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Stable manifolds for holomorphic automorphisms

By Marco Abate at Pisa, Alberto Abbondandolo at Pisa and Pietro Majer at Pisa

Abstract. We give a sufficient condition for the abstract basin of attraction of a se-
quence of holomorphic self-maps of balls in C tobe biholomorphic to C4. Asa consequence,
we get a sufficient condition for the stable manifold of a point in a compact hyperbolic invariant
subset of a complex manifold to be biholomorphic to a complex Euclidean space. Our result
immediately implies previous theorems obtained by Jonsson—Varolin and by Peters; in particu-
lar, we prove (without using Oseledec’s theory) that the stable manifold of any point where the
negative Lyapunov exponents are well-defined is biholomorphic to a complex Euclidean space.
Our approach is based on the solution of a linear control problem in spaces of subexponential
sequences, and on careful estimates of the norm of the conjugacy operator by a lower triangular
matrix on the space of k-homogeneous polynomial endomorphisms of ce.

Introduction

Let f: M — M be a holomorphic automorphism of a complex manifold and let A C M
be a compact hyperbolic invariant subset of M, with stable distribution of complex dimension
d. The stable manifold of each point x € A, that is, the set

Wix)={zeM| nli)lgodist(f"(z),f”(x)) =0},

is the image of a holomorphic injective immersion W < M of a complex manifold W. Such
an immersion endows W*(x) with the structure of a complex manifold. As a model W one
can choose, for instance, the space of sequences

W ={(n) CM |zns1 = f(zn) and lim dist(zn, /" (x)) = 0},

which is a d -dimensional complex submanifold of the complex Banach manifold consisting of
all sequences (z;) C M such that dist(z,, f"(x)) is infinitesimal. In this case, the immersion
maps each sequence (z,) € W into its first element zg.

The stable manifold W*(x) is smoothly diffeomorphic to C¢ and it is natural to ask
whether it is also biholomorphic to C% (such a question was raised for instance by E. Bedford
in [1]).

The answer turns out to be affirmative when the invariant set A is a hyperbolic fixed point,
as proven by J.-P. Rosay and W. Rudin in [12]. More generally, M. Jonsson and D. Varolin
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proved that the answer is affirmative for almost every point in A, with respect to any invariant
probability measure supported on A, see [6] (actually, the main theorem in [6] treats the more
general nonuniform hyperbolic setting). In the general case, J. E. Fornass and B. Stensgnes
have proven that W (x) is always biholomorphic to a domain in C¢ (see [4]; Remark A.4 in
the appendix below also explains why this fact holds), but the question whether it is actually
biholomorphic to C? remains open.

Thanks to the local stable manifold theorem, a neighborhood of each point f"(x) in
WS(f"(x)) = f*(W5(x)) is biholomorphic to the unit ball B about 0 in C¢, and by reading
the maps f'|ws(fn(x)) by means of these parameterizations (suitably chosen), one obtains a
sequence of holomorphic maps

fn:B— B

which fix 0 and are such that for every n € N,
() vizl < 1fa(@)] = Alz|, VzeB,

for some 0 < v < A < 1. For any sequence of holomorphic maps f = (f4: B — B)ueN
with the above properties, one can define the abstract basin of attraction of 0 as the set W f
of all sequences (z;),>m such that z, 1 = f,(z,) for every n > m, under the identification
of sequences which eventually coincide. Such an object carries a natural complex structure.
This construction is due to J. E. Fornass and B. Stensgnes [4]; see Section 5 below for a more
categorical approach. When the maps f, are induced by a diffeomorphism f as above, the
manifold W is naturally biholomorphic to the stable manifold of x. It has been conjectured
that under the assumptions (1), the abstract basin of attraction of 0 with respect to (f;) is
biholomorphic to C9 (see [8,9,11]). A positive answer to this conjecture would imply that the
stable manifold of any orbit on a compact hyperbolic invariant set is biholomorphic to ce.

Notice that by the application of a suitable non-autonomous linear unitary conjugacy,
that is, by the replacement of (fy) by (Uy+1 o fn o U, ) for a sequence (Uy,) of unitary
automorphisms of C¢, one may always assume that the linear parts of f},,

Ly := Dfx(0),

are lower triangular matrices. More precisely, the choice of Uy in the unitary group determines
the subsequent matrices U,, n > 1, up to a conjugacy with a unitary diagonal matrix, and
uniquely determines the absolute values of the diagonal entries of L;. The aim of this paper is
to prove that, under a suitable assumption on the diagonal entries of L, the above conjecture
holds true:

Theorem 1. Let f,,: B — B be a sequence of holomorphic maps which satisfies (1).
Denote by A, (j) the j-th diagonal entry of the lower triangular matrix L, = Df,(0), for
1 < j <d, and assume that for every 6 > 1 there exists a number C(0) such that

nil T G ¢
2 A (h < C(0)8"n",
@ 1<h=d kll A )|lsrir;a]x§d kll A — (8%

for every n, £ € N, for some 1 < 1. Then the abstract basin of attraction of 0 with respect to
(fn) is biholomorphic to C4.
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Condition (2) is a sort of asymptotic weak monotonicity requirement on the diagonal
entries of L,, and (as it will be made clear by the basic estimate of Lemma 2.2) it is very
natural in this context. It is automatically fulfilled when the constants which appear in (1)
satisfy v"!A2 < 1 (see Remark 3.3 below), which is another condition often appearing in the
literature.

The above theorem sharpens a result of H. Peters (see [9, Theorem 9]), where a stronger
pointwise condition is considered: it is required that there exists 0 < n < 1 such that

()] _

3 A, (h
® jmax Pl max @) =

for all n. See also [3, 10,11, 15] for related results.

An advantage of the asymptotic condition (2) as opposed to the pointwise condition (3)
is that it better fits with ergodic theory. Indeed, Theorem 1 implies that the stable manifold
W5 (x) of a point in the compact hyperbolic invariant set A is biholomorphic to C% when the
negative Lyapunov exponents of f at x are well-defined:

Theorem 2. Let f: M — M be a holomorphic automorphism of a complex manifold
and let A be a compact hyperbolic invariant set with d-dimensional stable bundle E*. Let
x € A and assume that the stable space E*(x) at x has a splitting

E*(x) = PE

i=1
such that

lim |DF"(x)u|Y™ = A;  uniformly for u in the unit sphere of Ej,
n—>o0

where the numbers 0 < A; < 1 are pairwise distinct. Then the stable manifold of x is biholo-
morphic to C4.

By Oseledec’s theorem, the hypotheses in this statement hold for almost every point x,
with respect to any invariant probability measure on A, and so this theorem is a somewhat
more precise statement than the previously mentioned result of M. Jonsson and D. Varolin;
thus, using our approach, it is possible to recover in a unified way the main results on this
subject already present in the literature.

Our proof of the above theorems is based on two steps, that we keep separate. The
first and main step is a formal non-autonomous conjugacy result, which states that under the
assumption (2) there exists a sequence of formal series (,) and a sequence (g,) of special
triangular automorphisms of C¢ (see Section 2 for the definition) such that

/’ln+10fn = gn Ohn, Vn € N.

Here the important fact is that both (g,) and (&) can be chosen to have subexponential growth
(roughly speaking, subexponential estimates here replace the slowly varying functions of [6]);
see Section 3 for a precise statement. The main point in the proof of this first step is a careful
estimate, proven in Section 2, on the norm of the conjugacy operator by a lower triangular
matrix on the space of k-homogeneous polynomial endomorphisms of C4. It is this estimate
that leads to condition (2).
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We also exhibit a counterexample which shows that the first step fails when condition (2)
is not fulfilled. Indeed, we show that if the strictly increasing sequence of natural numbers (sz)
grows fast enough, for instance if s;; = 10%, then the sequence of automorphisms of C?2

121)
9

(lzl — 7%3-322
falzrz2) =47 ¢ i3 £ -
(321, 372 — 327), i S2p41 <1 < S2p42,

if sop <n < S2+1,

which does not satisfy (2), does not admit a bounded formal non-autonomous conjugacy at
the level of 2-jets to any sequence of special triangular automorphisms. Notice that here (1)
holds with A = 1/2 and any v < 1/4 (up to the restriction to a sufficiently small ball), so this
example also shows that the above mentioned condition v™!12 < 1 is sharp for the issue of the
existence of a bounded conjugacy to a sequence of special triangular automorphisms.

The second step is the non-autonomous version of the well-known fact that two germs of
holomorphic contractions which are conjugated as jets of a sufficiently high degree are actually
conjugated as germs. A result of this kind has been proven by F. Berteloot, C. Dupont and
L. Molino in [2]. In the appendix of this paper we provide a different and more concise proof,
based on the implicit mapping theorem.
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1. A lemma in discrete linear control theory

Let E be a finite dimensional complex vector space, endowed with the norm |-|. We
denote by |-||r(£) the corresponding operator norm on the space of linear endomorphisms
of E.

If (A,) is a sequence of linear endomorphisms of £ and n > m > 0, we denote by A, m
the composition

An,m = Ap14An—2- Am, Appn =1,

which satisfies, for any n > m > £ > 0,
AnmAme = An .
With this notation, the general solution (u,) of the equation
(1.1) Upy1 = Apup + by, Vn € N,

can be written in the compact form

n—1

(1.2) Un = An,OMO + Z An,j—l—lb',
j=0
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as shown by a direct computation. A sequence (u,) C E is said to be subexponential if for
every 6 > 1 there exists B = B(6) > 0 such that

lun| < BO"

foralln > 0.

Lemma 1.1. Ler (Ay) be a sequence of linear automorphisms of E such that for every
0 > 1 there exist positive numbers C(0) and a(0) < 1 for which

(1.3) 4,2 < C()0"a(0)", Vn,LeN.

n+{.n HL(E)

Then for every subexponential sequence (by) C E, the equation (1.1) has a unique subexpo-
nential solution (u,) C E.

Proof. Let® > 1. Choose 1 < w < 6/2 such that wa(@l/z) < 1. Since (by) is
subexponential, there exists a number B > 0 such that

|bn| < Bo™, Vn eN.
Together with the assumption (1.3) this implies the estimate
(14) 451 baeot| < €OV (61/2)! B+
= C(0"V?) B0 20" (2(6'/)0)"
< C(0V2)BO" (a(6'*)w)".

Since a(0'/?)w < 1, the above estimate implies that for every n € N the series

[e.e]
— § -1
{=1

which corresponds to formula (1.2) with

oo
-1
Uo = — Z Ae,obé—l’
{=1

converges absolutely. In particular, (1) is a solution of (1.1) and by (1.4)

Cc('/?)B
1 —a(6/?)w

[un| < "

Since 6 > 1 is arbitrary, (u,) is subexponential. Finally, the uniqueness statement holds
because the homogeneous equation v,4+1 = A,v, does not have non-zero subexponential
solutions since, by (1.3),

1—1 lvol -
n,0 HL(E)|UO| > ?2)0[(2) "

|vn| = |An,0UO| = HA

diverges exponentially if |vg| # 0, because @ (2) < 1. i
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Remark 1.2. In general, an equation of the form u,4+1 = f,(uy) = Apun + by
may have no subexponential solution (u,), even if the sequences (by,) and (A;) are bounded.
Actually, by the formula (1.2), every solution (1) satisfies the estimate

a —1
(15) unl < @ o] + b,

where

a:= sup||AnlL(E), b := sup|bal,
neN neN

but the constant a in (1.5) might be sharp for each solution. A one-dimensional example with
a > 11is given by

1u ifn =0o0r 2k)! <n < 2k + 1)!,

Sn(u) = {2u —1 ifQRk+1)!<n<2k+2),

for every k € N. Indeed, in this case a = 2, b = 1, so (1.5) gives us
[un] <2"(Jug|l +1), VneN,

from which we get
ekl = | fak+1)—1 0+ 0 fary @ary)| = 27 KD, o))

< 2—(2k+1)!+2(2k)!(|u0| + 1) — 2—(2k—1)(2k)!(|u0| + 1) — 0(1)
Since the map u — 2u — 1 is a homothety with center ¥ = 1 and expanding factor 2,

iy — 1 = | fary—1 © -+ © fak—1y (k-1 — 1|
= 2(2k)!_(2k_1)!|u(2k_1)g -1 = Z(Zk)!_(Zk_l)!(l +o(1)).

Therefore, the equality |u,| = 2"1t°® holds on a subsequence, so the constant ¢ = 2 is sharp
in (1.5), that is, no solution (u,) is O(a™) with @ < 2.

Let V be a linear subspace of E, playing the role of a control space. If we are allowed to
perturb the sequence (by) by a sequence in V and if V' is preserved by all the automorphisms
Ay, we find the following generalization of Lemma 1.1, where the operator norm in (1.3) is
replaced by the operator norm on the quotient £/ V.

Lemma 1.3. Let V be a linear subspace of E and let n: E — E/V be the quotient
projection. Let (A,) be a subexponential sequence of linear automorphisms of E such that
AnV =V foreveryn € N, and assume that for every 8 > 1 there exist positive numbers C(0)
and a(0) < 1 for which

< C(0)0"a(0)¢, Vn,LeN.

(1.6) l4ntenlie vy =

n+4,n

Then for every subexponential sequence (by,) C E there is a subexponential sequence (u,) C E,
unique modulo V, and a subexponential sequence (vy,) C V such that

Unt+1 = AnUn + by + vy.



Abate, Abbondandolo and Majer, Stable manifolds for holomorphic automorphisms 223

Proof.  Since (by,) is subexponential, so is (77 b,) and by Lemma 1.1 applied to the vector
space E/V there is a unique subexponential sequence (§,) C E/V such that

Ent1 = Ankn + 1 by.
Therefore, there is a sequence u; € &, such that
lun| = 15n| and vy :=upy1 — Apup —bp € V.

These sequences (u5) and (vy) satisfy all the requirements. |

Remark 1.4. All the results of this section hold, with minor changes, if E is an infinite
dimensional complex Banach space.

2. Linear conjugacy operators on the space of homogeneous polynomial maps

We endow C9 with the norm

(2.1) |z| == max |z;|, Vze c?,
1<j=d

whose open ball of radius r about 0, that we denote by B;, is a polydisk. The corresponding
operator norm on the space of linear endomorphisms of C¢ is denoted by ||-|.

Let #¥ be the vector space of homogeneous polynomial maps p: C d 5 C9 of de-
gree k. The space #* is naturally isomorphic to the space of C¢-valued symmetric k-linear
maps on C 4. We use the same symbol to denote the k-linear form and the corresponding
k-homogeneous polynomial, adopting the following notation:

p(z) = p[z]k = plz,...,z], Vze c,

The space #* is normed by
lp(2)|

zecdvioy 121F

2.2) Ipll = = [12lloo,B; -

Set
Ap={aeN?||ja| =k}, J=A{l,....d},

where |«| := o1 + -+ + @4 is the degree of the multi-index «. Then H ks spanned by the
basis
z%;, (a,i) € Ap x J,

where eq, ..., e  is the canonical basis of C4, and has dimension

k+d-—1
dimJ(’k=dcardAk=d< —cil_ 1 )
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An equivalent norm on # ks clearly the maximum of the absolute values of the coefficients
with respect to this basis. The Cauchy formula implies

k+d—1
2.3 max |cq.i| < < max |cq.il,
23) (a,i)eAkaI| ail = Pl = ( d—1 )(a,i)eAkx.]Il ail
for p(z) = Za’i caiz%e;.
Consider the flag

(0)=EyCE,CE,C---CEyg_,CEg=C¢,

where E; = Span(eg_;y1,...,eq) is the space of vectors (z1,...,zg) such that z; = 0 for
every i < d —j. A holomorphic map f: C? — C¥ is called triangular if it preserves this flag,
thatis, f(E;) C E; forevery j = 0,...,d. Itis called strictly triangular if f(E;) € E;_1
forevery j = 1,...,d. A holomorphic map f" Cc? - Cis triangular (respectively, strictly
triangular) if and only if f(0) = O and for every j = 1,...,d the j-the component of
J depends only on the variables z1, ..., z; (respectively, z1,...,z;—1). In particular, a linear
endomorphism of C4is triangular (respectively, strictly triangular) if and only if the associated
matrix is lower triangular (respectively, strictly lower triangular). Notice that the composition
of triangular maps is still triangular, and it is strictly triangular if at least one of the maps is so.
If we set

Ty := {(a.i) € Ag xJ |o; =0V =i}, Tk = span{z%e; | (a,i) € Tg}.

then a polynomial map
m
hC?—>cd h=Y "k ket
k=1

is strictly triangular if and only if each ¥ belongs to T*.
We are interested in polynomial automorphisms of C¢ that are strictly triangular pertur-
bations of triangular linear maps, that is, maps g: C4 — C4 of the form

g(zy=Dz+h(z), Vze ce,

where D is a diagonal linear automorphism and /% is a strictly triangular polynomial map.
Equivalently, g can be written component-wise as

g1(z) = Aiz1,
82(2) = A2z2 + ha(z1),
2.4)
8a(z) = Agza +ha(z1,....2a-1).
where each polynomial /; depends only on z1, ..., z; 1 and vanishes at the origin, and none of

the numbers A is zero. The above expression easily implies that g is an automorphism and that
its inverse has the same form. Throughout this paper, we shall briefly refer to automorphisms
of the form (2.4) as special triangular automorphisms. More properties of special triangular
automorphisms are proved in Section 6.
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A linear automorphism L of C* induces a linear conjugacy operator Ay : K ks gk by
setting

(2.5) Arp:=L ' polL.
This operator depends controvariantly on L, that is,

If the linear automorphism L is lower triangular, then the subspace Tk of strictly triangular
k-homogeneous polynomial maps is #y -invariant. If D is a diagonal linear automorphism,
with

3(1) 0

D = ,
0 8(d)

then the conjugacy operator +p is diagonal with respect to the standard basis of # k. indeed
Ap(%er) = 81 8% - 8(d)* (%er).

for all (o, i) € A x J. The induced operator on the quotient ¥ /7% (still denoted by #Ap) is
diagonal with respect to the basis

2% +TE (oni) € (A x )\ Ty,
and the eigenvalue corresponding to the eigenvector z%¢; + T is the number
S ... ()% ... 8(d)¥e,
for all (o, i) € (Ag x J) \ Tx. Therefore its operator norm can be estimated as follows:

2.6 A Ty <clk,d max S(HX . ()% §(d)*.
(2.6) |l ADlLger 7ry < c( )(a,i)e(Akx.]I)\Tk‘ (1) ) (d)* |
Here, the presence of the constant ¢(k, d) is due to the fact that the norm ||-|| defined by (2.2)
is not a monotone function of the coordinates with respect to the standard basis of F*. Such a
constant would have been 1 if #* were endowed with the (monotone) maximum norm of the
coefficients with respect to the basis {z%¢; }, so (2.3) implies that a suitable constant in (2.6) is

k+d-—1
c(k,d)z( ji_—l )

By the definition of the set Ty, we can reformulate the expression for the maximum which
appears in (2.6) and get

R 0)]

@7 14D et iy < ek, d)( max 1500 max e

Let Ly,..., Ly be lower triangular linear automorphisms of ce, and let Dy,..., Dy be
their diagonal parts. Therefore, L, = D, + N, and L;l = D, '+ N,, where N, and
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N, are strictly lower triangular linear endomorphisms of C 4 for everyn = 1,...,£. Set
F, =D, 1N, and Fn =D, Nn Since D, is the diagonal part of L,, we have

|Lnll > max |Lnej| = max |Dnej| = || Dnl,
1<j=d 1<j=<d
hence
(2.8) | Full = IDn Lyt = T < IDallllLy M+ 1 < I LallllL; ) + 1.

Symmetrically, we have
29) IEall < Ll L7+ 1.

If we denote by 2 the set {0, 1}, we have the following useful representation formula:

Lemma 2.1. For every p € K* the k-homogeneous polynomial map Ay, oLy P equals

(2.10)
Z DgF . D F p[Dl—lﬁfl DyVFP L Dp'FP Dy lFﬂf]
a,Bl,...,
where the sum is taken over all a, B, ..., B in 2t with || < d.|BY| < d,....|B¥| < d.

Proof. Ify € 2is0then D, F] = D,, whileifitis I then D, F;} = N,. Therefore
Ly-+-Ly=(Dg+ Np)eo-(Dy+ Ni) = ) DyFy* - Dy FYY.
ac2!t

Actually, all the products containing at least d of the N,, vanish, so the above sum involves
only the multi-indices o with || < d, that is

(2.11) Lg---Ly= ) D¢F}“---DF{".
a2t
la|<d
Similarly,
(2.12) Lyt-Lpt = Y DTYRP - DR
pe2t
|Bl<d

Formulas (2.11) and (2.12) imply the identity

ALl P = D@Féxe---DlFlo“p( > pr'EP ---D;lﬁff).

a2t Be2t
lor|<d |Bl<d
By k-linearity the latter expression can be rewritten as (2.10). ]

The following lemma is our main estimate for conjugacy operators induced by triangular
automorphisms:
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Lemma 2.2. Let L,, 1 < n < {, be lower triangular linear automorphisms of C4.
Assume that the vector of diagonal entries of Ly, is (An(1),...,An(d)). Then

N .
k-1 |An, 1, ()]
ALy < KV ( A h +—)
IoAw et faqaes ey = K €7 ma [T (C e o, (O, ma | 352

where

K = K(d,k, max || Ly||, max ||L;1||) N = (k+1)d-1),
1<n<{ 1<n=<{
and the first maximum is taken over all the partitions | =ng <nj; <---<ny <ny41 =1.

Proof. Fix some «, B, ..., % € 2t such that |a| < d,|B!| < d.,...,|B¥| < d. The
operator

~lgll

Rl
(2.13) p > DgFY - Dy F p[D;lF1 Pe

-1
D/ 'F,

_ ~'Bk _ "’ﬁk
L DTV DR

appearing in (2.10) can be seen as the composition of conjugacy operators #Ap,, 1 < n <,
alternated with the left-multiplication operators
Lnpi=Fp, 1<n<{,
and the right-multiplication operators
Rup = p[ﬁf’%,...,ﬁf’]’c], 1<n<d{.
Each of these operators preserves the subspace 7k, and by (2.8) and (2.9),
I€nllLiger sy < WEZ" I < 1 Full*" < 0,

(2.14) - gl - gk ~ gl ~ gk Iy..q gk
| Rl g jriey < NER - NELT | < I Bl Ph - | B 1P < Pt

= LollLY + 1).
P lrélr?;ie(ll allllLy, I+ 1)

Since || < d, the number of indices n for which £, is not the identity is at most d — 1.
Similarly, since |8/ | < d forevery j = 1,...,k, the number of indices n for which R, is not
the identity is at most k(d — 1). It follows that there are natural numbers

l=no<ny <---<nyy1 =4¢,

where N = (k + 1)(d — 1), such that the operator (2.13) is the composition of the N + 1
conjugacy operators
j=0,....N,

with some of the operators &£, and R,. Using also (2.14), we deduce that the norm of the
operator (2.13) on J* /7% is not larger than the number

N ‘ P
(2.15) 1_[ H ADn, 1 ”L(Jfk/fi‘k)' 1_[ P l_[ PP By
j=0 n=1 n=1

ADy; oy

N
|t +[ B [++++|BX NIE

Jj=0

=p Dnjyion; HL(J’f’k/frk)'
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Notice that

(2.16) SO% 3 plaltiBt B ( 3 plal)k+1

a2t pleat Bkeat a2t
lae|<d 1B!|<d |B¥|<d la|<d

and

d=1 /,\ -1/, d-1
Yo =3" ( .)p’ <pty () e e T A
aeat j=o \J j=o \J j=0 /"
la]<d
so the quantity (2.16) is at most ek"'leﬂN. Since the operator sy,..r, is the sum of the
operators (2.13) over all multi-indices o, 1, ..., ¥ in 2¢ with weight less than d, this bound
on (2.16) and the fact that the norm of (2.13) is at most (2.15) imply the estimate

The conclusion now follows from the estimate (2.7). O

N
k+1 N yN
[ AL Ll er iy < €707 L I=no < <y <ny 1= JU)”ADHHW

3. The formal non-autonomous conjugacy

Let ¥ C C[[z1.....z4]]? be the space of formal series in d variables and with d com-
ponents, with vanishing zero order term. If f € ¥ and k € N, we denote by f*¥ the k-
homogeneous part of f. Therefore each f € ¥ can be written uniquely as

3.1) f=>r"~
k=1

where f k e #FK for every k € N4, and any expression of the form (3.1) defines an element
of ¥. The formal composition of two formal series A, f € ¥ is well-defined, and its k-th
homogeneous part is given by the finite sum

(3.2) (ho f= > W[fu..... fYl.
jz1
aeN7, |a|=k
An element f € ¥ is invertible with respect to the formal composition if and only if its first
order term f'! is an invertible linear mapping.
A sequence (f,) C ¥ is said to be subexponential if for every k € N4 the sequence
( fnk ) C HEK is subexponential. Clearly, a bounded sequence in ¥ with its standard structure

of topological vector space, that is, a sequence ( f;,) such that ( fnk ) is bounded for every k, is
subexponential. The aim of this section is to prove the following:

Theorem 3.1. Let (f) be a subexponential sequence in ¥ such that for everyn € N
the linear endomorphism L, := fn1 is invertible, lower triangular, and satisfies the uniform
bounds

(3.3) ILnmll <A™, L5l <cp”™, ¥n=m >0,
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where ¢ > 0and 0 < A < 1 < . Let mg € Ny be such that
(3.4) Amotl .

We assume that the vector (An(1),A,(2), ..., An(d)) of diagonal entries of Ly, satisfies the
following condition: There exists 0 < n < 1 such that for every 0 > 1 there is a positive
number C(0) for which the inequality

N .
(3.5) max |A,qgn(h)] max PntenDI_ Cc()0"4t,
1<h=<d 1

<i<j<d |Apyen(@)| ~

holds for every n, £ € N. Then there exist a subexponential sequence (gn) of special triangular

automorphisms of C¢ of degree at most mo and a subexponential sequence (hy) in ¥ such that
=1Ly h)=1 and

gn - ns n — ’ an

(3.6) hpnt10 fn=gnohy, VneN.

Proof. By the identity (3.2), the conjugacy equation (3.6) is equivalent to the infinite
system of algebraic equations

BN AT+ Y A ]

1§j<k
@ e Jol=k =gl + D gl ],
1§j5k
aeNy, |a|=k
fork € N4 and n € N. If we set
(3.8) g i=fl=1L,, hl:=1 VneN,

the equations (3.7) are trivially satisfied when k = 1, for any n € N. We have to prove
that for every k > 2 there are subexponential sequences (hﬁ) and (g,’i ) in Hk solving the
equations (3.7), with g,]f in the space of strictly triangular k-homogeneous polynomial maps
Tk for2 <k < mo,andg,’g = 0 for k > my.

Let k > 2. Using (3.8), right-composing by L;l, and isolating the terms with j = 1 and
Jj = k in the two sums, we can rewrite equation (3.7) as

M = Lahf oL +gko Lt — fRoL)!

+ D (gl =R U ) o Ly

1§j<k
aeNy, |a|=k
This equation has the form
(3.9) hEpy = Ap1hk + gk oL+ bk,

where A Lil: H* — F* is the conjugacy operator by Lt defined in (2.5), and b,’f is of the
form

(3.10) bRk =BR(AL R gkl R R RETY).

In particular, b,’,c does not depend on the sequences (g,{)neN and (h{;)neN for j > k.
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Let m > 2 be an integer. Arguing inductively on m, we assume that for every k < m
the equations (3.7), equivalently the equations (3.9), are satisfied by subexponential sequences
(gX) and (h¥), such that (3.8) holds and

g,’f e T for2 <k < min{m, mg + 1}, gs =0formg <k <m, VneN.,
We want to prove that the equations
(3.11) Wy = Ap-1hy + gt o Lyt +b),

are satisfied by subexponential sequences (g7'), (h)'), such that

g eT™, g =0ifm>my, VneN.
Our strategy is to apply Lemma 1.1 when m > mg, when we are forced to take g}’ = 0, and
to apply Lemma 1.3 when m < myg, by using the space of strictly triangular homogeneous
polynomials 77 as a control space.
By the assumption that ( f;;) is subexponential and by the inductive hypothesis, (3.10)
shows that the sequence (b])") is subexponential. In order to estimate the operator norm of the
linear part of the equation, we distinguish the cases m > mg and 2 < m < my.

The case m > mgy. By (3.3), the norm of the operator +7, on #™ is bounded by

n+¢.n

AL <L, M Lngenll™ < ™ FHuA™E, Vi, € eN.

n+e.n HL(J(””) n+&,n

Since m > mg + 1 and A < 1, by (3.4) the number uA™ is smaller than 1, so the operators
Ap = A1 = ‘A’Zi satisfy the assumption (1.3) of Lemma 1.1. This lemma implies that the
equation (3.11) with g/* = 0 for every n € N has a unique subexponential solution (h])").

The case 2 < m < mgy. By Lemma 2.2, the norm of the operator Az, 4o, ON the
quotient space K™ /T ™ is bounded by
N .
- [An n(J)]
A ey < K €N max ( max |A )™ max ’“—’)
” Lyten ”L(J(’ [Tm) — n,) rl:[() (1§h§d| ”r+1,nr( )l) 1<i<j<d |Anr+1,nr(i)|
N .
A
< K ¢V max ( max [Ap, |, (h)| max M),
(n,) - _\<h<d 1<i<j=<d |[An, 41, ()]

where N = (m + 1)(d — 1), K = K(d,m,cA,cu), and the first maximum is taken over all
the partitions n = ng <ny <--- <ny <ny41 = n + £ — 1. In the last inequality we have
used that Ay, | 0, (h)] < A"r+17" < 1, by (3.3), and m > 2. Let 6 be any number greater
than 1 and let C(6) and «(f) < 1 be positive numbers such that (3.5) holds. Plugging (3.5)
into the last inequality, we get

N

(.12) H ‘A)Ln+€,n HL(]{"n/g"m) = KZN I(I}lf:))( 1_[ C(G)Qnr nnr+1—nr

r=0

— Kch(Q)N-i-l 9n+N(n+€—1)nZ

— KQ_NKNC(@)N+10(N+1)"(0Nr])e
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Now let > 1. Choose 8 > 1 such that 9N+1~§ w and OV 5 < 1. Then for every number o
such that 8V 5 < a < 1 there exists a constant C such that

ENQ(N+1)n(0N7])e < éwnaz, Vn,ﬂ € N.

Together with the above estimate, (3.12) shows that 4, = A Lo satisfies the assumption (1.6)
of Lemma 1.3, which then implies the existence of a subexponentlal sequence (g,) in 7™ such
that the equation

hv1 = Apo1hy' +8n + by
has a subexponential solution (h}') C H™. Then (3.11) is solved by the subexponential se-
quences (A)") and

This concludes the proof of Theorem 3.1. |

Remark 3.2 (uniqueness). Once the sequence of special triangular automorphisms (g)
has been fixed, the sequence (%) is uniquely determined by its first element /¢ thanks to
(3.6). Moreover, the above proof shows that the homogeneous polynomials h’g for k > mg are
uniquely determined by the ones of degree at most m1g.

Remark 3.3 (the linearizable case). If A2 @ < 1 we can take mo = 1 and the condition
(3.5) is automatically fulfilled. In this case, the triangular automorphisms g, = L, are linear
and the subexponential formal conjugacy (%) is unique and actually bounded.

Remark 3.4. As explained at the beginning of Section 2, the operator norm which
appears in (3.3) is the one induced by the norm (2.1) on C4. However, the condition (3.3) does
not depend on the choice of the norm on (Cd, up to the choice of a different constant c.

Remark 3.5. If we strengthen the assumptions of the above theorem by requiring that
(fn) is bounded and that (3.5) holds with 8 = 1, the same arguments imply that (g,) and
(hy,) are bounded. However, the weaker assumption that (3.5) holds for every 6 > 1 is more
relevant for our purposes, as it holds generically when the f;, are induced by the restriction of a
diffeomorphism f to the stable manifolds along an orbit on a compact hyperbolic set (see the
proof of Corollary 7.3 below).

4. A counterexample

If we drop the assumption (3.5), the conclusion of Theorem 3.1 may fail. Let us exhibit
a counterexample in dimension d = 2. Let (s%) be a strictly increasing sequences of integers
such that

4.1) 82k = 0(sor41) fork — oo,

4.2) Sok—1 = 0(s9) fork — oo.
For instance, we may take (s3) defined recursively by
so =1, spip1 = 10°%,

that is, in Knuth’s up-arrow notation, s = 10 11 k.
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Consider the sequence ( f,) C ¥ defined by

1 1.2 1 :
(371 — 422 2 72), ifsor < n <sppqrs

(321, 572 — 329),  if Spk41 <1 < Sokqa,

Iu(z1,22) = {

where k varies in N. Then the assumption (3.3) of Theorem 3.1 holds with the sharp constants
A = 1/2, u = 4. In particular, we can take my = 2 in (3.4), but not m¢ = 1, so we are not in
the linearizable case of Remark 3.3. On the other hand, the vector (1, (1), A,(2)) of diagonal
entries of f,! is either (1/2,1/4) or (1/4,1/2), so

| n+t, n(])|

=(1/2)02 =1
<J<2 Mn—i—@ n( )| /

A h
max WAnten (M|

and (3.5) does not hold.
We shall prove that if (g,) and (h,) are sequences in ¥ such that g} = f,1,hl =1,

hn+10 fn =gnohy, as2-jets, VmeN,
and g2 belongs to 72 for every n € N, then (h2) is not subexponential.

Since fn1 is diagonal, the equation (3.9) splits into an equation for each element of the
standard basis of #2. Since g2 belongs to 72, its first component vanishes and the equation
for the coefficient of z% in the first component of 4, — call it u, — is just

Unt1 = An(DAn(2) Uy — An(2) " %an,

where a, is the coefficient of z% in the first component of f,. By the definition of f;, the
sequence of complex numbers u,, satisfies the recursive equation

up + 1, if sy <n < Spp41,
Upn+1 = .
8up, if S2k4+1 <1 < $2k42-

The solutions (u,) of the above equation are uniquely determined by the choice of the first
element ug € C. We claim that for every choice of u, the sequence (1) is not subexponential.
By the bound (1.5), we have

[un| < 8" (Jug| + 1).
Therefore, by (4.1),

[Usoieir | = [Usap + S2k1 — S2k| = Sokp1 — S2k — |ty |
> Sok+1 = S2k — 82 (luo| + 1) = sz 41(1 + 0(1))
diverges. Thus, if k is large enough, we deduce by (4.2) that

gy, | = {52k —52k—1 gy (| = gs2k to(sak)

Therefore, the inequality |u,| > 8"7°() holds on a subsequence, hence the sequence (i) is
not subexponential and neither is (h2).
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Remark 4.1. Since in this example f,! is diagonal, it can be seen also as an upper
triangular linear automorphisms, and one may hope to find a subexponential conjugacy with a
sequence (g ) such that, denoting by S the involution (z1, z2) + (22, 21), Sogn oS is a special
triangular automorphism of C2. However, an argument similar to the one developed above
shows that any conjugacy (/1) between ( f;,) and a (g, ) of this form has a 2-homogeneous part
which diverges exponentially.

Remark 4.2. One could show that the basin of attraction of 0 with respect to the above
sequence ( fy), that is, the set

{ZE(C2 | fno--~of0(z)—>0f0rn—>oo},

is the whole CZ2.

5. The abstract basin of attraction

Let § be the category whose objects are the sequences

f = (fn :Up = Unt1)nen

of injective holomorphic maps between d-dimensional complex manifolds and whose mor-
phisms 4: f — g are sequences of injective holomorphic maps

h = (hy:Uy = Vi)pen, withU, = dom f,, V,, = domg,,

such that for every n € N the diagram

Jn
Un Un+1

hnt lhn-‘rl

&n
Vo ————— Vat1

commutes. In other words, § is the category of functors Fun(N, M), where M is the category
of d-dimensional complex manifolds and injective holomorphic maps.
If f is an object of § and n > m > 0, we denote by f, » the composition

Jam = fo—r10--0 fm:Un = Un,  fun =idy,,
which satisfies, forany n > m > £ > 0,
Jnm © fme = Jfu-
We denote by W the inductive limit functor
]_El)lig — M.

That is, W f is the topological inductive limit of the sequence of maps ( f;) with the induced
holomorphic structure: Constructively, W f is the quotient of the set

{zel_[Un

n>m

meN, zy41 = fu(zy) Vn > m}
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by identifying z and z’ if z, = z], for n large enough. The holomorphic structure is induced
by the open inclusions

foo,m3 Un — va Z [(fn,m(z))an]-

With the above representation, if &: f — g is a morphism in ¢, Wh is the injective holomor-
phic map
Wh([(zn)nzm]) = [(hn(zn))nzm]-

The following result, whose proof is immediate, turns out to be useful in order to identify W f":

Lemma 5.1. Let h: f — g be a morphism in'§. Then Wh: Wf — Wg is surjective
(hence a biholomorphism) if and only if for every m € N and every z € Vy, there existsn > m
such that gn m(z) € hy(Up).

Let B = Bj be the open unit ball about 0 in C? and consider a sequence of injective
holomorphic maps f,: B — B such that

(5.1) | £,(z)| < Alz|, VzeB, VneN,

for some A < 1. In this case, the manifold W f may be considered as the abstract basin of
attraction of 0 with respect to the sequence f = (f5). In fact, if in addiction the maps f; are
restrictions of global automorphisms g, of C4, then Zoon: QLN W g are biholomorphisms
and, in particular, Wg can be identified with (Cd; through this identification, the induced holo-
morphic inclusion Wf < Wg =~ C¢ is the inclusion in C? of the basin of attraction of 0
with respect to g, which is the open set

{z ecH | gn,0(z) > Oforn — oo},

and the maps foo n: B — W coincide with g0 » |p. Notice also that an immediate application
of Lemma 5.1 implies that if f satisfies (5.1), then for every r < 1 the manifold Wf is
biholomorphic to the abstract basin of attraction of the restriction

falB,:Br > By, neN.
By a bounded sequence of holomorphic germs we mean a sequence of holomorphic maps
hp:Br - C% neN,

defined on the same ball of radius r about 0 and such that 4, (B;) is uniformly bounded.
Under boundedness assumptions, the abstract basin of attraction is invariant with respect to
non-autonomous conjugacies, as shown by the following:

Lemma 5.2. Let f = (fu: B — B)pen and g = (gn: B — B),en be objects in §
such that
| /(@) = Alzl. Ign(2)] = Alz|, VzeB, VneN,

for some A < 1. Assume that there exist r > 0 and a bounded sequence of holomorphic germs
hp: By — (Cd, neN,
such that hy(0) = 0, Dh,(0) = I, and
(5.2) hnt10 fn =gnohn, VneN,
as germs at 0. Then W f is biholomorphic to Wg.
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Proof. Fix a positive number ' < r. Since the maps h, are uniformly bounded
on B, the Cauchy formula implies that the second differential of A, is uniformly bounded
on B,s. Since Dh,(0) = I, we deduce that there is a positive number s < r’ such that
|Dh,(z) — I|| < 1/2 forevery z € By and every n € N. In particular, Dh, (z) is invertible
with uniformly bounded inverse for every z € B and every n € N. Up to the choice of a
smaller s, we deduce that %, is a biholomorphism from B onto an open subset of B which
contains the ball By, for some s’ > 0 independent on n. By (5.2), the restrictions

hn|lB,: Bs = B, n €N,
define a morphism /4 from the restriction
(/fn|By: Bs = Bs)neN
to g. Since for every n,m € N with n — m large enough
gn.m(B) C Byn—m C By C hn(By),

Lemma 5.1 implies that Wh is a biholomorphism from the abstract basin of attraction of
(fnl|B,) to that of g. Since the former manifold is biholomorphic to W f', the conclusion fol-
lows. -

6. Iteration of special triangular automorphisms

In this section we establish some facts about the composition of special triangular auto-
morphisms. We start by recalling that a family of polynomial endomorphisms of C“ is said
to be bounded if their degrees and their coefficients are uniformly bounded. The proof of the
following lemma is straightforward.

Lemma 6.1. The following assertions hold:

() If P is a bounded family of polynomial endomorphisms of C% such that p(0) = 0 and
Dp(0) = 0 for every p in P, then the family

{tptz) | peP, 1| <1}

is also bounded.

(i) If & and @ are bounded families of polynomial endomorphisms of C¥, then the family
{poq|pe{P,qeé‘2}
is also bounded.
Let g,: C4 — C¥ be defined as

(6.1) gn(2) := Lpz + pn(2),

where
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(a) (Ly) is a sequence of lower triangular linear automorphisms of C* such that
ILnml <A™

foreveryn > m > 0, wherec > 0and 0 < A < 1;

(b) (pn) is bounded as a sequence of polynomial maps of the form

pn(Z1, ..., 24) = (0, p%(zl),...,p,‘f(zl,...,zd_l))

such that p,(0) = 0, Dp,(0) = 0.

In particular, the degree of p, is bounded, and therefore there exist positive integers
k1 =1k, ..., kg such that

(6.2) deg pji (X1, 252 9

23 <kp Yji=2,....d.

The next lemma implies in particular that the composition g, o has uniformly bounded degree,
for every n € N.

Lemma 6.2. Let ky,..., kg be positive integers. The family endomorphisms of C¢ of
the form

f(z) =Lz + p(2)

with L varying in the set of lower triangular matrices and p varying among polynomial maps
of the form

p(Z): (OvPZ(Zl)""’pd(zl”"’zd—l))7 P(O) =0, DP(O):O

satisfying
k1 _ko
degpj(zl AN

is closed under composition.

Proof. If f(z) = Lz + p(z) and g(z) = Mz + ¢(z) are two such maps, then the
composition
fogz)=LMz+ Lq(z) + p(Mz + q(2))

is readily seen to be of the same form. |
We can use the above two lemmas to prove the following:

Lemma 6.3. Let g, be a sequence of special triangular automorphisms of c4 of the
Sform (6.1) which satisfies (a) and (b). Then the family of polynomial maps A™"gn 0, n € N, is
bounded.

Proof. We argue by induction on the dimension d. If d = 1, then the composition
gn,0 = Ly o is linear and the conclusion follows from the estimate in the assumption (a). We
assume that the conclusion holds when the dimension is less than d. By Lemma 6.1 (i), the
sequence of polynomial maps

(A7 pu(A"2))
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is bounded. Denote by gfl’o the i -th component of the map g,,0. By the inductive hypothesis,

the sequence (A" giz,o)’ for 1 <i < d — 1, is bounded. Therefore, by Lemma 6.1 (ii), the
sequence

(6.3) A Do gno = A" pu(A(AT"gn o). AT R G)
18 also bounded. Since
&n+1,0 = Lugn,o + Pnogno and goo = id,

by the general formula (1.2), we have

n—1
gn,0 = Ln,O + Z Ln,j+1pj ©&j,0,
j=0
which can also be written as
n—1 ) )
Ano=A"Luo+ > MQA " Lnj+1)A " pjogjo).
j=0

The estimate of the assumption (a) and the fact that (6.3) is bounded imply that A™"g, ¢ is
bounded. O

We conclude this section by deducing the following:

Lemma 6.4. Let g, be a sequence of special triangular automorphisms of C% of the
form (6.1) which satisfies (a) and (b) and let k := max{ky,...,kg}, where the numbers
ki1 = 1,ka,..., kg satisfy (6.2). Then there exists a number C such that

lgn0(2)| < CA™(|z| + |z|%), VzeC?,

for every n € N. In particular, the basin of attraction of 0 of the sequence (gy) is the whole
C4, that is,
ze C? | gno(z) = 0forn — oo} = ce.

Proof. By Lemmas 6.2 and 6.3, (™" g5.0) is a bounded sequence of polynomial maps
of degree at most k, mapping 0 into 0. Since A < 1, the claim immediately follows. |

7. Proofs of the main results
We are now ready to prove the first main theorem stated in the Introduction:

Theorem 7.1. Let B be the open unit ball of C¢ and let f = (fn: B — B)nen be an
element of § such that for everyn € N

(1.1) viz| = | fa(@)| = Alz|, Vz e B,

with 0 < v < A < 1. Assume that the linear automorphisms L, = Df,(0) are lower
triangular and satisfy the condition (3.5) of Theorem 3.1 for some positive number n < 1.
Then the abstract basin of attraction W f is biholomorphic to ce.
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Proof. Notice thatby (7.1), || L,|| < Aand ||L,,;'|| < u := 1/v, so the assumption (3.3)
of Theorem 3.1 holds, hence also (3.4) does (with a suitable mg). Since the holomorphic maps
fn are all defined on the unit ball B, map 0 into 0, and have uniformly bounded images, by
considering their Taylor expansion at 0 we may see ( f;) as a bounded sequence in the space of
formal series . In particular, (f,) is a subexponential sequence such that f,! = L, satisfies
the assumptions of Theorem 3.1, which implies the existence of a subexponential sequence
(gn) of special triangular automorphisms of C? of degree at most mg and a subexponential
sequence (hy) in ¥ suchthat gl = L,, hl = I, and

(7.2) hnt10 fn =gnohn,, VYneN.
By (3.4), we can find 1 < 6 < 1/A such that
(7.3) gmopmotl 1.
For every n € N, consider the map
Fa(z):= 0" £,(067"2), VzeB.

The linear automorphisms ~
Ly =D fn(0) = 0Ly,

satisfy the bounds
(7.4) ILall <A L") < A

where 5
Ai=0A<1, p:=61u.

By (7.1), the Cauchy formula implies that Df;, is uniformly bounded on By /,. Therefore
D fu(z) = 0Dfn(67"2)

is uniformly bounded on B /,, hence ( f;) is a bounded sequence of germs. Fix a number A

such that X < A < 1. Together with the first of the bounds in (7.4), a further use of the Cauchy
formula implies that there exists 0 < r < 1 such that for every n € N

(1.5) | fa(2)| < Alz|, Vze B,.

In particular, 3 3
S = (fulB, : Br = Br)neN

can be seen as an object of §. The maps
¢On:Br —> B, @u(z):=07"z,

define a morphism ¢: f — f, which induces a holomorphic injection W¢: W f — Wf. By
(7.1) and since A < 671, for every m € N there is a natural number n > m so large that

fn,m(B) C Byn—m C Bpg—n = hn(Br)

Hence, Lemma 5.1 implies that W¢ is a biholomorphism. Therefore, it is enough to show that
W f is biholomorphic to C¥.
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The same rescaling used above defines the polynomial maps of degree at most my,
gn(z) = 0"T1gu(67"2),

which satisfy ;
gn(0) =0, Dgn(0) = Ly.
If 2 < k < my, the homogeneous part of degree k of g, is

gs — e(l—k)n-i-lgﬁ,

so the fact that (g’,f ) is subexponential and 6 > 1 imply that the sequence of polynomials (g,)
is bounded. Up to the choice of a smaller r > 0, by the first bound in (7.4) and the Cauchy
formula, we may assume that

(7.6) gn(2)| <Alzl. Vz e B,
Similarly, the sequence (fzn) C ¥ of formal series defined by
hn(z) 1= 0"hn(67"2),
is bounded in ¥ . By (7.2) and by the definition of fn, gn and hyn, we have
(7.7) hn410 fo=&nohn, VneN,
as formal series, so in particular as mg-jets. Since by (7.3)
Ao+l — gmoymotl

by the bounds (7.4), TheoremNA.l implies that (7.7) is satisfied as an identity of germs bNy a
bounded sequence of germs (hy,). By (7.5), (7.6) and (7.7), Lemma 5.2 implies that W is
biholomorphic to W g. Since

Wg ~ {Z ec? | gn,0(z) > 0forn — oo} = C“,

by Lemma 6.4 we conclude that W f is biholomorphic to C and hence so is W f. ]

Remark 7.2. Instead of applying Theorem A.1, which establishes the existence of a
bounded non-autonomous conjugacy of arbitrary sequences of germs starting from a conjugacy
between their jets, one could use the fact that in the above case one of the two germs consists of
special triangular automorphisms. In such a case, the convergent conjugacy is easier to obtain,
by an argument due to J.-P. Rosay and W. Rudin [12], and used also in the already mentioned
[6,9].

Finally, let us use the above theorem to deduce the second main theorem stated in the
Introduction:

Corollary 7.3. Let f: M — M be a holomorphic automorphism of a complex manifold
and let A be a compact hyperbolic invariant set with d -dimensional stable distribution E°. Let
x € A and assume that the stable space at x has a splitting

E(x) = @ E;

i=1
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such that

lim |[Df™(x)ul"" = X; uniformly for u in the unit sphere of Ej,
n—>oo

where the numbers 0 < A; < 1 are pairwise distinct. Then the stable manifold of x is biholo-
morphic to C4.

Proof. Setx, = f"(x). By the local stable manifold theorem and up to the replacement
of f with a sufficiently high iterate (an operation which does not change the stable manifold),
we can find holomorphic embeddings

On: B — W3 (xp)
with domain the unit ball about 0 in C¥, mapping 0 into x5, and such that the identities
foon=¢ny10 fn
define holomorphic maps f,: B — B such that
(7.8) v|z| < |fu(2)| < Alz|, Yz € B, VneN,

for some 0 < v < A < 1. A biholomorphism from the stable manifold W*(x) onto the
abstract basin of attraction of 0 with respect to the sequence ( f,) is given by mapping each
z € W¥(x) into the equivalence class of the sequence (/" (z)),>m, Where m is so large that
f™(z) belongs to the image of ¢,,. Therefore, it is enough to show that this abstract basin of
attraction is biholomorphic to C¥.

Since the angles between the images of the subspaces E; by the isomorphism D f” (x¢)
remain bounded away from zero (see [7, Section IV.11]), by using a suitable linear non-
autonomous conjugacy we may also assume that the automorphisms

Ly = Dfn (0)
are lower triangular and preserve the orthogonal splitting of cH,
r
c? =@Xi, X; = Span{e; | ki—1 < j < k;},
i=1
forsome 0 = kg <ky <--- <k, =d,and

(7.9) lim [y o u|'/" = A;  uniformly for u in the unit sphere of X;,
n o

where B B .
Al > Ay > o> Ay

Denote by A,(j), 1 < j < d, the diagonal entries of L,. Fix an index j such that
ki—1 < j < k;. Since A,,0(j) is an eigenvalue of L, o with eigenvector u, in the unit sphere
of X;, by (7.9) we have

Jim [0 (DY = lim | Ly oun|V™ = 4.
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If we set )Akj = A forkj_y < Jj < ki, we have that
i =hy == Ay,
and for every w > 1 there exists c(w) > 0 such that
(@) '0T"A < Ano(i)] < c(@)o" Y.
The above two inequalities imply that, if 1 <i < j < d andn,{ € N, then

. . ] PN
Anten(D _ Aatre0(DAn0@] _ c(w)?® AT
Mn-i—ﬂ,n(i)l Mn,O(j)l Mn—i—l,o(i)l N c(a))_zw—2"—fij?il’_’+e

— c(a))4a)4"+2£({i)z < C(a))4a)4n+2£.
i
Moreover, by (7.8), [, (h)| < A for every n € N, thus
|)Ln+€ n(])| 4 4 Y
max |\ h)| max 2 < c(w)tot (0?h)E.
W] | max  SEEEET < ()t @72)
This inequality shows that the assumption (3.5) of Theorem 3.1 holds with any 5 such that

A < n < 1, hence Theorem 7.1 implies that the abstract basin of attraction of 0 with respect to
(f) is biholomorphic to C¥. i

A. A non-autonomous conjugacy theorem

The aim of this appendix is to prove the non-autonomous version of the well-known fact
that two contracting germs of holomorphic maps which are conjugated as jets of a sufficiently
high degree are actually conjugated as germs. Our proof follows the approach of Sternberg
[13], but we replace the delicate estimates which are necessary to apply the Banach contrac-
tion principle by an easier computation of the spectral radius of the linearized operator, which
allows us to apply the implicit function theorem. See [2] for a different approach.

The space C“ is endowed with the norm

|z| := max |zj|, VYz=1(z1,...,2q9) € c?,
1<j=d

whose ball of radius r about 0, that we denote by B, is an open polydisk. If L is a linear

endomorphism of C¢, then || L | indicates its operator norm induced by |-|. If ( f;,) is a sequence

of composable maps, we set, forn > m > 0,

fn,m ‘= fu—10 fn—20-0 fm, fn,n =1,

so that
Jnm o fme = fug, Yn=m=L£>0.
Denote by § the space of germs at 0 € C? of holomorphic C¥-valued maps which fix 0. A

sequence ( f) C § is said to be bounded if there exists r > 0 such that B, is contained in the
domain of each f; and f;(B;) is uniformly bounded.
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Theorem A.1. Let (f,) and (g,) be two bounded sequences in '§, whose linear parts
coincide,
Ly := Dfn(0) = Dgn(0),

and satisfy
(A.1) ILnmll <A™, Lyb ) <ep™™, ¥n>=meN,

for some ¢ > 0and 0 < A < 1 < u. Let k be a positive integer such that

)tk‘Hu < 1.

Assume that the k-jets of (f») and (gn) are boundedly conjugated, meaning that there exists a
bounded sequence of polynomial maps Hy: Cc? > C4 neN, of degree at most k, such that

(A2) Hyt10 fn =gno H, ask-jets, VneN,

Then (fn) and (gn) are boundedly conjugated as germs: There exists a bounded sequence
(hn) C g such that the k-jet of hy, is H, and

(A.3) hpy10 fu =gnohy, VneN,

as germs.

As already noticed (see Remark 3.4), the assumption (A.1) does not depend on the choice
of the norm of C¢ inducing the operator norm, up to the choice of a different constant c.
Moreover, we may replace this assumption by the stronger requirement

(A.4) ILa| <A <1, LY <p VneN.

Indeed, let A and 2 be such that A < A < 1, i > w and )ALkH/fL < 1. Then (A.1) implies that
we can find a natural number N such that

ILntnnll <AV <AV Liiyal <ep™ <pV. vneN.

If we set L, := Lu+1)NaN =AY < 1, i := N, we see that the sequence (L) fulfills
the condition (A.4) with constants A and jt which satisfy

ik+lﬂ — (ik-i-ll&)N <1.

If we set 5
Jn = foa+)NaN.  &n = Em+ 1NN

and we define H, to be the k-jet of the composition H, (n+1)N,nN» We get that ( fn) (gn) and
(H, n) satisfy the assumptions of the theorem, with (A.1) replaced by the stronger (A.4). Finally,
if (hn) is a bounded conjugacy between ( fn) and (g,) with sequence of k-jets (H,), then the
unique sequence (h,) C &, such that h,y = hy for every n € N and such that (A.3) holds, is
bounded and has (H}) as its sequence of k-jets. This shows that we may assume (A.4) instead
of (A.1).

Denote by ||-||co,r the supremum norm on the polydisk B,. Consider the space

Xy = {u B > C%|u holomorphic and bounded with vanishing k-jet at O}.
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By the Cauchy formula, ||-||s0,1 is @ Banach norm on Xj. Moreover, using the Taylor formula
with integral remainder and again the Cauchy formula, we find that for every u € X and every
r < 1 there holds

rk—i—l
(k + 1)!

where C = C(d, k) depends only on the dimension d and on the degree k.
Let £%°(X}) be the Banach space of sequences u = (u,) C Xj with finite supremum
norm

(A.5) ||U||oo,r =

r k+1
105 ulloar = € (=) Nl

ullgoo(x1) = sup [unloo,1 < +o00,
neN

and denote by U its unit open ball. If f: By — C¢ is a holomorphic map such that f(0) = 0,
we consider the rescaled functions

1 .
r.g s cd ron . )y flrz) if0O<r <y,
SR = )= {Df(O)z ifr =0.

In order to prove Theorem A.1, it is enough to find a sequence u € U such that for r > 0 small
enough there holds

(A.6) (Hy g + un—H) ofl —gro(H) +u,)=0, VneN.
In fact, in such a case the sequence of holomorphic functions
hn: By — C¥, hn(z) == Hy(z) + ruu(z/r),

is bounded, has Hj, as its k-jet and satisfies (A.3).

By (A.2), the k-th jet of the left-hand side of (A.6) vanishes. Moreover, the fact that the
sequences ( f) and (H,) are bounded and || D f,(0)|| < A < 1 imply that there exists ro > 0
such that for every r € ]0, ro[ and every u € U, there holds

F7(B) =+ fu(Br) C Bypgyi, B,
(H + un)(B1) C Ho(By) + un(B1) € Byt 1 € By
The above considerations imply that the map
®:[0,rg[ x U — £X°(Xg), @(r,u), := (H,:.H +Upt1)o0 fnr - g;rq o (H;: + up)
is well-defined. Notice that for r = 0 the map @ is linear in u,

(A7) ®0,u) = (Mn+1 oLp—Lpo u”)neN‘

Our aim is to show that if r > 0 is small enough, then there exists ¥ € U such that
®(r,u) = 0. Since ®(0,0) = 0, this fact is an immediate consequence of the parametric
inverse mapping theorem, because of the following two lemmas.

Lemma A.2. The map ® is continuous, is differentiable with respect to the second
variable, and
Dy ®:[0,ro[ x U — L(£>(Xy))

is continuous.
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Proof. We shall repeatedly make use of the following consequence of Taylor’s and
Cauchy’s formulas: If F C § is a bounded set of germs whose /-jets vanish, then

(A.8) ID’ f|loo.s = O("=7) forr — 0, uniformly in f € F,
forevery j € N and s > 0. By (A.2),
bn = Hpy10 fn—gno Hy
is a bounded sequence of germs with vanishing k-jet. Write
fo=Ln+ fo. gn=Ln+én.

where ( f:,) and (g,) are bounded sequences in § with vanishing 1-jet. If v € U and
0 < r < rg, a simple computation yields

(A.9) [CD(”, u)—d(0, ”)]n = E; +§ZOH’:—§;0(H;; +un) tun1 Ofnr_“n—i-l oLy.
Since the k-jet of £, is zero and k > 1, (A.8) implies that
(A.10) 165 0,1 = O(1).

Here and in the following lines, limits are for r — 0 and are uniform in n € N. Moreover
H,(0) =0, so by (A.8)
“Hr:”oo,l = 0(1).

Then, since the 1-jet of g, vanishes, a further use of (A.8) implies that

(A.11) 187 © Hylloo, = O(r).
Similarly,

(A.12) |60 o (Hy +un)| oy = O0).
Again by (A.8),

”fnr - Ll’l”00,1 = 0(7’),
s0, by the mean value theorem and (A.4),
|un+10 £y —tni10La| oy = I1Duntillooit00) Or).

Since A < 1, the Cauchy formula implies that || Duy 41|00, 1+ 0(r) is bounded by [[uz+1]c0,1
for r small enough, so we have

(A.13) |un+10 £y —tni10 Loy = luntilloo,1 O0).
Formula (A.9) and the asymptotics (A.10)-(A.13) imply that for every u € U
d(r,u) — ®(0,u) = O(r).

Together with the fact that the map @ is clearly continuous on ]0, o[ x U, this proves that ® is
continuous on [0, ro[ X U.
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The map u — O(r, u) is linear for r = 0; for r > 0 its differential is given by
[D20(r )], = vat1 0 f; — Dgl(Hy + un)lval
Thenif 0 < r < ro,
(A.14) [D2®(r,u)[v] — D2®(0,u)[v]],
=Up410 f, —VUnt10Ln— Dg(H, + uy)[va] — Lpvp.
By (A.13),
(A.15) |vns10 fyy = vns10Ln| g = llvntilloo,1 O(r).

Moreover, the identity
Dg;rq(H; +uy) = Dgn(rH,: + ruy)

implies that
Dy (01 +0n) ~ L, = ol

hence
(A.16) | D& (Hy +un)vnl = Lava| o ; = valloo,10(1).
By (A.14), (A.15) and (A.16),
| D2®(r,u) — D2@(0,u)| = o(1),

and together with the fact that the map (r, u) — D, ®(r, u) is easily seen to be continuous on
10, ro[ x U, we conclude that this map is continuous on [0, ro[ x U. |

Lemma A.3. The linear operator D, ®(0,0): £*° (X)) — £°°(X}) is an isomorphism.

Proof. By (A.7), we have
Dy ®(0,0)[u] = (un+10Ln— Ly oun), -

The multiplication operator by the sequence (L), that is,

(un) = (Lnttn),
is an automorphism of £°°(X},), so it is enough to show that the operator
(A.17) (un) = (L o tng1 0 Ly —up)
is invertible on £°°(X}). Consider the bounded linear operator
TP (Xg) = £°(Xx),  (un) = (L' o unt1 0 L),
If j is a positive integer, the j-th power of T is

(T'u), = Lnn+jountjoLnyjn.
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By (A.4) and (A.5), we have the estimate

[T 0n] oo = |Lat i 0 tnts o Lt jinll oy = 1 [unj © Lutjn oo 4

) A VAN 25|
< Wt jlloons < C1 (7255) Itnsllocs

< C(1 = M)A 0 | oo (x, ) -

By taking the supremum over all » € N and all u € £°°(X}), we deduce that the operator
norm of 7"/ has the upper bound

ITHM < W1 =)y~ k+D/ipk+1,

Since A < 1, the right-hand side of the above inequality converges to Ak+1 u for j — 400, so
the spectral radius of 7" has the upper bound

p(T) < 2F+1p.

Since A¥*1; < 1, we deduce in particular that 1 does not belong to the spectrum of 7', so the
operator (A.17) is an isomorphism, as we wished to prove. |

Remark A.4. We recall that any polynomial map p: C? — C? of degree at most k
with Dp(0) invertible is the k-jet at 0 of a holomorphic automorphism of C¢ (as proven by
F. Forstneric [5] and B. Weickert [14]). This fact and Theorem A.1 immediately imply that the
abstract basin of attraction (see Section 5) of 0 with respect to a sequence of holomorphic maps
fn: B1 — Bj such that

viz| < |fu(2)| < Alz|, Vze Bp, VneN,

where 0 < v < A < 1 is always biholomorphic to a domain of C¢, a result of J. E. Fornass
and B. Stensgnes [4]. Indeed, the above assumption implies that

/10 =0, DO <A, D@7 <v7T,

and if g, is an automorphism of C¢ whose k-jet at 0 coincides with that of f;,, with k so large
that A¥*1y=1 < 1, Theorem A.1 and Lemma 5.2 imply that the abstract basins of attraction of
0 with respect to ( f,) and to (g5) are biholomorphic. But, since each g, is an automorphism
of C?, the abstract basin of attraction of 0 with respect to (g,) is naturally biholomorphic to
the following domain in C¥:

{z ec? | gn,0(z) > 0forn — oo},

as shown in Section 5. In particular, the stable manifold of any point in a compact hyperbolic
invariant set of a holomorphic automorphism of a complex manifold is always biholomorphic
to a domain in C¥.
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