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1. INTRODUCTION

Let f: N — [0, 00[ be a nonzero function, let A C N and n € N. We denote

A= Y fla)

acA,an

and define

o Ap(n) ; : Ar(n)
d;(A) = liminf and ds(A) = limsup — ,
A ey s(A) =B 5 )

i.e. the lower and the upper f-densities of the set A, respectively. Put moreover
Dy(A) = (d(A), ds(A)) € {(z,y); = €[0,1], y € [0,2]}.

We call Dy(A) the f-density point of the set A. Two important cases of densities are

those of asymptotic densities (denoted by d, d) with f(n) = 1, n € N, and logarithmic

This work is supported by MIUR Italy, Program Barrande n. 2003-009-2, MSM6198898701
and GA CR no.201/04,/0381.

947



densities (denoted by §,0) with f(n) = 1/n, n € N. There is a well known relation
between these four values (see, for instance, [2], p.241-242)

1y 0 < d(A) <4(4) <o(4) <d(4) <1

which holds for every A C N. Also, examples of sets are known for which the values
of the asymptotic densities differ from the corresponding ones of the logarithmic
densities. There exist even sets with arbitrary prescribed values of all four densities
respecting the relation (I) (see [4]). In this paper we will deal with the class of
densities determined by weight functions f,(n) = n®, a € [—1,00[. Notice that the
asymptotic densities correspond to @ = 0 and the logarithmic densities correspond
toa=—1.

In the sequel we shall write A, in place of Ay, and d,, de, Dq in place of d o d fa
and Dy, respectively, and moreover we shall use the term ca-density point instead
of the f,-density point.

In [6] it is proved that both the upper and lower a-densities vary monotonously
with respect to the parameter «. This provides an extension of inequalities (I): Let
—1 < a < B < oo. Then the inequalities

(R) ds(A) <d,(A) and  do(A) < dp(A)

hold for every A C N.

A natural question arises whether the coordinates of the a-density point of a set A
depend on the parameter o continuously. The aim of the present paper is to discuss
this problem. As there are no well known examples of sets with different a-density
points for a € [—1, oo|, we will start with the following example. It shows that there
are sets A C N for which both the functions o ~— d,(A) and a + d,(A) are injective
on [—1,00].

Example 1. Let a > 1 be a real number. Denote A = |J][a?*],[a?*T1]] NN,
k=0
where [r] means the integer part of the real number r, i.e. the largest integer less

than or equal to . Then for every a € [—1, 00|

1 _ aa—i—l
and da(A) = m

First, let @« > —1. Then both densities can be calculated using the technique
in [5], integrating the function z® in the corresponding intervals and cancelling the

948



constant multipliers 1/(c + 1):

[a2k+1]

i E 7% i (a2k+1)0‘+1 _ (a2k)a+1

- . k=04i=[a2k]+1 . k=0
do(A) = limsup T lim sup (a2nF1yo+1
n—oo Z ja n—oo
j=1
n
Z (a2a+2)k (a2a+2)n+l_1
o +1 k=0 _ (ot : azetz—l
= nh_)n;o(ao‘ — UW = (a""" —=1) nh_)rI;o (a2rtTyat1
1 a2an+2n+2a+2 aochl

= aa-i—l + 1 nango a2ozn+2n+oz+1 = aa—i—l + 1

and, similarly, or using the fact that in this case d,,(A) = d(A4)/a*t!, we get

1

d,(A) = prEsEnEE

Calculation of d_;(A) and d_1(A) can be performed using the same technique to get

1
d_1(4) = 5 = d-1(A).
Notice that the same result can be obtained using Theorem 2 below on continuity
at @« = —1, as the set A fulfils its assumptions and
a*t! 1 1

aLuLnH et f1 aluinﬁ aetliy1 2

2. CONTINUITY ON |—1, 00[

Now we are going to answer the question about the continuity of the dependence
of a-density points on the parameter «. First we will consider the case o € |—1, o0[.

Theorem 1. Let « € |—1,00[ and 6 > 0. Then for every set A C N

20 - - 20

|d (A) = do15(A)] < and  |do(A) = da+s5(A)] <

a+1 a+1’
Proof. We calculate
An(4) = ‘Aa(n) B Aa+5(n)‘ _ Z a* Z qoto
Na (n) Na+5 (n) ac€A,asn Na (n) acA,a<n Na+6 (n)
«@ not! a+o6 ottt
a T a oIsTT
= 1 oatl J4+1 _oto+l |
(a+1) Z ot N (1) (a+0+1) Z notot Ny 45 (n)
acA,an acA,an
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Denote

na+l na+6+l
| _ FETESY
=14¢e1(n) and, similarlyy, ———— =14 ¢e5(n
No () (n) ; " Ners (1) (n)
and notice that both
e1(n) — 0, ga(n) — 0 as n— oo.
Let us continue the calculation:
a® a®
An(A)=|(a+1) > 7 tam)e+1) > T
a€A,an a€A,an
aa+5 aa+6
—(ato+1) Y —mmme@etitl) Y ey
acA,an acA,an
a+1 o a\’ J a+d
~ | ol Z “ (1_(5) )_no‘+‘5+1 Z “
a€A,an a€A,an

a+1 o a+0+1 o
team)——g Y, a* el D e

acA,an acA,an

< S1(n) + S2(n) + e1(n)|S3(n) + |e2(n)[S4(n)

where
a+1 o a\?
5= S (2)),
S _ 4 a+d
2(n) = oo+ Za ’
asn
a+1 o
Sg(’fl) = notl Z(L
asn
d
an S . o+ 5 + 1 a+s
a(n) = — e Z: a®te.
It is clear that 5 5
lim Sa(n) = <
n—oo at+d+1 a+1l
and also
lim S3(n) = lim S4(n) = 1.
We have
" k@ Eyoy 1
sim =@+ 032 (3) (1= (7) )7
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The last sum is an integral sum of the (integrable) function (x) = (1 —z°) in the
interval [0, 1]; hence

n 1
B > (0) (- () )5 = [era-shas
k=1 0
1 1 5 _ 0
a+1l a+d+1 (a+D(a+d+1) = (a+1)?

Thus we have

|do(A) —d\ 5(A)] < limsup A, (A)

n—oo

< lim (S1(n) + S2(n) + [e1(n)[S3(n) + [e2(n)|S4(n))
0 ) 20
S a+1 +a+1 T0+0= a+1’

The corresponding inequality for the upper densities can be derived by simple ob-
servation that
|da(A) = dass(A)] = (1 = dy (N = A)) = (1 = doy 5 (N = A))]
26
=|d,(N—A)—-d N-—A)<——
40N = 4) = d s (N = A) € =
as the last inequality has already been proved for all subsets of N. ([

Remark 1. Since for all @ > —1 and all é such that 0 < § < a + 1 we have
a— 9§ > —1, the statement of the theorem can be applied to the pair a — > —1 and
a=(a—0)+J to get

20 - - 26
— < —= —d.,_ <=
4(4) — o 5(A)] € = and [da(A) — ds(4)] <

forall A C N.

Thus we have direct consequences of the above theorem.

Corollary 1. Given a set A C N, the function o — D,(A) is Lipschitzian on
each closed half-line [ag, oo[, with ag > —1 fixed.
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Corollary 2. Given a set A C N, the function o — D,(A) is continuous on
]-1, 00].

3. THE CONTINUITY AT —1

Let A be a fixed subset of N. In this section we shall study continuity of the
a-density points as o — —1T7. We assume that the set A C N is neither finite nor
cofinite, so that it can be written in the form

A=Nn (G]an,bn])

for two suitable sequences of integers (a,)n>1 and (b, )n>1 such that a, < b, < ant1
for every n. We recall that

No(n)=> k%  neN.
k=1

By an application of Theorem 8.2 of [1], we are able to calculate the upper and lower
a-densities of A as follows:

Theorem A. The following relations hold:

(Vo (B5) — No (a1))
(A) = liminf &

n—oo Noz (an)

- . : 1(Na (bk) — Ng (ak))
do(A) = hgis;l)p N ()

n

—

(1) d, ;

NE

The following result is also easy to prove:
Lemma B. For a > —1 the values d,(A) and d,(A) can be also calculated as

> (fte — apt)
(2) dy(A) = lim sup *=

n—oo

by
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and

1
0~ af)

n

(3) do(4) = liminf =
while for « = —1 we have
f: (log by, — log ay,)
(4) d-1(4) = limsup =L Toah. :
nil(log b — logay)
(5) d_y(A) = liminf = ora
respectively.

Lemma B follows from the equivalence relations, as n — oo,

ﬁ((n + 1)t —pathy for a > —1,
’]’La ~ «

log(n+ 1) — logn for a = —1

using the same arguments as in Theorem 3.2 of [1] or in Lemma 1 of [5].
In the sequel we set, for each n,

C, =logb, —loga,; B, =Ilogb, —logb,_1; A, =Iloga, —loga,_1.

Also we will suppose that the sequence (By),>1 is bounded (assumption (H)).
This easily implies that (A,)n>1 and (Cy,),>1 are bounded as well.
We have the following result.

Theorem 2. In addition to assumption (H), suppose that
(6) L =liminf C,, > 0.

Then we have

™ lim | da(4) = doa(4),
®) i dy(4) =d,(4)

The following example shows that assumption (H) cannot be dropped.
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Example 2. For the set A =NnN ( U Jan, bn]) with

an = n((n— 1)) b, = (n!)?,

assumption (H) is not satisfied.

In fact, we have
C,, = log(n!)? —logn((n — 1)")? = logn,

which is not bounded. Now, by means of Theorem A and relations (2), (3), (4) and
(5) it is easy to verify that

hence neither of the functions o +— d, (A), @+ dn(A) is continuous at —1.
Theorem 2 covers evidently the rather relevant case of sets such as the set E, of
numbers beginning by a fixed digit r (r € {1,2,...,9}), i.e.

E.=Nn ([j ]rlO"—l,(r—i—l)lO”—l]),

n=1

but it is not useful for instance for the set of even numbers (or the set of multiples
of any other integer, of course). In fact, here we have a,, = 2n — 1, b,, = 2n and

lim inf (log b,, — log a,,) = 0.

n—oo
Observe that in this case the limit

log b, — loga, . Oy
_080n 7 108An  _ 4 S

o logb, —logb,_1 o B,

exists (= 1/2).
In fact, for a general set A = NN ( U

n=1

lan, bn]> the following result holds (we keep

the notation used for Theorem 2):
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Theorem 3. Let assumption (H) hold and suppose that the limit
Cn

lim —
n—oo n
exists and is equal to L. Put by = 1. Then
(i) A possesses logarithmic density d_1(A) = L;
(ii) there exists o and a positive constant ¢ such that for —1 < a < g we have

O —af™) 3 G
(9) lim sup |21 - k= <c(l+a).

T X 0 =Y X B

M=

b
Il

The rest of this section is devoted to the proofs of Theorems 2 and 3.

Proof of Theorem 2. We shall prove relation (7) only, since (8) has an
identical proof (simply replace (b,) with (a,) and use the part of Theorem A that
concerns lower density, along with relations (3) and (5)). We start with a remark.

Remark 2. Since C,, < B, and C,, < A1, assumption (6) implies that also
M =liminf B,, > 0 and N = liminf A4,, > 0.

n—oo n—oo

We need a famous result:

Lemma (Abel) [3]. Let (r,)n and (s,)n be any two sequences of real numbers.
Then

grkSk = <gm>sn —:zj <}é7’h) (Sk+1 — Sk)-

In (2), the fraction can be replaced by

NE

n
kzl(bi+a _ alchra) (blngra _ alchra)

(10) T = (bo =1).
n - 1 % e}
(b11€+ - blch—rl)

>
Il
—

M=

k

Il
-

Concerning its numerator, Abel’s lemma will be applied with

1+«
Ay,

Cx ’

lerOc
k
T]C:Cklu Sk:
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so we obtain

n n b1+a _ al-i—oz
(11) Z(b}ja —apt) = (Z Ck) %
k=1 k=1 "

b1+0t 1+« blqura 1+a

n—1 k _ _
_ kz (Zch)( k41— Y41 Ckak )
=1 “h=1

Crt1

As to the denominator of (10), another application of Abel’s lemma with

1+« 1+«
_ bk B bk—l

ry = By, S = Bs )
gives
n n I4+a _ plta
12 it — bitY) = By )i bt
( ) Z( k kfl) Z k B
k=1 k=1 "

14+« 14+ 14+ 14+«
b B bk _ bk B bkfl

n—1 k
_ k1
; (;Bh)( By By, )

In view of the above formulas (11) and (12), in order to get the statement of Theo-

rem 2 it will be enough to show that

14+a _ 14«
bn ap

(1+ a)Cpblt™

—1 k @ a
nz Z C), bii?faii(lx _ b;le+ _aiJr
Cri1 Ch
. k=1 “h=1 —

(14) lim sup =0,

et (1 + )byt (é i)

(13) lim sup

a——11T pn

—1‘:0,

and two analogous relations concerning (12) (with By, replacing Cy and by_1 replac-
ing ag).

We shall prove only (13) and (14).

In order to get (13), put, for x > 0,

1—e™”
H =
(£) = ——,
and recall the inequality
H(x) -1 < 5
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Hence

14+a _ 14«
bn ap

su — Y —
Pl +apttec,

(1+ a)sup Cy,

N~

1 =sup’H((1+a)Cn) — 1‘ <

which concludes the proof of (13).
The proof of (14) is longer. We remark that, by assumption (H) and relation (6),

we have
n

> Ck

lim inf 2=1
n—oo log by,

> 0.

This allows us to replace the term Y C} in the denominator of (14) by logb,; so,
k=1
we shall prove that

TS o) (B et
k Cr+1 o Ck )
(15) lim sup 2= =1 — =0.
a——1+ p (1+ )by, *log b,

We now need some lemmas.

Lemma 1. The sequence (n/logby,)y is bounded.

Proof. Recall that M = liminf B,, > 0; fix €, with 0 < ¢ < M. There exists

n—oo

an integer ng such that, for n > ng, we have

Bn 2 M — €,

hence, for n > k > ng, we get

(16) logb, —logby = > Bp>(M—e)(n—k).
h=k+1

In particular, for n > k = ny we find
log by, > log by, + (M — &)(n — no),

which completes the proof. (I
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Lemma 2. Let (Dg); and (Ey) be any two positive bounded sequences and let
m be a nonnegative integer. Then

n—1 k
> (Z Dh)b}gank = Ot logby,).
h=1

k=1

Proof. Since (Dy)y and (Ey)x are bounded, it is enough to prove the statement
for Dy, = Ej, =1 for every k, i.e. for the sequence

n—1

1+«
z :kbk-l-m'
k=1

Let €,n9 be as in Lemma 1, and let n > k > ng. Relation (16) can be written in the

equivalent form
Oktm o= (M=)(n—k=m)

n

hence there exist positive constants ¢; and cs such that for n > ng — 1 we have

n—1 no n—1
S kbte S kbt S k(b /ba)'
k=1 k=1

_ k=ng+1
bit%logh,  biT*logh, log by,
n—1
Z e—(M—E)(l+a)(n—k—m)
< C1 +n k=1 < C1 +e n
S i log b, log by, S b logb, | logby’
as
n—1 o —(M—¢)(14a)(1—m)
—(M—=e)(1+a)(n—k-m) —(M—e)(1+a)i _ © _
;e h ,_; ¢ (1 — e (MM—a)1Fa)) ~ @
An application of Lemma 1 completes the proof of Lemma 2. O
Lemma 3. For every integer k we have
T ol ol —af'e
* & E < (14 a)b, Y Brg1 + (14 a)G(a)b, ™,

Cr11 Ck

where G is a function such that

lim G(a) =0.

a——1+
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Proof. The reader can verify the equality

bl+a 1+« b1+a _ a1+0¢

—a
R P = (1+0a)’ T3 H((1 4 @)Brs1)H((1 4+ @)Cri1) Brg
Cr1 Ck

+ (L4 a)(H((1+ @)Crs1) — H((L + a)Cr)) byt

by substituting H(z) = (1 — e~ ®)/x (with corresponding arguments) into its right
hand side.
It is now enough to recall that 0 < H(z) < 1 and to put

Glo) = sup [H((1 4+ @)Cry1) — H((1 + a)C%)|.

The fact that lim G(a) = 0 follows from the Lagrange theorem:

a——1+

[H((1+ a)Chir) = H((1 + )Cy)| < 2(1 + a)(Sup Ck) sup [H' (),

and it is easily verified that

rze T —1+4e "

1—e™® l—e -z
5 +
T

= sup

x

N
N w

sup [H'(z)| = sup
xr x

T 2

Relation (15) now follows by applying Lemma 3 and Lemma 2 with m = 0 and
m = 1. This concludes the proof of Theorem 2.

Proof of Theorem 3. (i) is immediate, since

> G
. k=1 Cn
d_i1(A) = lim = = lim B =1L
> By "
k=1

by Cesaro’s theorem.
(ii) We need some algebra in order to write the first member of (9) in a suitable
manner. By reducing to the common denominator we get that it is equal to

i b1+a( —e —(14«) Ck) zn: b1+a( ef(lJra)Bk)Oh
h,k=1 h,k=1

an A= -
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Recall the definition of the function H (see Lemma 3). Then each summand in the
denominator of the fraction A in (17) is equal to

(18) (14 a)by ™ H((1 + o) Bi) By, By

Moreover, in the first (second) parenthesis of the numerator of A we subtract and
add the term (1 + «)C ((1 + «)By, respectively) and separate the sums in order to
split the fraction A of (17) into tree summands

A=R-S5+T,

where (recall the expression (18))

Z blchra(l _ ef(l‘i’a)ck — (1 —+ Oé)ck)Bh
R=" ’

)

We recall the inequality (z > 0)

2

0<e‘1—1+x<7

and remark that, since (B,,) is positive and bounded, we have

lim sup H((1+ «)By) =1,

a——11T

hence there exists ag > —1 such that for —1 < a < oy we have

1
sup H((1 + «)Bg) > 3
k
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so that

hok=1
R <

(1+a)? > btC2By,
: < (14 a)(sup Cy)
k

(1+a) > bi*"ByB;
k

h

—

(since Cy, < By).
In an analogous way we also find

S < (14 a)(sup By).
k
Last, for —1 < a < a9 we have

> b Cu By — Ch Byl
(19) 7| < —=

b t*H((1 4 a)By,) By, By,

by BByi|(Ck/Bi) — (C/By)|

< g
(1/2)( 3 b7 By ) logb,
k=1

Fix € > 0 and ng such that, for n > ng, we have

Cn
L—e<—<L .
15 B +e€

n

As the sequence (C),/By,) is bounded, the last term of (19) is not greater than

no T, k3
S, BB (Ch/Br) — (Cu/Bu)l 2By S btteB,
h,k=1 _ + c3 hi:1 b + ca h:l + 4.5,
(1/2)( 3 b Be) og, 08bu " 3h prop,
k=1 h=1

where c3 and c4 are suitable positive constants. Now the statement follows since
n

(logby,) and (E b}LJrO‘Bh) go to oo. O
h=1
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4. AN OPEN PROBLEM

Problem. We have seen that to any given set A C N we can attach a pair of

functions
dy: [~1,00[—[0,1] and da: [~1,00[— [0,1],

both continuous in the interval ]—1, 00| and such that d, is nonincreasing, d, is
nondecreasing and d 4(a) < da(«) for all a € [—1,00].
A natural question that arises is:
For which pairs of functions d,d with properties listed above there exists a set
A C N such that
dys=d and da=d?
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