

8 (Za; Vo) = exp(2Re K} (za)) 12| *P [Va |2, (7.7)

where K} € O(Ugy) is the holomorphic primitive of kj, with K} (po) = 0. The leaves of the metric foli-
ation over Uy \ {po} are the level sets of gy, and then (i) and (ii) clearly follow. Assertions (a) and (b)
are then consequences of the fact that the geodesic foliation is contained in the metric foliation. O

Corollary 7.5. Let Q be a homogeneous holomorphic vector field on C? of degree v +1 > 2. Let [vo] € P1(C)
be a Fuchsian characteristic direction of Q with real residue p e R*. Assume that the direction [y (t)] € P! (C)
of an integral curve y : [0, ) — C?\ {0} of Q tends to [vo] ast — & € (0, +-00]. Then y (t) tends to the origin
if p <0, and to infinity if p > 0. In particular, if p > 0 no integral curve outside the characteristic leaf L,, can
tend to the origin tangent to [vg].

Proof. It follows from Proposition 7.4, as usual. O

Remark 7.5. The residue in a Fuchsian singularity pg is necessarily different from zero (otherwise pg
would not be a pole of the connection).

Remark 7.6. In Corollary 8.5 we shall see that the same conclusions can be inferred considering the
real part of the residue when the residue is not real; but the proof in the resonant case shall depend
on Corollary 7.5.

Remark 7.7. In the irregular case, (7.7) still holds, but now K} is meromorphic in Uy, with a pole
at po. Therefore the behavior of the leaves of the metric foliation might depend on the way p ap-
proaches py.

8. Classification of singularities

The next result provides the formal classification of Fuchsian and irregular singularities. Contrarily
to the classical case of meromorphic connections on P'(C), in the Fuchsian case we might have
resonances.

Theorem 8.1. Let E be a line bundle on a Riemann surface S, and assume we have a morphism X :E — TS
which is an isomorphism on S° = X \ Sing(X), and a meromorphic connection V on E, holomorphic on E|so,
such that the geodesic field G extends holomorphically from E|so to the whole of E. Let pg € Sing(X) be
a Fuchsian or irregular singularity, and in a chart (U, z4, e ) centered at zy write

d
G :zgx(ao +a1Zy + )V Oy —Z/&LY(bO +bizy + ...)VéaT,
o

with wx > wy and ag, bg # 0. Put p = bg/ag # 0; if po is Fuchsian then p = Resp, (V). Then:
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(i) if po is Fuchsian then
(a) if wy — p ¢ N* then G is formally conjugated to

0
7M1 zva — pv2— |);
< P av)

(b) if uy — p =n € N* then G is formally conjugated to

0
ZHx1 <zv8 — pv*(1 +az”)5>

for a suitable a € C which is a formal invariant;
(ii) if po is irregular then G is formally conjugated to

0
ZHx=m (zmva —pv*(1+ azm_l)—>,
av
wherem = jux — wy > 1is the irregularity and a = Res,, (V) /p is a formal invariant.
Proof. The proof follows the usual formal Poincaré-Dulac paradigm. Write
+oo oo
Xo = zhX Zajzfx and Y, =2z" ijzé,;
j=0 j=0
given n € N*, we start computing the action on X, and Y, of a change of coordinates of the form
n-+1

(28,Vp) =0 (Za, Vo) = (2o +C125" ', Vo + C2Z4 Va),

with (c1, c2) € C%\ {0}. Using (7.4) it is easy to see that
n—1 .
Xg = zgx |:2:a]-z/]3 + [an +ao((n+1— px)cr — cz)]z% + o(z%):|
j=0

and

S | 7 i 0biz) + [bn = Gaver + ca)bo — neadolzh +0@] ifm = px — py =1,
p= S .
24" 13120 bjzp + [bn — (yc1 +c2)bolzf +o(23)] ifm=px—py>1.

So such a change of coordinates does not modify the terms of degree less than n, and acts in the
specified way on the terms of degree n. In particular, to get Xg and Yg without terms of degree n we
must choose ¢1 and ¢y so that

{ao(ux—n—1)cl+aocz=an, (8.1)
Myboc1 + (nag + bo)cy = by, '
if m=1, or so that
a —n—1)c agCy = dp,
{ o(px )C1 + apcy = ap (82)
Hyboct + bocy = by,

if m>1.
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In case (i), the determinant of the system (8.1) vanishes if and only if

n=pupy —p.

If this happens, the first equation in (8.1) becomes ag(pcq1 + ¢2) = an, and so it can anyway be solved.
In case (ii), the determinant of the system (8.2) vanishes if and only if

n+1=m.

If this happens, the first equation in (8.2) can anyway be solved.

Summing up, in case (i) we can always kill the term of degree n in Xg, whereas we can Kkill
the term of degree n in Yg if n# puy — p. In case (ii), we can always Kkill the term of degree n
in Xg, whereas we can Kill the term of degree n in Yg if n #m — 1. Furthermore, in both cases
a quick inspection of (8.1) and (8.2) shows that (as soon as we have killed the terms below the
resonance level) we cannot anymore modify the coefficient of the resonant term. Therefore proceeding
by induction on n we get the assertion. O

Definition 8.1. The formal invariant a € C is called resonant index.

Our next aim is to prove that, for Fuchsian singularities, the formal normal forms given by The-
orem 8.1(i) are actually holomorphic normal forms, that is that we can find a holomorphic change
of coordinates of the form (7.3) bringing G in the given normal form. To do so, we shall adapt the
holomorphic Poincaré-Dulac paradigm as described in [18, Section 1.5].

Definition 8.2. Given r > 0, the majorant r-norm of a formal power series in C[[z]] is defined by

(.¢] o0
Zajzf :Z|aj|r1.
j=0 j=0

;
When h = (h1, hy) € C[[z]]* we set
Ihllr = A1l + [Th2|lr.

We shall denote by B, (respectively, Brz) the space of h € C[[z]] (respectively, of h € C[[z]]*) with finite
majorant r-norm, and by B, , (respectively, Brz’ ;) the subspace of elements of order at least £. It is

easy to check (see [18, Proposition 5.8]) that B, B; ¢, B? and BrZ’ ¢ are Banach spaces.

Majorant norms are multiplicative, that is

Ifglle < I fllr-lgllr (8.3)

for all f, g € B;; see [18, Lemma 5.10].
Clearly if ' <r we have ||h||;» < ||h|lr, and so the natural inclusion Brze — Bf, ¢ Is continuous.

Definition 8.3. Let S: 87, — 12, be an operator defined on 2, for fixed £ € N and all r small enough

(and commuting with the inclusions Brz’ = Brz/’ ¢)- We shall say that S is strongly contracting if

(i) ISl = 0(r?), and
(ii) S is Lipschitz on the ball B} , = {h € B}, | [|h]l; <r}, with Lipschitz constant no greater than O (r)
asr— 0.
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The point of strongly contracting operators is that, for r small enough, they are a contraction
of B? ;¢ into itself, and hence admit a unique fixed point there.
The next lemma contains examples of strongly contracting operators we shall need later on.

Lemma 8.2. Given ¢ € N, the following operators are strongly contracting:

(i) P; :Brzg — Bzeglven by Pj(hy,hy) = (h!,0),if j > 2;
(ii) Qj: B2, — B2, givenby Q;j(h1. h) = (h2h], 0),if j > 1
(iii) Rac: B}, — B2, givenby Ra r(h) =2' A(h), where t > 1 nd A:B?, — B}, satisfies || A(O)|l; = O ()
and [|A(h) — A [lr < O (1) [[h — Kkllr;
(iv) Sg :lS’rZ’Z — Bﬁg given by Sg(h1,hy) = (g1 0 (id+hy), g2 0 (id + h1)), where £ > 2 and g = (g1, &2) €
B2, for s small enough;
(V) Tpy.py.s:BE, — BZ, given by Tp, p, s(h, ha) = (p1(h1, h2)S1(h1, hp), pa(hi, h2)Sz(hy, hy)), where
p1, p2 are polynomials, and S = (S1, S») : Br,e — Brz’e is strongly contracting;
(vi) linear combinations of strongly contracting operators;
(vii) operators of the form Ao S: B} , — B}, with S: B} , — B}, strongly contracting and A:B? , — B2,
linear (commuting with the mcluszons) so that ||Ah|l; < O(1)||h]];.

Proof. (i) It suffices to check the Lipschitz constant of P; on Bf, ;- Using (8.3) we have

j—1
|Pj(h1, ho) — Pj(k1, ko), = th —k] |, <l —kllr lefhll ke 1157 < =V hy = ka |y,
s=0

and so the Lipschitz constant of P; is O(r/~") on BZ,
(ii) Analogously, if (h1, h2), (k1,k2) € Bf’g we get

| Qi h2) — Qjtki ko), = [h2h] —kakl], < lih2lle[0] =Ky, + 12 = Kallr e ]
< jrilihy = kel + 1 llha = kally < jr/ | (e, ho) = (ke ko)

R

and so the Lipschitz constant of Q; is 0 () on Bf’ ¢
(iii) It follows immediately from ||zth||; = rt|h]|;.
(iv) See [18, Lemma 5.14].
(v) First of all,

| Tp1.p.s(0)]. = [P1(0)S1(0) |, + | p2(0)S2(0)], < max{

Hs],=o().

Furthermore for j =1, 2 we have

[pjS;thy) = pjdos;®], < [p;m],[Sith) = S;t |, + [pith) = pito], [ Si®],
<O Sjth) =S|, + [pjth) = p;jd,[S;tk) = S;(0)],
+[pith = pi®],[5;0],
<OM|h—kllr + 0 h —k[-0@kllr + O(1)[|h — k|| O (r?)
<OM|h—kllr,
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where we used the fact that ||pj(h)[|; is bounded on B%,e- and that

pj(h) — pjk) = (h1 — k1)q1(h, k) + (hy —k2)q2(h, k)

for suitable polynomials g1 and g3, and the assertion follows.
(vi) and (vii) are obvious. O

We are now ready to prove the main theorem of this section:

Theorem 8.3. Let E be a line bundle on a Riemann surface S, and assume we have a morphism X:E — TS
which is an isomorphism on S° = X \ Sing(X), and a meromorphic connection V on E, holomorphic on E|so,
such that the geodesic field G extends holomorphically from E|so to the whole of E. Let pg € Sing(X) be
a Fuchsian singularity, and in a chart (Uy, z4, eq) centered at zg write

ad
G=2z(ag+ a1zq + -+ )Vada — 25 (bo + b124 +m)v§‘87’
o

with x =y + 1 and ag, bg # 0. Put p = bo/ag = Resp, (V). Then we can find a chart (U, z, e) centered

in po in which G is given by
0
ZHx1 (zva - pvz—)
av

if uy — p ¢ N¥, or by

d
ZHx 1 <zv8 — pv*(1 —|—az")a—v>

for asuitablea € Cifn=uy — p € N*,

Proof. By (the proof of) Theorem 8.1, we can find a chart (Ug, zg,eg) centered in pg where G is
given by G = Xgvgag — Yﬂv%% with

Xp=25"(1+g1(zp)) and Yp= pz’grl(l +azg + g2(2p)),

where ordp,(g1), ordp,(g2) >n and a # 0 only if n=pux — 1 — p € N*. Recalling (7.4), we need to
find ¥ and & with v (0) =0, ¥/(0) = &(0) = 1 such that

Xp(v(2) = mz“X and Yg(v(2) = L,oz“x_1 (1+az") -

£' (2D .y
= VARSI
£(2) £(2)

£(2)?

(8.4)

Writing v (z) =z + zh1(z) and £(z) =1 + hy(z) with (hy, hy) € Brz’e for r small enough and £ > 1 to
be determined later, we can reformulate (8.4) as follows:

(14 h2)z"* (1 4+ h)*X[1 + g1(z + zh1)] = (1 + zh); + hy)zH*,

(1+h2)? pzHx =1 (1 +h)"¥ =11 +az" (1 + h1)" + g2(z + zh1) |
= (14 hy)pzix—1 (14 az") — hyzix.
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Simplifying the powers of z, expanding the powers of 1+ hy and 1+ hy and rearranging the terms
we get

X ) X )
zhﬁ+(1—¢L@h1—h2::§:<M¥)h{+h2§:<MX)h{+(1+hﬁ(1+hﬂuxgﬂl+2hﬂ,
AN R
—zhy + p(1 — ux)h1 — phy
ux—1 ux—1
mx — 1Y, j mx — 1Y\, j
4 =PZ< . )h{+2phzz< . )h{
= N ] =N
mx+n—1 nx+n—1
+n—1\ ; +n—1\ ;
+,0az"|:(,ux +n—"1hy +hy + Z (MX . )h{ + 2hy Z (MX . )h{j|
, J — J
j=2 Jj=

+p(1+h)"M (1 4+az" A+ h)")h3 + p(1+h2)? (1 +h)** " ga (2 + zhy).

We can write this in a more compact form as

Ah =B1h + Bah + Ch+ Dh + Eh,

where A, B1, B, C, D, and E are operators on Brz’ ¢ respectively given by

A(hy, hp) = (zh} + (1 — pwx)h1 — hy, —zhy + p(1 — px)hy — phy),

& KUx\, i ] Ux — 1Y\
Bl(h1,h2)=<Z(j)h{,,0 > ( j >h{>,
j=2

i=2
154 mx—1
. 1\
Ba(h1, h2) = (mZ("“.X)h{,thz > (“". )h{),
i\ j - j
j=1 j=1
Ux+n—1
+n—1Y,;
C(hl,hz):(0,,0az”|:(,ux+n—1)h1+h2+ Z (MX j >h{
j=2
mx+n—1
-1\,
+hy Y (MX . )h{j|)
=1 !

D(h1,h2) = (0, p(1 +h)** 71 (1 4+ az"(1 + hy)")h3),
E(h1,h2) = ((1 +h2)(1 +h)M* g1 (z + zhy), p(1 +h2)* (1 + h)HX " g5 (z + zhy)).

The operators By, By, C, D and E are linear combinations of strongly contracting operators, and hence

are strongly contracting (by Lemma 8.2). The operator A is linear, and it preserves the degrees: we
have

A(c1zd, czzd) =([d+1—px)c1 — cz]zd, [p(1 = px)er — (d+ p)cz]zd).

Soifd#ux —1— p we get

1

NJ@fxﬂﬂ=dm+p+1_Mmdw+mq—Qkﬁ@ﬁ—umq—w+1—umqkﬂ
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In particular,

|A7 (@12, )|, < 0(1/d) || (12, c22")

(8.5)

r’

uniformly on r and d. So A is invertible on Brz,ﬁ assoonasf>ux—1—p=n(orf>1if ux—1-—

p ¢N), and |A~!|; = 0(1) uniformly on r.
Summing up, to solve (8.4) is enough to solve the fixed point problem

h=A"'Bith+ A 'Boh+ A 'Ch+ A 'Dh+ A" 'Eh

on B?,e for r small enough and ¢ > n (or £ > 1 when a =0). Since A~'B;, A"'B,, A~!1C, A~!D and
A~TE are strongly contracting by Lemma 8.2(vii), this is possible, and we are done. 0O

Remark 8.1. This approach does not work in the irregular case. Working as in the previous proof we
reduce the problem to solving an equation of the form Ah = B1h + Boh + Ch + Dh + Eh + Fh, where
B1, B2, C, D and E are as before (just replace n by m—1 and ux —1 by px —m everywhere), whereas
A and F are given by

A(hy, hy) = (zh} + (1 — px)hy — hz, p(m — ux)hy — phy),
F(hy,hy) = (0, thlz).

In particular

A1 (c1zd, o7 ([pc1 — 2124, [o(m — pux)er —d+1— /Lx)Cz]Zd)

dy _
)_pm+1—m)

and

A1 F(C1Zd, szd) = _TQ(Zd'f'm—l’ d— My)zd+m_]),

and hence A~'F is not strongly contracting.

As a corollary, we can describe the behavior of the geodesics nearby non-resonant Fuchsian singu-
larities:

Proposition 8.4. Let E be a line bundle on a Riemann surface S, and assume we have a morphism X :E — TS
which is an isomorphism on S° = X \ Sing(X), and a meromorphic connection V on E, holomorphic on E|so,
such that the geodesic field G extends holomorphically from E|so to the whole of E. Let pg € Sing(X) be
a Fuchsian singularity of order pux > 1, and with vanishing resonant index if ux — 1 — p € N*, where p =
Resp, (V). Put iy = wx — 1. Then there is a neighborhood U C S of pg such that:

(i) if Re p < uy then all geodesics but one issuing from any point p € U N S° tend to pg staying inside U

(the only exception escapes U ); furthermore for every geodesic o going to pg inside U we have
(a) if uy Rep < |p|? then X~' (0/(t)) — 0 as o' (t) = Ppo;
(b) if jy Re p > | p|? then |X~' (o (£))| — +00 as o (t) — po;
(c) if wy Re p = | p|? then X~1(c/(t)) accumulates a circumference in Epy;

(ii) if Re p > y then all geodesics but one issuing from any point p € U N S° escapes U; furthermore, the
exceptional geodesic oq tends to py in finite time with | X! (04 (t))| = +00 as oo(t) = po;

(iii) if Re o = py but p # y then the geodesics not escaping U are either closed (with X~1(c”’) either
tending to O or diverging to infinity) or accumulate the support of a closed geodesic in U (with X~ (o)
tending to O);
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(iv) if p = wy then for all p € S° N U there is a non-zero v, € Ep, such that
(@) ifv=2¢v, € Ep with Re¢ < 0 then the geodesic oy, issuing from p tangent to X(v) converges to po
staying in U but with | X~ (o (t))| — +o0;
(b) if v=2¢v)p € Ep with Re¢ > 0 then the geodesic oy, issuing from p tangent to X(v) escapes from U,
(c) if v=2¢v) € Ep with Re¢ = 0 then the geodesic o, issuing from p tangent to X(v) is periodic and
surrounds py.

Proof. By Theorem 8.3 we know that, in a suitable local chart (U, z,e) centered in pg, a curve o is
a geodesic if and only if X~ 1(o/(t)) = (z(t), v(t)) satisfies

7 =zHXy,
{ v = —pzHYv2, (8.6)

where p =Resp, (V) and puy = ux — 1.
Assume p # (y. Then the solution of (8.6) is

2(t) = zo(1 +ct) /P=1Y) = 74 exp( log(1 +ct)),

P — Ky

P log(1 + ct)),
Y

V(t) = vo(1 + ct) P/ P=Hy) — y, exp(

with c = (p — /,Ly)Zg Yvo, where we have chosen the principal determination of the logarithm (that is
log1 = 0). In particular,

1 1
z(t)| = |zo|exp[Re< >log|1 + ct| —1m< )arg(l +ct)]
P — MKy b — Ky

and

lvH)] = |v0|exp[Re(p _/l)/«Y> log |1+ ct] — Im(p _/l)/«Y> arg(1 +ct)].

Notice that arg(1 + ct) is always bounded.

Suppose Re p < py, so that Re(p — y)~! < 0. Given zg, if v is such that (p — pLy)ZgY vo ¢ R™
then o (t) is defined for all t > 0 and o (t) — po as t — +o0. Moreover, p # 0 because pg is Fuchsian,
and

2
- - R
e( 0 > 1ol +,uy2ep_
P — Ky o — Kyl

hence (a)-(c) follow. If instead vq is such that c = (p — My)ZgYVO € R™, then |z(t)| explodes as
t — —c~!, which means that o (t) escapes U; so (i) is proved.

If instead Re p > y the situation is reversed: if (o — ,uy)zg‘y vo ¢ R~ then the geodesic escapes,
while if c=(p — ,uy)zgy vo € R~ then o (t) — po as t — —c~'. Moreover, Re p > wy implies |p|? >
(Re p)? > 11y Re p, and so |v(t)| = +oo as t — —c~ 1. This completes the proof of (ii).

In case (iii) we have 1/(p — ny) =iy €iR*, and thus

z(t) = zo exp[—y arg(1 + ct) + iy log|1 +ct]],
v(t) = voexp[—log|1+ct| + pyy arg(1 + ct) ] exp[—i(arg(1 + ct) + uyy log|1 +ct])].
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1K1

If c=—iy~ zOYvo € R~ (respectively, ¢ € RT) then arg(1 + ct) is constant, and we get a closed
geodesic, with v(t) exploding as t — —c~! (respectively, with v(t) - O as t — +oo). If instead
c ¢ R* we get a geodesic accumulating a circumference of positive radius, which is the support of the
geodesic issuing from z; = zgexp(—y argc) in the direction vi = —iza‘”. We also have v(t) — O.
Notice that Re p = uy implies that the induced residue has real part —1, in accord with the results
of Section 4.

Finally, when p = uy > 0 (when gy =0 we have p # 0 by definition), the solution of (8.6) is

z(t) = zo exp(zh ¥ vot),

v(t) = voexp(—uyzy " vot).

In this case, o(t) - po as t — +oo if and only if Re(zgyvo) < 0, and then |v(t)|] — +oo. If

Re(zgy vp) > 0 then the geodesic escapes, and if Re(z(’)” vo) = 0 then the geodesic is periodic, com-
pleting the proof of (iv). O

Remark 8.2. In the resonant case, a curve o is a geodesic if and only if, in suitable local coordinates,
X' (b)) = (z(b), v(b)) satisfies

7 =Pty
v/ =—pZ"P (14 az")v?,

where a € C*, n € N* and p € Z with p > —n. Then
! 1 a
— = —,0(; +az”_1)z’ = v=coz” exp(—%z”>
with

pa
n

) #0,

Co = Vozh exp(
where (zp, vg) = (z(0), v(0)). So z(t) satisfies

a
Z =coZ"lexp <— p—z") .
n

Setting w = 222" we find

2 w(t) 2
n e i n<c
w=—cw?e " — - +Ei(w(t)) = “ %y,
a w(t) pa
where Ei(w) is the holomorphic primitive of w—!e" vanishing at wo = w(0), and ¢ = —waleWO.

A numerical study of this equation suggests that for every zg one has w(t) — O (and hence z(t) — 0)
as t — +oo for an open (and possibly dense) set of vo € C*. So we conjecture that Proposition 8.4(i)
holds in this case too (in the resonant case Re p = p < uy necessarily).

Remark 8.3. Notice that a Fuchsian singularity with Re p < (y cannot appear as a vertex in a cycle of
saddle connections which is accumulated by a geodesic. Indeed, such a behavior requires the existence
of geodesics arbitrarily close to the singularity and escaping in both forward and backward time. So
case (iv) of Theorem 4.6 cannot involve Fuchsian singularities — or apparent singularities of order 1,
for the same reason.
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Fig. 2.

Example 8.1. A computation with Mathematica shows that, if we take ux =1 and p = 0.1, then
the geodesic issuing from zp = 1 in the direction vo = 1 + i intersect itself twice before escaping
to infinity; see Fig. 1. On the other hand, if we take ux =1 and p =i, the geodesic issuing from
zo = (1 +1i)/2 in the direction vo =1 accumulates a closed geodesic; see Fig. 2.

Translating Proposition 8.4 to the case of homogeneous vector fields we get:

Corollary 8.5. Let Q be a homogeneous vector field on C2 of degree v +1 > 2. Let [vo] € P1(C) be a Fuchsian
singularity of Xq of order wx > 1, residue p € C* (and resonant index a € C if ux — 1 — p € N*). Put
wy = ux — 1. Then:

(i) if the direction [y (t)] € P1(C) of an integral curve y : [0, &) — C?\ {0} of Q tends to [vo] ast — & and
y is not contained in the characteristic leaf Ly, then
(@) ifRe p < py and wy Re p < |p|? then y (t) tends to the origin;
(b) ifp =ty >0,0rRe p >y, orRe p < juy and juy Re p > |p|?, then ||y (t)|| tends to +oo;
(c) ifRe p < py and juy Re p = |p|? then y (t) accumulates a circumference in Ly,.
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Furthermore there is a neighborhood U C P1(C) of [vo] such that an integral curve y issuing from a point zg €
C2\ Ly, with [zo] € U \ {[vo]l} can have one of the following behaviors, where U = {z € C%2\{0}|[z] e U}:

(ii) if Re p > wy then
(a) either y (t) escapes U, and this happens for a Zariski open dense set of initial conditions in U; or
(b) [y ()] — [vol but |y (®)]] — +o0;
in particular, no integral curve outside Ly, converge to the origin tangent to [vo];
(iii) if Re p = wy but p # [y then
(a) either y (t) escapes U:or
(b) y (t) — O without being tangent to any direction, and [y (t)] is a closed curve or accumulates a closed
curve in P1(C) surrounding [vo]; or
(c) |ly (t)|l = +o0o without being tangent to any direction, and [y (t)] is a closed curve in P1(C) sur-
rounding [vg];
in particular, no integral curve outside Ly, converge to the origin tangent to [vo];
(iv) if p =y > O then
(a) either y (t) escapes U, and this happens for an open set Uy c U of initial conditions; or
(b) [y(®)] — [vo] with ||y (t)|| = +oo, and this happens for an open set U, c U of initial conditions
such that U1 U U, is dense in U: or
(c) y is a periodic integral curve with [y ] surrounding [vo];
in particular, no integral curve outside Ly, converge to the origin tangent to [vo], but we have periodic
integral curves of arbitrarily long period accumulating the origin;
(v) if Rep < ny and a = 0 then [y (t)] — [vo] for an open dense set Uo of initial conditions in U, and Y
escapes 0] forze U \ Ug; more precisely,
(@) if Ly Re p < |p|? then y (t) — O tangent to [vo] forall z € Uo;
(b) if wy Re p > |p|? then |y (t)| — +oc tangent to [vo] forall z € Uo;
c) if iy Re p = | p|? then y (t) accumulates a circumference in Ly,.

Proof. Notice that wy — p € N* implies puy > p € Z, and so in cases (ii), (iii) and (iv) the resonant
index vanishes by definition. Then the only part that does not follow immediately from Proposition 8.4
is part (i) when a # 0. But in that case py Re p < |p|? if and only if p <0, and (c) can never happen.
The assertion then follows from Proposition 7.4. O

Remark 8.4. This result must be compared with a theorem due to Hakim [16], saying that if [vg] is
a non-degenerate characteristic direction whose director has positive real part then there is an open
set of points whose orbits converge to the origin tangentially to [vg]. A non-degenerate characteristic
direction [vg] with non-zero director § is a Fuchsian singularity of order 1. Then Corollary 8.5 says
that if Re§ < 0 (that is Rep > 0 = y) then no orbit of the time-1 map of Q outside of L,, (that
is, outside of the parabolic curve whose existence is ensured by Ecalle and Hakim’s results [11-15])
converges to the origin tangent to [vg], whereas if Re§ > 0 (that is Rep <0 = uy) and a =0 then
the orbits under the time-1 map of Q converge to the origin tangent to [vg] for an open (and dense
in a conical neighborhood of [vg]) set of initial conditions.

Remark 8.5. If the conjecture mentioned in Remark 8.2 is true then Corollary 8.5(v) holds in the
resonant case too.

Remark 8.6. Since (as already observed in the proof of Corollary 7.3) the periods of the periodic
integral curves in Corollary 8.5(iv) tend continuously to infinity as the curves approach the origin,
this yields for the time-1 map of Q both periodic orbits accumulating at the origin (when the period
of the periodic integral curve is rational) and orbits whose closure is a circle accumulating the origin
(when the period of the periodic integral curve is irrational).

Putting together the Poincaré-Bendixson theorems discussed in Section 4 together with the local
results in this and the previous sections, one can now say a lot about the dynamics of homogeneous
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vector fields. In the next section we shall discuss in detail quadratic vector fields; we end this sec-
tion with an example of application of our results giving a complete description of the dynamics of
a substantial class of homogeneous vector fields:

Corollary 8.6. Let Q be a non-dicritical homogeneous vector field on C? of degree v + 1 > 2. Assume that
all characteristic directions of Q are non-degenerate with non-zero director (or, equivalently, that they are
Fuchsian singularities of order 1). Assume moreover that for no set of g > 1 characteristic directions the real
part of the sum of the residues is equal to g — 1.

Let y : [0, &g) — C? be a maximal integral curve of Q. Then:

(a) If y(0) belongs to a characteristic leaf Ly, then the image of y is contained in Ly,. Moreover, either
y (t) — O (and this happens for a Zariski open dense set of initial conditions in L), or ||y (t)|| — +oo.
(b) If y (0) does not belong to a characteristic leaf then either
(i) y converges to the origin tangentially to a characteristic direction [vo] whose residue has negative
real part (and hence whose director has positive real part); or
(ii) |ly ()|l = 400 tangentially to a characteristic direction [vg] whose residue has positive real part
(and hence whose director has negative real part); or
(iii) [¥]:[0, gg) — P (C) intersects itself infinitely many times.
Furthermore, if (iii) never occurs then (i) holds for a Zariski open dense set of initial conditions.

Proof. Statement (a) follows immediately from Lemma 5.4.

For (b), first of all notice that by assumption all characteristic directions of Q are Fuchsian singu-
larities of order 1 (see Remark 6.5). In particular, the induced residues are one less than the residues
of the connection induced by Q for all characteristic directions. So the assumption on the residues
implies that for no set of characteristic directions the sum of the induced residues has real part equal
to —1; therefore Theorem 4.6 implies that either (iii) holds or [y (t)] tends to a characteristic direc-
tion [vg], whose residue cannot be purely imaginary. If the real part of the residue of [vg] is positive,
then we apply Corollary 8.5(ii), showing in particular that this can happen only for a nowhere dense
set of initial conditions. If instead the real part of the residue of [vg] is negative, we apply Corol-
lary 8.5(i)(a) to finish the proof. O

Example 8.2. By Theorem 4.6, if for no set of characteristic directions the real part of the sum or
the induced residues belongs to (—3/2, —1/2) then the case (b)(iii) cannot occur, and thus we get a
complete description of the dynamics of Q. For instance, assume that Q is a quadratic field (that is
v = 1) with three characteristic directions, necessarily of order 1 (see Remark 5.4), with residues p1,
p2 and p3 respectively. By the classical residue theorem for meromorphic connections (see, e.g., [18,
Theorem 111.17.33]) we know that

P1+p2+p3=1.

Then an easy computation shows that case (b)(iii) cannot occur if

11 1 3
Re:Ol,Re/OZ?é(_E,i) and Re(p1+p2)¢(§,§>_

As a consequence, at least one (and at most two) of the three residues must have negative real part,
and thus case (b)(i) can actually occur. In particular, if only one residue has negative real part then
almost all integral curves converge to the origin tangentially to that characteristic direction.

Example 8.3. The vector field
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Fig. 3.
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has three Fuchsian characteristic directions ([1:0], [0:1] and [1:1]) of order 1 and residue 1/3. In
particular, Corollary 8.5 says that for most integral curves y the geodesic [y] does not converge to
a characteristic direction. Since no sum of induced residues has real part equal to —1, Theorem 4.6
implies that for most integral curves the induced geodesic must intersect itself infinitely many times.

For instance, Fig. 3 shows [y] for the integral curve y issuing from (i,i — 1).

9. Quadratic vector fields

In this section we shall present, as an example of application of our methods, what we can infer
on the dynamics of homogeneous quadratic vector fields.
Arguing as in [3], it is not difficult to see that any not identically zero homogeneous quadratic
vector field is linearly conjugated to one of the following:

(00)
(Too)
(T10)
(T11)

(2001)
(2011)
(210,0)
(211p)
(3100)
(3p10)
(3ptl)

Qz,w)=22L +2zw
J .
Qz,w) =255
Qz,w)=—22L — (2 +zw)
Qz,w) =—zwZ — (2 + w?)
Q(z, w) =zw
Qz,w)=zwL + (zw + w?) L ;
Qz,w)=—p22L + (1 - p)zw L, with p £0;

0 .
ow’

9 .
w’
9d .

w’

9

ow’

Q(z, w) = (p2% +zw) L + (1 + p)zw + w?) L, with p #0;
Qz,w)= (22 —zw)Z;

Qz,w)=p(—-22 +zw) L + (1 — p)(zw — w?) 3%, with p £0, 1;
Qz,w) =(—pZ2+ (1 —Dzw) L + (1 — p)zw — Tw?) ;% with p, T#0and p+ 7 # 1.
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In this list, the vector field (oo) is dicritical; the vector fields (1,,) have exactly one characteristic
direction [0 : 1]; the vector fields (2.ee) have exactly two characteristic directions [1:0] and [0:1];
and the vector fields (3..e) have exactly three characteristic directions [1:0], [1:1] and [0: 1]. Let us
see what we can say in the various cases. In our computations, we shall often use Remark 1.7.

Case (00). The field

d 0
Q(z,w)=2>— +zw—o
0z ow

is dicritical; in particular all complex lines L, with v € C2\ O are invariant, and the dynamics on
each Ly is described by Lemma 5.4. So the line L 1) is pointwise fixed, whereas on any other line
the integral curves of Q goes to O in both forward and backward time, with the exception of one
integral curve going to O in forward time and diverging to infinity in backward time, and of one
integral curve diverging to infinity in forward time and going to O in backward time.

Case (1¢g). The field

Q(z, w) =—zZi
Jw

has only one (degenerate) characteristic direction [0 : 1], necessarily of order 3, index —1, residue
p =1 and induced residue —2. Then Theorems 4.6 and 5.3 imply that the direction [y] of an integral
curve y of Q outside the characteristic leaf L 1) goes to [0: 1] in both forward and backward time,
whereas the characteristic leaf is pointwise fixed.

In the canonical coordinates ({0, Voo) centered at [0: 1] the geodesic field G is given by

) ad
G= 3\/ _ 2v2 :
goo Ooaé'oo Coo ooavoo

therefore G is already in normal form with a Fuchsian singularity of order 3 (and vanishing reso-
nant index). Furthermore uy =2 > 1 = p; hence Corollary 8.5(i)(b) applies, and it follows that the
norm ||y | of any integral curve outside the characteristic leaf goes to +oo in forward and backward
time.

In this particular case it is easy to explicitly write down the integral curves. Indeed, the integral
curve issuing from (zgp, wo) is given by

¥ (t) = (20, wo — 2§¢),
whose behavior is exactly as predicted.

Case (11¢p). The field

2 0 2 d
Q(z,w)=—z > (z —|—zw)aW
has only one (degenerate) characteristic direction [0 : 1], necessarily of order 3, index —1, residue
p =1 and induced residue —2. Then Theorems 4.6 and 5.3 again imply that the direction [y] of
an integral curve y of Q outside the characteristic leaf L 1) goes to [0: 1] in both forward and
backward time, whereas the characteristic leaf is again pointwise fixed.
In the canonical coordinates (£, Voo) Ccentered at [0: 1] the geodesic field G is given by

G=C3v i—; (14 o)V 9
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therefore G is in (formal) normal form with an irregular singularity of order 3, irregularity 2 and res-
onant index 1. We do not have (yet) general results about the dynamics nearby irregular singularities;
however, in this case we can work directly. Let o (t) = ({oo(t), Voo (t)) be an integral curve of G. We
know that o (t) is contained in the horizontal foliation, and a quick computation shows that in this
case the horizontal foliation is given by

1
exp(—g;);oovoo = (Cg.

It follows that o must satisfy the equation
1
¢l =cott exp(—).
oo

Separating the variables we get exp(—1/s0(t)) = cot + 1, that is

1 colog(cot + c1)
- ) vOO(t) = -
log(cot + ¢1) cot + 1

{0 (t) —
and cg and c¢q are determined by the initial conditions

logcy =— €0 = C1800(0) Vo (0).

1
£o0(0)
It follows that if {50 (0)Voo(0) ¢ R then voo(t) tends to O for t — Foo; if instead {(0)veo(0) € R*
then |vo(t)| diverges to +oco in finite time on one side and converges to 0 on the other side. Re-
calling that X1_1(§o<>a Voo) = (CooVoo, Vo), it follows that if (zg, wg) € C2 \ {0} is such that zg ¢ R
then the integral curve y of Q issuing from (zg, wg) goes to the origin tangent to [0: 1] in forward
and backward time; if instead zgp € R* then y(t) goes to the origin in forward time and diverges in
backward time, or conversely.

In particular, the origin has an open basin of attraction even though the index of the characteristic
direction has negative real part; this cannot happen in the Fuchsian case (see Remark 8.3).

Case (111). The field

3 N
Z,W)=—2zw— — (2 + w’)—
Q(z, w) Py (2% + )aw

has only one (non-degenerate) characteristic direction [0 : 1], necessarily of order 3, index —1,
residue p =1 and induced residue —2. Then Theorems 4.6 and 5.3 still imply that the direction [y]
of an integral curve y of Q outside the characteristic leaf L) goes to [0: 1] in both forward and
backward time; however this time the characteristic leaf is not pointwise fixed, and the dynamics
there is described by Lemma 5.4.

In the canonical coordinates (£, Vo) centered at [0: 1] the geodesic field G is given by

therefore G is in (formal) normal form with an irregular singularity of order 3, irregularity 3 and
resonant index 1. Let o (t) = (oo (t), Voo (t)) be an integral curve of G. We know that o (t) is contained
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in the horizontal foliation, and a quick computation shows that in this case the horizontal foliation is
given by

1
exp(—@>§oovoo = (y.

It follows that o must satisfy the equation

, 1

If F denotes the primitive of the function exp(—w?2/2) with F(0) = 0, separating the variables we get

1

Since F’ is never vanishing, we can find a well-defined branch of F~! along the line t > cot +c1, and
thus

1

Coo(t) = —m,

1
Voo (t) = —coF 1 (cot + ¢1) exp(g F~1(cot + Cl)z),

where cg and ¢ are determined by the initial conditions

1 1
F_I(Cl)Z—m, C0=3XP<—W)500(0)V00(0)-

Writing F~1(cot + ¢1) = R(t) + il (t), with R(t), I(t) € R, we have

\v(t)|2 = |col2[R(®)* + 1(©)*] exp[R(©)* — 1(1)?].

We know that o (t) — 0 as t — £oo (if ¢1/co € R there is one value of t in which ¢, (t) is not
defined, because the geodesic has left the canonical chart, but beyond that point the geodesic re-
enters the canonical chart); it follows that |F~(cot +c¢1)| — +00. Furthermore, if lim SUPt_, 400 IR/
[I(t)| <1 then |v(t)| — 0. Numerical experiments seem to suggest that this can happen for an open
set of initial conditions; if this is correct, then we would have an open set of integral curves of Q
converging to the origin tangent to [0: 1].

Case (2001). The field
d
Q(z,w)=zw—
ow

has two (both degenerate) characteristic directions [1: 0] and [0 : 1]. In the canonical coordinates
(¢o0, vo) centered at [1:0] the geodesic field G is given by

d
G=2¢ovo—;
9¢o



M. Abate, E. Tovena / ]. Differential Equations 251 (2011) 2612-2684 2679

therefore [1:0] is an apparent singularity of order 1, residue p =0, induced residue —1, and G is in
normal form. In the canonical coordinates ({o, Voo) centered at [0: 1] the geodesic field G is given
by

G—_g‘zv i_l_é‘ V2 i

thus [0: 1] is a Fuchsian singularity of order 2, residue p =1, induced residue —1, and G is in normal
form (up to a change of sign in v ). Both characteristic leaves are pointwise fixed.

This time Theorems 4.6 and 5.3 say that the direction [y] of an integral curve y of Q outside
the characteristic leaves L1,0) and L(g,1) either goes to [1:0] or [0: 1] in both forward and backward
time, or is a closed geodesic.

In the coordinate chart centered at [1: 0] we can apply Corollary 7.2; it follows that the geodesics
are either a saddle connection between [1:0] and [0: 1] or periodic; furthermore, vo(t) is constant.
Recalling that x, 1(§o, vo) = (Vo, {oVo), it follows that the first coordinate of an integral curve y
is always constant, and the second coordinate is either (constant or) periodic or goes to 0 on one
side and diverges to infinity on the other side. So we have periodic integral curves; and the non-
periodic integral curves go from a point in the characteristic leaf L1 ) off to infinity toward the other
characteristic leaf L(g,1); in particular, no integral curve converges to the origin, and we have periodic
integral curves (and hence periodic points for the time-1 map) accumulating at the origin. These
results are confirmed by the explicit expression of the integral curve y issuing from (zg, wg):

y (t) = (20, woe™").

Case (2¢11). The field
0 2 O
Z, W) =2zZw— W+ we)—
Q(z, w) 5+ (zw + )aw

has two characteristic directions: [1: 0] is degenerate whereas [0 : 1] is non-degenerate. In the canon-
ical coordinates (¢p, vo) centered at [1: 0] the geodesic field G is given by

0

9 2
G="%4ovo— +§0Vom;

9¢o

therefore [1:0] is an apparent singularity of order 1, residue p =0, induced residue —1, but G is not
in normal form. In the canonical coordinates ({0, Voo) centered at [0: 1] the geodesic field G is given
by

2 d 2 0
C=—8Voor7— + (1 + {o) Voo 77—

$oo Voo

thus [0: 1] is an irregular singularity of order 2, irregularity 2, residue p =1, induced residue —1,
resonant index 1, and G is in normal form (up to a change of sign in v ). The characteristic leaf L1 o)
is pointwise fixed, while the dynamics on the characteristic leaf L, 1) is described by Lemma 5.4.

Theorems 4.6 and 5.3 say again that the direction [y] of an integral curve y of Q off the charac-
teristic leaves L(1,0) and L(o,1) either goes to [1:0] or [0: 1] in both forward and backward time, or
is a closed geodesic. In particular, self-intersecting geodesics are necessarily closed.

The description of the behavior of the integral curves of G nearby [1:0] is provided by Corol-
lary 7.2: we have periodic integral curves, integral curves converging to a non-zero element of the
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fiber over the singularity, and integral curves escaping toward [0 : 1]. In the chart centered at [0: 1],
an integral curve o (t) = ({xo(t), Voo (t)) of G satisfies

exp(—@)@a(t)vm(ﬂ =co and ¢, =colse!/*;

we leave to the reader an analysis similar to the one we did in case (111).

Case (219p)- The field

9 3
Qz,w)=—pz>—+(1—p)zw—
0z ow

with p £ 0 has two characteristic directions: [1: 0] is non-degenerate whereas [0 : 1] is degenerate.
In the canonical coordinates (g, vg) centered at [1 : 0] the geodesic field G is given by

G=1¢v 9 v2 9.
=<oVo 920 PV o’
therefore [1:0] is a Fuchsian singularity of order 1, residue p # 0, induced residue p — 1, and G is in

normal form. In the canonical coordinates (o, Voo) centered at [0: 1] the geodesic field G is given
by

0 0
G= _gcgovooaé_—oo +0 - p)(oovgom§

thus [0: 1] is a Fuchsian singularity of order 2, residue 1 — p, induced residue —1 — p, and G is in
normal form (up to a change of sign in v ). The characteristic leaf L(g 1) is pointwise fixed, while the
dynamics on the characteristic leaf L1 o) is described by Lemma 5.4.

Since both singularities are already in normal form with vanishing resonant index, instead of using
Theorem 4.6 we can rely directly on Proposition 8.4 and Corollary 8.5 to describe the behavior of the
integral curves of Q. We have:

- if Rep < 0 then almost all integral curves of Q converge to the origin tangent to [1: 0] both in
forward and backward time; each complex line L, that is not a characteristic leaf contains exactly
one real line of initial values of exceptional integral curves, which are converging to the origin
tangent to [1:0] on one side and diverging to infinity toward Lo 1) on the other side;

- if Re p > 0 then the roles of [1:0] and [0: 1] are exchanged;

- if Rep = 0 then almost all integral curves of Q converge to the origin both in forward and
backward time without being tangent to any direction; each complex line L, that is not a char-
acteristic leaf contains exactly one real line of initial values of exceptional integral curves, which
cover closed geodesics and are converging to the origin on one side and diverging to infinity on
the other side.

Case (211p). The field

d d
Q(z,w) = (—pz* + zw)& + (1= p)zw + WZ)W

with p # 0 has two characteristic directions, both non-degenerate: [1:0] and [0: 1]. In the canonical
coordinates (¢g, Vo) centered at [1: 0] the geodesic field G is given by

G=¢gv 9 ( )v2 g :
=00 Oago P — %o 09vg"
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therefore [1: 0] is a Fuchsian singularity of order 1, residue p # 0, induced residue p —1, and G is not
in normal form (unless p = —1, when G is in normal form with resonant index 1). In the canonical
coordinates ({s0, Voo) Centered at [0: 1] the geodesic field G is given by

2 .
®WVeo

G= —;govoo% + (141 = p)isc)Vv

thus [0: 1] is an irregular singularity of order 2, irregularity 2, residue (and resonant index) 1 — p,
induced residue —1 — p, and G is in normal form (up to a change of sign in v, ). The dynamics on
the characteristic leaves L1,0) and L(g,1) is described by Lemma 5.4.

Theorem 4.6 says that we can have closed geodesics only if Re p =0, and that if Re p ¢ (—1/2,1/2)
then no geodesic is self-intersecting; so if Re p ¢ (—1/2, 1/2) then necessarily all geodesics are saddle
connections.

If Rep > 0, Corollary 8.5(ii) applies, and we see that for almost all integral curves y of Q the
direction [y] is escaping from [1: 0] (the exceptional curves are escaping to infinity toward [1 : 0]).
In particular, if Re p > 1/2 it follows that for almost all integral curves y the direction [y] is going
to [0: 1] both in forward and backward time.

If Rep <0 and p # —1 then Corollary 8.5(v)(a) applies, and almost all integral curves whose
direction starts close enough to [1:0] converge to the origin tangent to [1:0] (and if the conjecture
mentioned in Remark 8.2 is true than this holds for p = —1 too).

If Re p =0 then Corollary 8.5(iii) applies, and we have integral curves going to the origin or es-
caping to infinity without being tangent to any direction.

To complete the picture of this case, one needs to understand what happens nearby the irregular
singularity. We sketch the approach suggested in Remark 1.7. The horizontal foliation is given by

_ 1—
e 1/(00500 pvoo = Co;

and a geodesic ¢ (t) must satisfy

£l =—cot exp(1/¢00).

Separating the variables one gets

1
F(,o, @> = —(Ccot +C1),

where I'(p, w) is the incomplete Gamma function. So one is left with studying the behavior of the
inverse of the incomplete Gamma function.

Case (3100). The field
Q(z, w) = (Z* —zw)i
’ 9z

has three characteristic directions: [1: 0] is non-degenerate, whereas [1:1] and [0: 1] are degenerate.
In the canonical coordinates (g, vo) centered at [1: 0] the geodesic field G is given by

G = to(Ep — Vo — (g — DV
= ¢o(%o 032 %o 09vg’

therefore [1: 0] is a Fuchsian singularity of order 1, residue 1, induced residue 0, and G is not in
normal form; on the other hand, [1:1] is an apparent singularity of order 1, residue 0, induced
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residue —1, and G is not in normal form. In the canonical coordinates ({~, Voo) centered at [0 : 1]
the geodesic field G is given by

G =C0lo0(loo— 1)V i

thus [0: 1] is an apparent singularity of order 1, residue 0, induced residue —1, and G is not in
normal form. The characteristic leaves L1 1) and Lo 1) are pointwise fixed, while the dynamics on the
characteristic leaf L1 g is described by Lemma 5.4.

Putting together Theorem 4.3, Corollary 7.2 and Corollary 8.5(ii) we see that almost all integral
curves go from a non-zero element of L(; 1) to a non-zero element of L 1); the exceptions are
periodic integral curves surrounding L1 1), and integral curves diverging to infinity toward [1 : O].
This description is confirmed by the explicit expression of the integral curve of Q issuing from

(zo, wo) € L(1,0) U L(1,1) U Lo,1) given by

© = ZoWo w >
R S E Y

Case (3p10)- The field

o 9 4 w2
Q(z,w)=p( z+zw)az—|—(1 p)(zw W)aw

with p #£0, 1 has three characteristic directions: [1:0] and [0: 1] are non-degenerate, whereas [1: 1]
is degenerate. In the canonical coordinates (gp, vg) centered at [1: 0] the geodesic field G is given by

G =1¢o(1—2o)V 9 (1— )vzi-
= o o 08§0 o o 03vg"

therefore [1: 0] is a Fuchsian singularity of order 1, residue p, induced residue p — 1, and G is not
in normal form; on the other hand, [1:1] is an apparent singularity of order 1, residue 0, induced
residue —1, and G is not in normal form. In the canonical coordinates ({~, Voo) centered at [0 : 1]
the geodesic field G is given by

0
G = Goo(1 = Loo) Voo — (1= p)(1 = ooV

oo aVoo’

thus [0: 1] is a Fuchsian singularity of order 1, residue 1 — p, induced residue —p, and G is not in
normal form. The characteristic leaf L1 1) is pointwise fixed, while the dynamics on the characteristic
leaves L(1,0) and Lg,1) is described by Lemma 5.4.

If Rep € (0,1) then Corollary 7.2 and Corollary 8.5(ii) say that almost all integral curves connect
non-zero elements of L 1); the exceptions diverge to infinity toward [1:0] or [0: 1], or are pe-
riodic integral curves around L1,1). The local dynamics around the singularities allows to exclude
geodesics accumulating closed geodesics or cycles of saddle connections; there might exist geodesics
self-intersecting infinitely many times, however.

If Re p < 0 (respectively, Re p > 1) then [1: 0] (respectively, [0: 1]) becomes attracting. Again, the
local dynamics around the singularities allows to exclude geodesics accumulating closed geodesics or
cycles of saddle connections. If Re p < —1/2 (respectively, Re p > 3/2) then we cannot have geodesics
self-intersecting infinitely many times. Therefore almost all integral curves either converge to O
tangentially to [1: 0] (respectively, to [0: 1]) or converge to a non-zero element of L 1); the ex-
ceptions either diverge to infinity toward [0 : 1] (respectively, [1: 0]) or are periodic integral curves
around L(q 1. If instead Re p € (—1/2, 0) (respectively, Re p € (1,3/2)) then we have the same descrip-
tion, but there might exist geodesics self-intersecting infinitely many times. But every simple loop in
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such a geodesic must surround [1 : 0] (respectively, [0 : 1]), must have the same external angle, and
cannot get too close to [1:0] or [1:1], and so the existence of such a geodesic seems unlikely.

Case (371)- The field

0 0
Qz,w)=(—pZ2+ (1 - r)zw)g + (1= p)zw — th)ﬁ

with p, T #0 and p + t # 1 has three characteristic directions: [1:0] and [0:1] and [1: 1], all
non-degenerate. In the canonical coordinates (¢p, vg) centered at [1: 0] the geodesic field G is given
by

ad 5, D
G =1 = CO)VOE;_;O —(p—(- T)CO)Voa—VO;

therefore [1:0] is a Fuchsian singularity of order 1, residue p, induced residue p — 1, and G is not in
normal form. Also [1: 1] is a Fuchsian singularity of order 1, residue 1— p —t, induced residue —p —,
and G is not in normal form. In the canonical coordinates ({~, Vo) centered at [0: 1] the geodesic
field G is given by

G =Cloo(1—Coo)V i—(r—(1—) Jvi—;
= {0 $oo ooaé_OO P)¢o © Gy’

thus [0: 1] is a Fuchsian singularity of order 1, residue 7, induced residue T — 1, and G is not in nor-
mal form. The dynamics on the characteristic leaves L1 0y, L(1,1) and Lg,1) is described by Lemma 5.4.

Thanks to the symmetry of the situation, and recalling that the sum of the residues is 1, it suffices
to consider the following cases:

(a) Rep,Ret >0 and Re p+Re 7 < 1 (three residues with positive real part). In this case Theorem 4.6
and Corollary 8.5(ii) implies that almost all geodesics intersect themselves infinitely many times
(as in Example 8.3); the exceptions are saddle connections corresponding to integral curves es-
caping to infinity in both forward and backward time.

(b) Rep <0, Ret >0 and Rep + Ret < 1 (two residues with positive real part, one residue with
negative real part). Then [1 : 0] is attracting; this means that we have at least an open set of
initial conditions whose integral curves converge to the origin tangent to [1 : 0]. If no induced
residue belongs to (—3/2,—1/2), that is Rep < —1/2, Ret > 1/2 and Rep + Ret < 1/2, then
Theorem 4.6 implies that almost all integral curves converge to the origin tangent to [1: 0]; the
exceptions diverge to infinity toward [1:1] or [1:0], and thus in this case Corollary 8.6 yields
a complete description of the dynamics. If instead there is at least one induced residue belonging
to (—3/2,—1/2) there might also be geodesics intersecting themselves infinitely many times.

(c) Rep,Ret < 0 (two residues with negative real part). A similar description applies to this case.
The only differences are: we have two attracting characteristic directions, [1:0] and [0: 1]; the
condition excluding induced residues belonging to (—3/2,—1/2) is Rep, Ret < —1/2; and the
exceptional integral curves diverge to infinity toward [1:1].

(d) Rep =0, Ret € (0,1) (one purely imaginary residue, two residues with positive real part). In
this case we always have exactly one induced residue whose real part belongs to (—3/2,—1) U
(=1, —1/2) except when Ret = 1/2. So Theorem 4.6 and Corollary 8.5 say that we have integral
curves converging to the origin without being tangent to any direction, and some exceptional
integral curve diverging to infinity toward [1: 1] or [0: 1] or without being tangent to any di-
rection; and we might have integral curves corresponding to geodesics intersecting themselves
infinitely many times (this case is excluded if Ret =1/2).

(e) Rep =0, Ret > 1 (one purely imaginary residue, one residue with positive real part, one residue
with negative real part). In this case we have integral curves converging to the origin tangent
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to [1:1] or without being tangent to any direction, some exceptional integral curve diverging to
infinity toward [0: 1] or without being tangent to any direction; and, if 1 <Ret < 3/2, we might
have integral curves corresponding to geodesics intersecting themselves infinitely many times.

(f) Rep =0, Ret =1 (two purely imaginary residues). Finally, in this case almost all integral curves
converge to the origin without being tangent to any direction; the exceptional integral curves
diverge to infinity either toward [0 : 1] or without being tangent to any direction.
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