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Abstract. An abstract linear-quadratic regulator problem over finite time horizon
is considered; it covers a large class of linear nonautonomous parabolic systems in
bounded domains, with boundary control of Dirichlet or Neumann type. We give
the proof of some result stated in [AT5], and in addition we prove uniqueness of the
Riccati operator, provided its final datum is suitably regular.
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0. Introduction

Let H,U be complex Hilbert spaces; for fixedT > 0 we consider the following linear-
quadratic regulator problem: minimize

J(u) :=
∫ T

0

{
(M(t)y(t) | y(t))H + (N(t)u(t) | u(t))U

}
dt

+ (PT y(T) | y(T))H (0.1)

over all controlsu ∈ L2(0, T;U ) subject to the state equation

y(t) = U (t,0)x −
∫ t

0
U (t, r )A(r )G(r )u(r ) dr, t ∈ [0, T ]. (0.2)
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Here {M(t)} and PT are positive, bounded, self-adjoint operators inH , {N(t)} are
positive, bounded, self-adjoint operators inU , x is an element ofH , eachA(t) generates
an analytic semigroup{eτ A(t)} in H , {U (t, s)} is the evolution operator associated to
{A(t)}, and G(t) is the “Green map” relative toA(t). More precise assumptions on
{A(t)}, {G(t)}, {M(t)}, {N(t)}, andPT are listed in Section 1.

The state equation (0.2) represents a large class of linear parabolic nonautonomous
initial-boundary value problems, with boundary controls of Dirichlet or Neumann type:
see Section 9 of [AT5] for some typical examples. Looking for a pointwise feedback
optimal control for problem (0.1)–(0.2), the main step is the study of the associated
Riccati equation, whose integral version is

P(t) = U (T, t)∗PTU (T, t)+
∫ T

t
U (r, t)∗

× [M(r )− P(r )A(r )G(r )N(r )−1G(r )∗A(r )∗P(r )
]
U (r, t) dr, (0.3)

and whose differential version isP′(t)+ A(t)∗P(t)+ P(t)A(t)
= −M(t)+ P(t)A(t)G(t)N(t)−1G(t)∗A(t)∗P(t),

P(T) = PT .

(0.4)

The Riccati equation and its corresponding control problem in the autonomous
case have been widely studied by several people and the whole theory is, more or less,
complete: we quote, among others, [B], [LT1], [F1], [DI1], [F2], [F4], [LT3], and [LT4].
Two different approaches are available: (i) the variational method, which starts from
the Euler equation for the cost functional and yields explicit formulas which express in
terms of the data both the optimal pair and the Riccati operator, and (ii) the dynamic
programming method, which solves directly the Riccati equation and obtains, through
the Riccati operator, a feedback formula for the optimal control in terms of the optimal
state. Both methods are carefully described in the survey papers [LT2] and [BDDM].

Only a few papers deal with the nonautonomous control problem (0.1)–(0.2); the
references [Li] and [DS] are based on variational techniques, whereas in [DI2] and [AFT]
the dynamic programming approach is used.

In [AFT] it was shown that under certain abstract assumptions, which are naturally
fulfilled in the mentioned concrete parabolic problems of Section 9 of [AT5], (0.3) has a
unique global solutionP(·), whereP(t) is a positive, bounded, self-adjoint operator for
eacht ∈ ]0, T ], provided the final datumPT is suitably regular; consequently one gets
the existence of an optimal pair(û, ŷ) for problem (0.1)–(0.2) in the spaceL2(0, T;U )×
L2(0, T; H). On the other hand, in the autonomous case the minimal assumption onPT

is more general than in [AFT], and in addition the optimal pair turns out to enjoy some
regularity properties, as shown in [LT1], [LT3], and [LT4].

Thus the main goal of our previous paper [AT5] was to extend as far as possible
to the nonautonomous situation the results of [LT1], [LT3], and [LT4]. To this purpose
we were unable to repeat, for a general choice ofPT , the direct proof of existence
and uniqueness of mild solutions of (0.3), given in [AFT] by means of the dynamic
programming technique; we followed instead the variational approach of [LT1] and
[LT3], adapting and refining it according to the nonautonomous situation, through the
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extensive use of the nonautonomous theory of abstract parabolic equations developed in
[AT1], [AT2], [A1], [AT3], [A2], and [AFT]. In this way we generalized to this situation
almost all statements of [LT1], [LT3], and [LT4], even improving some of them. In fact
in [AT5] we proved that (0.4) has a classical solutionP(·), namely,

P(t) :=
∫ T

t
U (r, t)∗M(r )φ(r, t) dr +U (T, t)∗PTφ(T, t), (0.5)

whereφ(t, s) is the state operator, i.e.,

φ(t, s)x := ŷ(t, s; x), ∀x ∈ H, (0.6)

ŷ(·, s; x) being the optimal state for the control problem analogous to (0.1)–(0.2), with
initial valuex and initial times instead of 0. The optimal control is then given in feedback
form by

û(t, s; x) = N(t)−1G(t)∗A(t)∗P(t)ŷ(t, s; x). (0.7)

In particular, we showed in [AT5] thatP(·) is continuously differentiable in [0, T [ as
anL(H)-valued function and satisfies (0.4) in the sense ofL(H), provided the operator
A(t)∗P(t) + P(t)A(t) is replaced by its bounded extension3(t)P(t) (see Section 7
of [AT5] for details); the final datumPT is taken essentially in the largest possible
space, as the counterexample in [F3] and the remarks in Section 7 of [LT3] show (see
also Remark 8.3 of [AT5]). In the autonomous case this result was first proved in [D]
for problems with distributed control, and in [LT4] for boundary control, with some
smoothness assumption on the final datumPT .

This paper is a completion of [AT5]. Indeed, the differentiability result of [AT5] is
based on certain related statements whose proofs, being very long and technical, were
omitted there; thus we collect here those proofs, showing in addition the uniqueness of
the Riccati operatorP(·), provided the final datumPT is suitably regular (exactly as in
the autonomous case, see Theorem 6.4 of [LT3]).

We now describe the contents of the following sections. Section 1 contains the list of
our assumptions; Section 2 concerns some results about linear Volterra integral equations
in certain spaces of singular functions (the same ones as in Appendix A of [AT5]): these
spaces were introduced in [AT1] as spaces of maximal regularity for abstract linear
parabolic equations, but they were first used in [So]. In Section 3 we introduce the state
operatorφ(t, s) and prove its differentiability properties, and finally Section 4 is devoted
to the uniqueness of the solution of (0.3). Throughout this paper we use the notations
of [AT5].

1. Assumptions

We list here our abstract assumptions.

Hypothesis 1.1. For each t ∈ [0, T ], A(t): DA(t) ⊆ H → H is a closed linear
operator generating an analytic semigroup{eτ A(t), τ ≥ 0}; in particular, there exist
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M > 0 andϑ ∈ ]π/2, π [ such that

∥∥[λ− A(t)]−1
∥∥
L(H) ≤ M(1+ |λ|)−1, ∀λ ∈ S(ϑ), ∀t ∈ [0, T ], (1.1)

where S(ϑ) = {z ∈ C: |argz| < ϑ}.

Hypothesis 1.2. There exist N> 0 andρ,µ ∈ ]0,1] with δ := ρ + µ − 1 ∈ ]0,1[,
such that

∥∥A(t)[λ− A(t)]−1
[
A(t)−1− A(s)−1

]∥∥
L(H)

+ ∥∥A(t)∗[λ− A(t)∗]−1
[
[ A(t)∗]−1− [ A(s)∗]−1

]∥∥
L(H)

≤ N|t − s|µ(1+ |λ|)−ρ, ∀λ ∈ S(ϑ), ∀t, s ∈ [0, T ]. (1.2)

Hypothesis 1.3. {U (t, s),0 ≤ s ≤ t ≤ T} is the evolution operator relative to
{A(t), t ∈ [0, T ]}; in particular,

∥∥[−A(t)]ηU (t, s)[−A(s)]−γ
∥∥
L(H) +

∥∥[−A(s)∗]ηU (t, s)∗[−A(t)∗]−γ
∥∥
L(H)

≤ Mηγ

[
1+ (t − s)γ−η

]
for 0≤ s< t ≤ T, η, γ ∈ [0,1]. (1.3)

Hypothesis 1.4. The numberδ = ρ + µ− 1 is such that

∥∥[−A(t)]ηU (t, s)[−A(s)]−γ − [−A(τ )]ηU (τ, s)[−A(s)]−γ
∥∥
L(H)

≤ Nγ η(t − τ)δ
[
1+ (τ − s)γ−η−δ

]
for 0≤ s< τ ≤ t ≤ T, η, γ ∈ [0,1], (1.4)∥∥[−A(σ )∗]ηU (t, σ )∗[−A(t)∗]−γ − [−A(s)∗]ηU (t, s)∗[−A(t)∗]−γ

∥∥
L(H)

≤ Nγ η(σ − s)δ
[
1+ (t − σ)γ−η−δ]

for 0≤ s ≤ σ < t ≤ T, η, γ ∈ [0,1], (1.5)

all operators being strongly continuous with respect to t, τ, σ, s.

Hypothesis 1.5. For each t∈ [0, T ], G(t) ∈ L(U, H) and there existsα ∈ ]δ,1] such
that

[−A(·)]αG(·) ∈ Cδ([0, T ],L(U, H)). (1.6)

Hypothesis 1.6. We have M(·) ∈ Cδ([0, T ], 6+(H)), N(·) ∈ Cδ([0, T ], 6+(U )),
and there existsν > 0 such that N(t) ≥ ν, i.e., (N(t)u | u)U ≥ ν‖u‖2U for each u∈ U
and t ∈ [0, T ].
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Hypothesis 1.7. PT ∈ 6+(H)and in addition the linear operator P1/2T L0T : D(L0T ) ⊆
L2(0, T;U )→ H is closed, where the operator L0T is defined by

D(L0T ) :=
{

u ∈ L2(0, T,U ):∫ T

0
[−A(T)]−ηU (T, r )A(r )G(r )u(r ) dr ∈ D([−A(T)]η)

}
,

L0T (u) := −[−A(T)]η
∫ T

0
[−A(T)]−ηU (T, r )A(r )G(r )u(r ) dr.

(1.7)

Comments and remarks on this set of assumptions can be found in Remark 1.8
of [AT5].

2. Linear Volterra Integral Equations

Let X be a Banach space. We introduce some spaces ofX-valued functions, having a
singularity at an endpoint of their interval of definition.

Definition 2.1. Let [a,b] be a real interval.

(i) If γ ≥ 0, Bγ ([a,b[, X) (resp.Bγ (]a,b], X)) is the Banach space of Bochner
measurable functionsu: [a,b[→ X (resp.u: ]a,b] → X) such that‖u‖γ <
∞, where

‖u‖γ := sup
s∈[a,b[

(b− s)γ ‖u(s)‖X

(
resp. sup

s∈]a,b]
(s− a)γ ‖u(s)‖X

)
.

(ii) If γ ≥ 0, Cγ ([a,b[, X) (resp.Cγ (]a,b], X)) is the space of continuous func-
tions belonging toBγ ([a,b[, X) (resp.Bγ (]a,b], X)), endowed by the same
norm.

(iii) If η ∈ ]0,1] andγ ≥ 0, Zγ,η([a,b[, X) (resp.Zγ,η(]a,b], X)) is the space of
functionsu ∈ Cγ ([a,b[, X) (resp.Cγ (]a,b], X)) such that [u]γ,η <∞, where

[u]γ,η:= sup
s∈[a,b[

{
(b−s)γ+η sup

s≤p<q≤(s+b)/2
(q− p)−η‖u(q)−u(p)‖X

}
(

resp. sup
s∈]a,b]

{
(s−a)γ+η sup

(s+a)/2≤p<q≤s
(q− p)−η‖u(q)−u(p)‖X

})
.

(iv) If η ∈ ]0,1] andγ ∈ [−η,0[, Zγ,η([a,b[, X) (resp.Zγ,η(]a,b], X)) is the
space of functionsu ∈ C|γ |([a,b], X) such that [u]γ,η < ∞, where [u]γ,η is
defined as before.

The spacesZγ,η are Banach spaces with their obvious norms, i.e.,

‖u‖Zγ,η :=
{‖u‖γ + [u]γ,η if γ ≥ 0,
‖u‖∞ + [u]|γ | + [u]γ,η if γ ∈ [−ν,0[;
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they will be useful in describing the weighted H¨older continuity of the optimal pair of
problem (0.1)–(0.2).

The following characterization of the spacesZγ,η holds true:

Proposition 2.2. If η ∈ ]0,1] andγ ≥ −η, γ 6= 0, then we havew ∈ Zγ,η([a,b[, X)
if and only ifw: [a,b[→ X fulfills

‖w(p)− w(q)‖X ≤ c(p− q)η(b− p)−γ−η for a ≤ q ≤ p < b. (2.1)

Proof. Assumew ∈ Zγ,η([a,b[, X). Fix p,q with a ≤ q ≤ p < b. If p ≤ (a+ b)/2
we havea ≤ q ≤ p ≤ (a+ b)/2, so that, by definition ofZγ,η,

‖w(p)− w(q)‖X ≤ c(p− q)η(b− a)−γ−η ≤ c(p− q)η(b− p)−γ−η.

If p > (a+ b)/2, then two cases may occur:p− q < b− p or p− q ≥ b− p. In the
first case, we haveq ≤ p < (q + b)/2, so that

‖w(p)− w(q)‖X ≤ c(p− q)η(b− q)−γ−η ≤ c(p− q)η(b− p)−γ−η;
in the second case we haveb− q ≥ 2(b− p), so that

‖w(p)− w(q)‖X ≤ ‖w(p)‖X + ‖w(q)‖X ≤ c(b− p)−γ + c(b− q)−γ

≤ 2c(b− p)−γ ≤ 2c(p− q)η(b− p)−η−γ .

Note that this inclusion holds forγ = 0 too.
Assume conversely thatw fulfills (2.1); we must prove thatw ∈ Zγ,η([a,b[, X). It

is obvious that ifa ≤ s ≤ q ≤ p ≤ (s+ b)/2< b, then

‖w(p)− w(q)‖X ≤ c(p− q)η(b− p)−γ−η ≤ 2γ+ηc(p− q)η(b− s)−γ−η,

so that [w]γ,η is finite. Next, we have to show that

‖w(p)‖ ≤ c(b− p)−γ for a ≤ p < b if γ > 0,

‖w(p)− w(q)‖X ≤ c(p− q)−γ for a ≤ q ≤ p ≤ b if − η ≤ γ < 0.

Supposeγ > 0. If a ≤ p ≤ (a+ b)/2 we have

‖w(p)‖X ≤ ‖w(p)− w(a)‖X + ‖w(a)‖X ≤ c(p− a)η(b− a)−η−γ + ‖w(a)‖X

≤ c(b− a)−γ + ‖w(a)‖X ≤ c(b− p)−γ + ‖w(a)‖X,

whereas if(a+ b)/2 < p < b, i.e.,b− p < (b− a)/2, then there existsn ∈ N+ such
that

2−n−1(b− a) < b− p ≤ 2−n(b− a),

so that we have, denoting byak the point of [a,b[ whose distance fromb is 2−k(b− a),

‖w(p)‖X ≤ ‖w(p)− w(an)‖X +
n−1∑
k=0

‖w(ak+1)− w(ak)‖X + ‖w(a0)‖X
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≤ c(p− an)
η(b− p)−η−γ

+ c
n−1∑
k=0

(ak+1− ak)
η(b− ak+1)

−η−γ + ‖w(a0)‖X

≤ c
n∑

k=0

(ak+1− ak)
η(b− ak+1)

−η−γ + ‖w(a)‖X

= c(b− a)−γ
n∑

k=0

2(k+1)γ + ‖w(a)‖X

≤ c′(b− a)−γ2(n+2)γ + ‖w(a)‖X ≤ c′′(b− p)−γ + ‖w(a)‖X.

This shows that‖w‖γ is finite if γ > 0.
Suppose finally−η ≤ γ < 0. We proceed similarly: leta ≤ q ≤ p ≤ b; if

p− q ≤ b− p, then recalling thatγ + η ≥ 0 we get

−‖w(p)− w(q)‖X ≤ c(p− q)η(b− p)−η−γ

= c(p− q)η+γ−γ (b− p)−η−γ ≤ c(p− q)−γ ,

whereas ifp− q > b− p, i.e.,b− q > 2(b− p), there existsn ∈ N+ such that

2−n−1(b− q) < b− p ≤ 2−n(b− q),

and consequently, denoting byqk the point in [q,b] whose distance fromb is 2−k(b−q),
we obtain (since−γ > 0)

‖w(p)− w(q)‖X ≤ ‖w(p)− w(qn)‖X +
n−1∑
k=0

‖w(qk+1)− w(qk)‖X

≤ c(p− qn)
η(b− p)−η−γ + c

n−1∑
k=0

(qk+1− qk)
η(b− qk+1)

−η−γ

≤ c(b− q)−γ
n∑

k=0

2(k+1)γ ≤ c′(b− q)−γ

≤ c′(b− p)−γ + c′(p− q)−γ ≤ 2c′(p− q)−γ .

This shows thatw ∈ C|γ |([a,b], X).

Remark 2.3. Whenγ = 0, a function may satisfy (2.1) without being bounded at the
point b, as the scalar example log((b− x)/(b− a)) shows; such a function cannot be
in the spaceZ0,η([a,b[, X). However, ifu: [a,b[ → X satisfies property (2.1), then
necessarilyu ∈ BMO(a,b; X) (the space of functions with bounded mean oscillation).

Remark 2.4. In view of Definition 2.1, Hypotheses 1.3 and 1.4 just say that, for each
γ, η ≥ 0,{

t → [−A(t)]ηU (t, s)[−A(s)]−γ ∈ Z(η−γ )∨0,δ(]s, T ],L(H)),
s→ [−A(s)∗]ηU (t, s)∗[−A(t)∗]−γ ∈ Z(η−γ )∨0,δ([0, t [,L(H)). (2.2)
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We introduce other spaces of functions having nonintegrable singularities.

Definition 2.5. Let [a,b] be a real interval.

(i) If γ ≥ 1, Iγ ([a,b[, X) (resp. Iγ (]a,b], X)) is the space of functionsu ∈
Cγ ([a,b[, X) (resp.u ∈ Cγ (]a,b], X)) such that the limit

lim
h→0+

∫ b−h

a
u(t) dt

(
resp. lim

h→0+

∫ b

a+h
u(t) dt

)
exists in the norm ofX.

(ii) If γ ≥ 1 andη ∈ ]0,1], we set

Z∗γ,η([a,b[, X) := Zγ,η([a,b[, X) ∩ Iγ ([a,b[, X),

Z∗γ,η(]a,b], X) := Zγ,η(]a,b], X) ∩ Iγ (]a,b], X).

The spacesIγ ([a,b[, X) (resp.Iγ (]a,b], X)) are Banach spaces with the norm

‖u‖Iγ := ‖u‖γ + ‖u‖∗,
where

‖u‖∗ := sup

{∥∥∥∥∫ d

c
u(t) dt

∥∥∥∥
X

: a ≤ c ≤ d < b

}
(

resp.‖u‖∗ := sup

{∥∥∥∥∫ d

c
u(t) dt

∥∥∥∥
X

: a < c ≤ d ≤ b

})
;

for a proof see Lemma 1.7 of [AT1]. The spacesZ∗γ,η([a,b[, X), Z∗γ,η(]a,b], X) are
Banach spaces with the norm

‖u‖Z∗γ,η := ‖u‖γ + [u]γ,η + ‖u‖∗.
We now recall some results concerning linear Volterra integral equations in the spaces
Bγ , Cγ , Zγ,η, Iγ , andZ∗γ,η introduced above.

Proposition 2.6. Let a,b ∈ Rwith a< b, let X be a Banach space, let0< δ < α ≤ 1.
Let Q(t, s) be a bounded operator in X, continuous for a≤ s < t ≤ b, and consider
for s ∈ [a,b[ the integral operators

(Qsϕ)(t) :=
∫ t

s
Q(t, σ )ϕ(σ ) dσ, t ∈ [s,b].

(i) If

‖Q(t, σ )‖L(X) ≤ B(t − σ)α−1 for a ≤ σ < t ≤ b, (2.3)

then Qs ∈ L(Bγ (]s,b], X)) and (1 − Qs)
−1 ∈ L(Bγ (]s,b], X)) for each

γ ∈ [0,1[.
(ii) If (2.3)holds, and in addition

‖Q(t, s)− Q(τ, s)‖L(X) ≤ B(t − τ)δ(τ − s)α−1−δ

for a ≤ s< τ ≤ t ≤ b, (2.4)

then Qs ∈ L(Bγ (]s,b], X), Z(γ−α)∨(−δ),δ(]s,b], X)) for eachγ ∈ [0,1[.
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(iii) If (2.3)and(2.4)hold, and in addition

‖Q(t, τ )− Q(t, s)‖L(H) ≤ B(τ − s)δ(t − τ)α−1−δ

for a ≤ s ≤ τ < t ≤ b, (2.5)

then Qs ∈ L(Iγ (]s,b], X)) and(1− Qs)
−1 ∈ L(Iγ (]s,b], X)) for eachγ ∈

[1,1+ δ[.
(iv) Finally if (2.3), (2.4),and(2.5)hold, and in addition

‖Q(t,q)− Q(τ,q)− Q(t, s)− Q(τ, s)‖L(H)
≤ B(t − τ)δ(q − s)δ(τ − q)α−1−2δ

for a ≤ s ≤ q < τ ≤ t ≤ b, (2.6)

then Qs ∈ L(Iγ (]s,b], X), Zγ−α,δ(]s,b], X)) for eachγ ∈ [1,1+ δ[.
Moreover, in all cases the corresponding norms are bounded by constants depending
only on b− a, B, α, δ.

Proof. All results follow by adapting the proof of Propositions 2.4 and 2.6 of [AT1].
However, we explicitly prove that(1− Qs)

−1 ∈ L(Iγ (]s,b], X)) whenγ ∈ [1,1+ δ[
since the corresponding proof in Proposition 2.6(ii) of [AT1] is not completely correct.

First it is tedious but easy to verify by induction that the iterated operatorQm
s ,

m ∈ N+, is given by

Qm
s ϕ(t) =

∫ t

s
Qm(t, σ )ϕ(σ ) dσ, t ∈ [s,b],

where

Q1(t, σ ) := Q(t, σ ),

Qm(t, σ ) :=
∫ t

σ

Qm−1(t,q)Q(q, σ ) dq, ∀m ∈ N, a ≤ σ < t ≤ b,

and in addition, for eachm ∈ N+,

‖Qm(t, σ )‖L(X) ≤ Bm(t − σ)mα−1 for a ≤ σ < t ≤ b, (2.7)

‖Qm(t, σ )− Qm(τ, σ )‖L(H) ≤ Bm(t − τ)δ(t − τ)mα−1−δ

for a ≤ s ≤ τ < t ≤ b, (2.8)

‖Qm(t, τ )− Qm(t, s)‖L(H) ≤ Bm(τ − s)δ(t − τ)mα−1−δ

for a ≤ s ≤ τ < t ≤ b, (2.9)

‖Qm(t, σ )− Qm(τ, σ )− Qm(t, s)− Qm(τ, s)‖L(H)
≤ Bm(t − τ)δ(σ − s)δ(τ − σ)α−1+2δ for a ≤s ≤σ < τ ≤ t ≤ b, (2.10)

whereBm is a constant depending only onb− a, B, α, δ and such that

lim
m→∞ BmTm = 0, ∀T > 0. (2.11)
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We show now thatQm
s maps boundedlyIγ (]s,b], X) into itself with norm less than12

providedm is sufficiently large. This will show that(1− Qm
s )
−1, and hence(1− Qs)

−1

too, belongs toL(Iγ (]s,b], X)). Indeed we have

Qm
s ϕ(t) =

∫ t

s
[Qm(t, σ )− Qm(t, s)]ϕ(σ) dσ + Qm(t, s)

∫ t

s
ϕ(σ) dσ,

so that by (2.9) and (2.7) we get

(t − s)γ ‖Qm
s ϕ(t)‖X ≤ Bm(t − s)γ

∫ t

s
(σ − s)δ(t − σ)mα−1−δ(σ − s)−γ dσ [ϕ]γ

+ Bm(t − s)mα+γ−1[ϕ]∗
≤ cBm(b− a)mα‖ϕ‖Iγ , ∀t ∈ ]s,b],

i.e., [
Qm

s ϕ
]
γ
≤ cBm(b− a)mα‖ϕ‖Iγ . (2.12)

Similarly, we easily obtain, for eachp, r with s< p < r ≤ b,∥∥∥∥∫ r

p
Qm

s ϕ(t) dt

∥∥∥∥
X

≤ cBm

∫ r

p
(t − s)mα−γ dt[ϕ]γ

+ Bm

∫ r

p
(t − s)mα−1 dt[ϕ]∗ ≤ cBm(b− a)mα‖ϕ‖Iγ ,

i.e., [
Qm

s ϕ
]
∗ ≤ cBm(b− a)mα‖ϕ‖Iγ . (2.13)

The result follows by (2.11), (2.12), and (2.13).

Remark 2.7. From Proposition 2.6 we also deduce an integral representation of the
operator(1− Qs)

−1: Indeed we have, fort ∈ [s, T − ε],

[(1− Qs)
−1ϕ](t) = ϕ(t)+

∞∑
m=1

[Qm
s ϕ](t) = ϕ(t)+

∞∑
m=1

∫ t

s
Qm(t, σ )ϕ(σ ) dσ

and by (2.7) we get

[(1− Qs)
−1ϕ](t) = ϕ(t)+

∫ t

s
R(t, s)ϕ(σ ) dσ, (2.14)

where the kernelR(t, σ ) is given by

R(t, σ ) :=
∞∑

m=1

Qm(t, σ ) (2.15)

and satisfies estimates similar to (2.7), (2.8), (2.9), and (2.10).
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3. Differentiability of s→ 8(t, s)

We collect the main properties of the state operatorφ(t, s) defined by (0.6). By the results
of Sections 4 and 5 of [AT5] we haveφ(t, s) ∈ L(H) for 0≤ s ≤ t < T and

φ(t, t) = 1H , φ(t, s) = φ(t, r )φ(r, s) for 0≤ s ≤ r ≤ t ≤ T, (3.1)

‖φ(·, s)‖L(H,L2(s,T,H)) ≤ c, ∀s ∈ [0, T [, (3.2)

t → φ(t, s)x ∈ C1−2α([s, T [, H), ∀x ∈ H, ∀s ∈ [0, T [, (3.3)

s→ φ(t, s)x ∈ C([0, t ], H) ∀x ∈ H, ∀t ∈ ]0, T [, (3.4)∥∥∥P1/2
T φ(T, s)

∥∥∥
L(H)
≤ c, ∀s ∈ [0, T [. (3.5)

Moreover,φ(t, s) satisfies the following integral equation for 0≤ s ≤ t < T :

φ(t, s) = U (t, s)

−
∫ t

s
U (t, τ )A(τ )G(τ )N(τ )−1G(τ )∗A(τ )∗P(τ )φ(τ, s) dτ. (3.6)

This equation will be the starting point in order to prove differentiability ofs→ φ(t, s)
for 0≤ s< t ≤ T .

Proposition 3.1 [AT5, Proposition 6.1]. Under Hypotheses1.1–1.7 let φ(t, s) be the
operator defined by(0.6).Then for0≤ s< t < T we have

lim
h→0

(
φ(t + h, s)− φ(t, s)

h
x | y

)
H

= ([1H − G(t)N(t)−1G(t)∗A(t)∗P(t)
]
φ(t, s)x | A(t)∗y

)
H

∀x ∈ H, ∀y ∈ DA(t)∗ .

Proof. By (3.6) we get, for 0< h < (T − t)/2,(
φ(t + h, s)− φ(t, s)

h
x | y

)
H

=
(

U (t + h, s)−U (t, s)

h
x | y

)
H

+
(∫ t+h

t
[−A(τ )]αG(τ )N(τ )−1G(τ )∗A(τ )∗P(τ )φ(τ, s)x dτ |

× [[−A(τ )∗]1−αU (t + h, τ )∗ − [−A(t)∗]1−αU (t + h, t)∗
]

y

)
H

+
(∫ t+h

t
[−A(τ )]αG(τ )N(τ )−1G(τ )∗A(τ )∗P(τ )φ(τ, s)x dτ |

× [−A(t)∗]1−αU (t + h, t)∗]y
)

H
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+
(∫ t

s
[−A(τ )]αG(τ )N(τ )−1G(τ )∗A(τ )∗P(τ )φ(τ, s)x dτ |

× [−A(τ )∗]1−αU (t + h, τ )∗ −U (t, τ )∗

h
y

)
H

.

Letting h→ 0+, by Hypothesis 1.4 we obtain, in a straightforward way,(
φ(t + h, s)− φ(t, s)

h
x | y

)
H

→ (A(t)U (t, s)x | y)H + 0

+ ([−A(t)]αG(t)N(t)−1G(t)∗A(t)∗P(t)φ(t, s)x | [−A(t)∗]1−αy
)

H

+
(∫ t

s
[−A(τ )]αG(τ )N(τ )−1G(τ )∗A(τ )∗P(τ )φ(τ, s)x dτ |

[−A(τ )∗]1−αU (t, τ )∗y
)

H

.

A similar computation when(s− t)/2< h < 0 yields the same conclusion ash→ 0−,
and the result follows.

We are unable to get a better result, i.e., differentiability oft → φ(t, s)x in a stronger
sense: see Remark 6.2 of [AT5].

We now examine the differentiability properties ofs → φ(t, s). Fix a number
ε ∈ ]0, T [. For 0≤ q < T − ε we introduce the integral operator

[Kqϕ](t) :=
∫ t

q
U (t, τ )A(τ )G(τ )N(τ )−1G(τ )∗A(τ )∗P(τ )ϕ(τ) dτ,

t ∈ [q, T − ε], (3.7)

whose kernel is

K (t, τ ) := U (t, τ )A(τ )G(τ )N(τ )−1G(τ )∗A(τ )∗P(τ ), 0≤ τ < t < T, (3.8)

and satisfies, by Hypotheses 1.4–1.6 and by (5.9) of [AT5],

‖K (t, τ )‖L(H) ≤ c(t − τ)α−1(T − τ)α−1 for 0≤ τ < t < T; (3.9)

in particular,

‖K (t, τ )‖L(H) ≤ cε(t − τ)α−1 for 0≤ τ < t ≤ T − ε. (3.10)

We are going to show that the results of Proposition 2.6 are applicable to the operators
Kq in the interval [0, T − ε] and in the spaceH . To start with, by (3.10) we see that
Proposition 2.6(i) holds, so that(1+ Kq)

−1 belongs toL(Bγ (]q, T − ε],L(H))) for
eachγ ∈ [0,1[ and

‖(1+ Kq)
−1‖L(Bγ (]q,T−ε],L(H))) ≤ cε, ∀q ∈ [0, T − ε], ∀γ ∈ [0,1[

(the spaceBγ is introduced in Definition 2.1). Moreover, by Remark 2.7

[(1+ Kq)
−1φ](t) = φ(t)+

∫ t

q
R(t, σ )φ(σ ) dσ,

∀φ ∈ Bγ (]q, T − ε], H), ∀t ∈ [q, T − ε], (3.11)
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where the kernelR(t, σ ) is given (compare with (2.14) and (2.15)) by

R(t, σ ) :=
∞∑

m=1

(−1)mKm(t, σ ), (3.12)

with

K1(t, σ ) := K (t, σ ), Km+1(t, σ ) :=
∫ t

σ

Km(t,q)K (q, σ ) dq, ∀m ∈ N+.

It also satisfies

‖R(t, τ )‖L(H) ≤ cε(t − τ)α−1 for 0≤ τ < t ≤ T − ε. (3.13)

Hence we can rewrite (3.6), for 0≤ s< t ≤ T − ε, as

φ(t, s) = [(1+ Ks)
−1(U (·, s))] (t)

= U (t, s)+
∫ t

s
R(t, σ )U (σ, s) dσ, t ∈ [s, T − ε], (3.14)

and for smallh > 0 we easily obtain

φ(t, s+ h)− φ(t, s)
h

=
[
(1+ Ks+h)

−1

(
U (·, s+ h)−U (·, s)

h
+ 1

h

∫ s+h

s
K (·, τ )φ(τ, s) dτ

)]
(t)

for s< s+ h ≤ t ≤ T − ε, (3.15)

φ(t, s− h)− φ(t, s)
−h

=
[
(1+ Ks)

−1

(
U (·, s− h)−U (·, s)

−h
+ 1

h

∫ s

s−h
K (·, τ )φ(τ, s− h) dτ

)]
(t)

for 0≤ s− h < s ≤ t ≤ T − ε; (3.16)

now we have to leth→ 0+. We need some lemmas.

Lemma 3.2 [AT5, Lemma 6.3]. Under Hypotheses1.1–1.7 let φ(t, s) be defined by
(0.6).Then

‖φ(t, τ )− φ(t, s)‖L(H) ≤ cε(τ − s)δ(t − τ)δ for 0≤ s ≤ τ < t ≤ T − ε.

Proof. From (3.14) we deduce

φ(t, τ )− φ(t, s) = (1+ Kτ )
−1

(
U (·, τ )−U (·, s)+

∫ τ

s
K (·,q)φ(q, s) dq

)
(t)

= U (t, τ )−U (t, s)+
∫ τ

s
K (t,q)φ(q, s) dq+

∫ t

τ

R(t, σ )

×
(

U (σ, τ )−U (σ, s)+
∫ τ

s
K (σ,q)φ(q, s) dq

)
dσ. (3.17)
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Now by Hypothesis 1.4 we have

‖U (r, τ )−U (r, s)‖L(H) ≤ c(τ − s)δ(r − τ)−δ
for 0≤ s ≤ τ < r ≤ T, (3.18)

whereas by (3.9) and (3.3) we get, for 0≤ s ≤ τ < r < T ,∥∥∥∥∫ τ

s
K (r,q)φ(q, s) dq

∥∥∥∥
L(H)

≤ c
∫ τ

s
(T − q)3α−2(r − q)α−1 dq ≤ c(T − τ)3α−2(τ − s)α,

and, in particular,∥∥∥∥∫ τ

s
K (r,q)φ(q, s) dq

∥∥∥∥
L(H)
≤ cε(τ − s)α for 0≤ s ≤ τ < r ≤ T − ε;

hence, by (3.18), (3.13), (3.3), and (3.17),

‖φ(t, τ )− φ(t, s)‖L(H) ≤ c(τ − s)δ(t − τ)−δ + cε

∫ τ

s
(t − q)α−1 dq

+cε

∫ t

τ

(t − σ)α−1
[
(τ − s)δ(σ − τ)−δ + (τ − s)α

]
dσ,

and the result follows.

Lemma 3.3 [AT5, Lemma 6.4]. Under Hypotheses1.1–1.7 let P(t) be defined by
(0.5).Then

‖[−A(τ )∗]1−αP(τ )− [−A(s)∗]1−αP(s)‖L(H) ≤ cε(τ − s)δ

for 0≤ s ≤ τ ≤ T − ε.

Proof. Starting from (0.5) we split

[−A(τ )∗]1−αP(τ )− [−A(s)∗]1−αP(s)

=
∫ T

τ

[
[−A(τ )∗]1−αU (q, τ )∗ − [−A(s)∗]1−αU (q, s)∗

]
M(q)φ(q, τ ) dq

+
∫ T

τ

[−A(s)∗]1−αU (q, s)∗M(q)[φ(q, τ )− φ(q, s)] dq

−
∫ τ

s
[−A(s)∗]1−αU (q, s)∗M(q)φ(q, s) dq

+ [[−A(τ )∗]1−αU (T, τ )∗ − [−A(s)∗]1−αU (t, s)∗
]

PTφ(T, τ )

+ [−A(s)∗]1−αU (T, s)∗] PT [φ(T, τ )− φ(T, s)] =:
5∑

i=1

Ii .
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Now we have

‖I1‖L(H) ≤ c
∫ T

τ

(τ − s)δ(q − τ)δ+α−1(T − q)2α−1 dq ≤ cε(τ − s)δ

(by Hypotheses 1.4, 1.6, and by (3.3));

‖I2‖L(H) =
∥∥∥∥∫ T−ε/2

τ

[−A(s)∗]1−αU (q, s)∗M(q)[φ(q, τ )− φ(q, s)] dq

+
∫ T

T−ε/2
[−A(s)∗]1−αU (q, s)∗M(q)φ

(
q, T − ε

2

)
×
[
φ
(

T − ε
2
, τ
)
− φ

(
T − ε

2
, s
)]

dq

∥∥∥∥
L(H)

≤ cε

∫ T−ε/2

τ

(q − s)α−1(τ − s)δ(q − τ)−δ dq

+ cε

∫ T

T−ε/2
(q − s)α−1(T − q)2α−1(τ − s)δ

(
T − ε

2
− τ

)−δ
dq

≤ cε(τ − s)δ

(by Hypotheses 1.3, 1.6, by (3.1), (3.3), and by Lemma 3.2);

‖I3‖L(H) ≤ c
∫ τ

s
(q − s)α−1(T − q)2α−1 dq ≤ cε(τ − s)α

(by Hypotheses 1.3, 1.6, and by (3.3));

‖I4‖L(H) ≤ c(τ − s)δ(T − t)δ+α−1 ≤ cε(τ − s)

(by Hypothesis 1.4 and by (3.5));

‖I5‖L(H) =
∥∥[−A(s)∗]1−αU (t, s)∗] PTφ(T, T − ε)
× [φ(T − ε, τ )− φ(T − ε, s)]∥∥L(H)

≤ c(T − s)α−1(τ − s)δε−δ ≤ cε(τ − s)δ

(by Hypothesis 1.3, by (3.1), (3.5), and by Lemma 3.2),

and the result follows.

Lemma 3.4 [AT5, Lemma 6.5]. Under Hypotheses1.1–1.7 let K(t, τ ) be defined by
(3.8).Then

(i) ‖K (t, s)−K (τ, s)‖L(H) ≤ cε(t−τ)δ(τ−s)α−1−δ for 0≤ s< τ ≤ t ≤ T−ε,
(ii) ‖K (t, τ )−K (t, s)‖L(H) ≤ cε(τ−s)δ(t−τ)α−1−δ for 0≤ s ≤ τ < t ≤ T−ε,

(iii) ‖K (t,q)−K (τ,q)−K (t, s)−K (τ, s)‖L(H) ≤ cε(t−τ)δ(q−s)δ(τ−q)α−1−2δ

for 0≤ s ≤ q < τ ≤ t ≤ T − ε.
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Proof. (i) By (3.8), (3.18), and (3.10),

‖K (t, s)−K (τ, s)‖L(H) =
∥∥∥∥[U

(
t,
τ + s

2

)
−U

(
τ,
τ + s

2

)]
K

(
τ + s

2
, s

)∥∥∥∥
L(H)

≤ cε(t − τ)δ(τ − s)α−1−δ.

(ii) We have, by (3.8),

K (t, τ ) = [[−A(τ )∗]1−αU (t, τ )∗
]∗ [

[−A(τ )]αG(τ )
]

N(τ )−1

× [[−A(τ )]αG(τ )
]∗ [

[−A(τ )∗]1−αP(τ )
]
, 0≤ τ < t < T, (3.19)

so that by Hypotheses 1.4–1.6, by (5.8) of [AT5], and by Lemma 3.3 we obtain in a
straightforward way

‖K (t, τ )− K (t, s)‖L(H) ≤ cε
[
(τ − s)δ(t − τ)α−1−δ + (τ − s)δ(t − τ)α−1

]
,

and the result follows.
(iii) We have, by (3.8), Hypothesis 1.3, and (ii),

‖K (t,q)− K (τ,q)− K (t, s)− K (τ, s)‖L(H)
=
∥∥∥∥∫ t

τ

A(p)U

(
p,
τ + q

2

)[
K

(
τ + q

2
,q

)
− K

(
τ + q

2
, s

)]
dp

∥∥∥∥
L(H)

≤ cε

∫ t

τ

(
p− τ + q

2

)−1

(q − s)δ(τ − q)α−1−δ dp

≤ cε(t − τ)δ(τ − q)−δ(q − s)δ(τ − q)α−1−δ,

and the result follows.

Remark 3.5 [AT5, Remark 6.6]. (i) In view of the results of Proposition 2.6, Lemma
3.4 tells us that the operatorsKq and(1+ Kq)

−1 beong toL(Iγ (]q, T − ε], H)), γ ∈
[1,1+ δ[, for eachq ∈ [0, T − ε[, with norms bounded independently ofq (the space
Iγ is introduced in Definition 2.5).

(ii) The kernelR(t, σ ) introduced in (3.12) satisfies the same estimates asK (t, σ )
does, i.e., (3.13) and

‖R(t, s)− R(τ, s)‖L(H) ≤ cε(t − τ)δ(τ − s)α−1−δ

for 0≤ s< τ ≤ t ≤ T − ε, (3.20)

‖R(t, τ )− R(t, s)‖L(H) ≤ cε(τ − s)δ(t − τ)α−1−δ

for 0≤ s ≤ τ < t ≤ T − ε, (3.21)

‖R(t,q)− R(τ,q)− R(t, s)− R(τ, s)‖L(H) ≤ cε(t − τ)δ(q − s)δ(τ − q)α−1−2δ

for 0≤ s ≤ q < τ ≤ t ≤ T − ε. (3.22)

This is proved in Remark 6.6(ii) of [AT5].
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Lemma 3.6 [AT5, Lemma 6.7]. Under Hypotheses1.1–1.4 there is an operator V
(t, s) ∈ L(H), continuous for0 ≤ s < t ≤ T , such that for0 ≤ s ≤ σ < t ≤ T we
have:

(i) (d/ds)U (t, s) = V(t, s), V(t, s)x = −U (t, s)A(s)x, ∀x ∈ DA(s);
(ii) ‖V(t, s)‖L(H) ≤ c(t − s)−1;
(iii) ‖V(t, s)+ A(s)e(t−s)A(s)‖L(H) ≤ c(t − s)δ−1;
(iv) ‖V(t, σ )− V(t, s)‖L(H) ≤ cη(σ − s)η(t − σ)−1−η, ∀η ∈ ]0, δ[;
(v) ‖V(t, σ ) + A(σ )e(t−σ)A(σ ) − V(t, s) − A(s)e(t−s)A(s)‖L(H) ≤ cη(σ − s)η

(t − σ)δ−1−η, ∀η ∈ ]0, δ[;
(vi) ‖[V(t, σ )−V(t, s)] A(s)−1‖L(H) ≤ cη[(σ−s)η(t−σ)−η+(σ−s)µ(t−σ)ρ−1],
∀η ∈ ]0, δ[.

Proof. Statements (i)–(iv) follow by Theorems 6.4 and 6.5 of [AT3]; part (v) is im-
plicitly proved there, taking into account also Lemma 2.2 of [A1]. Finally concerning
part (vi) we have∥∥[V(t, σ )− V(t, s)] A(s)−1

∥∥
L(H)

≤ ∥∥[V(t, σ )− V(t, s)]
[
1H − e(t−σ)A(s)

]
A(s)−1

∥∥
L(H)

+ ∥∥V(t, σ )
[
e(t−σ)A(s) − e(t−σ)A(σ )

]
A(s)−1

∥∥
L(H)

+ ∥∥U (t, σ ) [A(σ )e(t−σ)A(σ ) − A(s)e(t−s)A(s)
]

A(s)−1
∥∥
L(H)

+ ∥∥[U (t, σ )−U (t, s)]e(t−s)A(s)
∥∥
L(H) ;

the result then follows in a straightforward way, using (iv), (ii), (3.18), and the estimate

‖[ A(q)me(σ−q)A(q) − A(s)me(σ−s)A(s)] A(s)−1‖L(H)
≤ c

[
(q − s)µ(σ − q)ρ−m +

∫ σ−s

σ−q
ξ−mdξ

]
for 0≤ s ≤ q < σ ≤ T, m ∈ N, (3.23)

which is a consequence of Lemma 1.10(i)–(ii) of [AT1].

Remark 3.7. As shown in Remark 6.8 of [AT5], it follows by Lemma 3.6 that for each
x ∈ H the functionV(·, s)x belongs to the spaceI1(]s, T ], H), and in addition, for each
η ∈ ]0, δ[,

V(·, s) ∈ Z1,η(]s, T ],L(H)), V(·, s)x ∈ Z∗1,η(]s, T ], H),

∀x ∈ H, (3.24)

V(·, s)+ A(s)e(·−s)A(s) ∈ Z1−δ,η(]s, T ],L(H)). (3.25)

Now we return to the integral equations (3.15) and (3.16). By (3.11) we can rewrite
them as

φ(t, s+ h)− φ(t, s)
h
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= U (t, s+ h)−U (t, s)

h
+ 1

h

∫ s+h

s
K (t, τ )φ(τ, s) dτ +

∫ t

s+h
R(t, σ )

×
(

U (σ, s+ h)−U (σ, s)

h
+ 1

h

∫ s+h

s
K (σ, τ )φ(τ, s) dτ

)
dσ,

t ∈ ]s+ h, T − ε], (3.26)

φ(t, s− h)− φ(t, s)
−h

= U (t, s− h)−U (t, s)

−h
+ 1

h

∫ s

s−h
K (t, τ )φ(τ, s− h) dτ +

∫ t

s
R(t, σ )

×
(

U (σ, s− h)−U (σ, s)

−h
+ 1

h

∫ s

s−h
K (σ, τ )φ(τ, s− h) dτ

)
dσ,

t ∈ ]s, T − ε]. (3.27)

Proceeding formally, lettingh→ 0+ we find

φs(t, s) = V(t, s)+ K (t, s)+
∫ t

s
R(t, σ )[V(σ, s)+ K (σ, s)] dσ,

i.e.,

φs(t, s) =
[
(1+ K )s)−1[V(·, s)+ K (·, s)]] (t), t ∈ ]s, T − ε]. (3.28)

Notice that this formula has no meaning inL(H), since the operator(1+ Ks)
−1 acts

in I1(]s, T − ε],L(H)) but does not operate inZ1,η(]s, T − ε],L(H)), whereas, by
(3.24),V(·, s) is in the latter space but is not in the former one. However,V(·, s)x ∈
I1(]s, T − ε], H) for eachx ∈ X, so that instead of (3.28) we may write

d

ds
[φ(t, s)x] = [(1+ Ks)

−1[V(·, s)x + K (·, s)x]
]
(t),

∀t ∈ ]s, T − ε],∀x ∈ H. (3.29)

Nevertheless, we are going to show thatφs(t, s) exists in the sense ofL(H); in fact we
have:

Theorem 3.8 [AT5, Theorem 6.9]. Under Hypotheses1.1–1.7, let φ(t, s) be the op-
erator defined by(0.6).For 0≤ s< t < T it holds, in the sense ofL(H), that

d

ds
φ(t, s) = V(t, s)+

∫ t

s
R(t, σ )

[
V(σ, s)+ A(s)e(σ−s)A(s)

]
dσ

−
∫ t

s
[R(t, σ )− R(t, s)] A(s)e(σ−s)A(s) dσ − R(t, s)e(t−s)A(s),

where V(t, s) = (d/ds)U (t, s) and R(t, s) is defined by(3.12).

We remark that this formula reduces to (3.29) when applied to anyx ∈ H , as is
easily seen.
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Proof. We need the following, tedious computation. Fixε ∈ ]0, T [, takes ∈ [0, T−ε[
andt ∈ ]s, T−ε], and assume that 0< h ≤ (t−s)/2. Denote byTi , with i = 1,2,3,4,
the terms appearing on the right-hand side of formula (3.26); then we have

T1 := U (t, s+ h)−U (t, s)

h
(by Lemma 3.6(i))

= V(t, s)+ o(1) as h→ 0+;
T2 := 1

h

∫ s+h

s
K (t, τ )φ(τ, s) dτ

(by (3.6))

= 1

h

∫ s+h

s
[K (t, τ )− K (t, s)] φ(τ, s) dτ

+ K (t, s)
1

h

∫ s+h

s

[
U (τ, s)− e(τ−s)A(s)

]
dτ

+ K (t, s)
1

h

∫ h

0
epA(s) dp+ K (t, s)

1

h

∫ s+h

s

∫ τ

s
K (τ,q)φ(q, s) dq dτ

:= K (t, s)
1

h

∫ h

0
epA(s) dp+

3∑
i=1

T2i . (3.30)

Now, by Lemma 3.4(ii) and (3.3),

‖T21‖L(H) =
∥∥∥∥1

h

∫ s+h

s
[K (t, τ )− K (t, s)] φ(τ, s) dτ

∥∥∥∥
L(H)

≤ cε
1

h

∫ s+h

s
(τ − s)δ(t − τ)α−1−δ(T − τ)2α−1 dτ ≤ c(ε, t, s)hδ;

next, recalling that∥∥U (τ, s)− e(τ−s)A(s)
∥∥
L(H) ≤ c(τ − s)δ for 0≤ s ≤ τ ≤ T (3.31)

(see (2.6) and Lemma 2.2(i) of [A1]), we get, by (3.10),

‖T22‖L(H) =
∥∥∥∥K (t, s)

1

h

∫ s+h

s

[
U (τ, s)− e(τ−s)A(s)

]
dτ

∥∥∥∥
L(H)

≤ cε(t − s)α−1hδ = c(ε, t, s)hδ,

whereas, by (3.10) and (3.3),

‖T23‖L(H) =
∥∥∥∥K (t, s)

1

h

∫ s+h

s

∫ τ

s
K (τ,q)φ(q, s) dq dτ

∥∥∥∥
L(H)

≤ cε(t − s)α−1hα = c(ε, t, s)hα.
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Thus we deduce that

T2 = K (t, s)
1

h

∫ t

0
epA(s) dp+ o(1) as h→ 0+. (3.32)

ConcerningT3, using Lemma 3.6 we split it as follows:

T3 :=
∫ t

s+h
R(t, σ )

U (σ, s+ h)−U (σ, s)

h
dσ

=
∫ t

s+h
R(t, σ )

1

h

∫ s+h

s
V(σ,q) dq dσ

=
∫ t

s+h
R(t, σ )

1

h

×
∫ s+h

s

[
V(σ,q)+ A(q)e(σ−q)A(q) − V(σ, s)− A(s)e(σ−s)A(s)

]
dq dσ

−
∫ s+h

s
R(t, σ )

[
V(σ, s)+ A(s)e(σ−s)A(s)

]
dσ

+
∫ t

s
R(t, σ )

[
V(σ, s)+ A(s)eσ−s)A(s)

]
dσ

−
∫ t

s+h
[R(t, σ )− R(t, s+ h)]

1

h

×
∫ s+h

s

[
A(q)e(σ−q)A(q) − A(s)e(σ−s)A(s)

]
dq dσ

+ [R(t, s+ h)− R(t, s)]
∫ t

s+h
A(s)e(σ−s)A(s) dσ

+
∫ s+h

s
[R(t, σ )− R(t, s)] A(s)e(σ−s)A(s) dσ

−
∫ t

s
[R(t, σ )− R(t, s)] A(s)e(σ−s)A(s) dσ

− [R(t, s+ h)− R(t, s)]
1

h

∫ s+h

s

[
e(t−q)A(q) − e(s+h−q)A(q)

]
dq

− R(t, s)
1

h

∫ s+h

s

[
e(t−q)A(q) − e(t−s)A(s)

]
dq+ R(t, s)e(t−s)A(s)

+ R(t, s)
1

h

∫ s+h

s

[
e(s+h−q)A(q) − e(s+h−q)A(s)

]
dq

+ R(t, s)
1

h

∫ s+h

s
epA(s) dp

=:
∫ t

s
R(t, σ )

[
V(σ, s)+ A(s)e(σ−s)A(s)

]
dσ

−
∫ t

s
[R(t, σ )− R(t, s)] A(s)e(σ−s)A(s) dσ

− R(t, s)e(t−s)A(s) + R(t, s)
1

h

∫ s+h

s
epA(s) dp+

8∑
j=1

T3 j .
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Now we have

‖T31‖L(H)
=
∥∥∥∥∫ t

s+h
R(t, σ )

1

h

∫ s+h

s

[
V(σ,q)+ A(q)e(σ−q)A(q)

−V(σ, s)− A(s)e(σ−s)A(s)
]

dq dσ

∥∥∥∥
L(H)

(by (3.13) and Lemma 3.6(v))

≤ cε

∫ t

s+h
(t − σ)α−1 1

h

∫ s+h

s
(q − s)δ/2(σ − q)δ/2−1 dq dσ

≤ cε(t − s− h)α+δ/2−1hδ ≤ c(ε, t, s)hδ;
next, by (3.13) and Lemma 3.6(iii),

‖T32‖L(H) =
∥∥∥∥∫ s+h

s
R(t, σ )

[
V(σ, s)+ A(s)e(σ−s)A(s)

]
dσ

∥∥∥∥
L(H)

≤ cε

∫ s+h

s
(t − σ)α−1(σ − s)δ−1 dσ ≤ c(ε, t, s)hδ.

Now we recall the following property, similar to (3.23) and true for 0≤ s ≤ q < σ ≤ T
andm ∈ N, which follows easily by Lemma 1.10(i)–(ii) of [AT1]:∥∥A(q)me(σ−q)A(q) − A(s)me(σ−s)A(s)

∥∥
L(H)

≤ c

[
(q − s)µ(σ − q)ρ−1−m +

∫ σ−s

σ−q
ξ−1−m dξ

]
. (3.33)

As δ = µ+ ρ − 1, (3.33) implies that

‖T33‖L(H)
=
∥∥∥∥∫ t

s+h
[R(t, σ )− R(t, s+ h)]

1

h

×
∫ s+h

s

[
A(q)e(σ−q)A(q) − A(s)e(σ−s)A(s)

]
dq dσ

∥∥∥∥
L(H)

≤ cε

∫ t

s+h
(σ − s− h)δ(t − σ)α−1−δ 1

h

×
∫ s+h

s

[
(q − s)µ(σ − q)ρ−2+

∫ σ−s

σ−q
ξ−2 dξ

]
dq dσ

≤ cε

∫ t

s+h
(σ − s− h)δ−1(t − σ)α−1−δ 1

h

∫ s+h

s
(q − s)µ(s+ h− q)ρ−1 dq

+ cε

∫ t

s+h
(σ − s− h)δ(t − σ)α−1−δ 1

h

×
∫ s+h

s
(q − s)(σ − s)−1(σ − q)−1 dq dσ
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≤ cε(t − s− h)α−1hδ + cε

∫ t

s+h
(σ − s− h)δ−1(t − σ)α−1−δhδ/2(σ − s)−δ/2 dσ

≤ c(ε, t, s)hδ + c(ε, t, s)hδ/2.

ConcerningT34, T35, andT36 we have, by (3.21),

‖T34‖L(H) =
∥∥∥∥[R(t, s+ h)− R(t, s)]

∫ t

s+h
A(s)e(σ−s)A(s) dσ

∥∥∥∥
L(H)

≤ cεh
δ(t − s− h)α−1−δ ∥∥e(t−s)A(s) − eh A(s)

∥∥
L(H) ≤ c(ε, t, s)hδ,

‖T35‖L(H) =
∥∥∥∥∫ s+h

s
[R(t, σ )− R(t, s)] A(s)e(σ−s)A(s) dσ

∥∥∥∥
L(H)

≤ cε

∫ s+h

s
(σ − s)δ−1(t − σ)α−1−δ dσ ≤ c(ε, t, s)hδ;

‖T36‖L(H) =
∥∥∥∥[R(t, s+ h)− R(t, s)]

1

h

∫ s+h

s

[
e(t−q)A(q) − e(s+h−q)A(q)

]
dq

∥∥∥∥
L(H)

≤ cεh
δ(t − s− h)α−1−δ ≤ c(ε, t, s)hδ.

Finally by (3.13) and (3.33) we obtain

‖T37‖L(H) =
∥∥∥∥R(t, s)

1

h

∫ s+h

s

[
e(t−q)A(q) − e(t−s)A(s)

]
dq

∥∥∥∥
L(H)

≤ cε(t − s)α−1 1

h

∫ s+h

s

[
(q − s)µ(t − q)ρ−1+

∫ t−s

t−q
ξ−1 dξ

]
dq

≤ cε(t − s)α−1 1

h

∫ s+h

s

[
(q − s)µ(s+ h− q)ρ−1+log

[
1+ q − s

t − q

]]
dq

≤ cε(t − s)α−1hδ + cε(t − s)α−1(t − s− h)−δhδ

≤ c(ε, t, s)hδ,

‖T38‖L(H) =
∥∥∥∥R(t, s)

1

h

∫ s+h

s

[
e(s+h−q)A(q) − e(s+h−q)A(s)

]
dq

∥∥∥∥
L(H)

≤ cε(t − s)α−1 1

h

∫ s+h

s
(q − s)µ(s+ h− q)ρ−1dq ≤ cε(t − s)α−1hδ

≤ c(ε, t, s)hδ.

Summing up, we get

T3 =
∫ t

s
R(t, σ )

[
V(σ, s)+ A(s)e(σ−s)A(s)

]
dσ

−
∫ t

s
[R(t, σ )− R(t, s)] A(s)e(σ−s)A(s) dσ − R(t, s)e(t−s)A(s)

+ R(t, s)
1

h

∫ s+h

s
epA(s) dp+ o(1) as h→ 0+. (3.34)
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We finally considerT4. Taking into account (3.6) we split it as follows:

T4 =
∫ t

s+h
R(t, σ )

1

h

∫ s+h

s
K (σ, τ )φ(τ, s) dτ dσ

=
∫ t

s+h
R(t, σ )

1

h

∫ s+h

s
[K (σ, τ )− K (σ, s)]φ(τ, s) dτ dσ

−
∫ s+h

s
R(t, σ )K (σ, s)

1

h

∫ s+h

s
φ(τ, s) dτ dσ

+
∫ t

s
R(t, σ )K (σ, s)

1

h

∫ s+h

s

[
U (τ, s)− e(τ−s)A(s)

]
dτ dσ

+
∫ t

s
R(t, σ )K (σ, s) dσ

1

h

∫ h

0
epA(s) dp

−
∫ t

s
R(t, σ )K (σ, s)

1

h

∫ s+h

s

∫ τ

s
K (τ,q)φ(q, s) dq dτ dσ

=:
∫ t

s
R(t, σ )K (σ, s) dσ

1

h

∫ h

0
epA(s) dp+

4∑
h=1

T4h.

We have, by (3.13), (3.8), Lemma 3.4(ii), and (3.3),

‖T41‖L(H) =
∥∥∥∥∫ t

s+h
R(t, σ )

1

h

∫ s+h

s
[K (σ, τ )− K (σ, s)]φ(τ, s) dτ dσ

∥∥∥∥
L(H)

≤ cε

∫ t

s+h
(t − σ)α−1 1

h

∫ s+h

s
(τ − s)δ(σ − τ)α−1−δ(T − τ)2α−1 dτ dσ

≤ cε

∫ t

s+h
(t − σ)α−1(σ − s− h)α−1−δ dσhδ ≤ c(ε, t, s)hδ,

‖T42‖L(H) =
∥∥∥∥∫ s+h

s
R(t, σ )K (σ, s)

1

h

∫ s+h

s
φ(τ, s) dτ dσ

∥∥∥∥
L(H)

≤ cε

∫ s+h

s
(t − σ)α−1(σ − s)α−1(T − s− h)2α−1 dσ ≤ c(ε, t, s)hα,

‖T44‖L(H) =
∥∥∥∥∫ t

s
R(t, σ )K (σ, s)

1

h

∫ s+h

s

∫ τ

s
K (τ,q)φ(q, s) dq dτ dσ

∥∥∥∥
L(H)

≤ cε

∫ t

s
(t − σ)α−1(σ − s)α−1 1

h

∫ s+h

s

∫ τ

s
(τ − q)α−1(T−q)2α−1 dq dτ dσ

≤ c(ε, t, s)hα,

whereas, by (3.13), (3.8), and (3.31),

‖T43‖L(H) =
∥∥∥∥∫ t

s
R(t, σ )K (σ, s)

1

h

∫ s+h

s

[
U (τ, s)− e(τ−s)A(s)

]
dτ dσ

∥∥∥∥
L(H)

≤ cε

∫ t

s
(t − σ)α−1(σ − s)α−1 1

h

∫ s+h

s
(τ − s)δ dτ dσ ≤ c(ε, t, s)hδ.
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Thus we deduce that

T4 =
∫ t

s
R(t, σ )K (σ, s) dσ

1

h

∫ h

0
epA(s) dp+ o(1) as h→ 0+. (3.35)

By (3.30), (3.32), (3.34), and (3.35) we finally obtain

φ(t, s+ h)− φ(t, s)
h

= V(t, s)+
∫ t

s
R(t, σ )

[
V(σ, s)+ A(s)e(σ−s)A(s)

]
dσ

−
∫ t

s
[R(t, σ )− R(t, s)] A(s)e(σ−s)A(s) dσ − R(t, s)e(t−s)A(s)

+
[

K (t, s)+ R(t, s)+
∫ t

s
R(t, σ )K (σ, s) dσ

]
1

h

∫ h

0
epA(s) dp

+ o(1) as h→ 0+;
but observing that

K (t, s)+ R(t, s)+
∫ t

s
R(t, σ )K (σ, s) dσ

K1(t, s)+
∞∑

m=1

(−1)mKm(t, s)+
∞∑

m=1

(−1)mKm+1(t, s) = 0,

we can conclude that

φ(t, s+ h)− φ(t, s)
h

= V(t, s)+
∫ t

s
R(t, σ )

[
V(σ, s)+ A(s)e(σ−s)A(s)

]
dσ

−
∫ t

s
[R(t, σ )− R(t, s)] A(s)e(σ−s)A(s) dσ

− R(t, s)e(t−s)A(s) + o(1) as h→ 0+, (3.36)

i.e., the right derivative ofφ(t, s)with respect tos exists inL(H) for eacht ∈ ]s, T−ε].
In a completely similar way, starting from formula (3.27), we obtain that the left

derivative ofφ(t, s) with respect tos also exists inL(H) for eacht ∈ ]s, T − ε], and
equals (3.36); hence the proof is complete.

Corollary 3.9 [AT5, Corollary 6.10]. Under Hypotheses1.1–1.7, let φ(t, s) be the
operator defined by(0.6).Then for0≤ s< t < T we have, in the sense ofL(H),[

d

ds
φ(t, s)

]
A(s)−1 = −U (t, s)−

∫ t

s
R(t, σ )U (σ, s) dσ − R(t, s)A(s)−1.

Proof. It is an easy consequence of Theorem 3.8 and Lemma 3.6(i).

Remark 3.10. (i) As shown in Remark 6.11 of [AT5], the result of Theorem 3.8
guarantees thatφs(t, s) exists for 0≤ s < t < T ; in addition, for eachη > 0 and
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0≤ s< t < T ,

‖φs(t, s)‖L(H) ≤ cT−s(T − t)2α−1(t − s)−1, (3.37)∥∥φs(t, s)A(s)
−1
∥∥
L(H) ≤ cT−s(T − t)2α−1(t − s)α−1. (3.38)

(ii) Using (3.5) we deduce thatP1/2
T φs(t, s) exists even whent = T , and for each

s ∈ [0, T [ we obtain

P1/2
T φs(T, s) = P1/2

T φ

(
T,

T + s

2

)
φs

(
T + s

2
, s

)
, (3.39)∥∥∥P1/2

T φs(T, s)
∥∥∥
L(H)
≤ cT−s. (3.40)

4. Uniqueness of the Riccati Operator

In [AT5] we proved that the operatorP(t), defined in (0.5), is a classical solution of
the differential Riccati equation (0.4); moreover, it is self-adjoint and nonnegative, and
satisfies

P ∈ L∞(0, T;6(H)) ∩ C([0, T [, 6(H)),

[−A(·)∗]1−αP(·) ∈ B1−α([0, T [,L(H)), (4.1)

‖P(t)x − PT x‖H → 0 as t → T−. (4.2)

In particular, by the general results of [AT1] on nonautonomous parabolic equations, for
eachε ∈ ]0, T [, P(·) solves the Riccati equation in mild form in the interval [0, T − ε],
i.e.,

P(t) = U (T − ε, t)∗P(T − ε)U (T − ε, t)+
∫ T−ε

t
U (r, t)∗

× [M(r )− P(r )A(r )G(r )N(r )−1G(r )∗A(r )∗P(r )
]
U (r, t) dr. (4.3)

We are unable to prove uniqueness of the Riccati operatorP(t) in its full generality, i.e.,
within the class{

Q∈ L∞(0, T, 6(H))∩C([0, T [, 6(H)): [−A(·)∗]1−αQ(·)∈C1−α([0, T [,L(H)),
Q(t) ≥ 0,∀t ∈ [0, T [, Q(t)x→ PT x in H ast → T−

}
.

We need some regularity of the final datumPT , which allows us to get a better behavior
of the Riccati operator near the pointT . In fact, following Theorem 6.4 of [LT3], we can
prove:

Theorem 4.1. Under Hypotheses1.1–1.7, assume in addition that there existsβ ∈
]1−2α,1−α] such that PT ∈ L(H, D([−A(T)∗]β)).Then the solution of the differential
Riccati equation(0.4) is unique within the class{

Q∈ L∞(0,T,6(H))∩C([0,T [,6(H)): [−A(·)∗]1−αQ(·)∈C1−α−β([0,T [,L(H)),
P(t) ≥ 0,∀t ∈ [0, T [, P(t)x→ PT x in H as t→ T−

}
. (4.4)
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Proof. To start with, if P(t) is the operator (0.5), the assumption onPT along with
Hypothesis 1.3 yields∥∥[−A(t)∗]1−αP(t)

∥∥
L(H) ≤ c(T − t)α+β−1, ∀t ∈ [0, T [; (4.5)

this follows by Theorem 3.13 of [AFT], but can be proved directly by adapting to
the nonautonomous situation the argument of Section 6 of [LT3]. Now assume that
P1(t), P2(t) solve the integral equation (4.3) for eachε ∈ ]0, T [ and both belong to the
class (4.4). The integrand in (4.3) is bounded byc(T − t)2(α+β−1) in view of (4.5) and
Hypotheses 1.5 and 1.6, and we can letε → 0 since 2(α + β − 1) > −1. Hence the
operatorQ(t) := P1(t)− P2(t) solves

Q(t) = −
∫ T

t
U (r, t)∗Q(r )A(r )G(r )N(r )−1G(r )∗A(r )∗P1(r )U (r, t) dr

−
∫ T

t
U (r, t)∗P2(r )A(r )G(r )N(r )

−1G(r )∗A(r )∗Q(r )U (r, t) dr. (4.6)

Hence applying [−A(t)∗]1−α to both members we find for eacht ∈ [0, T [, due to (4.4)
and Hypotheses 1.3, 1.5, and 1.6,∥∥[−A(t)∗]1−αQ(t)

∥∥
L(H)

≤ c
∫ T

t
(r − t)α−1(T − r )2(α+β−1) dr‖[−A(·)∗]1−αQ(·)‖C1−α−β ([0,T [,L(H));

thus, setting

Kt := ∥∥[−A(·)∗]1−αQ(·)∥∥C1−α−β ([t,T [,L(H)) ,

we obtain

Kt ≤ c(T − t)2α+β−1Kt , ∀t ∈ [0, T [.

Finally, if t ∈ [T − δ, T [, with a sufficiently smallδ > 0, we deduce thatKT−δ = 0,
which in turn yieldsP1 ≡ P2 in [T − δ, T ]. This argument can be iterated, starting again
from (4.6), which now holds withT replaced byT − δ; in a finite number of steps we
get P1 ≡ P2 in [0, T ].
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