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ABSTRACT. Let D be a bounded strongly convex domain with smooth bound-
ary in CV. Let (¢:) be a continuous semigroup of holomorphic self-maps of D.
We prove that if p € 9D is an isolated boundary regular fixed point for ¢y, for
some tg > 0, then p is a boundary regular fixed point for ¢ for all ¢ > 0. Along
the way we also study backward iteration sequences for elliptic holomorphic
self-maps of D.

1. Introduction

Let D C CY be a bounded domain. A continuous one-parameter semigroup
of holomorphic self-maps of D (or, shortly a semigroup of holomorphic self-maps
of D) is a family (¢¢)i>0 of holomorphic self-maps of D such that ¢i1s = ¢ 0 ¢
for all s,t > 0, ¢g = idp and RT > ¢ — ¢;(z) is locally absolutely continuous
locally uniformly in z. Namely, (¢;) is a continuous semigroup morphism between
the semigroup (R*,+) endowed with the Euclidean topology and the composition
semigroup of holomorphic self-maps of D endowed with the topology of uniform
convergence on compacta. Every semigroup of holomorphic self-maps of D is gen-
erated by a R-semi-complete holomorphic vector field on D, called the infinitesimal
generator associated with the semigroup.

Semigroups of holomorphic self-maps have been extensively studied (see, e.g.
[27]), in connection with various areas of analysis, including geometric function
theory, operator theory, iteration theory, theory of branching stochastic processes,
Loewner theory.

The aim of this paper is to give a contribution to boundary dynamics of semi-
groups on a bounded strongly convex domain with smooth boundary D C C",
studying common boundary (regular) fixed points of semigroups in D (among
which, a particular interesting case is the unit ball of CV).

As holomorphic self-maps of a domain might not extend continuously to the
boundary, if p € 9D and f: D — D is holomorphic, one might think of p as a
boundary fixed point of f if f admits limit p along all sequences converging to p
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in some “admissible” subset of D (see Section 2 for precise definitions). In case
D = D the unit disc of C, such admissible subsets are exactly the Stolz angles, and
thus p € ID is a boundary fixed point of f if f has non-tangential limit p at p.

Boundary fixed points can be divided into two categories, the boundary regular
fixed points—BRFP’s for short—and the irregular (or super-repulsive) fixed points.
In the unit disc, the first category is formed by those boundary fixed points for
which the angular derivative of the map exists finitely. By the classical Julia-
Wolff-Carathéodory theorem, the existence of the (finite) angular derivative at a
boundary point for a holomorphic self-map of D corresponds to the finiteness of the
so-called boundary dilatation coefficient—which, roughly speaking, measure the
rate of approach of f(z) to p as z — p. In higher dimension, a boundary regular
fixed point for a holomorphic self-map f of D is a point p € 9D for which the
admissible limit of f at p is p and the boundary dilation coefficient of f at p is
finite.

Common boundary regular fixed points for a semigroup (i.e., boundary points
which are BRFP’s for each element of the semigroup) have been studied and char-
acterized in terms of the local behavior of the associated infinitesimal generator in
(13, 19, 15, 17, 5, 9).

Moreover, it is known (see, [12, Theorem 1], [13, Theorem 2|, [28, pag. 255],
[16]) that given a semigroup (¢:) of holomorphic self-maps of D, a point p € D
is a boundary (regular) fixed point of ¢, for some ¢, > 0 if and only if it is a
boundary (regular) fixed point of ¢, for all ¢ > 0. The proof of this fact relies
on the existence of the so-called Konigs function, a univalent map from D to C
which (simultaneously) linearizes the semigroup (¢;). Such a tool is not available in
higher dimension in general, due essentially to the lack of a Riemann uniformization
theorem.

The aim of this paper is to extend part of the previous results to higher di-
mension using an argument based on complex geodesics and backward iteration
sequences. In order to state our result, we say that if f: D — D is holomorphic
and p € 9D is a BRFP with boundary dilatation coefficient A > 0, then p is isolated
if there exists a neighborhood U of p such that U N 9D contains no BRFP’s for f
with boundary dilatation coefficients < A except p.

Then our main result (proved in Section 6) can be stated as follows

THEOREM 1.1. Let D C CV be a bounded strongly convex domain with smooth
boundary. Let (¢+) be a semigroup of holomorphic self-maps of D. Suppose p € 0D
is an isolated boundary regular fixed point for ¢., for some tg > 0. Then p is a
boundary regular fixed point for ¢y for allt > 0.

The proof of Theorem 1.1 relies on the study of “regular contact points” for
semigroups and backward iteration sequences. In particular, in Section 5, using
complex geodesics, we prove that given a regular contact point p € D for ¢, for
some to > 0, then p is a regular contact point for ¢, for all ¢ € [0, ¢o] and the curve
[0,%0] > t — ¢¢(p) € D is continuous, extending to higher dimension one of the
results in [11]. Along the way, in Section 3 we extend the results about existence
and convergence of backward iteration sequences for holomorphic self-maps of D
obtained in [3] to the case of “rotational elliptic maps”.

We thank the referee for some valuable comments.
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2. BRFP’s in strongly convex domains

Let D be a bounded strongly convex domain in C" with smooth boundary. A
complex geodesic is a holomorphic map ¢: D — D which is an isometry between
the Poincaré metric kp of D = {¢ € C | |¢| < 1} and the Kobayashi distance kp in
D ([20]). A holomorphic map h: D — D is a complex geodesic if and only if it is
an infinitesimal isometry between the Poincaré metric xp of D and the Kobayashi
metric Kp of D (see [1, Ch. 2.6]).

According to Lempert (see [21, 22, 23] and [1]), any complex geodesic extends
smoothly to the boundary of the disc and ¢(dD) C dD. Moreover, given any two
points z,w € D, z # w, there exists a complex geodesic ¢: D — D such that
z,w € p(D). Such a geodesic is unique up to pre-composition with automorphisms
of D. Conversely, if ¢: D — D is a holomorphic map such that kp(o(¢1), p((2)) =
kp(C1,C2) for some ¢4 # (2 € D, then ¢ is a complex geodesic.

Similarly, given z € D and v € T, D\ {0}, there exists a unique complex geodesic
such that ¢(0) = z and ¢'(0) = Av for some A > 0.

If o: D — D is a complex geodesic then there exists a (unique when suitably
normalized) holomorphic map p: D — I, smooth up to 9D such that po ¢ = idp.
The map p is called the left inverse of ¢. It is known that 5~ 1(e'?) = {p(e?)}
for all @ € R, while the fibers p~1(¢) are the intersection of D with affine complex
hyperplanes for all { € D (see, e.g., [10, Section 3]).

In the sequel we shall use the following result (see [10, Corollary 2.3, Lemma
3.5])

PROPOSITION 2.1. Let D C CV be a bounded strongly convex domain with
smooth boundary and let zo € D. Let {¢k}ren be a family of complex geodesics of
D such that ¢r(0) = 2o for all k € N and let py denote the left inverse of ¢y, for
k € N. If {1} converges uniformly on compacta of D to a function ¢: D — CV,
then ¢ is a complex geodesic and oy — @ uniformly in D. Moreover, {py} converges
uniformly in D to the left inverse p of .

Given zp € D and p € 0D, we will denote by ¢,: D — D the unique complex
geodesic such that ¢,(0) = zp and ¢,(1) = p and by p, its left inverse. We will
also denote

Pp = @popp: D — pp(D).

We recall now the notion of “admissible limits” in strongly convex domain (see
1, 2)).

DEFINITION 2.2. Let D C CV be a bounded strongly convex domain with
smooth boundary and let zg € D and p € dD. A sequence {2z} C D converging to
p is said to be special if

JHm kp (2, pp(zk)) = 0.

The sequence {z;} is called restricted if p,(z;) — 1 non-tangentially in D. A
continuous curve «: [0,1] — D such that (1) = p is called special, respectively
restricted, provided for any sequence {t;} C [0,1) converging to 1, the sequence
{7(tx)} is special, respectively restricted.

DEFINITION 2.3 ([1], [2]). Let D C C¥ be a bounded strongly convex domain
with smooth boundary and let zg € D. Let p € 9D and M > 1. The K-region
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K,,(p, M) of center p, amplitude M and pole zj is
K, (p, M) := {z €D | ligl [kp(z,w) — kp(z0,w)] + kp(20,2) < logM} .
w—p

Note that the pole zy does not play any role and changing the pole just changes
the amplitude of the K-region.

Let {2} C D be a sequence converging to p € 9D. It is known ([1, Lemma
2.7.12], [2]) that if {zx} C K,,(p, M) for some M > 1 then {z} is restricted.
While, if {2} is special and restricted then it is eventually contained in a K-region
K., (p, M) for some M > 1.

A holomorphic self-map f of D has K-limit ¢ at p € dD—and we write
K- llg}j f(z) = q or, for short, ¢ = f(p)—if limg_, f(wk) = ¢ for every sequence

converging to p and such that {wy} C K, (p, M) for some M > 1.

DEFINITION 2.4. Let D C CV be a bounded strongly convex domain with
smooth boundary and let zg € D. Let f: D — D be holomorphic and let p € 9D.
The boundary dilation coefficient o, (f) € (0,4+00] of f at p is defined by

5 1ogay(f) = limnfli (0, ) — kp (=0, 7))

Since
kp(z0,w) — kp(z0, f(w)) = kp(f(20), f(w)) = kp(20, f(w))

>
> —kp(f(20),20) > —o0,

the boundary dilation coefficient is always strictly positive. Moreover, the boundary
dilation coeflicient does not depend on zy and can be computed using pluripotential
theory as in the classical Julia’s lemma for the unit disc (see [9]).

We state here the part of the Julia-Wolff-Carathéodory type theorem for strongly
convex domains we need for our aims (see [1, Thm. 2.7.14], [2] for the first part,
and [6, Prop. 3.4, Remark. 3.5] for (2)):

THEOREM 2.5. Let D C CV be a bounded strongly convex domain with smooth
boundary and let zo € D and p € OD. Let f: D — D be holomorphic and assume
ap(f) < 4o0. Then f(p) = K-lim f(z) exists and f(p) € OD. Moreover,

z—p

(2.1)

(1) the holomorphic function

L= Py (f(2))
1= pp(2)
has limit oy, (f) along any special and restricted sequence {zx} C D which
converges to p. In particular, the holomorphic self-map of D given by
¢ P (f(0p(€))) has a boundary regular fized point at 1 and o (py () ©
fo ‘Pp) = ap(f)'
(2) The curve [0,1] 3 t — f(pp(t)) converges to f(p) and it is special and
restricted.

D>z

Boundary dilation coefficients satisfy the chain rule:

LEMMA 2.6. Let D C CV be a bounded strongly convex domain with smooth
boundary. Let f,g: D — D be holomorphic and let p € 8D. If ay(go f) < +o0,
then ap(f) < +o0 and oy (g) < +oo, where f(p) = K- li_1>n f(2). Moreover,

z—p

(22) ap(gof) :O‘f(p)(g) ‘O‘p(f)'
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Conversely, if o, (f) < 400, then (2.2) holds.
PROOF. Let zp € D. Assume ay,(go f) < +oo. Since
ap(go f) = 1illglj2f[kD(Zov w) — kp(z0, 9(f(w)))]
> 1iu1}n_'}2f[kD(Zo7w) — kp(20, f(w))]

=+ hi)njlp}f[kp(Zo, f(w)) —kp (ZOa g(f(w)))]

) <

and both terms in the right hand side are not —oo by (2.1), it follows that a,(
+00. By Theorem 2.5, f(p) exists and s, (g) < +00. Moreover, for ¢ € [0, 1

L= Py @(F(ep®)) _ 1= etrn(9(f(2p(t)))) 1 = hyip (£ (95 (1)
1t 1= 1y (T (2p0) 1—1

Since pp(¢p(t)) = t, equation (2.2) follows by Theorem 2.5 letting ¢t — 1.
Conversely, assume o, (f) < +00. If ayy(g) = +oo then a,(go f) = +oo for
what we already proved. So we can assume o, (g) < +00. By (2.3) and Theorem
2.5 the term on the left hand side has limit oz, (g) - o (f) for ¢ — 1. By [9, Thm.
2.7] it follows that cy,(g o f) < 400 and in fact (2.2) holds. O

f
)
)

(2.3)

DEFINITION 2.7. Let D C CV be a bounded strongly convex domain with
smooth boundary. If f: D — D is holomorphic, we say that p € 0D is a contact
point for f if K-lim f(z) = f(p) exists and f(p) € OD. The contact point p is a

zZ—p

regular contact point if a(p) < +oo.

In case p = f(p), the point p is called a boundary fixed point. If it is also
regular, it is called a boundary regular fixed point—or BRFP for short. For A > 0
we denote by

BRFPA(f) :={p € 9D | f(p) =p,ay(p) < A}.
A point p € BRFP4(f) \ BRFP1(f) is called a boundary repelling fixed point.

A point p € BRFP4(f) is called isolated if there exists a neighborhood U of p
such that BRFP4(f) NU = {p}.

In the unit disc, as a consequence of Cowen-Pommerenke’s estimates [14] (see
also [7, Thm. 2.2]), every boundary repelling fixed point is isolated. In higher
dimension, this is no longer true (see [24, Example 6.3]).

The Denjoy-Wolff type theorem for strongly convex domains (see [1, Thm.
2.4.23], [9, Prop. 2.9] and [4]) can be stated as follows:

THEOREM 2.8. Let D C CV be a bounded strongly convex domain with smooth
boundary and let f: D — D be holomorphic. Then either

(1) there exists a complex geodesic p: D — D such that f(o(C)) = p(e?¢)
for some 8 € R, and in particular f(p(0)) = ¢(0) and ay(p) =1 for all
p € dp(D), or

(2) there exists x € D such that f(x) = x and for every p € 9D it holds
af(p) >1 — and in such a case the sequence of iterates { f°} converges
uniformly on compacta to the constant map z — x, or

(3) BRFP1(f) contains a unique point 7 € OD such that the sequence of iter-
ates {f°™} converges uniformly on compacta to the constant map z v~ T
and ag(p) > 1 for allp € 0D\ {7}.
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A holomorphic self-map f of D is called rotational elliptic if it satisfies (1) of
Theorem 2.8. Tt is called strongly elliptic if it satisfies (2) of Theorem 2.8. Finally,
f is called non-elliptic if it satisfies (3) of Theorem 2.8.

In the non-elliptic case, the point 7 is called the Denjoy-Wolff point of f, and
f has no fixed points in D. In the strongly elliptic case, f has a unique fixed point
in D.

Boundary regular stationary points, namely boundary regular fixed points with
dilation coefficients = 1 are very special. The following lemma follows at once from
Theorem 2.8 and [9, Prop. 2.9.(1)]:

LEMMA 2.9. Let D € CN be a bounded strongly convexr domain with smooth
boundary and let f: D — D be holomorphic. Let p € 0D be such that ay(p) = 1.
If p is isolated then f is non-elliptic and p is in fact the Denjoy- Wolff point of f.

3. Backward iteration sequences

In order to prove our main result, we shall use the so-called backward iteration
sequences.

DEFINITION 3.1. Let D C CV be a bounded strongly convex domain with
smooth boundary and let f: D — D be holomorphic. A backward iteration se-
quence for f at p € 9D is a sequence {wy} C D such that f(wgy1) = wy for all
k € N and

1
3 log s({wy}) := sup kp(wk, w+1) < +00.
keN
The number s({wy}) is called the hyperbolic step of the sequence {wy,}.

Backward iteration sequences in the unit disc have been introduced in [7],
exploiting results from [25], in order to study BRFP’s for commuting mappings,
and they have been throughly studied in [26]. Such results have been generalized
to the ball in [24] and to strongly convex domains for non rotational elliptic maps
in [3]. The following lemma is the content of [3, Lemma 2.2, Lemma 2.3]

LEMMA 3.2. Let D C CN be a bounded strongly convex domain with smooth
boundary, and let f: D — D be a holomorphic map. Let {w,} be a backward
iteration sequence converging toward the boundary of D. Then there exists a BRFP
p € 0D for f such that w, — p and af(p) < s({wg}).

The following result is proved in [3, Thm. 0.1, Lemma 2.3, Thm. 3.3]):

THEOREM 3.3. Let D C CV be a bounded strongly convexr domain with smooth
boundary, and let f: D — D be a holomorphic map either strongly elliptic or non-
elliptic.

(1) If {wg} is a backward iteration sequence then {zy} converges to p €
BRFP4(f) for some A > 1 and ay(p) < s({wg}). In case ay(p) = 1
then f is non-elliptic and p is the Denjoy- Wolff point of f.

(2) If p € OD is an isolated boundary repelling fixed point of f, then there
exists a backward iteration sequence {wy} converging to p with hyperbolic
step s({w}) < as(p).

(3) If{wi} is a backward iteration sequence which converges to p and a¢(p) >
1, then there exists M > 1 and ko € N such that {wy }x>k, C K., (p, M).
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We examine now the rotational elliptic case. In order to state our result, we
need some notations. Let D C CV be a bounded strongly convex domain with
smooth boundary and let f: D — D be a holomorphic rotational elliptic map.
By [1, Thm. 2.1.29] there exists a closed complex submanifold M C D and a
holomorphic map 7: D — D such that #(D) = M, rom =7, mo f = fom,
f(M) =M and f|p is an automorphism of M. The manifold M is called the limit
manifold of f since for all z € D\ M the limit set of {f°"(z)} belongs to M. In
particular, if Z = {z € D | f(z) = 2}, it follows that § # Z C M. The map 7
is called the limit retraction of f, and it can be obtained as limit of a sequence of
iterates of f; and moreover if 7': D — D is another limit of a sequence of iterates
of f such that 7’ o7’ = «n’ then ' = 7. In particular, all iterates of f have the
same limit retraction and the same limit manifold.

PROPOSITION 3.4. Let D C CVN be a bounded strongly convexr domain with

smooth boundary, and let f: D — D be a rotational elliptic holomorphic map and
let M be the limit manifold of f.

(1) A point p € 0D is a regular contact point of f with ay(p) =1 if and only
if pe€ MNOoD.

(2) If {wr} C D is a backward iteration sequence and there exists R > 0 such
that infyepr [Jwn, —yl| > R then {wy} converges to p € BRFP 4(f) for some
A>1 and s({zx}) > ar(p) > 1.

(3) If p € OD is an isolated boundary repelling fixed point of f, then there
exists a backward iteration sequence {wy} converging to p with hyperbolic
step s({w}) < as(p).

(4) If {wy} is a backward iteration sequence which converges to p and a¢(p) >
1, then there exists T > 1 and ko € N such that {wg } x>k, C K5 (p,T).

PrOOF. (1) Let p € 9D N M. Let 29 € M be such that f(z) = 2o, and let
©p: D — D be the complex geodesic such that ¢,(0) = 2o, ©p(1) = p.

We claim that ¢, (D) C M. Since m o m = 7w and by the decreasing property of
the Kobayashi distance, for all z,w € M

kM(va) = kM(Tr(Z)vﬂ(w)) < kD(Zaw) < k]u(Z,w),

from which it follows that M is totally geodesic in D, i.e., kp|a = kas. In particular,
if n: D — D is a complex geodesic such that 7(0) € M and n(r) € M for some
r € (0,1), we have

kp(m(n(0)),m(n(r)) = kp(n(0),n(r)) = kp(0,7),

and hence won: D — D is also a complex geodesic. By the uniqueness of complex
geodesics up to pre-composition with automorphisms of D, it follows that in fact
mon(¢) =n(¢) for all ( € D. Thus, n(D) C M and 7 is a complex geodesic both
for D and for M. Now, let {w,,} C M be a sequence which converges to p and
let ¢, : D — D be the complex geodesic such that ¢,,(0) = 2o and @, (1m) = Wy,
for some r,,, € (0,1). For what we just proved, ¢,,(D) C M. Up to subsequences,
we can assume that {¢,,} converges uniformly on compacta to a holomorphic map
h: D — M such that h(0) = z9. By Proposition 2.1, ¢,, — h uniformly on D and
h is a complex geodesic for D (and for M). But, since ¢, (rm) — p, it follows that
h(1) = p and hence h = ¢,, which proves that ¢,(D) C M.

Now, since f: M — M is an automorphism, and in particular an isometry for
the Kobayashi distance, f o ¢,: D — M is a complex geodesic in M, and hence in
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D. In particular, lim,_1 f(¢p(r)) = ¢ € 9D exists and ¢, = f o ¢,. Therefore,
Pq(f(wp(€))) = ¢ for all ¢ € D and by Theorem 2.5.(1), a¢(p) = 1.

Conversely, assume p € 0D is a regular contact point with af(p) =1. Let ¢ =
f(p) and zo € Z. Let @, ¢, be the complex geodesics such that ¢,(0) = ¢,(0) = 2
and ¢,(1) = p, p4(1) = g. Then g := p,o f oy, is a holomorphic self-map of D such
that g(0) =0 and g(1) =1, ay(1) = ay(p) = 1 by Theorem 2.5. As a consequence
of the classical Julia’s lemma [1, Corollary 1.2.10], g(¢) = ¢ for all { € D. Hence
for all (1,(, €D

kp(Crs G2) < kp(f(#p(€1))s F#p(C1))) < kp(ep(Cr), 0p(C2)) = kn(Cr, C2),

and thus f o ¢, is a complex geodesic. The result follows then from:

Claim A: if ¢: D — D is a complex geodesic such that p(0) = 2y € Z and
foe: D — D is also a complex geodesic, then (D) C M.

In order to prove Claim 1., recall that by [1, Thm. 2.1.21], the tangent space
to D at zp admits a df,,-invariant splitting 7,,D = Ly @ Ly such that T, M = Ly
and the spectrum of df,, in Ly is contained in JD, while the spectrum of df., in
Ly is contained in D. Note that dm,,|r, = id. Therefore if n: D — D is a complex
geodesic such that 7(0) = z¢ and 7'(0) € Ly, then mon: D — D is a holomorphic
map such that kp(zo; (m 01)’(0)) = kp(0;1), hence it is an infinitesimal isometry
for the Kobayashi metric. Thus 7 o7 is a complex geodesic, and by the uniqueness
of infinitesimal isometry, o n = 7. Hence n(D) C M.

In the hypothesis of Claim A, kp(z0;¢’(0)) = kp(z0;dfz, (¢'(0)). Hence ¢'(0)
belongs to Ly and therefore p(D) C M.

(2) Step 1. Let zy € Z. We claim that

(3.1) kp(z,20) > kp(f(2),20) Vze€ D\ M.

Clearly, kp(f(2),20) < kp(z,20). Assume by contradiction that kp(f(z),z0) =
kp(z,z) for some z € D\ M. Let ¢: D — D be the complex geodesic such that
©(0) = zp and @(r) = z for some r € (0,1). Then

kp(f(e(r)); ¢(0)) = kp(f(2), 20) = kp(2, 20) = kp((r), (0)),

and therefore f o ¢ is a complex geodesic in D. By Claim A, ¢(D) C M, thus
z € M, a contradiction.
Step 2. Let 2z € Z.

Claim B: For all Ry > 0 there exists 0 < ¢ = ¢(Rp) < 1 such that for all z € D
with infyecar ||z — y|| > Ro, it holds
1
(3.2) kp(f(2),20) —kp(z,20) < 510gc<0.

Assume (3.2) is not true. Then for every ¢ < 1 there exists z(¢) € D such that
infyenr ||2(c) — yll = Ro and

(33) Ep(f((6)), 20) — k(=(e), 20) > £ lose

Let z € D be a limit point of {z(1 — 1)}. Since infyens |[2(c) — y|| > Ro, it
follows that = ¢ M. If x € D, it follows from (3.3) that kp(f(x),20) > kp(x, 20),
contradicting (3.1). Hence z € dD and

lllglglf[k‘p(z, Zo) — k‘D(f(Z), Zo)] S 0.
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But then z is a boundary regular contact point with a(z) < 1, and by part (1),
x € M, again a contradiction.

Step 3. Let {wy} be a backward iteration sequence satisfying the hypothesis of
(2). Let ¢ = ¢(R) be given by Step 2. By induction on (3.2) we obtain that for all
keN,

e—2kD(wk,z0) < Cke—QkD(wo,Zo)’
hence kp(wy, z9) — oo for k — oco. Therefore, wy — dD. The result follows then
from Lemma 3.2.

(3) By (1), p € M. Let € > 0 be such that U := {z € CV | ||z — p| < €}
has the property that U N M = () and U N BRFP,, () (f) = {p}. Arguing exactly
as in the proof of [3, Thm. 3.3] we can construct a backward iteration sequence
{wy} C U with hyperbolic step s({wx}) < ay(p). Since UN M = (), {wy} satisfies
the hypothesis of (2), hence it converges to a boundary regular fixed point of f, say
q € 0D NU, with af(q) < ay(p). But UNBRFP, () (f) = {p} implies ¢ = p and
we are done.

(4) Since {wy} converges to a boundary repelling fixed point p € 9D, and by
(1), p € M, hence {wy} satisfies the hypothesis of Claim B. Therefore, by (3.2)

1 1
lim inf[kp (20, 2k+1) — kp (20, 2K)] = = log — > 0.
k—o0 2 C

Now the proof follows arguing exactly as in [3, Lemma 2.5].

4. Semigroups

Let D C CV be a bounded strongly convex domain with smooth boundary. A
(continuous) semigroup (¢:) of holomorphic self-maps of D is a continuous homo-
morphism from the semigroup (R*,+) endowed with the Euclidean topology, to
the semigroup (with respect of maps composition) of holomorphic self-maps of D
endowed with the topology of uniform convergence on compacta (see, e.g., [27], [1],
[9]).

If (¢;) is a semigroup of holomorphic self-maps of D, we will denote by a:(p) :=
ap(¢y) the dilation coefficient of ¢, at p € OD.

Also, we denote by Fix(¢;) := {z € D | ¢(2) = z Vt > 0}.

The following result was proved in [1, Thm. 2.5.24, Prop. 2.5.26]; see also [5]
and [8, Thm. A.1].

THEOREM 4.1. Let D C C™ be a bounded strongly convexr domain with smooth
boundary. Let (¢1) be a semigroup of holomorphic self-maps of D. Then either
o Fix(¢:) £ 0, or
o ¢ is non-elliptic for allt > 0 and there exists a unique T € 0D such that
7 1s the Denjoy- Wolff point of ¢;.

The following result follows from [9, Corollary 4.8, Prop. 3.3

PrROPOSITION 4.2. Let D C C™ be a bounded strongly convexr domain with
smooth boundary. Let (¢1) be a semigroup of holomorphic self-maps of D.
(1) Suppose there exists tg > 0 such that ¢u, is strongly elliptic. Then ¢ is
strongly elliptic for all t > 0.
(2) If p € 9D is a BRFP for ¢, for everyt > 0, then there exists A € (0, 400)
such that ay(p) = Ab.
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The previous results ensure that the following definition is well-posed:

DEFINITION 4.3. Let D C C™ be a bounded strongly convex domain with
smooth boundary. Let (¢;) be a semigroup of holomorphic self-maps of D.

(1) (¢¢) is non-elliptic if ¢1 is non-elliptic. In such a case, if 7 € 9D is the
Denjoy-Wolff point of ¢y, we call 7 the Denjoy-Wolff point of (¢;).

(2) (&) is strongly elliptic if ¢; is strongly elliptic.

(3) (¢¢) is rotational elliptic if ¢ is rotational elliptic.

For rotational elliptic semigroups, (¢;), let M; denote the limit manifold of ¢,
for t > 0. We let
M () := M.

LEMMA 4.4. Let D C C™ be a bounded strongly convexr domain with smooth
boundary. Let (¢¢) be a rotational elliptic semigroup of holomorphic self-maps
of D. Then My = M(¢:) for every t > 0. In particular, (¢t)|rr(g,) is a group
of automorphisms of M ().

PROOF. Since ¢ is an iterate of ¢/, for any ¢ > 1, and the limit manifold of
an iterate coincides with the limit manifold of the original map, we have M, ,, = M;
for all ¢ > 1. For the same reason we have M, ,, = M,,, = M, for all p/q € Q*.
Since Q7 is dense in RT it follows that M; = M; for all ¢t > 0. O

5. Regular contact points for semigroups

Contact points for semigroups of the unit disc were studied in [11] exploiting
the existence of the so-called Konigs’ function, a tool which is not available in higher
dimension. To replace it, we shall use complex geodesics.

PROPOSITION 5.1. Let D C CV be a bounded strongly convexr domain with
smooth boundary. Let (¢;) be a semigroup of holomorphic self-maps of D. Letty > 0
and let p € D be a regular contact point for ¢.,. Then there exists T € [tg, +00]
such that p is a regular contact point for ¢; for allt € [0,T). Moreover, the curve
[0,T) 37+ ¢r(p) € 0D is continuous.

PROOF. If p is the Denjoy-Wolff point of (¢;) (when (¢;) is non-elliptic) or it
belongs to the closure of Fix(¢;) (when (¢;) is elliptic but not strongly elliptic) then
p is a BRFP for all ¢; by Theorem 2.8 and the statement is true. Thus, we can
suppose that p is neither the Denjoy-Wolff nor in the closure of Fix(¢¢).

Let T := supt € [0, +00) such that p is a regular contact point for ¢;. By
assumption 1" > tg.

Fix e > 0. If T < +o0, let T' > t; > T — € be such that p is a regular contact
point for ¢y, . If T'= +o00, let t; > 1/e be such that p is a regular contact point for
¢+,. We will show that for all ¢ € [0,1], p is a regular contact point for ¢;. Taking
€ — 0, we will get the first statement.

To this aim, let s, ¢ > 0 be such that s +¢ = t1. Since ¢y, = d145 = Pt 0 @s,
it follows by Lemma 2.6 and Theorem 2.5 that p is a regular contact point for ¢,
that ¢s(p) € OD is a regular contact point for ¢, and that

(5.1) ¢ (¢s(p)) - as(p) = arys(p) = ar, (p) < +00.

In particular, it follows that p is a regular contact point for ¢; for all ¢ € [0,T).
Now, we consider the curve [0,T) 3 r — ¢,.(p) € 9D and we prove that it
is continuous. Fix zg € D. Let ¢: D — D be the complex geodesic such that
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©(0) = zp and (1) = p. Let 7o € [0,T) be fixed. For r € [0,T) close to rg, let
¢r: D — D denote the complex geodesic such that ¢,.(0) = zp and ¢, (1) = ¢,-(p)
and let p,: D — D be the left-inverse of ¢,.. Let define

9r(€) = pr(¢r(p())) V¢ €D,

By construction, g, : D — D is holomorphic and by Theorem 2.5.(1), 1 is a boundary
regular fixed point for g, with boundary dilation coefficient «.(p). Thus, again by
the classical Julia-Wolff-Carathéodory theorem in D), the derivative g, has non-
tangential limit «,(p) at 1.

Let fix t; < T such that ¢; > ro. From (5.1) we get that for all » < ¢; setting
t =ty —r it holds a,-(p) = au, (p)/t(Pr(p)). Now, if ay(pr(p)) > 1 for all r € [0, 4],
it follows that - (p) < ay, (p) for all 7 € [0,¢1]. On the other hand, if a;(¢7(p)) < 1
for some 7 < t1, by Theorem 2.8 it follows that ¢ = ¢7(p) is the Denjoy-Wolff point
of (¢¢); in particular, by Proposition 4.2, a,(¢#(p)) = €?* for all u > 0 and some
B < 0 independent of #. It follows that az(p) < a¢, (p)e™ ", and thus we have
proved that there exists C' > 0 such that

ar(p) <C

for all » < ;.
Let M > 1 and let

K:={CeD|[L—¢<M1-|)} cDU{L}

be (the closure of) a Stolz angle in I with vertex 1 (see, e.g., [1, pag. 53]). Since
gh(1) = a,-(p) < C for all r < 4, it follows that {g.} is equibounded in K. Hence
{g,} is equicontinuous on K (and it is clearly equibounded in K by 1). Applying
Ascoli-Arzela theorem, we find a subsequence r, — ro such that {g,, } converges
uniformly on K to some continuous function g. In particular, note that g(1) = 1.

Up to a subsequence, we can also assume that {¢,,} converges uniformly on
compacta of D to a holomorphic map n: D — D such that n(0) = z9. By Proposi-
tion 2.1, 1 is a complex geodesic and ¢,,, — 1 uniformly on D. Since ¢, (1) = ¢, (p)
by construction, it follows that ¢., (p) — n(1). Let p: D — D be the left inverse
of 1. By Proposition 2.1, {p,, } converges uniformly on D to p.

Since ¢, — ¢r, uniformly on compacta of D, it follows that ¢(¢) = p(ér, (¢(C)))
for all ( € K. Taking the radial limit at 1, we obtain

1= (0711)1;1;19(8) ~ ll)ig; Py (2(5))) = plry ().

Since the only point in the fiber of p over 1 is the point 7(1), it follows that n(1) =
¢ro (), hence ¢r, (p) = ¢r,(p). Repeating the argument for any subsequence, we
obtain the result. (]

6. Common BRFP’s for semigroups

THEOREM 6.1. Let D C CV be a bounded strongly convexr domain with smooth
boundary. Let (¢+) be a semigroup of holomorphic self-maps of D. Suppose p € 0D
is an isolated boundary repelling fixed point for ¢, for some to > 0. Then p is a
boundary repelling fived point for ¢: for all t > 0.

ProoF. By Theorem 3.3 or Proposition 3.4 there exists a backward iteration
sequence {wy,} for ¢y, such that kp(wp, wp41) < %log oy, (p) and {w,} converges
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to p inside a K-region. For t € [0,t), define z!, := ¢;(wy,). Then
bt (2) = (ot (wn)) = Pr(wn—1) = 2,

t
—1»

and
1
(6.1) kp(zh,zh 1) = kp(or(wn), dr(wnt1)) < kp(wy, wygr) < ilogatg (p)-

Hence {2z} } is a backward iteration sequence for ¢;,. Moreover, by Proposition 5.1,
p is a regular contact point for ¢; all t € [0,tg]. Since {w,} converges to p inside a
K-region, by Theorem 2.5
g = lim 2! = lim ¢;(w,) = ¢:(p) € OD.
n—roo

n—roo
Therefore, by Lemma 3.2, ¢; is a BRFP for ¢, with dilation coefficient o, (q;) <
Qg (p)

Hence, by Proposition 5.1, the curve [0, t9] ¢t — ¢ is a continuous curve made
of BRFP’s of ¢, and ay,(¢:) < ay,(p). Since p is isolated, the only possibility is
g = p for all ¢t € [0, t].

Now, let ¢ > 0. Then ¢ = mty + s for some m € N and s € [0,ty). Hence

Gt(p) = Pmto+s5(P) = Pmio(95(p)) = ¢§0m (p) = p-.

Moreover, by Lemma 2.6, a;(p) = a4, (p)™ - as(p) < 400, which implies that p is a
common BRFP for (¢;). O

Now we can prove Theorem 1.1:

PrOOF OF THEOREM 1.1. By Theorem 4.1 and Lemma 2.9, if af(p) < 1 then
p is the common Denjoy-Wolff point of (¢¢). If ar(p) > 1 the result follows from
Theorem 6.1. O

For rotational elliptic semigroups there might exist boundary regular (in fact
stationary) non isolated fixed points which are not fixed for all the elements of the
semigroup:

EXAMPLE 6.2. Let ¢;(2,w) = (e*™®2,w). Then (¢;) is a rotational elliptic
semigroup of B2. The points D x {0} are BRFP’s for ¢; (with boundary dilation
coefficient 1) but not for ¢; with ¢ £ 0 mod 1.

REMARK 6.3. Theorem 1.1 states that, given a a semigroup (¢¢) of holomorphic
self-maps of D and an isolated boundary regular fixed point p € 9D for ¢, for some
to > 0 then p is a boundary regular fixed point for ¢, for all ¢t > 0. We do not know
whether p is also an isolated boundary regular fixed point for ¢;, for all ¢ > 0.
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