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Abstract We consider the Cauchy problem for the Perona-Malik equation

div (V¢
Uy = D
! 1+ [Vul?

in a bounded open set 2 C R, with Neumann boundary conditions.

If n = 1, we prove some a priori estimates on u and u,. Then we consider
the semi-discrete scheme obtained by replacing the space derivatives by finite
differences. Extending the previous estimates to the discrete setting we prove
a compactness result for this scheme and we characterize the possible limits in
some cases. Finally, for n > 1 we give examples to show that the corresponding
estimates on Vu are in general false.
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1 Introduction

In this paper we consider the initial boundary value problem

ur = (@' (x)x = ¢" (U in (=1,1) x [0, T), (1.1)
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uy(—1,0) =u,(1,) =0 Vvt e [0,7), (1.2)
ux,0) = up(x) Vxe (=1,1), (1.3)

which is the formal gradient flow of the integral functional
1
PM,(u) = / @ (uy) dx. (1.4)
-1

Since we are interested in smooth solutions, we require that (1.1) and (1.2)
are satisfied also for ¢ = 0. In particular, Eq. 1.2 for t = 0 gives a compatibility
condition on uyg.

We assume that ¢ € C2(R) and for simplicity ¢’(0) = 0, but we do not
assume that ¢ is convex: therefore Eq. 1.1 is a forward-parabolic PDE where
¢"(uy) > 0, and a backward-parabolic PDE where ¢”(u,) < 0. The interesting
case is of course when the initial condition ug is such that ¢” (1) changes its
sign in [—1, 1]: in this case we say that u is transcritical.

We also consider the n-dimensional generalization of (1.4), i.e. the functional

PM (1) =/<0(|Vu|)dx, (1.5)
Q

whose gradient flow is the initial boundary value problem

u, = div ((p’(qul)&) inQ x[0,7), (1.6)
[Vul

ou .

P 0 indQ2x[0,7), (1.7)

ux,0) = ug(x) Vx e Q, (1.8)

where Q@ C R” is an open set with piecewise C! boundary, and # is the exterior
normal to 3€2. Note that (1.6) is well defined since ¢’(0) = 0.

The typical example is the so called Perona—Malik equation, corresponding
to (o) =271 log(1 + o?), introduced in [15] in the context of image processing
(see also [11]), hence in the case where n = 2, Q is a rectangle, and ug represents
the gray level of an image. A different choice is (o) = (62 = 1)2, considered
for example in [1] in the context of nonlinear elasticity and phase transitions.

From the analytical point of view, the forward-backward character of these
PDEs induces a general skepticism (see [2]), partially supported by some neg-
ative results [9,10,12]. In particular, it is known that problem (1.1), (1.2), and
(1.3) has no global solution (7" = +00) if ug is transcritical (see [9,12]). Exis-
tence of local solutions, even for special classes of transcritical initial data, is
still an open problem.

On the other hand, numerical experiments exhibit much better stability prop-
erties than expected (see [3,4,6,7,13]).
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Gradient estimates for the Perona-Malik equation 559

The existence of good reasons for being pessimistic and good reasons for
being optimistic is usually referred as “the Perona—Malik paradox”.

In this paper we partially support both positions. Concerning the one dimen-
sional problem (1.1), (1.2), and (1.3), in Theorem 2.2 we prove some a priori
estimates on u and u,. In particular, we prove that the L! norm of u, in the
space variable (i.e. the total variation of ) is a non-increasing function of time,
while the L*> norm of u, in the space variable is a non-decreasing function of
time if ug is transcritical.

Then we consider the semi-discrete scheme for (1.1), (1.2),and (1.3), obtained
by replacing space derivatives with finite differences. In Theorem 2.5 we show
that some of the estimates proved in the continuous case, and in particular the
estimate of the total variation, can be extended to the discrete setting. Such
estimates are enough to prove (Theorem 2.7) that the solutions of the discrete
problems converge to a limit (up to subsequences), as the discretization step
goes to 0. This suggests to consider these limits as solutions of (1.1), (1.2), and
(1.3) in some weak sense, as we do in Definition 2.8. Then we show that the
properties of these limits are consistent with what observed in numerical exper-
iments (Theorem 2.9). We also prove that they are classical solutions of Eq. 1.1
in the forward region of the initial condition (Theorem 2.10). We do not think
that the same is true in the backward region, due to the “fibrillation” phenom-
enon conjectured in [5] as a consequence of the “staircasing” effect observed
in numerical experiments. This remains a challenging problem.

Finally, we consider the n-dimensional problem (1.6), (1.7), and (1.8). The
estimates on u can be generalized almost word by word (Theorem 2.14), but
for gradients the situation is different. In Theorem 2.15 we prove that the total
variation of the solution is a non-increasing function of time in the case of radial
solutions, but then we show with Theorem 2.17 that this cannot be true in gen-
eral, also for the Perona—Malik equation in a rectangle. A consequence is that
the argument used in dimension one to prove the compactness for the semi-dis-
crete scheme cannot be passed to dimension n > 1. We also show with Theorem
2.18 that it is no more true that the L.°° norm of the gradient is non-decreasing if
u is transcritical. This prevents us from extending in dimension n > 1 the proofs
of non-existence of global solutions for transcritical data given in [9] or [12].

This paper is organized as follows: in Sect. 2 we state our results the counter-
examples, in Sect. 3 we give proofs, in Sect. 4 we present the counter-examples.

2 Statements

Before we state our estimates, we collect some assumptions on ¢, which will be
used in several statements.

(¢0) ¢ is an even non-negative function of class C? such that ¢’(0) = 0.

(9l) o -¢'(c) = 0foreveryo € R.

(¢2) ¢ is convex in a neighborhood of 0, i.e. there exists oy > 0 such that
¢"(0) = 0if |o| < 0.
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560 M. Ghisi, M. Gobbino

(¢3) ¢ is convex-concave, i.e. there exists op > 0 such that ¢”(c) > 0 if
lo] < 00, and ¢ (o) < 0if [o| > op.

We remark that all these assumptions are satisfied in the Perona—Malik case.

Unless otherwise stated, we always consider C? solutions (this means that u,
and the second order derivatives in the space variables are assumed to be con-
tinuous functions), even if most statements do not involve second derivatives,
and so we expect them to be true also for C! solutions.

2.1 A priori estimates in dimension one

Let us consider problem (1.1), (1.2), and (1.3). The following equalities are our
main tools to derive estimates on u and u,.

Proposition 2.1 Let us assume that ¢ satisfies (¢0), letu : [-1,1] x [0,T) - R
be a C? solution of (1.1), (1.2), (1.3), and let 4 € C*(R). Then

(1) foreveryt e [0,T) we have that
q 1 1
G [ v = [vwen uewn - gan s @
-1 ~1
(2) ify'(0)-¢@"(0) =0, then for every t € [0, T) we have that

1 1
d /
E/W(ux(x,t))dx= —/vf/(ux(x,t)) - (e (x, D) - [t (x, 1)) dx.
-1 —1
(2.2)
Using Proposition 2.1 with suitable choices of i, we obtain the following

estimates.

Theorem 2.2 Let us assume that ¢ satisfies (¢0), and letu : [-1,1] x [0, T) — R
be a C? solution of (1.1), (1.2), and (1.3).
Then we have the following estimates on u and u.

(1) Classical gradient flow estimates. For every 0 < t; <ty < T we have that

n 1
PM,(u(x,11)) — PM, (u(x, 12)) = / / [ (o] dxdr

n -1

=//mfwa (2.3)
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@)

©)

4)

®)

(6)
™)
®)

and in particular the functiont — PM,(u(x,t)) is non-increasing. Moreover

1/2
e, 1) — w2 211y < (PMp@o)} -1 — 0] (2.4)

LP estimates on u. If ¢ satisfies also (p1) then for every p € [1,00] and
every t € [0, T) we have that

lee(xe, Ol r((=1,1)) < o)l Lr((=1,1))- (2.5)

Maximum principle for u. If ¢ satisfies also (¢1) then for every (x,t) €
[—1,1] x [0, T) we have that

min{ug(x) : x € [—1,1]} < u(x,?) < max{upg(x) : x € [-1,1]}. (2.6)

Total variation estimate on u. If ¢ satisfies also (¢2) then for everyt € [0, T)
we have that

lox (e, Dl 1 —1.1y) = Nox O 1 1.1y)- 2.7)
From now on, let us set
m(t) := min{u,(x,t) : x € [-1,1]}, M@ := max{u,(x,?) : x € [-1,1]}.

Barriers for uy. Let 01 < oy be such that ¢"' () > 0 in the interval [o1, 07].
Then we have the following implications

MO) <oy = M@) <oy Vtel0,T); (2.8)
m0) >0 =— m() >0y Vtel0,T). (2.9)

Similarly, if " (o) < 0 in the interval [o1, 03], then we have the following
implications

M©O) >0y = M(t) >0 Vtel0,T); (2.10)
m0) <oy = m(t) <oy Vrel0,7). (2.11)

Subcritical maximum principle for wuy,. If ¢”(M(0)) > 0, then M(¢) is a
non-increasing function, and ¢” (M (t)) > 0 for every t € [0, T).
Supercritical (reverse) maximum principle for u,. If ¢”"(M(0)) < O, then
M(t) is a non-decreasing function, and ¢" (M(t)) < 0 for every t € [0, T).
Critical maximum principle for wu,. If ¢” (M(0)) = 0, then there are three
cases.
(8.1) If there exists § > 0 such that ¢"(c) > 0 for every o € [M(0) —
8, M(0)], then M(t) is a non-increasing function, and ¢ (M(t)) > 0
foreveryt e [0,7).
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(8.2) If the assumption of (8.1) is not satisfied, and there exists § > 0 such
that the set {o € [M(0), M(0) + 8] : ¢"(c) > 0} has empty interior,
then M(t) is a non-decreasing function, and ¢"” (M (t)) < 0 for every
tel0,7).

(8.3) Inany other case M(t) = M(0) for every t € [0, T).

Remark 2.3 A few comments and consequences of the conclusions of
Theorem 2.2.

(a)
(b)

(c)
(d)

(e)

()
(@

(h)

(@)

Estimates (1) are the standard decay of the energy and 1/2-Holder conti-
nuity in time of the gradient flow of a non-negative functional.

Estimates such as (2) have been proved independently by many authors,
at least for the Perona—Malik equation (see [6,12]).

Estimate (3) is a refinement of the case p = oo in estimate (2).

Estimate (4) proves that (¢2) is enough to give an a priori bound on the
total variation of u, also in the transcritical case. Here p = 1 is crucial:
indeed it is not difficult to see that there are no L? estimates (p > 1) on
u, in the transcritical case.

From estimate (4) one can easily deduce that the total variation of u(x, ) in
the space variable in a non-increasing function of time. Analogous state-
ments can be obtained from estimates (2) and (3).

Conclusions (6), (7), and (8) are stated for the maximum M (¢). Symmetric
statements are true for the minimum m(t).

Let us assume that ¢ satisfies (¢0) and (¢3), as in the Perona—-Malik case.
Then (6), (7), and (8) can be read as follows: if 0 < M(0) < op, then M ()
is non-increasing; if M(0) > oy, then M(¢) is non-decreasing. A symmetric
statement holds true for the minimum. In particular, if u is transcritical,
then the solution remains transcritical for all times: this is one of the key
tools to prove non-existence of global classical solutions for transcritical
initial data (see [9,12]).

Let us assume that ¢ satisfies (¢0) and (¢2), as in the Perona—Malik case.
If up(x) is non-increasing (resp. non-decreasing) in x, then the same is true
for u(x, t) for any fixed ¢ € [0, T). So the evolution preserves monotonicity.
Let us assume that ¢ satisfies (¢0), and that there exists 03 € R such that
¢"(0) = 01if |o| > 03, as in the case where ¢(c) = (62 — 1)2. Then for
every (x,t) € [—1,1] x [0, T) we have that

min{m(0), —o3} < uy(x,t) < max{osz, M(0)}.

We sketch a proof of the last three conclusions in Remark 3.1.

2.2 The semi-discrete scheme in dimension one

A natural approach to (1.1), (1.2), and (1.3) is to approximate it by discretizing
in the space variable. To this end, given an integer n > 0, we divide [—1,1] in
2n intervals of length 4 = 1/n, and we consider the space PC, of all functions
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which are constant in each subinterval. Given f : [—1,1] — R, we approximate
the derivative of f with the function

fx+h) —flx)
DY"f(x) = h
0 ifxed—h,1l

ifxe[-1,1—h],

Then we approximate the functional (1.4) with the functional PM,,,, : PC, —
R defined by
1—h
PMy,(u) = / 10 (Dl/”u(x)) dx Yu e PC,.
-1

Finally, we approximate (1.1), (1.2), and (1.3) with the gradient flow of PM,, ,,
in the space PC,, which turns out to be a well posed ODE.

Proposition 2.4 For every n € N we have that

(1) PC,, endowed with the L? norm, is an Euclidean space of dimension 2n;

(2) the functional PM,,, : PC, — R is differentiable;

(3) if ¢" is bounded, then VPM,, : PC, — PC, is a Lipschitz continuous
function;

(4) if ¢” is bounded, then for every ugy, € PC, the Cauchy problem

u,(t) = =VPMy ,(un(t)) (2.12)
1, (0) = upy (2'13)
has a unique global solution u,, € C'([0,+00); PCh).

Some estimates can be extended from the continuous to the discrete setting.
In the following statement, with a little abuse of notation, we consider u,, both
as a function u,, : [0, +00) — PC,, and as a function u,, : [—1,1] x [0, +00) — R.

Theorem 2.5 Let us assume that ¢ satisfies (¢0), and let u,, be the solution of the
Cauchy problem (2.12), (2.13).

(1) Classical gradient flow estimates. For every 0 < t; < t; < T we have that

15}
PMyn(ttn (1)) — PMy n(un(t2)) = / |72y . (214)
t

1

and in particular the function t — PM, ,(u,(t)) is non-increasing. More-
over

1/2'I

ln (e, 1) = un ()|l 12 1.1)) < {PMganuon)} '™ - 1ty — 212 (2.15)
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(2) LP estimates on uy,. If ¢ satisfies also (1), then for every p € [1,00], and
every t > 0, we have that

lletn e, O (—1.1y) < Ntton Ol Lr((~1.1))- (2.16)

(3) Maximum principle for u,. If ¢ satisfies also (¢1), then for every (x,t) €
[—1,1] x [0, 4+00) we have that

min{ug, (x) : x € [—1,1]} < up(x,1) < max{ug,(x) : x € [-1,1]}. (2.17)

(4) Total variation estimate for w,. If ¢ satisfies also (¢1), then for every t > 0
we have that

1Dt (e, 0l 11, = 1D 00O 11,17 (2.18)

(5) Monotonicity of sub(and super)critical regions. If og is a global maximum
point for ¢’ (this is true for example under assumption (¢3)) and we set

Iy = {xe =115 IDVu(x,0] < o0}

then I, (t1) C I, (t2) whenever 0 < t| < t. The same is true if the inequality
in the definition of I, (t) is strict.

Remark 2.6 The last three statements in Theorem 2.2, and in particular the
supercritical reverse maximum principle for u,, do not have a straight forward
discrete counterpart. Indeed, should it be true, the same argument of the con-
tinuous case (see [9,12]) would give the non existence of global solutions for
the Cauchy problem (2.12) and (2.13), which is of course an absurd.

The estimates of Theorem 2.5 are what is needed to prove a compactness
result for the semi-discrete scheme (see also [4,6,8] where similar strategies are

applied).

Theorem 2.7 Let us assume that ¢ satisfies (¢0), (¢l), and that ¢" is bounded.
Let {uo,} be a family of functions such that uo, € PC, for every n € N, and

sup {PM<p,n(uon) + luonl oo (1,1 + ||D1/nu0n||L1((_1,1))} <+oo.  (219)
ne

Then the sequence {u,} of the corresponding solutions of (2.12) and (2.13) is
relatively compact in CO([0, +00); L2((—1, 1))).

This compactness result motivates the following weak notion of gradient flow
for the functional (1.4).
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Definition 2.8 Let us assume that ¢ satisfies (90), (1), and that ¢’ and ¢ are
bounded. Let uy € BV ((—1,1)) with total variation TV (ug). We say that a func-
tion u € C°([0,4+00); L>((—1,1))) belongs to GF,(ug) if there exists a sequence
{ni} of positive integers and a sequence {ugy} such that uox € PCy, for every
k eN,

luollool + |IDY ™ ugrlly — TV (ug)| — 0, (2.20)

leeor — uoll2 + ok lloo —

and finally ux — win C°([0, +00); L2((—1,1))), where uy, is the solution of (2.12)
with n = ny and initial condition uy.

Now we show that the elements of GF,(ug) have most of the properties
observed in numerical simulations.

Theorem 2.9 Let ¢ be as in Definition 2.8, and let ug € BV ((—1,1)).
Then GF,(uo) # ¥, and every u € GF,(uo) has the following properties.

(1) Initial condition. u(0) = uo.

(2) Time regularity. u € Hlloc((O, +00); L2((=1,1))), u' € L2((0,+00);
L?((—1,1))), and in particular u € C'/%([0, +00); L?((—1, 1))).

(3) Space regularity. For every t > 0 we have that u(t) € BV ((—1,1)) and

()l Loo(~1,1y) < luollLoe—1,1))> (2.21)
TV (u(@) < TV (ug). (2.22)

(4) Weak equation solved. There exists g € L*°((—1,1) x (0,+00)) such that
e for almost every t > 0 we have that the function x — g(x,t) belongs to
HY((-1,1)) and satisfies the boundary conditions g(—1,t) = g(1,t) = 0;

e uisasolution of u; = gy.
(5) Weak convergences. If ny and uy are as in Definition 2.8 then

u, —~u  weakly in L%((0,400), L*((~1,1)));  (2.23)
o (Dl/”kuk) g weakly *in L®((—1,1) x (0,400));  (2.24)
DYy (ry =~ Du(t)  as Radon measures foreveryt >0, (2.25)
where Du(t) denotes the distributional derivative of u(t) in the space vari-
(6) g[t);f).ility. If {ugn} € BV ((—1,1)) is a sequence such that

llwon — uoll2 + luonlloe — lluollool + 1TV (uon) — TV (uo)| — 0, (2.26)

anduy, € GF,(uop) forevery h € N, then the sequence {uy} is relatively com-
pact in CO([0, +00); L2((—1,1))) and all its limit points belong to GF,(up).
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566 M. Ghisi, M. Gobbino

At this point a natural question is whether the function g(x, t) found in state-
ment (4) above is equal to ¢'(Du), up to a natural extension of ¢’ to Radon
measures.

The staircasing effect observed in numerical experiments suggests that the
answer is no. In the convex—concave case we can however give a positive answer
in the subcritical region of the initial condition (note that we make no assump-
tion on ugy outside ).

Theorem 2.10 Let us assume that ¢ satisfies the assumptions of Definition 2.8,
that oy is a global maximum point for ¢’, and that ¢' (o) is strictly increasing in
[—00,00]. Letug € BV ((—1,1)), let u € GF,(uo), and let ny, uok, and uy be as in
Definition 2.8.

Let us assume that there exists an open set Q C (—1, 1) such that | DYy (x)| <
oo for every k € N and every x € Q.

Then u has the following properties in .

(1) More space regularity. For every t > 0 the function x — u(x,t) belongs to
CH(Q) and |uy(x,1)| < o in Q.
(2) Strong convergences. For every t > 0 we have that

D/m u(x,t) — uy(x,t) uniformly on compact subsets of €2,
(2.27)

¢’ (Dl/”k uy (x, t)) — ¢ (ux(x, 1)) uniformly on compact subsets of Q.
(2.28)

(3) Classical solution. u is a classical solution of (1.1) in the open set Q x
(0, 4-00).

Corollary 2.11 Let ¢ be as in Theorem 2.10, and let ug be a Lipschitz continuous
function with Lipschitz constant less or equal than oy.

Then the unique classical solution of (1.1), (1.2), and (1.3) is the unique ele-
ment of GF,(uo) which can be obtained by a subcritical approximating sequence,
i.e. by choosing ny and ugy, in such a way that |DY* gy (x)| < oo for every k € N
and every x € (—1,1).

Remark 2.12 The result of Corollary 2.11 can be extended to piecewise sub-
critical data, i.e. functions uyp € BV ((—1,1)) with a finite number m of jumps
located at points —1 < x; < --- < X, < 1, and which are Lipschitz continuous
in each connected component of (—1,1) \ {xq,...,x,} with Lipschitz constant
less or equal than op. In this case indeed we can take ny and ugy in such a way
that |D/"ugy| > og only in the m intervals containing a jump point of ug. This
allows to apply Theorem 2.9 in every open set of the form

Qe = (=1, D\ [JIxi — &, x: + €.
i=1
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Letting ¢ — 0T we get that u satisfies (1.1) for every ¢ > 0 and every x €
LD\ {x1,...,xm}-

The behavior of i at jump points depends on the behavior of ¢’(o) at infinity.
We don’t work out the details in this paper, referring the interested reader to
Sect. 5 of [8] where the analogous problem is studied for the Mumford-Shah
functional. What happens in the Perona-Malik case is that u satisfies the homo-
geneous Neumann boundary condition on both sides of discontinuity points. If
during the evolution the jump height at x; vanishes in a finite time 7}, then for
generic u there is no jump at x; for every ¢ > T;, and this uniquely character-
izes u. Nevertheless for special choices of ug there is a continuum of possible
limits, also if ug; has been chosen according to the limitations described at the
beginning of this remark.

There is one more case in which we can easily characterize GF,, (up).

Theorem 2.13 Let us assume that ¢ satisfies the assumptions of Definition 2.8,
and that

I ¢(0)
m ——- =
o—+00 O

0. (2.29)

Let ug € BV((—1,1)) be a function whose distributional derivative has the abso-
lutely continuous part equal to zero.
Then the unique element of GF,(uy) is the stationary solution u(t) = uy.

This result, even if in accordance with numerical experiments, has an unpleas-
ant effect when combined with the stability property stated in (6) of Theorem
2.9. Indeed, since piecewise constant initial data are dense in BV ((—1,1)) in the
sense of (2.26), it is simple to conclude that the stationary solution u(f) = ug
belongs to GF,(ug) for every up € BV ((—1,1))!

Of course one can eliminate unwanted stationary solutions and even get
uniqueness by restricting the choice of the approximating sequence uy, as we
did in Theorem 2.10, Corollary 2.11, and Remark 2.12. However, the same
argument shows that any notion of solution for which Theorem 2.13 and the
stability property hold true has this intrinsic non-uniqueness. In conclusion, if
one doesn’t want too much stationary solutions, either one looses the good
stationary solutions of Theorem 2.13, or one looses the stability property!

2.3 A priori estimates in higher dimension

Now we consider the extent to which the estimates obtained in the one dimen-
sional case can be extended to higher dimension. Unfortunately, negative an-
swers are more than positive ones.

The positive answers concern the classical gradient flow estimates (of course),
and the estimates on u.

Theorem 2.14 Let us assume that ¢ satisfies (¢0), and let u : Q x [0, T) — R be
a C? solution of (1.6), (1.7), and (1.8).
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(1) Classical gradient flow estimates. For every 0 < t; < t; < T we have that

5]
PM,(u(x,t)) — PM,(u(x, 1)) = / / [t (x, )] dx ds,
1 Q

and in particular the functiont — PM,(u(x,t)) is non-increasing. Moreover

1/2
luCe,11) — ux, )l 120y < {PMyuo)}'"” - 1t — 2]V/2,

(2) LP estimates on u. If ¢ satisfies also (p1) then for every p € [1,00] and
every t € [0, T) we have that

lu(x,Hllr) < luo)llLr(o)-

(3) Maximum principle for w. If ¢ satisfies also (¢1) then for every (x,1) €
Q x [0, T) we have that

min {up(x) : x € Q} < u(x, ) < max {up(x) : x € Q}.

When passing to gradients, the positive answer is that the estimate of the
total variation of u is still true for radial solutions.

Theorem 2.15 Let Q be an open disc in R". Let us assume that ¢ satisfies (¢0),
(pl), (@2), and let u : Q x [0,T) — R be a radial C* solution of (1.6), (1.7),
and (1.8).

Then for every t € [0, T) we have that

IVulx, Ol 1) = IVuo)llp1(g)-

If u is not radial, things are more complex. A first reason is that the geom-
etry of Q2 plays a role. Consider indeed the simplest example, i.e. a solution u
of the heat equation in a bounded regular open set 2 C R?, with Neumann
boundary conditions. By the classical gradient flow estimates, the > norm of
Vu is a non-increasing function of time. The L” norm (p # 2) of Vu is known
to be non-increasing provided that 2 is convex: the main tool is the so called
Bernstein method, described at the end of Chapter IV of [14].

The convexity of €2 is in any case essential, as shown by the following result.

Theorem 2.16 There exist a bounded (non-convex) open set Q@ € R?, and a
function uy € C*(RQ), such that, if u is the solution of the heat equation in
Q, with Neumann boundary conditions on 09, and initial condition ug, and
F(t) == |Vu(x, 0l 1 g then F'(0) > O.

For the Perona—Malik equation, the answer is negative also if 2 is a rectangle.
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Theorem 2.17 There exist a rectangular open set @ = (0,A) x (0, B), and ugy €
C® (), such that, if u € C1([0, T); H'(22)) N C°([0, T); H3(Q)) is a solution of
the Perona—Malik equation in Q, with Neumann boundary conditions on 0%,
and initial condition ug, and F(t) := || Vu(x, )| 1 @ then F'(0) > 0.

Finally, we draw our attention on the supercritical reverse maximum prin-
ciple for the gradient. Once again the answer is negative, also in the radial
case.

Theorem 2.18 Let Q be the unit disc with center in the origin of R?. There exists
a radial function uy € C*(Q2) with

max {|Vup(x)| : x € Q} > 1, (2.30)

such that, if u is a radial C* solution of the Perona—Malik equation in S, with
Neumann boundary conditions on 02, and initial condition u, then, for some
5 >0,

max{|Vu(x, Hl:xe 5} < max{|Vu0(x)| X € §} vt € (0,8). (2.31)

We remind that the corresponding estimate in dimension one was a key tool
in the proof of non-existence of global C' solutions with transcritical initial
data.

It is of course interesting to consider semi-discrete schemes for (1.6), (1.7),
and (1.8). In this case it should be easy to prove a discrete version of Theorem
2.14, but Theorem 2.17 shows that the total variation of the solution cannot
be estimated by the total variation of the initial condition. For this reason we
are skeptical about a simple extension of Theorem 2.7 and its consequences to
higher dimension.

3 Proofs

Proof of Proposition 2.1 Computing the time derivative, and integrating by
parts, we have that

1 1
d%/l/f(u)dx=/¢/(u)uzdx
—1 -1

1
= / V) (¢ (), de
-1
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1
/ / / / x=1
= — / (V' W), @ (uy) dx + [¢' )¢’ )] —,
-1

= - / I,0//(14) Uy (P/(ux) dx,

where the boundary terms are zero due to the boundary condition (1.2) and
our assumption that ¢’(0) = 0. This establishes equality (2.1).
Similarly

1
d /
d_t/llf(ux)dx:/w ()t dx
4 5

1
Z/‘ﬁ/(ux) (‘P/(ux))xx dx

1

’ / / /" x=1
= —/ (1,0 (ux))x (@' (uy))y dx + [I/f (ux)ep (ux)uxx]x:,1

-1

- / ¥ (1)@ () [ty % dx,

where the boundary terms are zero due to the boundary condition (1.2) and
our assumption that ¥/ (0) - ¢”(0) = 0. This establishes equality (2.2).

To be precise, the argument used in the proof of (2.2) requires that u is of
class C3, because of the term (¢/(uy))xx Which is involved. If u is only a Cc?
solution, then a standard approximation procedure is necessary. To begin with,
one takes a family {u;} of C> approximations of u. It turns out that u, solves an
approximate equation such as

Ugt = w//(usx)usxx + Ps,s

where p(x,f) tends to zero uniformly on compact sets. Arguing as before,
one proves that u, satisfies an equality similar to (2.2), with some extra terms
depending on p., which disappear as ¢ — 07. We spare the reader from the
details. |

Proof of Theorem 2.2
Gradient flow estimates Applying (2.2) with ¢ = ¢, we immediately get (2.3).
Since ¢ is non-negative, using (2.3) and Holder’s inequality we obtain that
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t

>
(e, t1) —uCe, )21y = [ G Olz2-11y) dr
i

p 1/2

2
1/2 2
<l =03 [ @ ol7_)dt
i

= |t1 — 6| [PM, (u(x,11)) — PMy(u(x, )}

12
< |ty — '/? {PMy(uo)} 2,

12

which proves (2.4).

LP estimates on u If p € [2, 00) the function ¥ (o) = |o|P is C? and convex.
By (¢1) this implies that " (c) - o - ¢'(0) > 0 for every o € R. From (2.1) we
deduce that

1
t—>/|u(x,t)|1’dx
-1

is a non-increasing function of time, which proves (2.5).

If p € [1,2), then the function ¥ (¢) = |o|P is convex but not of class C2. So
we approximate it with ¥, (o) = (o2 4 ¢2)P/%: applying (2.1) to ¥, and letting
e — 0T, we prove (2.5) also in this case.

Finally, the case p = oo can be proved by letting p — +o0, or simply deduced
from the maximum principle below.

Maximum principle for u Let K := max{ug(x) : x € [—1,1]}, and let

_]0 ifo <K,
V(o) := [(G—K)4 ifo > K.

It is easy to see that  is a convex function of class C>. Arguing as above, we
have that

1
Fo = [ i)
-1
is a non-negative and non-increasing function. Since F(0) = 0, then necessarily
F(t) = 0 for every t € [0, T), which proves the inequality for the maximum
in (2.6).
The proof for the minimum is completely analogous.

Total variation estimate for 1 Let o be as in (¢2). It is not difficult to find a
family {yc(0)}e~0 of functions such that
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(4a) for every ¢ > 0, ¥, is a convex function of class C? such that Yi(0) =0,
and ¥/ (o) =0if |o| > op;
(4b) . (o) — |o| uniformly on R as e — 0%,

By (4a) and (¢2) we have that ¥/ (0)¢"(0) > 0 for every o € R, hence by
(2.2)

1 1
/vfs(ux(x,t))dxS/%(uo)c(x»dx, (3.1)
-1 -1

so that the conclusion follows from (4b) by letting ¢ — 0%,

Pointwise barriers for the derivative Let us prove (2.8). First of all, we remark
that M(0) > 0 (by the Neumann boundary condition), hence oo > 0. Now we
distinguish two cases.

Case o > 0. Consider the function ¥ (¢) = max{oc — 02,0}, and a family
{/¢(0)}e>0 such that

(5a) for every & > 0, ¥, is a convex function of class C? with ¢/ (o) = 0 if
o ¢ loy,02];

(5b) ¥ — ¥ uniformly on R as ¢ — 0F;

(5¢) ¢¥(0) =0 for every ¢ > 0 (here we need that o3 > 0).

Once again ¢/ (0)¢” (o) > 0for every o € R, hence by (2.2) we get (3.1) also
for this family {1/, }. Passing to the limit as ¢ — 01, we obtain that

1 1
0< /w(ux<x, ) dr < /wuox(x)) dr =0,
5 5

where the last equality follows from the assumption that M(0) < o. This proves
that u,(x,t) < o for every (x,¢) € [—1,1] x [0, T).
Case op = 0. Since ¢”(02) > 0, it may happen that ¢”(0) = 0 or ¢”(0) > 0.

e Assume that ¢”(0) = 0. We can find a family {¢;(0)}.~0 satisfying (5a) and
(5b), but not (5¢). In any case, ¢” (0) = 0 is enough to apply (2.2), and so we
can conclude exactly as in the case o2 > 0.

o If ¢”(0) > 0, then ¢”(c) > 0 in the interval [o1,n] for every n > 0 small
enough. Arguing as in the case o > 0, we obtain that M () < n for every
t € [0, T), and then we conclude by letting n — 0%,

This completes the proof of (2.8).

The proof of (2.9) is completely analogous.

Now let us prove (2.10). If o5 < 0, the conclusion is trivial by the Neumann
boundary condition. If 05 > 0, let ¢ > 0 be such that 0o — ¢ > max{0, 0(}. Let
V(o) be a convex function of class C2 such that v (¢) = 0 for everyo <oy —e¢,
Ye(0) > 0forevery o > 0 — ¢, and ¥/ (o) = 0 for every o > o2.
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In this case ¥/ (0) = 0 and ¥/ (0)¢" (o) < 0 for every o € R, hence by (2.2)

1 1
/ VoG (x, 1) dlx > / Ve (e () dx > 0,
—1

-1

where the last equality follows from our assumption that M (0) > o>. This proves
that M (1) > op — ¢ for every t € [0, T). We conclude by letting ¢ — 0.

The proof of (2.11) is completely analogous.

Maximum principles for the derivative Let us consider the two sets

B :={c <M©0): ¢"(0) <0},

BT := {0 > M(0): 38 > Osuch that ¢ () > 0V& € [0 — 8,01},

and let us set

£ :=sup B~ € [—o0, M(0)], & :=inf B € [M(0), 4+00],

where sup B~ = —oo if B~ = (resp. inf BT = +o0 if Bt = f)).

From (2.8) we have that any element of BT is an upper barrier for M(¢), while

from (2.10) it is easy to deduce that any element of B~ is a lower barrier for
M(1). It follows that

§<M@ <& Viel0,T). (3.2)

Moreover, either & = M(0) or & = M(0). Assume indeed that & < M(0);

then necessarily ¢” (o) > 0 in [£&,M(0)], and therefore & = M(0). We can
therefore distinguish three cases.

If & < M(0) (this happens under the assumptions of statements (6) and
(8.1)), then & = M(0). From (3.2) we deduce that M(¢) belongs the interval
[£1, M(0)], and we already know that ¢” (o) > 0 in this interval. If t; € [0, T),
and M(#;) > &, then we can use u(x, ;) as a new initial condition: apply-
ing (2.8) with [o1,02] = [§1, M(t1)], we deduce that M(f) < M(t;) for every
t € [t1, T). By the continuity of M(¢), this is enough to conclude that M () is
a non-increasing function.

If & > M(0) (this happens under the assumptions of statements (7) and
(8.2)), then & = M(0). From (3.2) we deduce that M(¢) belongs the interval
[M(0),&>], and it is easy to see that ¢” (o) < 0 in this interval. If 4, € [0, T),
and M(t;) > M(0), then we can use u(x, ¢1) as a new initial condition: apply-
ing (2.10) with [01,02] = [M(0), M(t1)], we deduce that M(f) > M(t;) for
everyt € [t1, T), and this is enough to conclude that M () is a non-decreasing
function.
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e In the remaining case we have that & = & = M(0), and therefore M (¢) is
constant by (3.2). ]

Remark 3.1 Let us prove statement (g) of Remark 2.3. To this end, it is enough
to apply statement (6) of Theorem 2.2 if 0 < M(0) < oy, statement (7) if
M(0) > o9, and statement (8.1) if M(0) = oy.

Let us prove now statement (h). Let us assume, without loss of generality, that
ug is a non-increasing function of x, hence M(0) = 0 (remember the Neumann
boundary condition). By the subcritical maximum principle for wuy, it follows
that u,(x,t) < 0 for every (x,¢) € [—1,1] x [0, T), which proves that u(x,) is a
non-increasing function of x.

In order to prove statement (i), we just observe that in this case all real
numbers o > max{o3, M(0)} are upper barriers for M(r), and analogously for
the minimum.

Proof of Proposition 2.4 Let n > 0 be a fixed positive integer, and let h = 1/n
be the discretization step. An element u € PC,, can be identified with the 2n-
tuple (ai,. . .,az,) € R?" where u(x) = g;intheinterval (=1 + (i — 1)k, —1 + ih).

The Euclidean norm on R?" corresponds to the L2 norm on PC,, multiplied
by /n. With this notation we have that

2n—1

G —
PMy,w)=h ) ¢ (%) :
i=1

and the gradient flow of PM,,, with respect to the L? norm of PC, reduces to
the following system of 2n ODEs (the dot denotes time derivatives)

am:% [(p/ (W) _ (w)] i—1...on,

(3.3)

where by definition ag(t) = a;(¢) and ay, 1 (f) = a2, (¢) for every t > 0.

If ¢” is bounded, then the right hand side of (3.3) is Lipschitz continuous,
hence this system has a unique global solution for every initial condition by the
Cauchy-Lipschitz—Picard Theorem for ODEs. O

Proof of Theorem 2.5
Gradient flow estimates Classical gradient flow techniques.

LP estimates and maximum principle We follow the same strategy used in the
continuous setting. To this end, we need a discrete version of (2.1). Given
¥ € CL(R), using (3.3) and simple algebraic manipulations on the sums, we
have that
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2n

d 2n 2n reoN . / i —a
@ (h; l/f(ai)) = hizzllﬂ (apa; = — lzzl {v' (@) — '@} e (%) .
(3.4)

In particular, if ¢ is convex and ¢ satisfies (¢1), then each summand in the
right hand side of (3.4) is the product of two factors with the same sign. It
follows that

2n

t— h YY)

i=1

is a non-increasing function. Now estimates (2.16) and (2.17) follow with the
same choices of the convex function ¥ used in the continuous setting.

Total variation estimate We need a discrete version of (2.2). Given ¢ € C'(R)
with ¥'(0) = 0, using (3.3) and simple algebraic manipulations on the sums, we
have that

d 2n aj 1 — a; 2n A1 — ai\ Ajy1 — aj

-~ +1 — Y% — / +1 — % +1 — 4

G2 () -z ()™
2n

_ 1 (G —a\ (% —aion
‘_hizl[‘”( ) ()]
_ [(p/ (ai+1h— ai) L (ai —haH )] .

Now let us apply this equality to the family ¥.(0) = vo2 +&. Let Fe(f) be
the corresponding sum in the right hand side. Integrating in [0, f] we have that

2n

2n [
Z i —aj i+1(0) —a; (0 1
RS 0 (a+1(t)h a (t))zh E Ve (M)_E/Fe(t)dt (3.5)
i=1 0

i=1

Unfortunately, we cannot prove that F.(f) is non-negative (and examples
may be given where this is false). However, we prove that the limit of F.(¢) as
¢ — 07 is non-negative. To begin with, we observe that

-1 ifo <0,
lim ¢/ (c) =10 ifo =0,
=07 1 ifo>0.

Now let us examine each summand in the sum defining F, (). The limit of the
factor involving ¥/ can only be —2, —1,0, 1,2, depending on the signs of a; 1 —a;
and a; — a;_1. Let us assume that this limit is 2: this means that a;;; —a; > 0
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and a; — a;_1 < 0. In this case by (¢1) the term involving ¢’ is positive, and
therefore the limit of the summand is positive. Examining in the same way the
other cases, we prove that the limit of each summand is always non-negative.

Now we pass to the limit in (3.5): this can be done by Lebesgue’s theorem
since |¢/(0)| < 1 for every ¢ > 0 and every o € R, and the terms involving ¢’
are equibounded by continuity. We obtain that

2n 2n
D a1 () — aid] < lair1(0) — ai(0)],

i=1 i=1

which is exactly (2.18).

Monotonicity of sub(and super)critical regions The main tool is the following
comparison result for ODEs (see [8, Lemma 4.10]).

Lemma 3.2 Let f : R — R be a Lipschitz continuous function, and let C, V
be real numbers such that f(C) = —f(—C) = V. Let y € CL([0,400);R) be a
function such that |y’ (t) + f(y(©)| < V for every t > 0, and |y(T)| < C (resp.
ly(T)| < C) for some T > 0.

Then |y(t)| < C (resp. |y(t)| < C) foreveryt > T. O

Letussetd;(?) := (ajr1(®)—ai(®))/hfori=1,...,2n—1,and do(t) = d2,(t) =0
for every t > 0. Thesis is equivalent to show that for every index i we have that
if |di(T)| < og (resp. |di(T)| < op) for some T > 0, then |d;(¢)| < op (resp.
|di(t)| < o9) for every t > T. From (3.3) it is easy to deduce that

d 2 !/ 1 / / 2 /

adi(t) + 7Y di(0)| = 7 ¢/ (dip1(D) — ' (dim ()| < 7Y (00),
and therefore we can conclude applying Lemma 3.2 with y(¢) = d;(¢), f(o) =
2¢/(0)/h?, C = 09, V = 2¢/(00) /h°. O

Proof of Theorem 2.7 By the standard Ascoli Theorem, it is enough to
prove that

(A1) foreveryt > 0,the sequence {u,(?)} is relatively compact in L2((-1,1));
(A2) there exists a constant C € R such that

lun(t1) = un (@) 12¢—1.17) < Clt — 12|/

for everyn € N,and every t, > 1 > 0.

Let M be the supremum in (2.19). Then by (2.15) we have that (A2) is satis-
fied with C = M'/2. Now let us fix ¢ > 0. By (2.16) with p = oo and (2.18) we
obtain that
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et e, Ol 21,17y + 1D "t 6, D)l 1 1.1y < M,

and so we have a bound on the L° norm and on the total variation of u, (x, t)
as a function of x. By a well known result, this implies that the family {u, ()}
is relatively compact in LP((—1,1)) for every p € [1,00) and therefore also
assumption (A1) is satisfied. ]

Proof of Theorem 2.9 Let ny, ug,, and uy be as in Definition 2.8. Since we
assumed that ¢’ is bounded, the boundedness of || D'/ ugy || L(~11)) implies
the boundedness of PM,, , (1ox). By (2.20) we have therefore that

M i= sup { PMy , (t00) + lorlLow 1.1y + 1D 2okl 1.1y | < +o0.
keN

(3.6)

So we can apply Theorem 2.7 and deduce that GF, (1) is nonempty.

Initial condition, time and space regularity The initial condition is trivial.
From (2.14) we have that

/ ||u;€(x, I)HZLZ((—Ll)) dt = M (37)

This proves that i}, up to subsequences, has a weak limit as k — +oo. It is
completely standard to see that this limit is indeed «’ and does not depend on
the subsequence. This proves both the conclusion of statement (2) and (2.23).

Passing to the limit in (2.16) with p = oo and using (2.20) we obtain (2.21).

Passing to the limit in (2.18) and using (2.20) we obtain both (2.22) and (2.25).

Weak equation solved From the boundedness of ¢’ we get a uniform bound
on the L*™ norm of ¢’ (Dl/ ey (x, t)). It follows that, up to extracting a further
subsequence (not relabeled), ¢’ (Dl/ My (x, t)) converges to a function g(x, f) in
the weak * topology of L*°((—1,1) x (0, 4+00)).

Now we multiply both sides of (2.12) by a test function ¢ € C*°((—1,1)) and
we integrate in (—1,1) x (0, 7). With some simple algebra we find that

T 1 1
/dt/u;(-(pdx: dt/
0 -1 -1
/1
-1

VPMyu, (ug) - ¢ dx

\ﬂ

T
/dt (p DV"kuk - DY dx.
0
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Now we pass to the limit as k — +oo using that u} — u’, ¢’ (DY) —
g(x,t), and DYnkgy — ¢, strongly. We obtain that

T 1 T 1
/dt/u/-¢dx=—/dt/g~¢xdx.
0 -1 0

-1

Since T is arbitrary, we get that for almost every ¢ > 0 the integrals in the
space variable coincide. This is equivalent to say that for almost every ¢ > 0 the
function x — g(x, 1) belongs to H'((—1,1)), g(—1,1) = g(1,t) = 0, and u; = g,.
Since this uniquely characterizes g in terms of u, we can conclude that the whole
sequence ¢’ (D/"ku;) weakly * converges to g, without extracting further sub-
sequences. Therefore all the conclusions of statement (4) are proved.

Stability Thanks to the preceding estimates, assumption (2.26) implies uni-
form bounds on the L norm, the total variation, and the Holder constant of
uy,. Therefore the compactness of {uy,} follows from Ascoli’s Theorem.

So up to subsequences (not relabeled) we may assume that u;, converges
to some uq in CO([0, +00); L2((—1,1))). By definition of GF,(ugy), for every
h € N there exists ny > h and vo, € PCy, with corresponding solution v, of
(2.12) such that

1
1
Ivor — tonll2 + 1vorlleo — llonllsol + [IDY ™ voplly — TV (uon)| < 7w

1
Vi, 0) — up(e, Ol 72(—1,1)) = 7 vt € [0, A].

This is enough to conclude that v, approximates u as required in Definition
2.8 and v, — U, Which is equivalent to say that us, € GF,(up). O

Proof of Theorem 2.10 The strategy of the proof is the following. First of all we
choose an open set 21 CC Q. In Proposition 3.3 we prove a pointwise estimate
on ||u}{(t)|| L2@)) for every t > 0 which improves the integral estimate com-
ing from (2.14). In Lemma 3.4 we show that the preceding estimate gives the
uniform convergence of ¢’(D'/"uy) in the compact subsets of Q, improving
the weak * convergence of (2.24). Finally we exploit the invertibility of ¢’ in
[—00, 00] to deduce that DY/ uniformly converges to u, in the compact sub-
sets of Q1, thus showing that the function g(x, ¢) in statement (4) of Theorem 2.9
coincides with ¢’ (uy(x, 1)) in 1 x (0,400). Since ; is arbitrary, this is enough
to prove all the conclusions.

Proposition 3.3 For every open set Q| CC Q there exists a constant ¢ = c(£21)
and a positive integer ko = ko(21) such that for every k > ko we have that

1
HU;C(T) HiZ(Ql) =< PMw,nk(UOk) (T + C) vT > 0. (38)
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Proof Let us choose open sets 2, and Q3 such that Q1 CC Q, CC Q3 CC Q.
Let ko be such that the neighborhood of € with radius 1/ny, is contained in
Q2 and the neighborhood of Q3 with radius 1/ny, is contained in €. Let us
choose a function r € C*°((—1,1)) such that r(x) = 1 in 3, r(x) = 0 outside
Q3,and 0 < r(x) < 1 otherwise. Given k > kg, once again we set h = 1/ny,
and we identify uy(¢) with the 2ng-tuple (a1 (1), ..., az,, (). We also consider
the 2n;-tuple of real numbers (ry, . .., r2,,) where r; = r(—1+ih). Finally we set
ao(t) = a1 (1), azp,4+1(t) = aop, (1), 1o = r2p,+1 = 0. With these notations estimate
(2.14) may be rewritten as

+002nk

/ D arnde= / leth O117 211y, 4t < PMg i (10 (3.9)

0 i=1

Moreover by our choice of kg and r we have that

2ny,
[AGY P O (3.10)
i=1
Viy1 — Fi
% < lrellzso(=1,1y) =: c1- (3.11)
Finally, by the monotonicity of subcritical regions, we have that |DYiy, | <
op in 2 x (0,400), hence for every ¢t > 0 and every i = 1,...,2n; we have the
implication

(3.12)

1 (f) — ai(
Pl ki £0 = (p//(alJrl()h al()) > 0.

Now we are ready to estimate the norm of u;c(t) in L2(;). To this end, we
compute the time derivative of the right hand side of (3.10) multiplied by z.

2ny 2ny 2ny

E chr :h;r%a%ﬂ-thr%ami. (3.13)

i=1

Let us concentrate on the second sum in the right hand side, where we use
(3.3) to compute d;. Manipulating the sums and using simple algebraic equalities
it can be rewritten as

an 2nk

1 . |4, (aiy —a; d ,(ai—a;i
;’g”’i‘”zzgrl‘m[d_ﬁ”/( h )_E‘”( h )]

|
|
S| =
~
;%
+
AR
E)
+
o
S.
N—
2 a
e\
N
2
+
3.
2
N
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1 an—l a a
1 — a
2 Z (12+lal+1 )(aH—l —a)p” (%)
i=1

1 2ny—1

Y Z (z+1+l’)(a,+1_al)2 N(W)

an 1
1 . . . . al —a;
“on > (rig1+1i) Cir — 1) Gigr + @) (@i —ai)<p”( +1h 1)

i=1 -

=51+

Let us consider now the simple algebraic inequality
1
@ +b)a—b)e+dic—adl < [(a + b)Y (c—d)* + (c + d)*(a — b)z]
< (@ + b (c—d)?+ (P +d*)(a—b)

Recalling (3.12) we can estimate every nonzero term in S applying this
inequality witha = riy1, b = ri, ¢ = a;y1, d = a;. We obtain that

2ni—1
1 2 . . \2 a1 —aj
S < I Z (ri-',-l +712) (aip1 — ai)"¢" (Tl
an 1 a a
2 i+1 — di

The first term is exactly —S, so that coming back to (3.13) we have proved
that

2ny 2ny 2n;—1 i1 —
Ethz gh; +thz (l+ )
N2
X (_’i+1h— rl) (5’[2+1+5hz)

an an 1

<h2a +czclt h Z (l+1+”1)’

where ¢ is given by (3.11) and ¢, denotes the supremum of ¢” in [—ay, g0].
Integrating in [0, 7] and using (3.9) we obtain that

2ny
T-h > r7a;(T) < PMy ., (uoe) (1 + 2Tcac?).

Combining with (3.10), estimate (3.8) is proved with ¢(Q2;) := 26%62. ]
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Gradient estimates for the Perona-Malik equation 581

Lemma 3.4 Letn; — +00 be asequence of positive integers, let vy be a sequence
of functions such that v € PCy, for every k € N, and let Q1 € (=1,1) be an
open set such that

Sug ||VPMnk,<p(Vk)||L2(Ql) < 400 (3.14)
ke

Then there exists a function y € H (Q1) such that, up to subsequences,
VPMy, o(vi) = —yx weakly in L*(Q)), (3.15)

¢’ (Dl/”kvk) — y uniformly on compact subsets of Q. (3.16)

Proof By (3.14) and the boundedness of ¢’ we have that there exist y € L?*(Q),
¥ € L?(R1), and a subsequence (not relabeled) such that

VPM,, ,(vi) = ¥ weakly in L?(Q1) (3.17)

¢ (Dl/”kvk) —y  weakly in L?(Q). (3.18)

Now let ¢ € C3°()). It is easy to see that for k large one has that
/VPM""“"(V]‘) pdx = /‘/’/ (Dl/”ka) - D'k dx.

Q1 Q

Now we pass to the limit using (3.17), (3.18) and the fact that D'/ ¢ — ¢,

strongly. We obtain that
[v-oa= [y o
Q

Q

which is equivalent to say that y € H' () and ¥ = —y,, which proves (3.15).

Now let I be a compact interval contained in €21, and letx,y € I. Let M be the
supremum in (3.14), let us set yg := ¢’ (D), h = 1/ny, and let us identify
vk with a 2ng-tuple ay, . .., az,, so that

) = ¢’ (—aj Hh_ &l ) . ) =¢ (—ai+1h_ ai),

for some integers i and j. Without loss of generality we can assume that y > x,
so that j > i. If the neighborhood of I with radius 4 is contained in 21, then by
the Cauchy Schwarz inequality we have that
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, ajy 1 — aj ajy 1 — a
*"(Hh /)_‘”/(Hh )‘
J
; f Om+1 — Om o Om — Q-1
< mtl  Tm) Zm Tm—l
= 2, "’( h ) *"( h )‘
j 2
1 ’ am+1 — am 7 am — Q-1
‘/’( h e n

=Vi—iqgh 2
< VhG =+ [TPMy, 0] 120,

e — v =

12

m=i+1

1112
<M - — .
B ['y X|+”k]

At this point the uniform convergence in / (up to subsequences) of yy follows
from a simple variant of the classical Ascoli Theorem (keeping into account the
vanishing term 1/ny). O

We are now ready to conclude the proof of Theorem 2.10. Let 7 > 0. Form
Proposition 3.3 we know that

i‘ég [ VPM%nk(uk(T))”LZ(QI) = i‘elg |l (1) ||L2(S21) < Fo0,

hence applying Lemma 3.4 with vy = ux(7) we deduce that there exists y €
H'(2) such that, up to subsequences (not relabeled),

74 (Dl/”kuk(T)) — y uniformly on compact subsets of Q7.  (3.19)

Since | D'/, (T)| < oy (by the monotonicity of subcritical regions) and ¢’
is invertible in [—o9, op], we can apply (¢)~! to (3.19) obtaining that

D/ up(T) — (go/)_l (y) uniformly on compact subsets of 1.

Compared with (2.25) this proves that (¢') "' (y) = Du(T). Therefore u(T)
Cl(Q) and y = ¢’(uy). Moreover this characterizes y and therefore the whole
sequence ¢’ (Dl/ Tt uk) converges in 1 to y, without extracting further subse-
quences. Since €21 is arbitrary, this is enough to conclude the proof. O

Proof of Theorem 2.13 1f the absolutely continuous part of the Duy is zero and
¢ satisfies (2.29), then (2.20) implies that PM, ,,, (1ox) — 0. Now the conclusion
follows by passing to the limit in (2.15). O

Proof of Theorem 2.14 The classical gradient flow estimates can be proved in
the usual way.
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The LP estimates and the maximum principle for u can be proved as in
dimension one, up to replacing (2.1) with the following equality: if y € C*(R),
and u : Q x [0,T) — R is a solution of (1.6), (1.7), and (1.8), then

d
” / ¥ ulx, 1) dx = — / W, 1) - |Vux 0] - ¢ (Vulr, ) d.
Q Q

This equality can be proved integrating by parts as in the proof of (2.1). O

Proof of Theorem 2.15 Let Q := {x € R" : |x| < R}. Writing u as a function of
t and r = |x|, equations (1.6), (1.7) take the form

g"( DV e O.R) x [0.T), (320

ur = (P (ur)urr +m-1)
u(0,1) =u,(R,t) =0 Vtel[0,7), (3.21)

and moreover
VU0l @y = ot [ 7 o] dr

where w,,_1 is the (n — 1)-dimensional Hausdorff measure of the unit sphere
in R”.

Now we need to extend (2.2) to radial solutions. Given v € C2(R) with
¥’(0) = 0, we have that

R

R
%/rnilw(ur) dr:/rnilw/(ur)urtdr
0 0
R

=/ "y () (<ﬂ i + (n— 1Y (u,))

R
/ Y ) @ dr
0

+<n—1>/ e r)(g"(”’)) dar,

where we neglected the boundary terms in the integration by parts due to (3.21)
and our assumption that ¢/’ (0) = 0. Computing the derivatives, two terms cancel
and we finally obtain that
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R R R
d _ 1. _
% / "y ) dr=—/r" Y e )z, dr — (n — 1)/w/(ur)<p’(ur)r" 3dr
0 0 0
(3.22)
Now let us apply this identity to a family {v.}.~0 of functions satisfying (4a)
and (4b) as in the proof of Theorem 2.2, and

(4c) yl(o)o > 0for every o € R and every ¢ > 0.

By (4a) and (¢2) we have that ¥/ (0)¢" (o) > 0 for every o € R. By (4c) and
(p1) we have that ¢/ (0)¢'(0) > O for every o € R. It follows that the right hand
side of (3.22) is non-positive, and therefore

R R
/ P (e (r, 1)) dr < / P (o, (r)) dr.
0 0

WEe finally conclude by letting ¢ — 0. i

4 Counter-examples

In this section we show our counter-examples to gradient estimates in dimension
2 (or higher). In the first two examples, we consider the function

F(@) ::/qu(x,t)|dx, (4.1)
Q

where u is a solution of the heat equation, and of the Perona-Malik equation,
respectively. What we need is to compute F’(0), which is formally given by

Vu(x,0)

FO= Vu(x,0)|
Q

Vu(x,0) dx, (4.2)

where the dot denotes the scalar product. We expect that this formula holds
true for large classes of functions; just for the reader’s (and our own) comfort,
we rigorously justify it under a set of assumptions on u(x, f) which are satisfied
in our examples.

Lemma4.1 Let @ C R” be an open set, and let u : Q x [0,T) — R. Let us
assume that u € CY([0, T); HY(Q)) and that Vu(x,0) # 0 for every x € Q.

Then the function F(t) defined in (4.1) is (right) derivable at t = 0, and F'(0)
is given by (4.2).
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Proof Since |Vu(x,0)| # 0 in 2, we have that

F'(0) = lim l/{|Vu()€,l)| — [Vu(x,0)[} dx
=0+
Q

1 [ |Vu@,t)? — [Vu(x,0)?

= lim
—0t t [Vu(x,t)| + |Vu(x,0)|
Q

- Vu(x,t) + Vu(x,0)  Vu(x,t) — Vu(x,0) d
=0+ ] |[Vulx, )| + |Vu(x,0)] t '
Q

Since the first factor is bounded and u € C°([0, T); H(Q)), it follows that the
first factor tends to | Vu(x, 0) |1 Vu(x, 0) in L2(€2; R"). Since u € C1 ([0, T); H (),
the second factor tends to Vi, (x,0) in LZ(2;R"). So we can pass to the limit in
the integral, and this proves (4.2). O

We point out that in Lemma 4.1 we don’t need that Vu(x,0) # 0 on 9<2.

Example 1 (proofof Theorem 2.16) Let Q2 be the shaded region in the following
picture

analytically described by
Q::{(x,y)eRz: x>0,y>0,1<xy <2, —1 <xz—y2 < 1},

let f € C*°(R) be a non-decreasing function such that f'(x) > 0 if and only if
x € (1,2), and let

up(x,y) == fxy).
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Let u : Q x [0,400) — R be the solution of the heat equation with Neu-
mann boundary conditions on €2, and up as initial condition, and let F(¢)
be defined by (4.1). A direct computation shows that Vugy # 0 in Q. More-
over, uy € H3(Q), and its normal derivative is identically zero in 9. By
the standard regularity results for the heat equation, this implies that u €
CY([0, 4+00); H3(£2)) N CL([0, +00); H!(2)). It follows that all the assumptions of
Lemma 4.1 are satisfied, and u;(x, y,0) = Aug(x, y) in 2, and therefore by (4.2)

, Vu(x,y,0) Vuy
FO =[] ————— Vu(x,y,00dxdy =
J Wuty. 0] Y Y J V]

- VAugydx dy.

With our uy, this turns out to be

/ 4xy 1/ / 2 2 3/2 111
F)=[| — dxdy + + dx dy.
0 Q/ sl drdyt [ (2402) 7 dvay

Q

Using the new variables v = xy, w = x*> — y?, these integrals become

2

1 1 2
F(0) :/dw/mf”(v)deL /dw/ 4v +w) " (v)dv.
-1 1 -1 1

Now, in the first integral we integrate by parts in v, and in the second integral
we integrate by parts twice in v. We finally obtain that

F(0) = /dw/(4 v _gv)7/4f(v)dv

and this is positive because the integrand is positive in the given domain. O

Remark 4.2 A similar example can be given in an open set with boundary of
class C*°. To this end, it is enough to use the same initial condition ugp, but
defined in an open set Q' of class C* which coincides with our 2 in the region
1 < xy < 2 (note that ' is still a non-convex set). In order to use (4.2) in this
case, one needs to extend Lemma 4.1, allowing Vug to be zero in '\ Q. We
leave the details to the interested reader.

Example 2 (proof of Theorem 2.17) The construction of the counter-example
is organized as follows: in the first paragraph we introduce a function a €
C*°(R) and a constant C > 0; in the second paragraph we introduce a function
b € C*°(R) depending on a parameter A > 0; then in the third paragraph we
consider the rectangular open set

=0,,+C+2) x (0,xA+2), (4.3)
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and the initial conition ug : 2 — R defined by

up(x,y) i= a(x — b(y)) +b(y), (44)
and we show that, if A is big enough, this provides a counter-example.

First ingredient We show that there exist a constant C > 0, and a function
a € C*®(R) such that ¢’(x) = 0if and only if x <0 or x > C, and

C
/I(a/(x),a”(x)) dx > 0, 4.5)
0

where

1.5) 2@t —2r—1)
r,s) = .
22 =2r+ 13202 —r+1)2

Note that the integrand is negative near x = 0 and x = C.

In order to construct such a function, we first choose a function f € C*(R)
such that f(x) > 2 for every x € (0,1), and f(x) = 2 otherwise, and a function
g € C*°(R) such that g(x) = 0 if and only if x < 0, and g(x) = 2 for every x > 1.
Given a positive integer n, we consider a function a € C*°(R) such that

g(x) if x € [0,1],
, fx—1) ifxe[i,i+1]forsomei=1,2,...,n,
@ (x) = gmn+2—x) ifxen+1,n+2],
0 otherwise.

With this choice we have that

n+2 1 1

/ I(d' (x),d" (x)) dx = Z/I(g(X),g’(X))dern/I(f(X),f/(X))dX-
0 0

0

The last integral is positive because f(x) > 2 in (0,1). This means that if
C = n+ 2 is large enough, then (4.5) is satisfied.

Second ingredient Let 1 > 0. It is not difficult to see that there exists a
function b € C*°(R) such that b(x) = 0 for every x < 0, b(x) = A + 2 for every
x> A+2,b(x) =xforeveryx € [1,A+1],and b’'(x) > 0 for every x € (0, A +2).

Conclusion Let © and up be defined by (4.3) and (4.4), respectively. Let
u e CH([0, T); H' () N CY([0, T); H*(2)) be a solution of the Perona-Malik
equation in €2, with Neumann boundary conditions on 92, and initial datum uy.
Let F(¢) be defined as in (4.1).
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It is easy to verify that ug € C*°(2) and its normal derivative is identically
zero in 9€2, and moreover Vug # 0 in Q.
Applying Lemma 4.1, and integrating by parts, we therefore have that

Vug
[Vuo|

\%
F(0) = / |V—Zz| - Vuy(x,y,0)dxdy = —/div( ) us(x,y,0) dx dy.
Q Q
(4.6)

This integration by parts requires some justification. Indeed for the Perona-
Malik equation we have that

Uy + Uyy — u)%uxx — uiuyy + uguxx + u)%uyy — duxttyliyy
(1 + ug + u3)?

Ur =

, 4.7)

and this is true also for t = 0 because of the regularity assumptions on u.
Moreover

) YVu u%uxx — 2uylyUyy + u)%uyy
div = SRRIYE) . (4.8)
[Vu| (uy +uy)

With our choice of uy, it is not difficult to see that (4.8) is unbounded near
those points of a2 where |Vup| = 0. However, in the same points we have
that u,(x,y,0) = 0, and the product turns out to be bounded, independently
on A (since a lot of terms are involved, this requires a lengthy, but elementary,
calculation, which we leave to the interested reader).

In the same way, the vector function v(x, y) := u,(x, y,0)|Vuo(x, y)| Vg (x, y)
can be continuously extended to ©, and the scalar product between v(x, y) and
the exterior normal to d€2 turns out to be identically zero in d€2.

This justifies the integration by parts in (4.6).

Now we need to estimate the second integral in (4.6). Since ug, and ugyy are
non-zero only when 0 < x — b(y) < C, by (4.8) the integral reduces to

2 by)+C
0 b(y)

Vug(x,y)

|Vu0(x’y)|) Ut(X,y, 0) dx

Let us split the integration with respect to y in the three subintervals [0, 1],
[1, 4+ 1],and [A + 1,41 +2].

Since the integrand is bounded, independently on A, we have that the first
and the third integral are constants, independent on A, which we denote by
c1 and c3, respectively. When y € [1,1 + 1], we have that b(y) = y, hence
up(x,y) = a(x — y) +y. Computing the derivatives of ug in (4.8) and (4.7) in
terms of the derivatives of a, and using the variable change z = x — y, we obtain
that
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A+l y+C A+1

/dy / dlv(IV )u,(x y,0)dx = /dy/l(a (2),d"(2)) dz =: 2.

In conclusion, we have that

F'(0) = c1 + ¢c3+ 2.
Since ¢ > 0 by (4.5), it follows that F'(0) > 0 when A is large enough. ]

Example 3 (proof of Theorem 2.18) Let Q := {(x,y) € R* : x> +y? < 1}, and
let up(x,y) = f(r), where r = (2 + yz)l/z, and f € C*°(R) is any function such
that

e f'(r) > 0foreveryr e (0,1), and f'(r) = 0 otherwise;
e f/(r) has a unique maximum point ry;
e [f'(ro) > 1,and f"(ro) = f"(ro) = 0.

If u is a radial solution of the Perona—Malik equation in €2, then u solves
(3.20) and (3.21) with (o) = 27" log(1 + ¢2), and u, = |Vul.

The maximum of |Vug| in Q is f/(rg) > 1, hence (2.30) is satisfied.

If we prove that i, (rp,0) < 0, then (2.31) follows by a standard calculus argu-
ment. In order to compute this derivative, we differentiate (3.20) with respect
to r in a neighborhood of (rg, 0): this can be done because (3.20) is a backward
strictly parabolic equation in a cylinder of the form (rg —e,79 +¢) x [0, ), hence
its solution is of class C*° in the cylinder, also for t = 0. So we obtain that

VA !/
, (ur) (uyr)
”(ur)urr + (0 "(up)upr + 4 , Upy — 4 2 (4-9)

(ur)r =

Now let us examine this expression for t = 0, and r = ry. The first and the
third summand are zero because u,(rg,0) = f”(rp) = 0. The second summand is
zero because uy,(ro,0) = f'(ro) = 0. Therefore u,(rp, 0) is equal to the fourth
summand, hence it is negative. O

Remark 4.3 Since no uniqueness result is known, it may happen that u is radial,
but the solution is not radial. Also in this case the computation of ( JuZ + uf)
t

for t = 0 reduces to (4.9), and so the same argument works. We only need to
assume that u is regular enough to compute this derivative.
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