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1. INTRODUCTION

Let X be a Banach space. We consider the Cauchy problem
w =Au+f(t,u) (tel,bu(t)eX)
u(0) = u,; (1.1)

where [:=[0,a], and A is the infinitesimal generator of a C°-semigroup.

It is well known that if f is only continuous (even if A =0) the problem (1.1) does not
always have solutions [1]. Like in the finite dimensional case, under the Lipschitz condition we
have existence and uniqueness of mild solution of problem (1.1) (for the definition of mild
solution see definition 2.3). If f is compact we have at least a mild solution (we can
alternatively assume the compactness of the semigroup generated by A4, see [2-5]. Also if we
assume that f is weakly compact and weakly continuous we have at least a mild solution [6].

Many authors have considered the Cauchy problem (1.1), in particular in the case 4 =0,
under hypotheses based on noncompactness measures (see definition 2.1 and [7-9]), which
include Lipschitz and compactness conditions.

CASE A=0

u' =f(t,u) (tel,u(t) e X):
u(0) = u,. (1.2)

The first result has been obtained by [10]. They supposed f continuous and f=f; +f,
where f, is a Lipschitz continuous operator and f, is a compact one (for a generalization see
[11]D. Later on [12] supposed that f is uniformly continuous in (#,u) and ea-Lipschitz
continuous, that is for every bounded subset W of X, and for r €1

a(fHt} x W) <Kal(W)
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where o is the Hausdorff noncompactness measure (see definition 2.1). Ambrosetti [12] uses
in his proof the Darbo fixed point theorem [13]. Szufla [14] generalized this result by supposing
f continuous and such that:

(i) there exists a constant K such that, for every bounded subset W of X, a(f(I X W)) <
Ka(W).

A stronger formulation of this result is due to [15]. They supposed f(z,x):=F(¢, x, x),
where F(-,-,y) is compact, F(t, x, -) is Lipschitz continuous, and F(-,-,-) is continuous. Later
on, [16] treated the case when f is a Caratheodory operator (that is continuous in u and
measurable in r). Later on, [17] assumed that f(z, x) == F(¢, x, x), with F uniformly continuous
in (¢, x,y) and a(F{&} X VX W) <h(t)a(V), for V, W bounded subsets of X, ¢t €1, and h(t)
integrable real function.

We remark that many other authors [7, 16, 18-31] weakened hypothesis (i), by assuming a
hypothesis of this type;

(ii) there exists a function g: R X R — [0, + such that, for every bounded subset W of
X, and for every t €1, a(f({t} X W)) <g(t, a(W)), where g is a Kamke function (that is the
Cauchy problem y’ =g(z, y), y(0) = 0 has only the solution y = 0) (see [32)).

Furthermore [32] showed that when f is uniformly continuous in (¢,u) the properties of
type (i) used by above considered authors are equivalent. We can not treat this case by our
technique.

Some other authors considered the weak noncompactness measure (see definition 2.2),
instead of noncompactness measures. Mitchen and Smith [33] supposed that f is weakly
continuous and satisfics a hypothesis of type (i) with respect to weak noncompactness measure
(see also [34]). Cramer er al. [35] generalized this result by weakening hypothesis of type (i) of
[33]. Later on [36] showed that the Cauchy problem (2) has a solution by supposing that f is a
Caratheodory operator (for the weak topology) and satisfies (i) for the weak noncompactness
measure.

CASE A#0

Reference [44] showed that the Cauchy problem (1) has at least a mild solution when f is
continuous and f=f, +f,, where f, is a Lipschitz continuous operator and f, is a compact
one. Later on, [37] treated problem (1.1) under a-Lipschitz hypotheses. They supposed that f
is continuous and satisfies hypothesis (i), and that A is the generator of a contraction
semigroup (thecorem 3.3 and theorem 3.6). Their proof seems to be uncompleted (see
Mathematical Reviews, MR 91h: 34099). Later on [38] showed the problem u' € —Au +
ft,u),u0) = u, € closure (D(A)) has an integral solution if A is m-accretive linear operator
(ie. for x,z€ D(A), y € Ax,w € Az) one has [x —x,y —w]_ >0 and the range of (I +4) is
the whole X (for each ¢ > 0)) which generates an equicontinuous semigroup and f is a locally
uniformly continuous, locally bounded operator and a-Lipschitz continuous operator with
constant K <1/2a.

In fact, the Cauchy problem (1.1) has at least a mild solution under two sets of hypotheses:

(a) f is a Caratheodory operator and satisfies property i) (theorem 3.1);
(b) f is a Caratheodory operator with respect to weak topology, in particular f(z,-) is weakly
sequentially continuous, and satisfies property i} for the weak noncompactness measure.
Furthermore the semigroup generated by A is sequentially weakly continuous in (¢, u) on the
bounded subsets (theorem 3.2).
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Our technique is based on the approximating delayed problems introduced by Tonelli {39]
already used by Pianigiani [16], Cramer et al. [35] and Song [26].

This paper is organized as follows:
in Section 2 we give some definitions;
in Section 3 we state some lemmata, the main result and remarks;
in Section 4 we give the proofs.

2. PRELIMINARIES

Let us recall the following definitions.

Definition 2.1. Let B be a bounded subset of X. The Hausdorff noncompactness measure of
B is defined as

a(B) = inf{e > 0: B can be covered by a finite number of balls of radius €}

Definition 2.2. Let B be a bounded subset of X. The weak noncompactness measure of B is
defined as

ay, (B) = inf{e > 0: there exists a weakly compact set K C X such that BC K + €B},

where B is the ball of center 0 and radius 1 in X.

Given a subset A4 of X, we denote by cl(A) its closure, co(A) its convex hull.

Let us recall some properties of a (for the proofs see [7-9]). Let 4 and B be bounded
subsets of X, then

(1)  alco(B)) = a(B);

(2) alcl(B) = a(B),

(3) a(AU B) < max{a(A4), a(B)};

(4) a(A)=0if and only if A is relatively compact;

(5) a(AB)=|Ala(B) for every A €R;

(6) a(Ad+B)<al(Ad)+ a(B);

(7 a(B)<a(A)if BCA.

The same properties hold true, with respect to weak topology, for a,, (see [40]); we denote
them by (1,,)-(7,,).

We recall that a C°-semigroup on X is an operator S: [0, + ofX X — X such that:

(1) for every ¢t >0, §(¢) is a linear and continuous operator on X;

(2) forevery t>0, s>0, S(t+s)=S() S(s);

(3) S$(0) = Identity;

(4) for every x in X, S(t)x —»x for t - 0",

We recall that A is the infinitesimal generator of a C°-semigroup if

D(A) = {x: there cxists finite lim =" (S()x —x)}

and

Ax = }}in})h‘l(S(h)x —X).
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If § is a C°semigroup and A is its infinitesimal generator, we set

e 4= S(1).

We recall that, if e ' is a C°-semigroup, then there exist two constants M > 1 and >0
such that

lle 4l < Me! (2.1)
(see for example [41]).

Definition 2.3. Let A be the generator of a C°-semigroup. We call u mild solution of the
Cauchy problem (1.1) on [0, a] if

u(t) =e “uy+ fe“"”Af(s,u(s))ds (0<t<a).

0

3. THE MAIN RESULT

Let f:[0,a] XX —> X, and let e ' be a C°-semigroup. Our technique is based on the
delayed problems

u, if £ <0, (3.1.1)
(P)
u,(t) = )
e u, + fe_“”“”f(s,un(s—a/n))ds if0<tr<a.
0
(3.1.2)
Let us set
Q= U {u):neN} (3.2)
O<t<a
We need these lemmata:
LEMMA 3.1. We have
a(Q)saa( U e"Af([O,a]XQ)), (3.3)
O<t<a
and
aW(Q)SaaW( U e‘Af([O,a]XQ)). (3.4)
O<t<a

LEMMA 3.2. Let D be a bounded subset of X. Let M, « be the constants introduced in (2.1).
Then for every a > 0 we have

a( U e”A(D)) < Me“a(D). (3.5)

O<t<a
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Furthermore, if the semigroup is sequentially weakly continuous on bounded subsets we
have

aw( U ¢ D)) < Me“ay (D). (3.6)

0<t<a

Let B be the ball of center u, and radius R in X and let I:=[0,q,]. Let e ' be a
C°-semigroup. Let f: I X B — X be an operator that satisfies these properties:

(a) in the case of the strong topology

(3.7) there exists a constant K such that, for every bounded subset W of X
a(fUXW)) <Ka(W),

(3.8) f(-,u) is strongly measurable for u in a dense subset of B;
(3.9) f(z,*) is continuous for almost every ¢ in [0,a,];

(b) in the case of the weak topology

(3.7,) there exists a constant K such that, for every bounded subset W of X
ay (fUXW) <Kay(W).

(3.8, for every continuous function «: I — B, the function e~ (-, u(-)) is weakly (or Pettis)
integrable;
(3.9,) f(t,-) is weakly sequentially continuous for almost every ¢ in [0, a,].

Now we state the results.

THEOREM 3.1. (case a) Let D be a bounded subset of X, B the ball of center u, and radius
R, and I:=[0,q,l.

Let A be the infinitesimal generator of a C°-semigroup. Let f:IX B — D be an operator
satisfying (3.7)-(3.9).

Then the Cauchy problem (1) has at least a mild solution u € C%([0, ,]; X), with

a,=max {b <a,:lle " u, —uyll+h Me“"|Dl <R 0<h<b},

where M and o are the constants introduced in (2.1) and || Dl == sup, . ,lld|l (and I =[0,a,].

THEOREM 3.2. (case b) Let D be a bounded subset of X, B the ball of center u, and radius
R, and I:=[0,a,].

Let A be the infinitesimal generator of a C°-semigroup. Let us suppose that this semigroup
is sequentially weakly continuous in (z,u) on the bounded subsets of 7 X X. Let f:IXB—->D
be an operator satisfying (3.7,)—(3.9, ).

Then the Cauchy problem (1) has at least a mild solution u € C°([0,a,]; X), with

a; =max{b <a,:lle ™" *uy—u,l + h Me“*|D| <R 0 <h <b},

where M and w are the constants introduced in (2.1) and || D] := sup,  plldl.
Now we give some examples of applications of theorem 3.1.
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ProrosITION 3.1. Hypothesis (3.7) is verified if:
(1) f is compact (that is the image of the bounded subsets of B is relatively compact);
(2) f is uniformly continuous in (¢, 4) and Lipschitz continuous in u;
(3) f is sum of an operator of type (1) and one of type (2) (see [10]);
(4) f(u)=F(u,u), with F: B X B— X, F(-,w) Lipschitz continuous uniformly with respect
to w (with constant <L), and F(v,-) compact for every v in B (see [15]).

COROLLARY 3.1. Let m € C(R™; R). Then the problem

1
u,,—uxx:u-m( fluxlzdx) (t>0,0<x<1)
0

(3.10)
u(0) =u, € Hy

u(0)=u, el?

has at least a mild solution.
Finally, we give some applications of theorem 3.2.

PROPOSITION 3.2. Let us assume for simplicity that f is autonomous. Then the hypothesis
(3.7,) is verified if:

(1) f is weakly compact;

(2,) f is Lipschitz and weakly continuous;

(3,) f is sum of a operator of type (1,) and of one of type (2,);

@,) fQw)=F(u,u), with F: BXB - X, F(-,w) Lipschitz continuous uniformly with re-
spect to w (with constant < L), weakly continuous (uniformly with respect to w), and F(v, )
weakly compact for every v in B.

Remark 3.1. We reobtain [6], that is:

Let X be a reflexive space, let D be a bounded subset of X, B the ball of center u, and
radius R, and 7:=[0,a,]. Let A be the infinitesimal generator of a C°-semigroup. Let
f:1X B — D be an operator that satisfies (3.8,)I1(3.9,).

Then the Cauchy problem (1) has at least a mild solution.

Remark 3.2. The hypotheses of theorem 3.1 can be weakened. We can prove the existence of a
mild solution of problem (1.1) also if we substitute (3.8) with (3.8,,), and (3.9) with:

(3.9 f(t,-) is demicontinuous for almost every ¢ (i.e. f(z,*) is continuous from X with the
strong topology to X with the weak topology).

4. PROOFS

Proof of lemma 3.1. Let us observe that
Qcleuy:0<t<al

+ U U tcl(co({e‘“"”’"f(s,un(s—a/n)):OSSst}))

O<t<aneN
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cleu,:0<t<al

+ U tcllco{e =94£([0,a] x Q):0 <5 <1})).

O<t=<a

From this we have
Qc{eu,:0<t<a) +[0,a] cllcol{fe " O4£([0,a] X Q):0<s <a})).
Therefore, thanks to properties (1)-(2) and (4)~(6) of «
a(Q) < a([0,a] cd(co{e " ~24f([0,al X Q): 0 <5 < a})))
<aa({e " D1£([0,a] X Q2):0 <s <a)).
The proof of (3.4) is similar, by using (1,)-(2,) and (4,)-(6,,). ®

Proof of lemma 3.2.

Proof of (3.5). Let > a(D), let uy,...,u, be the centers of balls of radius n which cover D.
Let us fix € > 0. Let 5> 0 be such that

OD<s<t<a,lt—s|<8]= [Ile"Auiﬂe"AuiIISe (i= 1,...,n)].

Let #,...,t, be the centers of balls of radius & which cover [0,a]. We will show that

m

(e u) ey je , are the centers of balls of radius nMe“* + e which cover (U ¢, . .6 (D))
Indeed, let u € D. Let i, j be integers such that |t — ¢,/ < &, [lu — u,/l < n. Then

Ay —e Ml <lle M u —u )l +lle " u, — e uy|

lle
sMe“llu—ull+ e < qMe“* + €.
Therefore
a( U eftA(D)) < nMe“® + €,
O<r<a
and, since n and e are arbitrary
a( U e (D)) sMeva(D). -
O<t<a
Proof of (3.6). Let > a(D), and let K be a weakly compact subset of X, such that
DCK+1B;
then
e 'Y(D)ce "(K)+ nMe“B;
and therefore

U e™D)c U e "K)+nMeB.

O<t<a O<t<a

Since [0, a] X K is weakly compact (= sequentially weakly compact) and the semigroup is
sequentially weakly continuous in (z,u) on the bounded subsets of I XX, U,.,. e "“K)is
weakly compact. From this we have (3.6).
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Proof theorem 3.1.
Step 1

Let a be a constant such that

aMe“*K <1;
0<a<a,.

Let us consider for n €N the problems (P,). Let us show that these problems have
solutions u, € C°(1— o, al, B). It is easy show that if f:1 — X is strongly measurable, then
e I1f(.) is strongly measurable. Let us set t, =ka/n (k=0,1,...,n), and let us show by
finite induction that the problems (P,) have solutions on ] — o, ¢, ] If k=0 it is trivial. Now
let us suppose that u, is a solution of (P,) defined on ]— =, ¢, _,]. Since u, is a continuous
function on ] — =, ¢, ], it follows that f(-,u,(- —a/n)) is strongly measurable on ] —, 1]
(see [42]). Furthermore the function e ¢ f(-,u,(- —a/n)) is bounded, and therefore inte-
grable. Using (3.1.2) we can therefore continue u,, to a solution of (P,) defined on]— <, 1,].

Furthermore u, is continuous and, since a <a,, u,, takes its values in B.
Step 2

Now let us show that

Q= U (u,(t):neN}

O<t<a

is relatively compact.
Thanks to property (4) of « it is enough to show that

a(Q)=0.
By applying (3.3) to the functions u,, we have

a(Q)saa( e~ £([0, al xm).

U<ri<a

From (3.5) and (3.7) we obtain

a( U ¢ 4700, a] xm) < Me“a(£([0,a] X 0)
O<it<a
<Me“K o(£}).
Therefore
(1 —aMe“°K) a() <0.
Since aMe®“?K < 1, this implies that

a(Q)=0.
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Step 3

Now let us show that the functions u, are equicontinuous. Let 0 <r <z <a.

N, (1) —u, (DI < lle™ Muy — e ugll +

/[e““’*f(s,un(s —a/n))ds

+

j‘r(e“"’*‘ —De VD f(s,u,(s—1/n))ds
0

<lle " uy—e uyll+1t —rl | D Me

+

(e "4 _ ) fre(rf’Af(S,U,,(s —a/n))ds
0

Let us set

¢ = { fe““”Af(s,un(s-a/n))ds:OSrsa,nEN}.

0

Since
dcQ—{eu,:0<r<a}
is relatively compact, then

lim suplie " - Dx|l=0.

-0 xep

Since the other two terms are small, independently from 7, then step 3 is proved.
Step 4

Thanks to step 2, step 3, and to the Ascoli theorem for sequences (see Appendix 1) there
exists a subsequence of (u,) that converges uniformly to a continuous function u. This
function, thanks to the Lebesgue theorem for the dominate convergence, is a mild solution of
(1.1).

We have thus showed that problem (1.1) has a mild solution on [0, a]. If a =4, the proof is
complete. If this is not the case, since u(a) € B, we can repeat the previous argument on
[a,a’], where a’ = min{2a, a,}. We remark that in this case (a’ —a)KMe“** ~* < 1. We obtain
in such a way a mild solution of the Cauchy problem (1.1) on [0, a’]. If ¢’ <a, we can repeat
previous argument; at the end we obtain a mild solution of problem (1.1) defined on [0,a,]. ®

Proof of theorem 3.2. We can follow the outline of the proof of theorem 3.1, but it is
necessary to specify some technical details.

The integrals in problems (P,) are Pettis integrals. Thanks to (3.8,,) it is easy to show the
existence of solutions of these problems.

We can show that (Q is the set in (3.2)) is relatively weakly compact like in step 2 of proof
of theorem 3.1, by using (3.4) and (3.6) in place of (3.3) and (3.5).
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We can prove that the functions u, are weakly equicontinuous by using an argument similar
to step 3 of proof of theorem 3.1.

The last part of the proof is almost as in theorem 3.1, by applying the Lebesgue theorem for
the dominant convergence to

t
(T,e "y, + /e“‘”f(s,u,,(s —a/n))ds)
0

for each ¥ in X'(= dual space of X). W

Proof of proposition 3.1. Let us observe that (1)-(3) imply directly (3.7).

We show that (4) = (3.7).

Let V, W be bounded subsets of B, and let > a(}V'). Let vy,...,t, be the centers of balls
of radius n which cover V. Let €> 0, and let w;, (j=1,...m: k=1...n) be the centers of
balls of radius e which cover F(r,,W). Let us fix (¢,w) in VX W. Let ¢, w, be such that

le—vll<n,  WFCu,w) —Flryow)ll <e.
Then we have
IFCe,w) — FCog w)dll < lFCeon) — FCo )l + IIFCe ow) = FCo,wi)ll
<Ln+e.
Since m, € are arbitrary, we have

alF(V.W)) <La(V),
and therefore

a(f(V))=alFV. V) <Lal(V). n

Proof of corollary 3.1. Let us set t:=u,. and U= (u, v'), U, = (u,, u,). The equation (3.10) is
equivalent to

U’ +A|UT =F,U)
Uy =1y
where

0, -1 0

A= F(U) = ulk® +m)

1 2]
flu,,l“)
0

where Au= —u_ +k’u. —A, is the generator of a C°-semigroup (for a proof see [43)).
Furthermore, if we suppose that F, is defined on a bounded subset of X(:=H; x L?), F,
satisfies 4) of remark 3.1 because F(U)=FU,U) where, for V=_(¢,v,) and W=(w,w, )
FOWV,W) =0, v,(k* + m( [;lw, M7, F(-,W) is Lipschitz continuous, umformly w1th respect
to W(W lies in a bounded subset of X) and F(V, -) is compact since k> + m( [} lw, *) lies in a
bounded subset of R and v, is fixed), and F, is continuous. Therefore we can use theorem
3. m
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Proof of proposition 3.2. 1t is obvious that (1,), (2,), (3,) = (4,,).

Let us show that (4,) = (3.7,).

Let V, W be bounded subsets of B. Let 1> a,, (V). Let K be a weakly compact subset of
X such that

VCcK+ nB.
Then
F(V,W)c U F(K,w)+LnB

wel
=F(K,W) + LyB.

Let us show that F(K,W) is relatively weakly compact. Let us show equivalently that it is
relatively sequentially weakly compact. Let us set x,, := f(k, w,), where k, € K, w, € W. There
exists a subsequence (k, ), of (k,), that weakly converge to some k. Let y, =F (k w,,). This
sequence has a subsequence Yoy, that weakly converge to some y. Then for each ¥ €X' (the
dual space of X), and for n,, — %, we have

(W.x, —y)=(¥.F(k, w, )—F(kw, ))+(V.F(kw, )-y)-0.
Therefore ay (W) <La,(W). B

Proof of remark 3.1. Since X is a reflexive space and f is bounded then it follows that f is
weakly compact, and therefore verifies (3.7,). Furthermore the adjoint semigroup is a
C°-semigroup (see proposition 2, Appendix 2), and then the semigroup is sequentially weakly
continuous in (¢£,u) on the bounded subsets of /XX (see proposition 1, Appendix 2).
Therefore we can use theorem 3.2

Proof of remark 3.2. The proof is similar to the proof of theorem 3.2, The only difference is
that we prove that Q) (Q is the set in (3.2)) is relatively compact and (u,) are equicontinuous
as in theorem 3.1. =&

Acknowledgement—1 wish to thank A. Arosio for his help and supervision during the perparation of this paper. and P.
Acquistapace, A. Ambrosetti, F. S. De Blasi, G. Pianigiani, S. Spagnolo for the discussions on the argument and the
referee of this journal for Refs [3-5, 38].

REFERENCES

1. GODUNOYV A. N., The Peano theorem in Banach spaces, Funct. Anal. Appl. 9, 53-55 (1975).
2. PAZY A.. Semigroups of Linear Operators and Applications to Partial Differential Equations. Springer, New York
(1983).

3. GUTMAN S., Compact perturbations of m-accretive operators in general Banach spaces, SIAM J. math. Analvsis
13, 789-800 (1982).

4. GUTMAN S§., Evolutions governed by m-accretive plus compact operators, Nonlinear Analysis T.M.A. 7, 707-715
(1983).

5. KARATSATOS A. G. & SHIN K., Solvability of functional evolutions via compactness methods in general
Banach spaces, Nonlinear Analysis T.M.A4. 21, 517-535 (1993).

6. BALL J. M., On the asymptotic behavior of generalized processes with applications to nonlinear evolution
equations. J. diff. Eqns 27, 224-265 (1978).

7. SADOVSKII B. N., Limit-compact and condensing operators, Russ. math. Survs. 27. 85-155 (1972).



1204 M. GHISI

o

10.

1.

13.

14.

15.

lo.

17.

18.

. BANAS J. & GOEBEL K., Measures of Noncompactness, Lecture Notes Pure Appl. Math. 60 (1980).
. AKHMEROYV R. R., KAMENSKII M. I, POTAPOV, A. S., RODKINA A. E. & SADOVSKII B. N., Measures of

noncompactness and condensing operators, Trans. from the Russian by A. Jacob, Bivkauser Veriang Berlin (1992).
KRASNOSELSKII M. A. & KREIN S., Non local existence theorems and uniquenes theorems for systems, Dokl.
Acad. Nauk. SSR 102, 13-16 (1995) (Russian), MR 17 # 151.

KIBENKO A. V. & KRASNOSELSKII M. A., On sided estimates in the conditions for the existence of solutions
of differential equations in function spaces, Azebaidzan Gas. Univ. Ucen. Zap. Ser. Fiz. mat. Him. Nauk. 13-19
(1961) (Russian), (MR 36 # 4108).

. AMBROSETTI A., Un teorema di esistenza per le equazioni differenziali negli spaci di Banach RC. Semin. mat.

Univ. Padouva 39, 349-361 (1967).

DARBO G., Punti uniti per trasformazioni a codominio non compatto, RC Semin. mat. Univ. Padota 24, 84~92
(1955).

SZUFLA S., Some remarks on ordinary differential equations in Banach Spaces, Bull. Acad. pol. Sci. Ser. Sci.
Math. astr. phys., 16(10), 795-800 (1968).

ZABREIKO P. P. & FETISOV YU. L, The small-parameter method for hyperbolic equations. Diff. Integral Eqns
8, 626-634 (1972).

PIANIGIANI G., Existence of solutions of ordinary differential equations in Banach spaces, Bull. Acad. pol Sci.
Ser. Sci. math. astr. phys. 23, 853-857 (1975).

RZEPECKI B., Measure of noncompactness and Krasnoselskii’s fixed point theorem, Bull. Acad. pol. Sci. Ser.
Sci. math. astr. phys. 24, 861-866 (1976).

GOEBEL K. & RZYMOWSKI W., An existence theorem for the equation x’ = f(t, x) in Banach spaces, Bull.
Acad. pol. Sci. Ser. Sci. math astr. phys. 18, 367370 (1970).

. CELLINA A, On the existence of solutions of ordinary differential equations in Banach spaces, Funkcialaj.

Ekuacioj. 14 129-136 (1971).

. SZUFLA S, Measure of noncompactness and ordinary differential equations in Banach spaces, Bull. Acad. pol.

Sci. Ser. Sci. math. astr. phys. 19 (1971).

. LI T. Y., Existence of solutions for ordinary differential equations in Banach spaces, J. diff. Egns 18, 29-40

(1975).

. KAMENSKII M. I, On the Peano theorem in infinite dimensional spaces, Math. Notes 11, 347-351 (1972).
. SZUFLA 8., On the existence of solutions of ordinary differential equations in Banach spaces, Bull. Un. mat. Ital.

15-A, 535-544 (1978).

. ZEBREIKO P. P. & SMIRNOV A. I, Solvability of Cauchy problems for ordinary differential equations in

Banach spaces, Differentsial’uye Uravneiva, 15(No. 11), 2093-2094 (1979), (transl. Diff. Uravn. (1979) 1498-1500).

. MONCH H. & HARTEN G. F., On the Cauchy problem for ordinary differential equations in Banach spaces,

Arch. Math. 39, 153160 (1982).

. SONG Z. F,, Existence of generalized solutions for ordinary differential equations in Banach spaces, J. math.

Analysis Applic. 128, 405-412 (1987).

. KACZOR W., Measures of noncompactness and an existence theorem for differential equations in Banach

spaces, Ann. Univ. Marie-Skiodowska 42, 35—40 (MR 92d: 47083) (1983).

. KISIELEWICZ M., Existence uniquesses and continuous dependence of solutions of differential equations in

Banach space, Ann Soc. pol. Math. 50, 117-128 (1989).

. OZDARSDAD., On the relationship between bounded solutions of linear and nonlinear differential equations in

Banach spaces, Demonst. Math. 23(No 3), 727-734 (1990) (MR 921: 34086).

. OZDARSKA D., On the equation x' = g(t.x,x’) in Banach spaces, Rad. Math. 7, 363370 (1991).
- EMMAMUELE G., Existence of approximate solutions for O.D.E.’s under Caratheodory assumptions in closed,

convex, sets of Banach spaces, Funkcialoj. Ekvacioj. 34, 343~353 (1991).

. BANAS J,, On existence theorems for differential equations in Banach spaces, Bull. Aust. math. Soc. 32, 73-82

(1985).

. MITCHEN A. R. & SMITH C.. An existence theorem for weak solutions of differential equations in Banach

spaces, in Nonlinear Equations in Abstract Spaces (Proc.: Arlington, 1977), V. Lakshmikantham ed. Academic
Press (1978).

. RZEPECKI B., On measures of noncompactness in topological vector spaces, Commentat. math. Univ. Carol. 23,

105-115 (1982).

. CRAMER E., LAKSHMIKANTHAM V. & MITCHELL, A. R, On the existence of weak solutions of

differential equations in nonreflexive Banach spaces, Nonlinear Analysis T.M.A. 2, 169-177 (1978).

. CINHON M. & KUBIACZYK 1., On the set of solutions of the Cauchy problem in Banach spaces, poster of

workshop “Equadiff 87, Bratislava (1993).

. AGASE S. B. & RAGHAVENDRA, V., Existence of mild solutions of semilincar differential equations in

Banach spaces, Indian J. pure appl. Math. 21, 813-3821 (1990). (MR 91h: 34099).



Mild solutions of evolution cquations and measures of noncompactness 1205

38. CICHON M., Noncompact perturbations of m-accretive operators in general Banach spaces, Commentat. math.
Univ. Carol. 33, 403-409 (1992).

39. TONELLI L., Sulle equazioni funcionali del tippo di Volterra, Bull. Calcutta math. Soc. 20, 31 (1928).

40. DE BLASI F. S., On a property of the unit sphere in Banach space, Bull. math. Soc. Sci. Ser. Sci. math. S.
Roumaenie (N.S.} 21(69), No. 34 259-262 (1977).

41. RUDIN W., Functional Analysis, McGraw Hill (1973), Theorem 13.35. (4), pag. 356.

42. ARINO O., GAUTIER S. & PENOT J. P., A fixed point theorem for sequentially continuous mapping with
applications to ordinary differential equations, Funkcialoj Ekvacioj 27, 273-279 (1984).

43. REED M., Abstract Nonlinear Wave Equations, Lecture notes in Math. 507, ed. by A. Dold & B. Eckmann.
Springer, Berlin (1978).

44. MARTIN R. H. Jr, Nonlinear Operators and Differential Equations in Banach Spaces, Pure and Applied Maths.
Wiley-Interscience (1976).

APPENDICES
Appendix 1

The following theorem is a variant of the classical Ascoli theorem. The proof can be performed by a technique very
similar to the technique used by [6] in lemma 5.12.

THEOREM (Ascoli theorem for sequences)

Let X be a compact metric space, Y a Hausdorff topological vector space. Let C = C(X,Y) be endowed with the
compact open topology. Let F € C be such that:

(1) F(x):={f(x): f€F} is relatively sequentially compact for each x € X

(2) Fis equicontinuous at each x € X.

Then F is relatively sequentially compact.

Appendix 2

Let X be a Banach space, and let A4 be the infinitesimal generator of a C°-semigroup. One can easily show the
following results.

ProrosiTiON 1. If the adjoint semigroup is a C°-semigroup, then the semigroup is sequentially weakly continuous on
the bounded subsets in (t, u).

ProrosiTiON 2. If X is a reflexive Banach space. then the adjoint semigroup is a C"-semigroup.



