L-functions

Davide Lombardo

The Zeta function knows everything about algebraic number fields,
the only problem is to make it speak — G. Harder (7)
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Introduction

L-functions are an essential topic in modern number theory, playing a fundamental role in the
study of various arithmetic phenomena. There are ways to attach an L-function to almost
any mathematical object, and certainly to all the main objects of interest in number theory,
such as algebraic number fields, Dirichlet characters, and elliptic curves. L-functions encode
a wealth of information about these objects, allowing us to analyse their properties and make
deep connections between seemingly unrelated areas of mathematics. One of the most signif-
icant applications of L-functions, and historically the first, is their use in understanding the
distribution of prime numbers, both as a subset of all natural numbers (the Prime Number
Theorem of Hadamard and de la Vallée-Poussin) and in arithmetic progressions (Dirichlet’s
theorem).

These course notes focus on two main topics related to L-functions: their classical applica-
tions in number theory and their analytic properties. The first part of the course covers results
such as the prime number theorem and Dirichlet’s theorem on arithmetic progressions, as well
as the more sophisticated theorem of Chebotarev concerning the distribution of Frobenius auto-
morphisms in Galois groups. I focus on the derivation of the number-theoretic results from the
analytic properties of L-functions, that I mostly take for granted, postponing their discussion
to the last chapter of these notes (where they are eventually proved in full). I try to give a
unifying framework to understand many different constructions by discussing Artin’s general
definition of L-functions, but I focus mostly on the so-called abelian L-functions (namely, in the
language of Artin, those that correspond to abelian extensions of number fields). This already
covers a huge class of L-functions, including all zeta functions of number fields, as well as the
classical functions studied by Dirichlet to prove his theorem.

The second part of the course focuses on the proof of the main analytic properties of abelian
L-functions, such as functional equations, analytic continuation, and the analytic class number
formula. I follow closely the presentation of Tate’s doctoral thesis, providing additional details
with respect to the original material.

These notes are the result of a course for master’s and PhD students given at the University
of Pisa in the spring of 2023. They contain essentially no original material, with the possible
exception of Section [1.6.1} which gives a streamlined analytic proof of the Chebotarev density
theorem. In preparing these notes I have drawn heavily from various sources, most of which
are cited in the text, but which I repeat here.

e The proof of the Prime Number Theorem I give is taken from Zagier’s famous short note
[Zag97]. 1 also sketch a second proof, closer in spirit to the original point of view of
Riemann on his zeta function, that is heavily inspired by Tao’s blog post [Tao21].

e For the treatment of Artin’s L-functions I have borrowed mainly from Chapter V of
Neukirch’s book on algebraic number theory [Neu99].
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e [ have written the proof of Dirichlet’s theorem on primes in arithmetic progressions with-
out referring to any particular book, but my understanding of the topic is certainly
influenced by Serre’s Cours d’arithmétique [Ser77]. For this proof in particular, I have
tried to stress how the deduction of the number-theoretic consequences from the analytic
properties of L-functions is comparatively easy, and can be placed in a general framework
that gives us the first hints of the abstract Fourier analysis which is used systematically
in Tate’s thesis.

e The two arguments for Chebotarev’s theorem, which I call the ‘analytic’ and ‘algebraic’
proofs (and which are secretly the same proof in disguise), come respectively from [LO77],
which I have tried to strip of as much of the heavy analytic machinery as possible, and
from chapter 15 of Schoof’s delightful book on Catalan’s conjecture [Sch08].

e The second chapter of these notes, which deals with some preliminaries necessary for
understanding Tate’s thesis, is mainly inspired by [RV99]. Since the emphasis of the course
was on number theory, I have decided to cover the construction of the Haar measure in
detail, but to leave out the proofs of the main theorems in the abstract theory of Fourier
inversion.

e Finally, Chapter 3 is simply my retelling of Tate’s thesis itself [Tat67]. Although the
original is an unsurpassed masterpiece, I still hope that my humble, low-brow version of
the story can be of help to someone.

Of course, many important topics are not even touched upon: I haven’t discussed Hasse-Weil
L-functions and, more generally, L-functions of geometric origin; I haven’t ventured into the
problem of modularity of L-functions; [ haven’t described Weil’s reinterpretation of Tate’s thesis
in terms of distributions; and I haven’t even dared to hint at the whole Langlands programme,
of which, unfortunately, I know too little. Nevertheless, I hope that what is there can be useful
to people interested in number theory, providing a slightly different take on the very classical
and important topic of L-functions.
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6 CHAPTER 1. CLASSICAL L-FUNCTIONS AND APPLICATIONS

1.1 What is an L-function, anyway?

To paraphrase the physicists’ definition of a vectmﬂ an L-function is anything that behaves
like an L-function. More seriously, while it is possible to conjecturally describe the class of
L-functions by means of the so-called azioms of the Selberg class (see below), I feel it is more
natural to form one’s idea of L-functions by looking at examples. We will later give a (still
partial) definition of L-function that at the very least encompasses all the main examples we
will meet in this course.

We start by introducing the notion of Dirichlet series:

Definition 1.1.1 (Dirichlet series). Let (a,)n,>1 be a sequence of complex numbers. The

associated Dirichlet series is a
n

s

n>1

seen as a function of the complex variable s (if the sum converges). The abscissa of absolute
convergence is

0o = inf {a ER:Rs>0= Z dn converges absolutely} .
ns

n>1

The function s +— > _, %= is holomorphic for s € {Rs > 7y}.

n>1 ns

1.1.1 The Riemann (¢ function
The single most important example of L-function is given by Riemann’s ¢ function.

Definition 1.1.2 (Riemann ¢ function). The Riemann ( function is given by

)=

n>1

for all s € C with s > 1.

By standard results, ((s) is well-defined (since ) ., n~° converges for all real numbers

s > 1) and defines a holomorphic function on {Rs > 1}. We will later show:

Theorem 1.1.3. The function ((s) extends to a meromorphic function on the whole of C, with
a single simple pole at s = 1 with residue 1. In particular, ((s) = 5%1 +0(1) as s — 1.

This is a consequence of the famous functional equation for ((s). In order to discuss it, we
need to recall Euler’s I' function:
> dt
[(s) = / thet —
0 t

our definition of a wvector is that a wvector is anything that transforms like a wvector, see
https://phys.libretexts.org/Bookshelves/Relativity/Book/3A_Special_Relativity_(Crowell)
/07%3A_Coordinates/7.02%3A_Transformation_of_Vectors

Definition 1.1.4. We define

for ®s > 0.

1
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Remark 1.1.5. One way to remember the definition of I'(s) (and the reason I write it in
this way, instead of the more usual fooo ts=te7tdt) is to notice that it is the Mellin transform
(=abstract Fourier transform for the group (Rxq,-)) of the function e~ see Remark [3.1.38]

Exercise 1.1.6. Check the following properties of I'(s):

1. I'(s) is a holomorphic function of s in the right half-plane {Rs > 0};

2. I'(s+1) = sI'(s) for all s € C with Rs > 0;

3. I'(s) extends to a meromorphic function on C, with poles only at the non-positive integers;
(3) =V

5. (x) Legendre’s duplication formula:

PELs+3) TG _ v
I‘(QS) T 925—1 7 92s—1°

a
)1

Hint. This is much harder than the other parts of the exercise. Here is a possible strategy.

a) Introduce the Beta function

and prove that B(m,n) = %
b) Replacing m = n = z and then u = 1+“3 , obtain

?ESZ = gl-2 (2 /01(1 — g?)! da;> .

c¢) Prove the following identity for the Beta function:
1
B(m,n) = 2/ r?" N (1 — 22" .
0

d) Obtain the equality

I'(2)? 1-2 1-2. (1/2)I(2)
) 9l 219 ) = ol LT
T(22) (1/2,2) T(z+1/2)
and conclude.
6. (xx) It is useful to also mention Euler’s reflection formula,

™

)1 —2) =

sin(7z)’

which you don’t need to prove unless you really want to.
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7. T'(s) has no zeroes in C (even though it is not necessary, you might want to use Euler’s
formula to prove this).

Having introduced the I' function, we can define a further auxiliary function (which will
eventually turn out to be somewhat more natural than ((s)):

1
Definition 1.1.7 (Landau’s £ function). We set £(s) = 55(5 — D =s/?T (g) ¢(s).

In terms of £(s), one has:

Theorem 1.1.8 (Functional equation for £(s)). The & function is holomorphic on the whole
complex plane and satisfies

§(s) =&(1—s).

Exercise 1.1.9. Assuming the functional equation £(s) = £(1 — s) in Theorem [I.1.8| prove
that £(s) is everywhere holomorphic.

Remark 1.1.10. The factor s(s — 1) in the definition of £(s) is invariant under the transfor-
mation s — 1 — s. It follows from the functional equation that the simple function f(s) =
78T (%) ((s) satisfies the functional equation f(s) = f(1—s). From the point of view we will
later take, this function f is probably the ‘most natural version’ of the Riemann { function.

The last basic property of ((s) we want to recall is its representation as an Euler product.
More generally, we recall the following result:

Theorem 1.1.11 (Euler product). Let f : N — C be a multz’plicativeﬂ function and let F(s) =
2@1 ffg) be the associated Dirichlet series. Denote by oo the abscissa of absolute convergence.
There is an equality of holomorphic functions

Fio = S - ] (Z%)

n>1 p prime \n>0

valid over {Rs > oo}. If furthermore f is completely multiplz’cativ one has Y-, fg:) _
ano (%) = 1_f(;)p,s, and hence

Z@ = ] (-rwwp)".

n>1 p prime

In particular, taking f(n) =1 for alln > 1 we get

)= [ a-p)™

p prime

Remark 1.1.12. One of the objectives of this course will be to give an interpretation of the
function 72T (§) ¢(s) = 7T (§) T, prime(1 — »7°) " from Remark [1.1.10| as an ‘extended
Euler product’, where the additional factor 7 /T (%) ‘comes from the infinite place of Q’
(cf. Definition for the notion of place).

2that is, (m,n) = 1 implies f(mn) = f(m)f(n)
3that is, f(mn) = f(m)f(n) for all positive integers m,n
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1.1.2 The Selberg class

This section is taken almost verbatim from Wikipedia [Wik23b]. The idea is to define ax-
iomatically a class of functions that (conjecturally) consists precisely of those we want to call
‘L-functions’. However, at present, we are unable to prove that many functions we do want to
call L-functions actually belong to this class. For this reason, we will make no use of the notion
of the Selberg class.

The formal definition of the class S is the set of all Dirichlet series

[e.o]

F(s) = e

n=1

Qn

absolutely convergent for Rs > 1 that satisfy the following four conditions:

1. Analyticity: F'(s) has a meromorphic continuation to the entire complex plane, with the
only possible pole (if any) when s equals 1. More precisely, there exists an integer m > 0
such that (s — 1)™F(s) has analytic continuation to an entire function of finite order’}

2. Ramanujan conjecture: a; = 1 and a,, <. n° for any € > 0;

3. Functional equation: there is a gamma factor of the form

v(s) = Q° H [(wis + i)

where () is real and positive, the w; are real and positive, and the p; are complex with
non-negative real part, as well as a so-called root number o € C, || = 1, such that the
function

satisfies
O(s) =ad(l —73);

4. Euler product: for Rs > 1, F(s) can be written as a product over primes,
F(s) =[] 5
p

o0

with F,(s) = exp <Z bﬂ) and, for some 9 < 1, b,n = O(p™).
pns

n=1

1.1.3 Dedekind ¢ functions

Our next family of L-functions is given by the so-called (Dedekind) ¢ functions of number fields.
Before defining them, we quickly recall the notion of ring of integers of a number field:

41 am grateful to Alberto Perelli for pointing out the importance of this condition, which plays a fundamental
role in the proof of many results concerning the Selberg class. At the present state of knowledge it is not clear
whether it can be removed, nor whether it follows from the other axioms.
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Definition 1.1.13 (Ring of integers). Let K be a number field, that is, a finite extension of
Q. The ring of integers of K, denoted by O, is the subring

{a € K : po(z) € Q[z] has integeral coefficients}
of K. Here pq(x) is the unique monic minimal polynomial of a over Q.
We will also need the notion of norm of an ideal:

Definition 1.1.14. The norm of an ideal I <Ok is the cardinality of the quotient Ox /I. We
will denote it by N(I).

Exercise 1.1.15 ().

1. Show that N([) is finite if and only if I # (0).

2. (%) Show that for every positive integer m the set {I <Ok : N(I) = m} is finite.

Exercise [1.1.15 shows that the following definition makes sense:

Definition 1.1.16 (Dedekind ¢ function). Let K be a number field. The Dedekind ¢ func-

tion of K is ( 0 \
B - #{I<xOg :N(I)=n
Ck(s) = Z NI Z ns :
IQOK n>1
T#£(0)

Exercise 1.1.17 (#).
1. Prove the second equality appearing in Definition [1.1.16]

2. Show that there is an ‘Euler product’ representation of the form

Cr(s) = 11 (1-N(P)=) ",

P non-zero prime ideal of Ok

3. (%) Show that (x(s) converges for s > 1.

These functions satisfy properties similar to those of the Riemann ( function. In particular,
we will later establish the following:

Theorem 1.1.18 (Analytic continuation of (x(s)). The function (k(s) extends to a meromor-
phic function on the entire complex plane, with a single simple pole at s = 1.

1.1.4 Dirichlet L-functions

The very name ‘ L-function’ comes from a class of functions introduced by Dirichlet in his study
of primes in arithmetic progressions. In order to define them, we need to first introduce the
notion of Dirichlet character.
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Definition 1.1.19 (Dirichlet characters). Let m be a positive integer. The group of charac-
ters modulo m, denoted by D,,, is the group Hom((Z/mZ)*,S'), where S' is the multiplicative
group of complex numbers of norm 1. Given an element y € D,,, we extend x to a function
(again denoted by x)

x:Z—C

by setting

) x(nmod m), if (m,n) =1;
x(n) = {o, it (myn) > 1.

This extended function is called a Dirichlet character modulo m.

Remark 1.1.20. Let m > 2 be an integer and let y € D, be the trivial element (that is, the
homomorphism sending every element of (Z/mZ)* to 1. The corresponding Dirichlet character
X : Z — C depends on m, because

x(n)z{l’ if (m,n) = 1

0, if (m,n) > 1.

All such characters are called the trivial (or principal) character (or more precisely, the
trivial character mod m), and one should be aware that there are infinitely many of them!

Exercise 1.1.21. Check the following statements:
1. D, is isomorphic to (Z/mZ)*;
2. any Dirichlet character x : Z — C is a completely multiplicative function.

Remark 1.1.22. The isomorphism of the previous exercise is not canonical, and as such, it is
better to distinguish the groups (Z/mZ)” and D,,. We will later call these two groups ‘dual to
each other in the sense of Pontryagin’, see Proposition [1.5.8] Remark and Theorem [2.2.2]

To each Dirichlet character we now attach a corresponding L-function:

Definition 1.1.23 (Dirichlet L-functions). Let x be a Dirichlet character modulo m. We set

L(s,x) == Z X(ZL)

n
n>1

Exercise 1.1.24. Show that the abscissa of absolute convergence for these Dirichlet series is
og = 1.

From Exercises [1.1.24] and |1.1.21{ and Theorem [I.1.11]it follows that for s € {fs > 1} one
has

Lis,x )= [ =x@wp) "

p prime

(1.1)

Exercise 1.1.25. Let y be the trivial character modulo m. Is L(s, x) the same as the Riemann
¢ function? Express L(s, ) in terms of ((s) and simple holomorphic functions.

Exercise [1.1.25] and the properties of the Riemann ( function take care of the principal
character. For all other characters, we will later show the following:
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Theorem 1.1.26 (Analyticity of Dirichlet L-functions of non-trivial characters). Let x be a
non-principal character modulo m. The function L(s,x) extends to an entire function (that is,
a holomorphic function on the whole complex plane).

For later use, we also quickly review the notion of primitivity for Dirichlet characters.

Definition 1.1.27 (Primitive character, conductor). Let m be a positive integer. A character
X : (Z/mZ)* — S! is said to be imprimitive if there exist a divisor d of m, with d < m, and
a character X : (Z/dZ)* — S' such that y = x o, where 7 : (Z/mZ)* — (Z/dZ)* is the
canonical projection. A character is primitive if it is not imprimitive.

Any d such that x factors as above is called a modulus for the character y, while the
minimal such d is called the conductor. The character \ : (Z/dZ)* — S' which induces x
(where d is the conductor) is called the primitive character inducing x.

Finally, a Dirichlet character is called primitive if its modulus coincides with the conductor
of the multiplicative character that induces it.

Example 1.1.28. Let x : Z — {0, £1} be the function given by

0, if (6,n) > 1
x(n)=<1, if (6,n) =1 and n==+1 (mod 8)
-1, if (6,n) =1 and n =43 (mod 8)

We also identify x to the character x : (Z/247)* — {£1} given essentially by the same rule. It
is clear that x is not primitive, since it is induced by the homomorphism X : (Z/8Z)* — {£1}
given by
) 1, ifn=+1 (mod 8)
X(n) = L
—1, ifn=43 (mod ).

One can check easily that x is primitive, so that the conductor of x is 8. Finally, letting
K = Q(V/?2), it is not hard to show that Cx(s) = ((s)L(s, X).

Exercise 1.1.29. Prove the last statement in the previous example: (g5 (s) = ((s)L(s, X).
Hint. You can (and should) do this in at least two ways, which are equivalent but offer slightly
different points of view:

1. using the development of ((s), Cor ﬁ)(s) as Euler products;

2. writing Q(v/2) = Q ® Q - V2 as a sum of irreducible representations of Gal(Q(v/2)/Q)
and using Theorem [1.4.12]

Exercise 1.1.30 (Characters vs Dirichlet characters). There are some subtleties concerning the
distinction between characters considered as homomorphisms (Z/mZ)* — S! or as Dirichlet
characters Z — C. The best you can do is think about this yourself; if you want a specific
exercise, here is a (hopefully) instructive one.

Let X : (Z/dZ)* — S' be a primitive character modulo d, let m be a multiple of d, and let
X = xom be the character modulo m that is induced by . Finally, let Xpisicniet be the Dirichlet
character corresponding to x.

1. Show that the non-zero values of Xpiicnet are periodic of minimal period d.
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2. Show that Xpiricnlet 1S periodic of period m.
3. Show that the minimal period of Xpiicnet can be equal to m > d.
4. Show that the minimal period of Xpircnet can be equal to d even when m > d.

We have now met the main characters of this course. We will later introduce the Hecke L-
functions, which generalise Dirichlet L-functions to arbitrary number fields, but the examples
we have seen so are already enough to discuss two important theorems in analytic number
theory: the prime number theorem and Dirichlet’s theorem on arithmetic progressions.

1.2 The prime number theorem

The purpose of this essentially self-contained section is to prove the Prime Number Theorem,
namely, to show the following:

Theorem 1.2.1 (Prime Number Theorem). Let w(x) = #{p prime : p < x} be the prime-
counting function. As x — oo, we have the asymptotic relation

m(z)

X

~ logx’

We will follow the strategy of Newman [New80|, as streamlined by Zagier [Zag97]. We
introduce the auxiliary functions

lo
o(s) = > 2l p(a) =3 logp,
p p p<lz

where every sum indexed by p (here and below) ranges over the prime numbers.

Proposition 1.2.2. ¥J(z) = O(z).

2N)
)

Proof. Let N be a positive integer. Notice that every prime p with N < p < 2N divides ( N

SO
2N
JeN) V) = 3 logpsmg(N) < log 2N = 2N log 2.

N<p<2N

In particular, 9(2"1) — 9(2F) < 28+ log 2. Summing over k = 0,...,n we get
(2" = 92" —9(1) <log2 (242 +2° + -+ - +2"71)) < 2" og 2.
For generic x > 1, we have 2" < x < 2""! for some n € N, hence
I(z) < 9(2") < 2" 2 1og2 < (4log2)x.
O

The key point in the proof of the Prime Number Theorem is the following non-vanishing
result:
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Theorem 1.2.3 (Non-vanishing of ¢ along Rs = 1). The function ((s) does not have any

zeroes along the line Rs = 1, and the function ®(s) — ﬁ extends to a holomorphic function

on the closed’| right half-plane {Rs > 1}.

Proof. We start by noticing the following formal identity, valid for fs > 1:
log¢(s) =log [J(1 —p) ™" = =D log(1—p~*).
p p
Taking the derivative of both sides,
¢'(s) _ logp-p~* _ log p
¢(s) 2 1—p Zp:ps(l —p)

lo ks lo
Sy 02

ks
k>0 p k>1 p

Aln
:_Z T(Ls)’

n>1

where A(n) is the von Mangoldt function,

log p, if n = p* for a prime p
An) = .
0, otherwise.

Essentially the same calculation shows

('(s) logp <~ logp(l—p*+p°)
C(s) Zps(l —ps) 2 p(l—p~)

p
log p log p log p
= +Y = =P(s) + Y ————,
N b M

where the sum } pS};‘ff [y converges (to a holomorphic function) for Rs > 1. Hence, ®(s) =
_¢(s)

OB pON psi‘;%f iy 18 holomorphic over {Rs > %}, except for the poles of %, which are s = 1
and the zeros of ((s). Indeed, recall that the logarithmic derivative f’(s)/f(s) of an analytic
function f(s) is analytic except at the zeroes and poles of f. At each zero (of multiplicity
m > 0) or pole (of multiplicity —m > 0) of f(s), the logarithmic derivative has a simple pole
with residue m. Finally, we already know (Theorem that ((s) doesn’t have any poles
apart from s = 1, hence that _CCI((;)) = L+ 0(1) for s near 1. We then obtain that ®(s) — -
extends holomorphically to {#ts > 1} if and only if {(s) does not have any zeroes on the line
{Rs = 1}. We now prove this crucial statement.

Using again the properties of the logarithmic derivative, we obtain that the order of van-

ishing of ((s) at 1+ it is given by

(1.3)

"1+it+e
ordy ;¢ = lim 5“—».
=0t ((1+it+¢)
Sthis means that every point in this set has an open neighbourhood on which the function in question is

holomorphic. These open neighbourhoods will necessarily contain complex numbers with real part strictly less
than 1

(1.4)
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Notice furthermore that ((s) = ((5) since the coefficients of the Dirichlet series defining ¢ are

real. Let o be a positive real number and denote by p > 0, > 0 the orders of vanishing of ¢
. . .. . . logp -

at 1 +ic and 1 + 2ia. Combining Equations (1.4) and (1.3)), and recalling that is

p(p*—1)

holomorphic along {Rs = 1}, we obtain

lim e®(1+¢)=1, lim eP(l+etia)=—p, limeP(1+e+2ia)=—r. (1.5)

e—0t e—0t e—=0t+
On the other hand, we have the following inequality;,

2

4 . 10gD ( ia —ia/2)4
Z (T+2>¢(1+5+MO‘):ZF@ 24 p ) >0

r=-—2 p

which follows directly from the definitions, the binomial expansion, and the positivity of squares.
Multiplying by € > 0, passing to the limit ¢ — 0" and replacing the values given by we
finally get

—2v—8u+62>0,

which clearly gives u < 1, hence u = 0. By definition of p, this means ((1 + i) # 0, as
desired. O

Theorem 1.2.4 (Tauberian theorem). Let f(t) : Rsg — C be a bounded, locally integrable
function. Suppose that the function g(z) = fooo f(®)e *t dt, which is defined and holomorphic
for Rz > 0, extends holomorphically to Rz > 0. The integral [;° f(t)dt exists and equals g(0).

Proof. For T > 0 set gr(z) = fOT f(t)e=# dt. This function is holomorphic on the whole complex
plane. We will show that limy_,., gr(0) = g(0). Let R be large and let C' be the boundary of
the region D = {z € C: |z| < R, Rz > —§} (see Figure[L.1)). Here § > 0 is chosen as a function
of R in such a way that gr — ¢ is holomorphic inside and on C.

To show that such a ¢ exists, notice that gr is everywhere holomorphic, whereas, by as-
sumption, the function g(z) is holomorphic along the segment I = {it : —R < t < R}. Since
being holomorphic is an open property, for every point z of I there is a small disc centred at z
in which g¢(z) is holomorphic. By compactness of I, a finite union of such discs covers it. We
can then take § to be the minimum of the radii of these finitely many discs.

Let hr(z) = (9(2) — gr(2))e*T (1 + ;—2) Cauchy’s integral formula gives

b (0) = 600) — 910) = 35 [ (06— arten e (14 ) £,

211 z

Our aim is to show that limy_,., h7(0) = 0. We study Cauchy’s integral separately along the
arcs

Cy :=CnN{Rz>0} and C_:=CnN{Rz<0}.
Along C, we have

l9(2) — gr(2)| =

> —ztd > —zt d —
| s 4§L|ﬂMklt

Hf”ooei%ZT

. (1.6
<l [ e = M



16 CHAPTER 1. CLASSICAL L-FUNCTIONS AND APPLICATIONS

Figure 1.1: The contour C'

Note also that (by essentially the same calculation as in Equation (|1.6)) when Rz is negative

—R(z : .
we have |gr(2)] < W. Furthermore, all along the circle |z| = R we can estimate

2 2
‘ (”ﬁ)z (7“)@
R(z)T

e _ 2|1Rz| g,
T TRz |z Z’:FQR()T'

Hence, the integral of hr(z) along C. is bounded in absolute value by

_ 2/l
ke

In particular, we see that the contribution from the integral along C'; vanishes in the limit
R — oo.

We now consider the integral along C_, separating the contributions from g(z) and gr(z).
As for gr(z), which is entire, we can deform the integration contour to the semi-circle D_ :=

{|z] = R,Rz < 0}. Along this semi-circle we can use the estimates |gr(z)| < [ llooe T

|z
(1.7) to obtain as above
2
2T 2\ 1 27| flloo
/ gr(z)e (1 + E) ;dz‘ <

_ 6%(2)T

(1.7)

2
IF e 5 - (R)

and

This quantity also vanishes in the limit R — oo, so we are left with considering the integral
Jo g(z)e’” (1 + ;—Z) % We will show that this integral vanishes in the limit 7 — oo (note
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that here we take the limit in 7', not in R: this contribution vanishes also for fixed, finite
values of R, provided that T is taken large enough). To handle this integral, note that the

zT’ — e—\éR(z)|T)

function T+ |g(2)e*T <1 + ;—2) 1| is decreasing (since |e , and it is integrable

(even holomorphic) for any fixed value of T'. By the dominated convergence theorem, we obtain

2 2
, T 22\ dz , T 22\ dz B
g [ e (14 5) T = [ ot (14 5) T = [ 0as=0

where we have used the pointwise convergence of g(z)e*" (1 + ;—i) L to 0 (which again follows
from Rz < 0 along C_). We have thus proved that limy_, |hr(0)] < % | fllo- As R is arbitrary,
this shows limy_,o hy(0) = 0, as desired. O

To prove our next result we will need Abel’s summation by parts formula:

Theorem 1.2.5 (Abel’s summation by parts). Let (a,)n,>1 be a sequence of complex numbers
and let ¢ : [1,00) = R be a C function. For all z > 1 we have

S tnp(n) = (Z an> () — /1 ' (Z an> J(t) d.

n<lx n<lx n<t

Proof. This is elementary, but we give an unforgettable (!) proof using distributions, which
shows that this is ezactly (and not just philosophically) the integration-by-parts formula. Con-
sider the function A(x) = > __a,. This function is constant on all intervals of the form
[n,n + 1). Its derivative (in the distributional sense) is concentrated on the integers, and it is
easy to see that it is > a,d(x —n), where ¢ is Dirac’s delta. Since integration by parts works
for distributions, we get (for any ¢ € (0,1))

S tp(n) = S : 5(t — n)p(t) dt /1 _ S and(t — n)p(t) dt

n<x

= [ wwsty =~ [ v a

—€

where we have used A(1 —¢) = 0 for any ¢ > 0. Passing to the limit ¢ — 07 yields the
result. O

/ o —t
t2
1

Proof. We fix s > 1 and apply Theorem to the sequence

Proposition 1.2.6. The integral

CoOnverges.

logn, if n is a prime number;
ay, = )
0, otherwise



18 CHAPTER 1. CLASSICAL L-FUNCTIONS AND APPLICATIONS

and to the function ¢(x) = z7°. By definition, the function

Abel’s formula yields
1 I(t
SR = LS e s [
1

p<lz p<lz

n<g @n coincides with 9(x).

Letting x — oo we obtain

1 % 9(t)
®(s) = lim “Zo(w) + s / gt 4t

and by Proposition we have lim,_,o, =9(z) = 0 since s > 1. Thus, we have
> 9()

The exponential change of variables t = e* allows us to rewrite this as

O(s) =s /000 v(e")e™™ du. (1.8)

Note that we have proved this for s € R.q, but by analytic continuation the two sides of this
equation coincide wherever both are defined and analytic.
We now apply Theorem to the functions

- Q(z+1) 1
t)=9(e)et -1 == ——.
ft) = o) —1, gz = TEED
We check the assumptions:
1. f(t) is bounded and locally integrable: we know that ¥(e') = O(e') by Proposition [1.2.2]
which shows that f(t) is bounded, and ¥(e'), e~ are certainly locally integrable.

2. Next we need to check that [ f(t)e " dt = g(z) in {Rz > 0}, and that g(z) extends
holomorphically to {fz > 0}. We have

/ f(t)e—ztdt — / (ﬁ(et)e—t o 1) e—ztdt — / ﬁ(et)e—(z—&—l)tdt . / e_zt dt.
0 0 0 0

From Equation (L.8) we know that [, d(e')e™Didt = Z”Lll) whenever R(z + 1) > 1,

that is, Rz > 0. The integral fo —#t dt is 1mmed1ate to compute, and evaluates to
[eﬁt} = 1. Thus, the functions [;° f(t)e *dt and g(z) coincide for all z with Rz > 0.
0

—Zz

On the other hand, the crucial Theorem implies that ¢g(z) has analytic continuation
to {Rz > 0}: indeed, we know that ®(z) — —L5 is analytic in {Rz > 1}, hence ®(z+1)—1
is analytic in {Rz > 0}. Multiplying by 2%1, which is analytic in {Rz > 0}, we obtain

that
O(z+1) 1
z+1 z2(z+1)
is also analytic on the same set. The difference between this function and 2:11) — % is

1 1 1

z z(z4+1) 241

which is also analytic in {8z > 0}.
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The conclusion of the theorem is that [;° f(¢) dt exists, that is, the integral

/ (et — 1) dt
0
is convergent. Substituting back ¢ = logu, we obtain that
/ < (O(u) du
1 u u
converges, which (up to renaming w to t) is exactly the statement of the proposition. O]

Proposition 1.2.7. The function 9(x) is asymptotic to x as x — 0.

Proof. This follows from Proposmon [1.2.6l More precisely, suppose by contradiction that there
exists A > 1 such that (x”) > \ for a sequence z,, going to infinity. Since ¥(z) is clearly
monotonically increasing, We obtain

ATn Azn, _ ATy, _
/ v(t) — dt>/ Mdtz/ AZn tdt
o t2 on t2 on t2

t=ywn/)\)\$n_yxnxdy )\)‘_y
b ()t

dy.

1
ﬁ(t) —t

This 1s a contradiction: convergence of the integral f * dt implies that the ‘partial tail’

fm’\x YW=t 4z can be made arbitrarily small by choosing x large enough.

Conversely, suppose that for some A < 1 there is an unbounded sequence x, such that
Y9(zn) . .
—2 < \. Reasoning as above, we obtain

AT
n,l9 _
/ (t) dt</—ydy<0

which is again a contradiction. ]

Proof of Theorem |1.2.1]. On the one hand, we have

Zlogp < Zlogm = 7(x) log(z),

p<z p<x

while on the other we also have

W(zx) > Z logp > Z (1 —¢)logx

zt=e<p<z zl=e<p<z
=(1—¢)logx Z 1] =1—-¢)logz (m(z) — m(z'79)) .
zl=e<p<z
Since clearly m(z'7¢) < 2'7¢ = O(2'7¢), we have obtained

(1 —e)log(z) (n(x) + O(z' %)) < V¥(z) < 7(x)log(x).
Dividing through by z and using Proposition we get

(1—e)< () +0(1)> <1+0(1) <

z/logx

m(x)

as T — 00,
x/logx

which (since € is arbitrary) implies the theorem. O
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1.2.1 The Riemann—von Mangoldt exact formula

Even though this is not strictly speaking a course in analytic number theory, I would be remiss
if I did not (try to) explain more carefully the role of the zeros of the ¢ function in controlling
the distribution of primes. We will not give full proofs, but hopefully the content of this section
will be enough to convince you that information on the distribution of the zeros of ( translates
fairly directly into information on the distribution of the prime numbers. To make this concrete,
we state and sketch a proof of an exact formula for a close relative of the function :

Theorem 1.2.8 (Riemann—von Mangoldt exact formula). For every non-integer x we have

: x? 1
ZA(n) :x—Tlgrolo Z ——10g(27r)—§log(1—:v %),
n<e o\ Tmm(p)| <T

where the sum ranges over the zeroes of ¢ in the critical strip Rs € [0, 1].

Remark 1.2.9. Let O(x) := > _ A(n). The difference ©(z) — () is given by

log( logs (
D IITUED S DR SR L P
p<z n>2 such n=2 p<gl/n

that p"<z

where we have used Proposition|1.2.2l Thus, precise estimates on O(z) lead to precise estimates
on the function ¥(z), which — as we have seen — is intimately tied to the actual distribution of
prime numbers.

The following sketch is very rough (we ignore a number of problems related to the conver-
gence and well-posedness of integrals and sums), but I hope it gives an idea of the inextricably
close connection between the distribution of prime numbers (in the form of A(n)) and ((s).

Sketch of proof of Theorem[1.2.8 Setting aside the analytic difficulties, the key point lies in
an application of Perron’s formula (see Exercise below). In particular, we start from the
equality
3 Aln) _ (s)
n® ¢(s)

n>1

that we obtained in Equation (1.2). Setting g(s) = — ¢ iy Perron’s formula, we get

(s)
c+i0o A/ z
"R [

Now, using the residue theorem, shift the integration contour from ¢+ iR (where ¢, in order to
use Perron’s formula, is taken to be > 1) to —R + ‘R (and then take the limit R — o0). In so
doing, by the residue theorem, we pick up a correction term every time we cross a pole p of &;

these corrections are of the form —27iRes.—, <§((j))§>, contribution which then gets divided
by the factor 277 in Perron’s formula.
The poles of ¢’/ are precisely the poles of ¢ (of which there is one, at z = 1) and its zeroes

(of which there are many...). The term corresponding to the pole gives a residue of 1 for —(’/(,
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which — multiplied by z%/z at z = 1 — gives a contribution of z. Each zero p, on the other hand,
gives a residue of —1 for ¢’/(, which — when multiplied by ‘”—:]Z:p = % — gives the contribution
z”/p in the Riemann-von Mangoldt exact formula.

If you want to understand the (bounded) terms log(2m) and 3 log(1 — z~2) you should read
a complete proof of the theorem, for example at Terence Tao’s blog [Tao21]. I will simply point

out that these additional contributions come from working with the completed ( function of
Definition instead of ( itself. O

Exercise 1.2.10 (Perron’s formula). Let

o
an

9(s) = s
n=1
be a Dirichlet series. Assume that it converges uniformly for $(s) > o, and let x > 0 be a real
number which is not an integer. Also fix ¢ > max{0,0}. We have

c+ioco z

1 x
;an i) g(2) . dz.
Remark 1.2.11 (Prime Number Theorem under the Riemann Hypothesis). This remark is
even less precise than the proof sketch given above, but my conscience doesn’t let me not
mention the Riemann hypothesis. As just about everyone knows, this is the statement that all
the zeroes of ((s) in the ‘critical strip” {0 < R(s) < 1} have real part equal to 1. In particular,
for every zero p of  in this strip we have |2°| = 2!/2. Assuming that the Riemann hypothesis
holds, and ignoring again all sorts of analytic difficulties, we then see from Theorem that

2172
ZA(n) =x+0 Z— :
= ~ |nl
Since one can show that there aren’t too many zeroes of ( in the critical strip, this leads to

ZA(n) =z 4 O(z"/*9).

n<x

Recalling Remark we then get J(z) = z + O(2/?*%), which in turn leads to a strong form
of Theorem namely, 7(z) = 2= + O. (z!/2*¢) for every € > 0.

" logz

1.3 Review of algebraic number theory

Our next main objective is to prove Dirichlet’s theorem on primes in arithmetic progressions.
Before doing this, however, we want to give a unified interpretation of all the L-functions we
have seen this far in terms of Galois representations. This requires a fair amount of basic
algebraic number theory, which we now review. All results in this section are standard, so we
will not provide proofs (for which the reader can refer to [Marl8]). The reader familiar with
the basics of algebraic number theory can safely skip to Section [1.4]
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1.3.1 Structure of the ring of integers

We have already met the notion of ring of integers of a number field, see Definition [I.1.13] It
is useful to recall that, if K is a number field of degree n = [K : QJ, the ring O is isomorphic
as an additive group to the free group Z". Thus, one can fix a Z-basis ay,...,a, of Ok;
any two Z-basis are related by a base-change matrix in GL,(Z). We denote by o4, ...,0, the
embeddings of K into C.

Definition 1.3.1 (Discriminant). The discriminant of K is
dgc = det (4(;))? .
It is an integer independent of the choice of the basis aq, ..., a,.

Example 1.3.2. For K = Q(v/2) one has Ox = Z[\/2], hence we can take a; = 1 and
ay = /2. The discriminant is therefore

di = det G _@)2 = (—2v2)? =38.

1.3.2 Unique factorisation of ideals

The ring Ok enjoys the following properties:
Theorem 1.3.3.

1. If I is any non-zero ideal of O, the quotient O /1 is finite. The cardinality of Ok /I is
called the norm of I, see Definition|1.1.14. The ideal norm is multiplicative: if [ = I 15,
then N(I) = N(I;)N(I).

2. Non-zero prime ideals of Ok are mazximal. Every primary ideal of Ok is the power of a
prime ideal. The norm of a prime ideal is of the form pf, where p € Z is prime and f is
a positive integer.

3. Every non-zero ideal I of Ok factors uniquely (up to reordering the factors) as a product
I =ypit---pS of prime ideals py, ..., ..

4. In particular, if T = [, p¢" and N(p;) = pl* for every i, then
v () -l

1.3.3 Splitting of primes

Let p be a non-zero prime ideal of Og. The contraction p N Z is a non-zero prime ideal of
Z, so it is of the form (p). We say that p lies over p, or equivalently, that p lies under p (the
terminology is justified, at least a posteriori, by the scheme-theoretic interpretation: there is a
natural map Spec Og — SpecZ, which we can think of as a ramified cover, and the point (p)
is the image of the point p for this topological map, which is usually drawn with Spec O lying
above SpecZ).
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Conversely, starting from a non-zero prime (p) of Z, one can factor the ideal (p)Ok using
Theorem to obtain an expression of the form

(P)Ox = pi'---py.

We say that py,...,p, are the primes of O lying over (p), that e; is the ramification
index of p; over p, and that the exponent f; defined by N(p;) = p’i is the inertia degree of
p; over p. One can easily show that f; is also the degree of the field extension 2—K / F,. The field

Ok

is called the residue field of (or at) p;. Borrowing the standard notation from scheme

theory, we will denote it by x(p;).
There is also a fundamental formula, which is ultimately a consequence of the flatnes{ of
O over Z, relating the invariants e;, f; with the degree [K : Q).

Theorem 1.3.4. Let p be a prime of Z and write p = [[,_, p;* for the factorisation of p in
Ok . Letting f; be the inertia degree of p; over p, we have

T

Zeifz’ = [K : Q]~

i=1
Consider now the relative setting of an extension L/K, and let p be a prime of O. As

above, one may factor pOy, as [[_, P5*, and we say that the ; are the primes of Oy, (or, more
informally, of L) lying over p. We call e; the ramification index of 3; over p, and define f; as

fi = [6(Bi) - w(p)], (1.9)

that is, the degree of the extension between the residue fields at B3; and at p. The analogue of
Theorem in this setting is as follows.

Theorem 1.3.5. With the above notation we have
i=1
We say that a prime ideal p of Ok ramifies in L if in the factorisation pO = [[,B;* at
least one exponent e; is strictly greater than 1. When this is the case, we say more precisely
that the prime ; is ramified in the extension L/K.

Remark 1.3.6. It would be more precise to always speak of the extension O /Of. However,
it is both traditional and quite practical to talk about the extension L/K (secretly meaning
the corresponding extension of rings of integers), just like it is common use to write primes of
L instead of primes of Of.

Finally, a fundamental fact is that only finitely many primes ramify in any given (finite)
extension L/K:

Theorem 1.3.7. Let L/K be an extension of number ﬁeldfﬂ The set of primes p of O that
are ramified in L/ K 1is finite.

6

since the local rings of Z are all PIDs, flatness is equivalent to torsion-freeness, which is obvious
“by definition, a number field is a finite extension of Q. As a consequence, any extension of number fields
is automatically finite.
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The following theorem is also often useful:

Theorem 1.3.8 (Minkowski). The only number field K such that no prime of Q ramifies in
K is K = Q itself.

1.3.4 Galois action on the primes

We now specialise to the case of L/K being Galois, with group G. In this case, there is an
obvious action of G on Op: indeed, it is clear from the definition that if o € L is an algebraic
integer and o is any element of GG, then o(«) is still an algebraic integer.

Let p be a prime of O and let B be a prime of Oy lying over p. For every ¢ € G we have

o(B) N Ok =0 (PNOk) =a(p) =p,

so o(P) is another prime ideal of Oy lying over p: the Galois action permutes the primes of L
over p. This action has many nice properties:

Theorem 1.3.9 (Galois action on the primes). Let p be a prime of Ok and denote by X =
{PB1,...,B,} the set of primes of Or, lying over p.

1. G acts transitively on X.

2. Let D; = D(B; | p) be the stabiliser of B, for this action. The groups D; are all conjugate
to each other, and r = |G : D;] for every i. We call D; the decomposition group of °B;
over p.

3. Let I; ={c € G:o(x) =z (mod B,;) Vo € Or}. The group I;, called the inertia group
of B, is normal in D;, and there is a canonical isomorphism

D;
Dl o Gt (s(9:) / #(9)
We will denote I; by I1(B; | p).

4. The group I; is trivial whenever B; is unramified over p.

Remark 1.3.10. Even though we will not prove this, note that part (2) is an obvious conse-
quence of (1) and standard facts about group actions.

It is not hard to see that the transitivity of the action (Theorem [1.3.9] (1)) implies that
all the ramification indices e; are equal to each other and all the inertia degrees f; are equal
to each other. Writing e, f for their common values, the formula of Theorem takes the
simple form

L:K]=r-e-f. (1.10)
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1.3.5 Frobenius elements

We now come to the real protagonists of this section, namely, Frobenius elements in Galois
groups. We keep the setup of the previous section, namely, we let L/K be a Galois extension
with group G. Let p be a prime of K that is unramified in L and let 8 be a prime of L lying
over it. Let f be the inertia degree of B3 over p (note that e = 1 since B is unramified).

The group Gal(k(B)/k(p)) is cyclic of order f, generated by the Frobenius automorphism
Frob : z + 2V® . Using the assumption e = 1 and Theorem m (4), we see that the
inertia group I := I(P | p) is trivial. The isomorphism of Theorem [1.3.9) (3) then shows
that Gal(k()/k(p)) is canonically isomorphic to the decomposition group D := D(B | p). In
particular, Frob € Gal(k(*B)/k(p)) corresponds to a unique element Froby € D C G. The
following all-important definition will be crucial for us.

Definition 1.3.11 (Artin symbol). Let p be a prime of Ok and let B be a prime of Of, lying
over it. Suppose that P is unramified over p. We let

(%)

denote the element Froby € G constructed above. The element (L/TK> is called the Artin

symbol of P in the extension L/K, and is often also called the Frobenius (element) at
B. More generally, when p is ramified and P is a prime lying over p, we say that g € G

is a Frobenius element at ‘P if it lies in D and its image in D/I = Gal(k(P)/k(p)) is the
L/K

5 ) any such Frobenius

Frobenius automorphism of the residue field. We will also denote by

element.

Remark 1.3.12. Unwinding the definitions, we see that <L/TK> is the unique element 0 € G
that satisfies
o(z) = 2V®  (mod P) (1.11)

for all z € Or.

Remark 1.3.13. When ‘P is ramified over p, there are several choices for a Frobenius element
at P. However, by definition, they all lie in D and they all have the same image in D/I, and
therefore, given any two choices g, ¢’ of elements of G that are Frobenii at B there exists an
h € I such that g = ¢'h.

Remark 1.3.14. Suppose P’ is a different prime of Oy, lying over p. By Theorem [1.3.9] (1),
there is an element o € G such that P’ = o*B. It is then easy to check that

()5

indeed, this follows easily from the characterisation given in Equation (1.11]).

Remark [1.3.14] allows us to define an ‘Artin symbol” that only depends on p and not on J:
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Definition 1.3.15 (Conjugacy class of Frobenius). Let L/K be a Galois extension of number
fields with group G. Let p be a prime of Ok unramified in L. We define

)
L/K

B
p. We will often write Frob, for this conjugacy class, or for any element of it if the choice of

the element does not make any difference.

as the conjugacy class in G of the Artin symbol ( >, where *J3 is any prime of L lying over

Remark 1.3.16. The following special case is particularly interesting: if L/K is an abelian
extension, that is, it is a Galois extension whose group is commutative, then conjugacy classes
consist of a single element. In this special case, the Artin symbol of Definition can be
identified to a specific element of the Galois group.

Example 1.3.17 (Frobenius elements for the cyclotomic extensions). Consider the Galois

extension Q(¢,)/Q, with group G = (Z/nZ)” . Recall that, under this isomorphism, the residue

class a € (Z/nZ)™ corresponds to the unique automorphism o, of Q(¢,) that sends ¢, to C°.
The primes that ramify in Q(¢,) are precisely those that divide n. Let p be any other prime,

and let p be a prime of Q((,) lying over p. By Equation (1.11)), the Artin symbol (w) is
the unique o € G such that
o(x) =2 (mod p)

for all x € Og,)- 1t is well-known that Og,) = Z[(,], so we require

o (Xec) = (Xe) =X da =Y ad (modyp).

where we have used the fact that in the residue field k(p) (of characteristic p) we have (z+y)P =
xP + yP (freshman’s dream) and & = ¢; since ¢; € Z. Now, the o we are looking for must be of
the form o, for some a € (Z/nZ)*, and it is clear that taking a = p mod n works. Since there
exists at most one element in the Galois group that satisfies (this follows from Theorem

(3)), we conclude that

b )
and that, moreover, the conjugacy class <w> consists of the single element oy,.

We conclude this section by mentioning a fundamental theorem (which we will prove in a
few lectures’ time!) that gives some motivation as to why Frobenius elements/Artin symbols
are so important:

Theorem 1.3.18 (Chebotarev, first approximate form). Let L/K be a Galois extension of
number fields with group G. For every element o of G, there exist infinitely many primes S of

Oy, such that (L/TK> = o and N(P) is a prime number.

While this may not look like much, we point out right away that Theorem [1.3.18| contains
Dirichlet’s theorem on primes in arithmetic progressions as a(n extremely) special case.
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Theorem 1.3.19 (Dirichlet’s theorem on primes in arithmetic progresions). Let a, m be integers
with (a,m) = 1. There exist infinitely many primes p that satisfy p = a (mod m).

Proof of Theorem assuming Theorem [1.3.18 Apply Theorem [1.3.18 to the Galois ex-
tension Q((,)/Q and to the element o, of the Galois group (Z/mZ)*. It yields infinitely many

primes p of Q((,,) such that (M) = 0, and N(p) is a prime number p. We have shown

P
Since Chebotarev’s theorem guarantees the existence of infinitely many such p, we are done. [

in Example [1.3.17| that (M) = ON(p) = Op, SO We obtain o, = 0,, that is, p = a (mod m).

1.3.6 Dirichlet’s unit theorem and the regulator

Before returning to our main topic of L-functions we review two more facts from algebraic
number theory: the structure of the group of units of a number ring and the finiteness of the
class group.

Definition 1.3.20. The signature of a number field K of degree n is the pair (11, 72), where
r1 is the number of distinct embeddings of K into R, and ry is the number of pairs of complex
conjugate embeddings of K into C whose image is not contained in R. One has r{ 4+ 2ry = n.

Theorem 1.3.21 (Dirichlet’s unit theorem). Let K be a number field of signature (r1,r2). The
group OF is isomorphic to T x 221 where T — the torsion subgroup — is precisely given by
the set of roots of unity in K*.

The ‘standard’ proof of Theorem uses in a fundamental way the so-called logarithmic
embedding. We now recall this map.

Let 0y,...,00,71,71, ..., Try, Try De the set of embeddings K — C, where 01, ..., 0,, are the
embeddings with image in R and 7,71, ..., 7,7, are the ro pairs of complex embeddings.

It is also useful to set

PL =01, Pry = Or;y  Pri+1 = Tl o o5 Pritry = Trg

and
Nl:"‘:Nﬁ:lv NT1+1:"': ity = 2.

This will allow for more uniform formulas below.

Definition 1.3.22 (Logarithmic embedding). The map

L: Ox\{0} — R x R™ = R7+72
x = (log(loi(2)]))icy.y » (log [7(@) ),y

is called the logarithmic embedding. It can equivalently be defined as

I - OK \ {0} N Rritre
T = (V; 10g<|pi<x>|))i:1

Now recall that every element a in Oj; satisfies

~~~~~ ri+ra °

+1 = NK/Q<04) = H0i<a) : HTJ’(O‘)TJ(&)?
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which implies

T1 T2
0=log| £ 1] =) log|os(a)| + > log(|7;(a)[).
i=1 j=1

This shows that L(O}) is contained in the hyperplane IT of R"*"2 given by the condition that
the sum of the coordinates vanishes. A more precise version of Dirichlet’s unit theorem shows
that L(Oj) is a lattice in II, that is, it is a discrete subgroup such that II/L(O%) is a compact
topological space. (Equivalently, L(O5) is discrete in II and spans it).

Definition 1.3.23 (Regulator of a number field). The regulator of K is by definition

1
Regy = ——vol (II/L(O})) .
EK 1+ ( /L(Ok ))
Equivalently, and more practically, it can be obtained as follows. Let uy,..., tp 41 € Of
generate a subgroup U such that O /U is a finite group (in other words, us, ..., Uy, 4r,—1 is &

lift of a basis of the free group Oy / torsion). Consider the matrix

The matrix M has size (11 +72) X (11 4+ 72 — 1), and every line sums to zero. This implies that
any minor of size (r; + 17y — 1) X (1 + 79 — 1) gives the same determinant, up to sign. This
common value is the regulator of K.

Example 1.3.24. We compute the requlator of K = Q(v/2). Notice that K has 2 real embed-
dings, so r1 = 2,19 = 0, and Dirichlet’s unit theorem gives O = (—1) x Z.

One has Ok = Z[\/2]. Units of O are numbers of the form x 4+ yv/2 € Ok with x,y € 7
and x? — 2y? = £1. The theory of Pell equations shows that all solutions to this equation are
given by x 4+ yv/2 = £(1 + /2)" for n € Z. Hence, a generator of the free part of the group of
units can be taken to be 1 ++/2. Now consider the matriz M from Definition . The two
embeddings of K into C send v/2 to £+/2, and we have N; = Ny = 1, so the matriz M is given

by

(log |1 +v2| log|l —+2[) = <log(1—i—\/§) log

1
1+v2

) = (log(1+v2) —log(1+v?2)) .

As already observed, every line of M sums to zero. The requlator is simply the absolute value
of any of the two coefficients of M :

Regg, ) = log(1 + V2).

Finally, we discuss more generally the structure of the so-called group of S-units.

Theorem 1.3.25. Let K be a number field and let S be a finite set of primes of Ok. The
group

Ok.s ={x € K™ :p does not appear in the factorisation of the principal ideal (z) Vp & S}

is a finitely generated abelian group of rank |S|+ (r1 +re — 1). Its torsion part is given by the
set of roots of unity in K.
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Remark 1.3.26. This can be stated more elegantly in the following form, by using the notion
of place (see Definition [2.3.1)). Let S be a finite set of places of K, containing all the infinite
ones. Then the ring of S-integers is

Oks={xeK:|z|, <1 Vv¢gS},

and the group of S-units (9?{7 ¢ is simply the multiplicative subgroup of this ring. The previous
theorem can then be restated simply as: OIXC ¢ is a finitely generated abelian group of rank

1] - 1.

1.3.7 The class group

To conclude this review of basic algebraic number theory, we recall the definition of the class
group of a number field. This group can be considered as a measure of the failure of unique
factorisation in Ok, but we will not use this interpretation much. In order to define the class
group, we begin by introducing the notion of fractional ideal:

Definition 1.3.27 (Fractional ideal). A fractional ideal 7 of K is a finitely generated Opg-
submodule of K. Equivalently, it is a subset of K of the form Z = Clll = {fl el }, where [
is a (usuaf)) ideal of Ok and d € K*.

Fractional ideals can be multiplied, as in the next definition:

Definition 1.3.28 (Product of fractional ideals). Let Z;,Z, be two fractional ideals. The
product 7,7, is the set {>_ x;y; | x; € Iy,y; € Io}. Equivalently, if Z; = %Il and Z, = éfz

with [, I5 integral ideals, then

1
LIy = —1NL1Is.
142 d1d212

The product makes the set of non-zero fractional ideals into a group.

Theorem 1.3.29 (Group of fractional ideals). The set F(K) of non-zero fractional ideals of
K forms an abelian group with respect to the multiplication of Definition|1.3.28. In particular,
let T be a non-zero fractional ideal. There exists a fractional ideal J such that ZJ = Ok.

We are almost ready to define the class group, but we need one more definition:

Definition 1.3.30 (Principal fractional ideal). A fractional ideal Z = é] is principal if the
integral ideal [ is principal in the usual sense. Equivalently, Z is principal if and only if it is of
the form Op - « for some o € K.

It is clear that the (non-zero) principal fractional ideals Princ(K) form a subgroup of F(K),
so we can consider the quotient:

F(K)

Princ(K)
denoted by CI(K). The order of CI(K) is called the class number and is denoted by hg.

Definition 1.3.31 (Class group). The quotient is the class group of K, usually
The next theorem gives two very important properties of C1(K).

Theorem 1.3.32 (Finiteness of the class group). The group CI(K) is finite for every number
field K. It is trivial if and only if Ok is a unique factorisation domain.

8in this context, an ideal of O is sometimes called an integral ideal
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1.3.8 Completed ( functions: the local factors at infinity
The following is a generalisation of Theorem [I.1.8}

Theorem 1.3.33 (Functional equation for the Dedekind ¢ function). Let K be a number field
of signature (ry,rs) and discriminant dx. The completed ( function

o) = () e ()" ot

4raqn

satisfies the functional equation A (1 — s) = Ag(s). The function (x(s) has meromorphic
continuation to C, with a simple pole at s = 1.

As is the case for the ¢ function (see Theorem |1.1.8)), one should consider that

dic| N7 rs\m
r (-) T(s)™
(4r27rn 2) 1)
plays the role of a ‘local factor at infinity’. Notice that K has r places at which the completion
is R, and ry places at which the completion is C (see Definition for the notion of place
of a number field). Thus, it is very tempting to think that this ‘local factor at infinity’ factors

even further, as an actual product over the infinite places of K. Tate’s approach will make it
clear that this is indeed the case.

1.4 The L-function of a (complex) Galois
representation

We are finally ready to define a large class of L-functions, that contains all those we have
already met. Recall that a (linear) representation of a group G is simply a homomorphism
from G to a group of the form GL(V'), where V' is a vector space (in our applications, we will
always take V' to be of finite dimension).

Definition 1.4.1 (Artin L-function). Let L/K be a Galois extension of number fields with
group G. Let p: G — GL(V) be a finite-dimensional complex representation of p (that is, V' is
a finite-dimensional complex vector space). For every (non-zero) prime p of Ok, fix a prime B
of Op, and let Iy < G be the corresponding inertia subgroup. We define the Artin L-function

of p to be
L(s,p) == 1T det <Id —p <(L/TK)) N(p)™| me> B : (1.12)

p nonzero prime of O

where V¥ is the subspace of V on which Iy acts trivially via p. Notice that, when B is ramified

over p, the Artin symbol (L/TK> is not a well-defined element of G (see Remark [1.3.13). In

this case, we simply take an arbitrary choice of Frobenius element at B to represent the Artin
symbol: Remark below shows that the definition is independent of this choice.
I

The factor det (Id —p ((L/TK» N(p)—* | Vf‘ﬁ> appearing in the above product is often
called the local factor at p of the Artin L-function.
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Remark 1.4.2. With the notation of the previous definition, we show that

1. V™ is stable under the action of p ((L/TK>)’

2. p ((L/TK)> is a well-defined endomorphism of V* even when Iy is non-trivial (recall that

in this case we have made an arbitrary choice in the definition of (
1.3.11)).

Write for simplicity g € G for a fixed choice of Frobenius element at 8. Any other choice
of Frobenius element at P is of the form g - h for some h € Iy, see also Remark [1.3.13]
Let furthermore z € V be a vector fixed by p(Iy). Since Iy is a normal subgroup of the
decomposition group of B, for every h’' € Iy we have h'g = gh” for some A" € Iy, and therefore

L/K

o ), see Definition

p(R') - (p(gh) - v) = p(h'gh) - v = p(gh"h) -v = p(g) - (p(R"h) - v) = p(g) - v,

where we used that v is left fixed by p(ly). The above equality shows that p(gh)v is again
in VI for any v € Iy and any choice gh of Frobenius element at 9. In particular, it makes

sense to consider Id —p <(L/TK)) N(p)~* as an endomorphism of V¥, The same calculation
also shows that Id —p <<L/ K)) N(p)~* is independent of the choice of the Frobenius element

R
L/K
< ¥ ) at .
In the rest of the section, we will discuss the following:

1. the definition does not depend on the choice of the prime P of Op lying over p, and the
dimension of the subspace V* itself does not depend on the choice of 3;

2. the Euler product defining L(p, s) converges for all s with fs > 1;
3. every L-function we have met so far is in fact an Artin L-function;

4. Artin’s conjecture on analytic continuation.

1.4.1 Independence of the choice of ‘}

Proposition 1.4.3. Let L/K be a Galois extension of number fields with group G and let p be
a prime of Ok. Let P, P’ be two primes of Oy, lying over p, and let Iy, Iy be the corresponding
inertia groups. Finally, let p : G — GL(V') be a finite-dimensional complex representation of
G. The following hold:

1. the subspaces V™ and V™ have the same dimension;

2. the complex numbers

det (Id —p ((L/TK» N(p)~™* | vfm> and det (Id —p ((%K)) N(p)~* | vfm')

are equal.
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Proof. By Theorem [1.3.9] (1) we know that there exists o € G such that o(P) = P’. One
checks immediately that Iy = olpo™".

1. By definition, v € V™ means
p(’l) v=v Vi€ qu = O'[q;;O'il,

which is equivalent to
ploic™) v =0v Vié€ Iy,
and therefore also to
p(i)p(a) ™ v =p(o) v Viely.
Thus, v is in V% if and only if p(o)~™! - v is in V. It follows that V™ = p(o)V %, and
in particular, since p(o) is an invertible linear transformation, these two spaces have the
same dimension.

2. It is useful to interpret the factor det (Id —p ((%)) N(p)~ | Vf‘ﬁ> as the evaluation
at t = N(p)~® of the (inverse) characteristic polynomial

fplt) = det (Id tp <(L/TK>) | vfw>

of (L/TK) acting on V¥, and similarly for the factor corresponding to 3’. The claim

now follows from the fact that p(o) acts as a change of basis between p ((M—K)> and

() m

Remark 1.4.4 (Local factors at the unramified places). Suppose that p is unramified in L.
In this case, V¥ is simply V, and the interpretation of the local factor at p as a characteristic
polynomial shows that it is independent of the choice of the Frobenius element in the conjugacy

class (L/TK> We may therefore write the local factor without any reference to the choice of 3
as
det(Id —tp(Froby));

see Definition [1.3.15| for the notation Frob, (any element in the conjugacy class (L/TK>)

Finally, we introduce what is probably a more common notation for the local factors of
Artin L-functions: for a prime p of Ok, choose a prime P of Of, lying over it and define

Ly(t) == det <Id —tp ((L/TK» } V’w) :

1
o=l

We then have

which, in my experience, is the way Artin L-functions are most commonly written.
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1.4.2 Convergence of the Euler product

Proposition 1.4.5. The Euler product in Equation (1.12]) converges absolutely for all s with
Rs > 1.

Proof. Notice that, since G := Gal(L/K) is a finite group, for every g € G (hence in particular
for every Artin symbol L K) € (), the element p(g) has finite order, hence all its eigenvalues

are roots of unity. Hence, for each prime 3 of Op lying over the prime p of O, we have

ae (11 ((45)) [v) =TT -1,

=1
where the (j, for j = 1,...,dim V™, are the eigenvalues of p ((L/TK» acting on V. Thus,

in particular,
dim VI

H‘det(ld “N(p ((L/K)) V,qg) H H 1= Ny,

dim VB dim V

[L === T Ta =)

p
dim V'

= H HH —3?(8 S C(g:e(s))dimV~[K:Q}7
Jj=1 p »plp

which converges for all s with Jts > 1 as claimed. (In the last step we used that there are dim V'
factors in the product over j, and at most [K : Q] in the product over p, since each rational
prime factors into at most [K : Q] primes in Ok.) O

1.4.3 The Riemann and Dedekind ( functions, and Dirichlet’s
L-functions, are Artin L-functions

Proposition 1.4.6.
1. The Riemann C function is an Artin L-function.
2. Let K be a number field. The Dedekind  function of K is an Artin L-function.

3. Let x be a primitive Dirichlet character modulo m. The Dirichlet L-function L(s,x) is
an Artin L-function.

4. Let x be an arbitrary Dirichlet character modulo m. There exists an Artin L-function
Lavtin(8, p) such that Lpiicnes (S, X) = f(8)Lartin(S, p), where the factor f(s) is a holomor-
phic function of s which is nonvanishing on {Rs > 0}.

Proof. 1. Clearly, Riemann’s ¢ function is the Dedekind ¢ function of Q, so it suffices to
prove 2.
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2. In Definition [I.4.1] we take L = K and p to be the unique 1-dimensional trivial represen-

tation of G = Gal(L/K'). With reference to Equation (1.12)), the inertia groups Iy are all
trivial, so VI =V for all p, while p <(L/TK>) = 1. Thus, Equation ((1.12) reads simply
L(p.s) = [[det(1 = N(p)™)~" = [J(1 = N(p)™) ™" = ¢k (s).
P

p

where the last equality follows from Exercise

. In Definition we take K = Q, L = Q((,) and define a Galois representation of

G = Gal(L/K) = (Z/mZ)™ by setting

ploa) = x(a)1d € GL(V),
where V' = C and o, € G is the automorphism (,,, — (%, corresponding to a € (Z/mZ)".
On the one hand, since x is a completely multiplicative function, by Theorem [1.1.11] we
have
L(s,x) = [ [0 = x@)p~) "

p

On the other hand, the definition of L(s, p) gives

L(s,p) = [ ] det (1 —p ((%)) N(p)~® | Vf“‘“)l .

We now prove equality by matching up the local factors. Let p be a rational prime and
let B be a prime of Q((,,) lying over p.

a) Suppose that p { m. Then p is unramified in Q((,), so Iy is trivial, while <%> €
G is given by o, see Example [1.3.17] It follows that the local factor of L(s, p) at
p is det (1 — plop,)p~° ‘ (C)f1 =(1- X(p)p_s)_l, which precisely matches the local
factor of L(s,x) at p.

b) Suppose now that p | m. The local factor at p of L(s, x) is trivially 1. To conclude
the proof, it suffices to show that V' is trivial, that is, that p(Iyp) is not the trivial
group. If this were the case, x would be trivial on the (nontrivial) subgroup .J,
of (Z/mZ)* corresponding to Iy under the canonical isomorphism G = (Z/mZ)*.
Writing m = p*m’ with (p,m’) = 1, we claim that J, is precisely the kernel of the
canonical projection (Z/mZ)™ — (Z/m'Z)™. Assuming the claim, we obtain that if
p(Iy) is trivial, then y factors via (Z/mZ)* /J, = (Z/m'Z)*, contradicting the fact
that y is primitive. The claim is an exercise in algebraic number theory, and is left
to the reader (see Exercise below).

4. Construct Layin(s,p) as in part 3. For all primes p { m, the local factors at p of

Lpivichiet (S, X) and Layin (S, p) match, so their ratio

f(s) _ LDirichlet($7X)
LArtin(Sa P)
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is a finite product of factors of the form 1— x(p)p~* for (certain) primes dividing m. These
functions are clearly holomorphic on all of C, and their zeroes arise for 1 — x(p)p~® =
0. Taking absolute values we get [p~°| = 1, that is, s = 0. It follows that f(s) is
nonvanishing in {Rs > 0}.

O]

Remark 1.4.7. Let x be a Dirichlet character modulo m, induced from the primitive Dirich-
let character ¥ modulo the conductor d of y. The proof of Proposition shows that
Lpiricntet (S, X) is the Artin L-function attached to the representation

Gal(Q(¢a)/Q) = (Z/dZ)* = C*.
By Theorem [1.4.12] (2) below, this implies that Lpiscnet(S, X) is also the Artin L-function of

the representation

Gal(Q(¢n)/Q) — Gal(Q(Ca)/Q) = (Z/dZ)* % C*.

Exercise 1.4.8 (#). Let p be a prime number, s be a positive integer, and m’ be a positive
integer prime to p. Set m = p*m’. Let G = Gal(Q((,)/Q), let p be a prime of Q((,,) lying
over p, and let I, be the corresponding inertia subgroup.

1. Show that I, depends only on p and not on the choice of the prime p lying over it. We
will therefore denote the group I, simply by 1,,.

2. Prove (or recall) that Q((,)/Q is unramified at p.

3. Deduce that I, is contained in the kernel of the canonical map

Gal (Q(Cm>/@) — Gal (Q(gm’)/(@) :

4. Conclude that I, is in fact equal to the kernel of Gal (Q(()/Q) = Gal (Q((,)/Q) (one
way to do this is to argue by cardinality, showing that #1, = ¢(p°)).

This is also a good time to informally introduce our last family of (abelian) L-functions,
namely, Hecke L-functions:

Definition 1.4.9 (Hecke L-functions, wrong definition). Let K be a number field, let L/K
be a finite Galois extension with group G, and let x : G — S! be a character (equivalently, a
representation of dimension 1) of G. The Hecke L-function attached to this data is the Artin
L-function L(s, x).

Remark 1.4.10. Hecke did not introduce his L-functions in this way at all. His definition was

I
L(s,x) = ) K;EI))

IQOK

where x is a map from the ideals of Ok to C satisfying a complicated set of properties that gen-
eralise those of Dirichlet characters. The fact that (many) Hecke L-functions can be expressed
as Artin L-functions as in Definition [[.4.91is related to the fact that the abelian extensions of a
number field are well-understood in terms of class field theory. We will come back to this point
towards the end of this document, in Section [3.3]
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At this point, the reader will not be surprised by the following result:

Theorem 1.4.11 (Analytic continuation for the Hecke L-functions). Let L/ K be a finite abelian
extension with group G and let x : G — S' be a nontrivial character. The Hecke L-function
L(s,x) admits analytic continuation to the full complex plane.

Artin L-functions also satisfy a (fairly complicated) functional equation relating s to 1 — s
and p to its dual representation, but we will not need its precise form, so we omit the exact
statement. The interested reader can refer to [Neu99, Theorem 12.6 in Chapter VII].

1.4.4 The formalism of Artin L-functions

The following result collects some formal properties of Artin L-functions that are not too hard
to prove.

Theorem 1.4.12 (Functoriality of Artin L-functions). Let L/F/K be a tower of extensions
of number fields, with L/K Galois. Let G = Gal(L/K), N = Gal(L/F), and (when F/K is
Galois) H = Gal(F'/K). Let py, pa be representations of G, let o be a representation of H, and
let T be a representation of N. The following hold:

1. L(s,p1 ® p2) = L(s, p1)L(s, p2).-

2. If F/K is Galois, then L(s,Inf$(0)) = L(s,0), where the inflation of o from H to G,
denoted by Infg(a), s the composition of the natural map G — H with the representation
o:H — GL(V).

3. L(s,Ind$(7)) = L(s,7), where Ind$(7) is the representation of G induced by the repre-
sentation T of N. Notice that if T takes values in GLg(C), then Ind$ (1) takes values in
GLg6:n(C).

Proof. 1. Recall the following elementary fact from linear algebra: if M;, My are matrices in
GLg4, (C), GL4, (C) respectively, and if M; & My denotes their block-sum in GLg, 14, (C),
then the characteristic polynomial of M; & M, is the product of the characteristic poly-
nomials of Mj, Ms. This allows one to identify the local factors of L(s, p; & ps) with the
product of the corresponding local factors of L(s, p1), L(s, p2).

2. Tt suffices to prove that L(s,Inf% (o)) and L(s,o) have the same local factors at each
prime. Fix a place B of F' lying over p and a place Q of L lying over 3.

We denote by D, I (respectively D', I’) the decomposition and inertia group of 8 over p
(respectively, of Q over p). Let m : G — H be the canonical projection. It is a standard
(but surprisingly tricky) fact in algebraic number theory that I = 7 (I’), see Exercise
[1.4.13] We now compare (representatives of) the Artin symbols

(1) o (1)

Fix an element ¢ € D’ C G that represents a Frobenius at 9. This means that the
congruence
p(z) = 2V mod Q = ¢(r) — 2P € Q
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holds for all x € Oy, hence, in particular, for every x € Or we have
o) — 2" € QN OF

since F'/K is Galois (and therefore o(F') = F, p(Or) = Op). The previous equation can
be rewritten as

olp(x) — 2P € P Va € Op <= ¢|p(r) = 2V’ mod P Vz € O,

which shows that ¢|r = 7(p) is a representative for the Frobenius at .

We are finally ready to prove the statement. Since 7(p) gives a Frobenius at B, the local
factor at p of the L-function L(s, o) is given by

det (1 — N(p)~0 (n(p)) | voO) ™,

where V is the underlying vector space of the representation o.

On the other hand, the local factor of L(s,Inf% (o)) at the same place p is given by

-1

—s nf% (o) (I’
det (1= N(p)™* Inf (o) () | VD)

Since Inf% (o) (¢) = o(7(p)) and InfS (o) (I') = o(x(I')) = o(I), the claim follows.

3. Again we try to match local factors, but more complications arise in this case. Let p be
a place of K, let P, ..., B, be the primes of F' lying over p, and let for each ¢ =1,...,r
let ; be a prime of L lying over 3; (see Figure [1.2). Further denote by

D;=D(Q;|p), Li=I1(Qi|p)

the decomposition and inertia groups of the Q; over p. From the definitions one easily
obtains that

The inertia degree f; of B; over p is

Di/I; 4 D;
D1~ DI

FOBi | p) = # Gal(k(PBi) | 5(p)) = #

Note that by definition we have N(%;) = N(p)/i. We now set some further notation for
Frobenius elements. For simplicity, we choose elements 7; € GG such that Ti_l(Ql) =,
and choose ¢, € D; that represents the Frobenius of £; over p. We then have the
relations

D; = TiilDlTi, I; = 7'[1[17'1-,

and the element
pi =T, o1

represents a Frobenius of ; over p. Moreover, ¢;* represents a Frobenius of ; over ;.
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9 9,

N

| \
AN
K p
Figure 1.2: Fields and primes in the proof of Theorem [1.4.12] (3)

Let W be the underlying vector space of the representation 7, and let
V=Ind§(W)={f:G—W| f(rg)=7f(g9) VYreN}

the vector space underlying Ind$ (7). For ease of notation, denote by ¢ : G — GL(V)
the map giving the induced representation of GG. In order to establish the theorem, it is
enough to prove that

det (1 ( ) Sw Vh Hdet <1 _ ) 57_<90{i) | WI:> '
In fact, since N(B;) = N(p)’i, it suffices to prove the polynomial identity

det (1 —t(¢r) | V) = ﬁdet <1 — thir (o) | WI£> .
i=1

We now observe that, under the action of IV, the induced representation V' splits as the
direct sum of copies of W, and we may regard 7 as a subrepresentation of V. In particular,
in V' it makes sense to conjugate using ¢ (7;), and we obtain (omitting ¢ for simplicity)

det (1= t/7(f') | W) = det (1= thmr(of)r [ (W) )
= det (1 thir (TZQOZ T; | T; (W]/)>
= det (1= tFr(pl) | (W)
= det (1= thr(pf) | ()00
= det (1 — thir(pl) | (7: )T"NTi_lml) :
Similarly,
fi = D;: D) = [, Dy7y : (N 7' Dymy)r M m) = [Dy < (N7 0 Dy) ).

For every ¢ we now choose a system of representatives o; ; for the leftﬂ cosets of ; N7, 'ND;
in D;. Since the 7; are representatives for the cosets of Dy in GG, we obtain (Exercise|l.4.15)
that {o; ;j7;} represent the left cosets of N in G. Hence,

V = @ O'Z'J‘TiW
0]

9the left cosets of a subgroup B of a group A are those of the form aB.
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and each V; = EBJ. 0;;7;W is a Dy-submodule of V', with V' = @7_;V; as D;-modules.
Thus, since ¢, is in Dy, we obtain

det(1 — tih(p1) | V) Hdet (1 —t(p1) | V;-Il);

and it suffices to show that
det(1 = ti(en) | V") = det (1= tr(ift) | )70,

Notice that V; is the induced representation of W from Dy N1; N Ti_l to D (indeed, V; is
obtained by summing over representatives for the cosets of Dy N 7; N 7'[1 in Dq). Thus,
renaming

G:=Dy,I:=1),N:=D N N7, ' fi=f, V=V, W:=1,W,0:= ¢,
the desired equality can be rewritten as
det(1 — t(p) | V) =det (1 —t/7(o)) | WNT),

so that we are essentially reduced to the case » = 1 and D; = G. The next and final
reduction is to the case I = {1}. We claim that

V! =Ind(); (W),

We show this from the definition. An element of V7 is by definition a function f : G — W
that satisfies

a) f(g) = f(gi) for every g € G,i € I (this is the condition i - f = f that ensures
f € V1). Notice that, since I is normal in G, right-invariance and left-invariance are
equivalent, and therefore we also have f(ig) = f(g) forallg € G,i €I

b) h- f(g) = f(hg) for every g € G, h € N (this is the condition that ensures that f is
in Ind$§(W)).

Now, the first condition is equivalent to f factoring via G/I. Moreover, any such function
takes values in W™ because

i- flg) = flig) = f(9)

for all i € NN 1. The claim follows. So, replacing G by G/I, I by {1}, and W by W~
we are reduced'’| to proving

det(1 — ty(ip) | Ind{ (W) = det (1 — /() | W) .

In this case G is cyclic, generated by ¢, and V = @f o 'W. If A is the matrix of 7(¢)
(with respect to any basis wy, ..., wq of W), then the matrix of ¢(y) with respect to the

10this essentially amounts to replacing L by L!, which is normal over F since we are now assuming G = D.
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basis {¢"w,} is

M = )
[

a block matrix with f blocks on each row/column. An easy exercise in linear algebra
(Exercise [1.4.14)) now shows that

det(1 —tM) = det(1 — ¢/ det A7), (1.13)

which finishes the proof.
O

Exercise 1.4.13. Let L/F/K be extensions of number fields, with L/K and F'/K both Galois.
Let 2 be a place of L, and let B, p be the places of F' and K lying under . Let G = Gal(L/K),
H = Gal(F/K), and 7 : G — H be the projection map. Show that 7 (I(Q | p)) = I(B | p).

Hint. 1t is easy to show that 7 sends I(Q | p) into I( | p). For the surjectivity, take a
pre-image in G, then try to modify it using elements in ker(G — H).

Exercise 1.4.14. Prove the formula in Equation (|1.13)).

Exercise 1.4.15. With notation as in the proof of Theorem [1.4.12(3), prove that {o; ;7;} is a
set of representatives for the left cosets of N in G.
Hint. To show that they are the correct number, observe that

Dl . TiilDlTi . D,L
ZZ: n N7, N Dy _Z‘Nﬂr_lDlT- _Z‘NmDi
—Z‘ oy _eQi [ p)f(Qi | p)
D; e(Qi [ Bi)f(Qi | Bi)

ZZG%IP (Bilp)=[F:K|=|G:N].

To show that they represent distinct cosets, assume

O'i,jTiN = O'i/,j/Ti/N.

Prove that Til_lag’;,di,jﬂ sends Q; to Q; and B; to PB;. Conclude that i = i’ and then that
j=17"

Exercise 1.4.16. Let L/K be a Galois extension of number fields with group G and let p be a

finite-

dimensional Galois representation of G. Set x(g) = tr p(g). Prove the following formula

for the logarithm of L(s, p):

IOgLSp ZZ Np ms

p m>1
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where x(p™) is defined as follows: let 8 be a prime of L lying over p and let e = e(* | p). Fix

a representative o € G for the Artin symbol <L/TK> We set

xX(p™) = - E X(o™T).
TEI(Blp)

Hint. It can be useful to write the determinant of a linear map as the product of its
eigenvalues. This leads to the identity

logdet(1 — tA) =log [ J(1 — Ait) =) "log(1 — Ait)

SO RIS I ot

i m>1 m>1

-y tr(Am)%.

m>1

Up to some fiddling at the ramified places, this gives the required formula.

1.4.5 Artin’s conjecture on analytic continuation

The following is one of the most important conjectures related to Artin’s L-functions:

Conjecture 1.4.17 (Artin). Let L/K be a Galois extension of number fields with group G. If
p is a non-trivial irreducible representation of G, then L(s, p) has analytic continuation to the
whole complex plane.

While Conjecture [1.4.17] is wide open, we sketch a proof of the fact that L(s,p) admits

meromorphic continuation to the full complex plane.

Theorem 1.4.18 (Meromorphic continuation for Artin L-functions). For any Galois exten-
sion L/ K with group G and every complex representation p of G, the L-function L(s,p) has
meromorphic extension to the complex plane.

For the proof, we will assume the following result in representation theory:

Theorem 1.4.19 (Brauer’s induction theorem). Let G be a finite group and let p : G — GL,(C)
be a finite-dimensional complex representation. There exists finitely many subgroups Hy, ..., H,
of G, characters \; : H; — S fori=1,...,r, and integers ny,...,n, such that

tr(p(g)) = Zn tr (Indf;, (\)) (9).

Sketch of proof of Theorem[1.4.18 Let x = tr(p) be the character of the representation p.
Write x = > n;tr Indgi()\i) as in Brauer’s theorem. Rearranging this equation, we get an
equality of the form

X+ mtrIndg (A) = Y trIndg, (X)),
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where the integers n;, n; are now all strictly positive. Since the character of a complex repre-
sentation of a finite group determines the representation itself, we obtain

/

pe P (Ind§, (A)) " = P (maffj,_ (A;))@nj :

In particular, we have

(s pd @ Indg, (A @m> =L (s, @ (IndG]/_()\;)>@n9>

The general formalism of Artin L-functions (Theorem |1.4.12)) implies first
L(s,p) - [T £ (s:mafs, )™ =TT £ (s IndG<()\})>nj
i J

and then

L(s,p) HLS)\ HLSX

Since the A;, A} are characters with values in S!, they factor via some abelian (Galois) group,
hence they are Hecke L-functions. Thus, each L (s, ;) and L (s, )\2) admits meromorphic con-
tinuation by Theorem [1.4.11] Since the above formula expresses L(s, p) as a ratio of (products

of) such Hecke L-functions, L(s, p) also has meromorphic continuation to the complex plane. []

Remark 1.4.20. This theorem is perhaps part of the motivation for Artin’s conviction that
abelian L-functions should be sufficient to understand arbitrary extensions of number fields.
In other words, class field theory (the description of abelian extensions of a number field)
should contain in itself all the necessary ingredients to describe arbitrary (Galois) extensions
of number fields. No one has (yet) been able to fully realise Artin’s dream (and extending class
field theory to arbitrary non-abelian extensions remains a central problem in number theory),
but since Artin had enormous insight in the theory of L-functions, I wouldn’t be too quick to
dismiss his intuition!

1.4.6 Factorisation of the Dedekind (-function

Theorem 1.4.21 (Factorisation of the Dedekind { function in terms of Artin L-functions).
Let L/K be a Galois extension of number fields with group G. The function (1(s) factors as

o [ s .

p#1

where the product runs over the non-trivial irreducible complex representationd™] of G.

Proof. This is a special case of Theorem [1.4.12] Specifically, in the setting of that theorem,
take F' = L (so that N = {1}) and o to be the trivial representation of the trivial group.

et me take another page from the physicists’ books and write irrep for irreducible complex representation.
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Then Ind§ (o) is the regular representation of G, which — as it is well-known — decomposes as
P » irrep of G p@dim? Hence, applying properties (3) and (1) in Theorem [1.4.12| we get

L(s,1):L(s,1ndg(1)):L<s, S p@dimﬂ>: I Lot

p irrep of G p irrep of G

Finally, the trivial representation 1 of N gives the Dedekind ¢ function of L, while the trivial
representation 1 of G gives (. Thus, the previous equation can be rewritten as

CL(S) = CK(S) | | L(S7p)dimpa
p irrep of G
p#1

as desired. []

Corollary 1.4.22. For every integer n > 2 we have the factorisation

Ca) = 6(s) 11 L(s, x),

X non-trivial Dirichlet
character modulo n

where x 1s the primitive character corresponding to x.

Proof. Follows from Theorem together with our identification of Dirichlet’s L-functions
as special Artin L-functions (see Proposition and Remark . Also note that every
complex representation of the abelian group G = Gal (Q(¢,)/Q) is 1-dimensional, hence a
character. ]

In the interest of keeping these notes more accessible, we will give below in Proposition
an independent proof of (a slightly weaker version of) Corollary that avoids all
the machinery of representation theory and Artin L-functions. This weaker version will be
sufficient for the proof of Dirichlet’s theorem on arithmetic progressions.

1.5 Dirichlet’s theorem on arithmetic progressions

In this section we will assume Theorems [1.1.18 and [1.1.26| and show that these analytic results
have deep arithmetic consequences. In particular, we will show that they imply rather easily
Dirichlet’s famous theorem on primes in arithmetic progressions, namely, Theorem [1.3.19] We
start by discussing a notion of duality for (finite) abelian groups.

1.5.1 Pontryagin duality: finite case
The central notion in this section is that of dual group.

Definition 1.5.1 (Dual group, finite case). Let G be a finite abelian group. The dual group
(or group of characters) of G is the set

G := Hom (G,C¥),

equipped with the operation of pointwise product (that is, (x1x2)(9) = x1(9)x2(g)). The
elements of GG are called the characters of G.
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Remark 1.5.2 (Connection to representation theory). Recall that every irreducible complex
representation of an abelian group G is 1-dimensional. The elements of G are in bijection with
the 1-dimensional complex representations of G: a 1-dimensional representation coincides with
its character, which justifies the name.

As @G is finite, the image of any character y : G — C* has order dividing |G|, which implies
that x(G) C pq), where ji¢ is the set of roots of unity of order dividing |G|. Hence, we can
identify G with Hom(G, ). With this observation in hand, and using the structure theorem
for finite abelian groups, the following result becomes an easy exercise:

Exercise 1.5.3. The groups G and G are isomorphic.

Remark 1.5.4. Let x € G be a character. We have already observed that y(g) is a root of
unity for every g € GG. The inverse and the complex conjugate of any root of unity coincide,
hence we obtain

x(9) = x(9) ' =x(g7").

Remark 1.5.5. The group G should be compared with the dual of a vector space. As in the
linear-algebraic setting, G and G are isomorphic, but only non-canonically. On the other hand,

we will prove below that G~G canonically, see Proposition |1.5.8

Remark 1.5.6. There is a pairing (-,-) : G x G — C given by (9,X) = x(g). This pairing is
perfect: the only element g € G such that (g, x) = 1 for all y € G is the identity of GG, and the
only character y such that (g, x) = 1 for all g € G is the trivial character (the identity element

of G, that is, the homomorphism that sends every element of G to 1).
Exercise 1.5.7. Prove the claims made in Remark [1.5.6]

Proposition 1.5.8 (Canonical isomorphism of G with G) The map

O

v: G —
g —

Vg,
where the homomorphism g : G — C~ (which is an element of é) 15 defined by

v,: G — C~
x — x(9),

gives an isomorphism G = G.

Proof. The homomorphism ¥ is injective by Remark By Exercise one has |G| =
Gl =

~

G

, so ¥ is also surjective, hence an isomorphism. O

Remark 1.5.9. Proposition [1.5.8] which is almost trivial when G is finite, can be generalised
to a suitable class of infinite abelian groups GG. This more general statement often goes under
the name of Pontryagin duality, see Theorem [2.2.2]

To finish our introduction to the dual group, we remark on its functorial properties.
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Proposition 1.5.10 (Functoriality of G — G') The following hold:

1. The association G — G can be extended to a contravariant functor from the category of
finite abelian groups to itself by letting it act on arrows as follows: if f : G — H is a

group homomorphism, we define
f+ H - &
X — xolf.

2. This functor is exact: for every short exact sequence
0—-H>5GSG/H— 0,

the dual sequence

0—-G/HS G- H—0
is also exact. Note that i is simply the restriction map: given an element x € G, that is,
a homomorphism x : G — C*, the character i(x) € H is simply x|g.

Exercise 1.5.11. Prove Proposition [1.5.10

After these formal preliminaries, we are ready to state and prove the orthogonality relations,
which we will then use to prove a Fourier inversion theorem for functions on abelian groups.

Proposition 1.5.12 (Orthogonality relations I). Fiz go € G and xo € G. We have

> x(g0) = {0’ Fon 7 1o

’ |G|, otherwise
xX€G

and

> xalg) = {0’ o7

JeG |G|, otherwise.

Proof. We begin with the second statement. If x( is the identity of G, the statement is trivial.
Otherwise, let a € G be an element such that xo(a) # 1. Setting S :=3_ . xo(g), we obtain

Xo(a)S = ZXO(G)XO(Q) = ZXO(&Q) = ZXO(Q) =5,

geG e geqG

hence (xo(a) —1)S = 0. Since xo(a) # 1, this implies S = 0.

The first statement follows upon applying the first to G and using the identification G = G
provided by Proposition [1.5.8 O

Corollary 1.5.13 (Orthogonality relations II).

1. Let x1, x2 be elements of G. We have

> xi(g9)xaly) = {07 if X1 # X2

9e |G|, otherwise.
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2. Let g, h be elements of G. We have

——  J0, ifg#h
ZX(Q)X( ) = {|G|, otherwise.

Proof. For the first statement, observe that x1(g)x2(9) = x1(9)x2(9)™" = (xaxz " )(g) by Re-
mark and apply Proposition [1.5.12|to the character xix; "
Similarly, for the second statement observe that x(g)x(h) = x(gh™!) and apply Proposition

1.5.12 to the element gh~*. O

For later use, we introduce the following handy notation:

Definition 1.5.14. Let G be a group. The function § : G* — {0, 1} is defined by

1, ifg=nh
5(9711):{

0, otherwise.

We will usually write ¢, instead of d(g, h).

Definition 1.5.15 (Abstract Fourier transform, finite case). Let f be any function G — C.
The Fourier transform of f, denoted by f, is the function

N

f: G = C
X P Dgea F9X(9).

Remark 1.5.16. Exactly as in the real case, there are several natural normalisations for the
Fourier transform. The abstract theory we will discuss in Section helps clarify the nature
of these normalisations.

Theorem 1.5.17 (Fourier inversion, finite case). Let f : G — C be any function and let
f G — C be its Fourier transform. We have

flo)=>_ f)x().

xe@
Proof. Replacing the definition of f we obtain

S f0x() =Y (é 3 f(h)X(h)> \(9)

X€G x€G heG

1 _
=3 > Fm) [ D x(h)x(g)
heG e
We can now use Corollary to rewrite the inner sum as |G|d, p,, obtaining
A 1
> foox(g) = @l ST FWGI8n =D F(h)dgn = [(9)-

e heG heG
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Example 1.5.18 (Fourier transform of the characteristic function of a singleton). Let G be a
finite abelian group, let a € G be a fized element, and let f := 1, be the function 1,(g) = d44-
Its Fourier transform is given by

1 1 1
X |G] Z @X(a) = @X(a) :

geG

Applying Theorem we obtain the following representation for the function 1,:

1.(g) |G|Zx ),

x€G
which recovers part of Corollary|1.5.15

Exercise 1.5.19 (Squaring the Fourier transform). Let G be a finite abelian group and let
f + G — C be a function. The Fourier transform f is a function G — C, so we can take

its Fourier transform, obtaining f : G — C. Using Proposition [1.5.8] we may identify f to a
function f : G — C. Prove that f(g) = ﬁf(gil) for all g € G.

1.5.2 Densities

We now define two notions of density for sets of prime numbers (or, more generally, prime
ideals in a number field): the natural density and Dirichlet density. Even though the natural
density is (as the name suggests) more ‘natural’; we will mostly focus on the notion of Dirichlet
density, which is easier to treat from an analytic point of view.

Definition 1.5.20. Let K be a number field and let S be a set of (non-zero) prime ideals of
Ok. We define the natural density of S as

- #lpe SN <T)
T—o0 #{p non-zero prime of O : N(p) < T}’

provided that the limit exists.

Definition 1.5.21 (Dirichlet density). Let K be a number field and let S be a subset of the
set of nonzero prime ideals of Ok. We define the Dirichlet density of S as

Z €S ( )_S
Densg (S) = lim u :
s—1F Zp nonzero prime of Ox N(p)—s

provided that the limit exists. We will omit the subscript K if it is clear from context.

(1.14)

Remark 1.5.22. There is at least another variant of the definition of Dirichlet density in the
literature. For the sake of simplicity, we define it only in the case of the number field K being
Q: if S is a set of prime numbers, the logarithmic density of S is

1
. z eSp<z p
lim —E2=2P=2P p_l L
300 ngwg

if the limit exists.
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The following exercise shows that the notion of Dirichlet density is a genuine extension of
the notion of natural density:

Exercise 1.5.23. Let K be a number field and let S be a set of non-zero prime ideals. Prove
that, if S admits natural density, then it also admits Dirichlet density, and the two coincide.

On the other hand, it is a non-trivial exercise in analytic number theory to show that the
Dirichlet and logarithmic densities of any set of primes coincide:

Exercise 1.5.24 (). Show that, for K = Q, a set of primes admits Dirichlet density if and
only if it admits logarithmic density, and the two coincide.
Hint. Here is a possible strategy.

1. Define

1/n, ifnesS
ay =

0, otherwise

and A(u) = Y, o, an, ¢(u) = u'~*. Show that S admits logarithmic density dg if and
only if A(u) = (ds + o(1)) loglog u.

2. Assume that S does admit logarithmic density. By a suitable summation by parts, show
that . -
Z —=(s- 1)/ A(u)u™? du.
ves p 1

3. Prove that

o0 1
(s — 1)/ v *loglog u du ~ log (—1> as s — 17,
. s

Deduce that, if S admits logarithmic density, then it admits Dirichlet density and the
two coincide.

4. Show the following general estimate on primes: one has > _, (% — m> = 0(1), and

in particular the sum is o(loglogt).

5. Show that ) _,p~'""/18" = O(1) = o(loglogt). (You may need some weak version of
the prime number theorem.)

6. Suppose now that S admits Dirichlet density §. Introduce N(s) = % and observe
that N(s) ~ (6+o0(1))log(1/(s—1)) for s — 1*. Prove that ZpGS,pSt% = N(1+1/logt)+

o(loglogt) and deduce that S admits logarithmic density equal to d.

Remark 1.5.25. Exercise [1.5.24]is certainly very well-known, but I've never been able to find
this statement in the literature. Andrea Tedesco gave a detailed solution in his bachelor’s
dissertation (Universita di Pisa, 2021-2022).

Remark 1.5.26. The Dirichlet density satisfies the following basic properties:
1. Dens(S) € [0,1] for every set S of primes admitting Dirichlet density.

2. Let S be the set of all prime numbers: then it follows immediately from the definition
that Dens(S) = 1.
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3. Let S be a finite set: again, it follows immediately from the definition that Dens(S) = 0.
In particular, if Dens(.S) exists and is positive, then S is infinite.

4. Let S1,5; be sets of primes, each admitting Dirichlet density, and suppose that S; U Sy
admits density. Then,

Dens(S1 U S3) < Dens(S7) + Dens(Ss).
A sufficient condition for equality to hold is S; N Sy = 0.

Furthermore, we will show below that > o oine or 0, V(P)7° is asymptotic to log (=)
as s — 11 (see Proposition [1.5.34| and Exercise [1.5.28)), so that the denominator in Equation
(1.14]) can be replaced by log (ﬁ)

Even though the density doesn’t necessarily exist for an arbitrary set of primes, the following
variants certainly do:

Definition 1.5.27 (Upper and lower density). Let K be a number field and let S be a subset
of the set of prime ideals of Og. We define the upper and lower density of S as

N —Ss
Densj:(S) = lim sup 2pes V(P)

s—1+ Zp nonzero prime of O N(p)—s

and

N(p)—s
Densg (S) = lim inf EPES (p) —
s—1F Zp nonzero prime of Og N(p)

respectively. We will omit the subscript K if it is clear from the context.

Exercise 1.5.28. Prove that the denominator Y .o orime of 0, IV (P) ™ appearing in ([1.14)
is asymptotic to log(—*) as s — 17. (You can start by looking at Proposition [1.5.34]).

s—1

We also recall another general fact in the form of the following exercise.

Exercise 1.5.29. Let K be a number field and S be a set of primes of K. Denote by S() the
subset of S consisting of those prime ideals p for which the size of Ok /p is a prime number.
Prove that Dens™(S()) = Dens™(S) and Dens™ (SM) = Dens™(S). In particular, if S admits
density, then so does S, and the densities coincide.

1.5.3 Factorisation of the cyclotomic Dedekind ( function, reprise

As promised, we give an essentially self-contained proof of (a version of) Corollary [1.4.22]

Proposition 1.5.30 (Slightly weaker version of Corollary [1.4.22)). For every integer n > 2 we
have a factorisation

Caten) = f(s)C(s) 1T L(s, x),

x Dirichlet character
modulo n

where f(s) is holomorphic and nonvanishing in {Rs > 0}.
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Proof. Both sides are given by suitable Euler products. If p is a fixed prime, the local con-
tributions at p to both sides of the desired equality are of the form (1 — ¢Jp~*)*!. Each such
function is meromorphic on all of C, and all of its zeroes and poles lie on the line R(s) = 0,
where [(?p~¢| = 1. Thus, ignoring the finitely many ramified primes (which contribute to the
function f(s)), it suffices to prove that

[[a=NE™) " =] - x@pr )" (1.15)

plp X

where p ranges over the prime divisors of p in Z[(,] (the ring of integers of Q((,)) and x
ranges over all Dirichlet characters modulo n, including the principal one. Suppose that the
multiplicative order of p modulo n is equal to f: then, the Frobenius at p is an element of
G = Gal(Q(¢,)/Q) of order f, and by definition this means that the finite field F, is isomorphic
to F,r (since Gal (F,/IF,) is isomorphic to the subgroup of G' generated by the Frobenius at p).
It follows from Equation that there are precisely r = ¢(n)/f primes p of Q((,) lying over
p, and for each of them one has N(p) = p/. Thus, the left-hand side of can be rewritten
as (1 — p~Is)=#m/f
We now turn to the right-hand side of (1.15). Let H be the cyclic subgroup of (Z/nZ)*

generated by the class of p. By definition, |H| = f. In ( - X ranges over the dual group G,
but ileﬁrly only the image of x in His important. Since G — Iig surjective with kernel given
by G/H (Proposition [1.5.10)), every character of H appears |G/H| = |G/H| = ¢(n)/f times
in this product. Moreover, since H is also cyclic, generated by the character that sends p to a
primitive f-th root of unity, we obtain that the right-hand side of can be written as

f
H 1_(] —s ()/f
j=1

The claim now follows from the elementary identity Hj;l (1 — C}T) =1-T7. O

1.5.4 Infinitely many primes in arithmetic progressions

The tools we have developed (or assumed) now allow us to give a quick proof of Dirichlet’s
theorem (Theorem [1.3.19)), which we can now restate in a stronger form:

Theorem 1.5.31 (Dirichlet’s theorem, quantitative form). Let a,m be positive integers with
(a,m) =1. The set
{p prime:p=a (mod m)}

has Dirichlet density ﬁ.

Note that this form clearly implies Theorem by Remark[1.5.26] Theorem|[1.5.31]is also
true with ‘Dirichlet density’ replaced by ‘natural density’, but the proof is harder (it involves
essentially the same difficulties that one faces when proving the Prime Number Theorem). By
Exercise [[.5.23] the version for natural density implies the version given above.

The crux of the proof lies in the following fact:

Theorem 1.5.32 (Dirichlet). Let m > 1 be an integer and x be a non-principal character of
(Z/mZ)*. The ‘special value’ L(1,x) is finite and nonzero.
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Proof. By Theorem |1.1.26} L(1, x) is well-defined. Consider the formula of Corollary [1.4.22]
Cagn) (8) = ¢(s) 11 L(s, X).

x non-principal Dirichlet
character modulo m

Since both (g(,,) and ((s) have a simple pole at s = 1 (Theorem [1.1.18)), this shows that

[ I non-principal Dirichiet L (s, X) is bounded and nonzero around s = 1. Since each L(s,Y) is holo-
character modulo m

morphic around s = 1 (Theorem m this implies that each L(1, x) is nonzero.
Note that the same argument also goes through if one uses Proposition [1.5.30] instead of

Corollary [1.4.22] m
Lemma 1.5.33. The sum Z p~ " remains bounded as s — 1%,
p,k>2

Proof. This is easy:

1 1 1
Z e ;mﬁg—SZmzl

s p(p—1)

Proposition 1.5.34. Let m be a positive integer and let x be a character of (Z/mZ)*. We
consider the function ) X(p)}%

1. If x 1is the trivial character, Zp }% 15 asymptotic to log (ﬁ) as s — 1T.

2. If x is non-trivial, pr(p)# stays bounded as s — 1.
Proof. 1. We have

log ((s logH 1—p lz—ZIOg(l—p
_ZZ kpks Zp_s+ Z kpks

p,k>2

Since ((s) ~ 27 as s — 17 (Theorem [1.1.3), the first claim follows from the fact that

> e klks stays bounded as s — 1. Since ) -, mlks < D ke pks, this is true by
Lemma

2. We proceed in a similar fashion. We have

log L(s, x) = logH (1= xp )" == log(l — x(p ZZ kpks’
p

p k>1

and this time we know (from Theorems [1.1.26| and [1.5.32)) that L(s,y) is holomorphic
and nonzero in a neighbourhood of s = 1, so that log L(s, x) is also holomorphic at
s =1.

In the above expression, the sum for k > 2 stays bounded as s — 17 (take absolute values
and apply Lemma [1.5.33), so we obtain as desired that Zp % is bounded as s — 1%.

]
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Proof of Theorem |1.5.31. Fix s > 1 and consider the sum

D = 2
p<x p<x
p=a (mod m)

where 1,(x) is the characteristic function of the subset {n € Z : n = a (mod m)} of Z. Clearly,
1,(z) factors via Z — Z/mZ. By Example [1.5.18 we can then rewrite the above sum as

_ 1 1
Z Y. Xl X = > ZX
p<x XE(Z/mZ)* ¥ XE(Z/mZ)* p<z
Passing to the limit for z — oo and applying Proposition we obtain

1 1 1 .
Z E:mlog(s_l)(l‘ﬂ?(l))—i‘ Z O(1) ass— 17,

XE(Z/mZ)*
x#1

which, dividing by —log(s — 1) and passing to the limit s — 1, yields that the Dirichlet density
of {p prime | p=a (mod m)} is equal to ( 5, as claimed. ]

1.5.5 The philosophy of special values

Dirichlet’s original proof of Theorem followﬂ basically the approach outlined above,
with the main difference being in the proof of Theorem [1.5.32] In this section, we sketch
briefly the main idea, which helps demonstrate one of the key features of L-functions: values
of L-functions (especially at points where they are not naturally defined) encode arithmetic
information.

Sketch of proof of Theorem [1.5.32. Consider the factorisation in Theorem [1.4.21],

Caeny () = C(5) ] | L5, %)- (1.16)

Since L(s,x) = f(s)L(s,x) for some function f(s) which is holomorphic and nonvanishing
near s = 1 (see Proposition [1.4.6] (4)), the quantity L(1,X) is nonzero if and only if L(s, x) is.
Suppose that for some x with Y # x we had L(1, x) = 0. Then it is immediate to see that also
L(1,x) = L(1,X) = 0, hence the right-hand side of vanishes at s = 1 (since the simple
pole of ((s) cancels out with the zero of L(s,x), and then L(1,%) = 0 implies the vanishing).
This is clearly a contradiction, because

1 > i N({I)™ > lim 1 =1.
Jip, () = Jin, 3, MUY= fin

Hence, it only remains to show that L(1,y) # 0 when x = X, that is, when y takes values in
{£1}. Now, such a character (seen as a character (Z/mZ)* — {£1}) defines — via taking the

2] am not a historian of mathematics, so take this statement with a pinch of salt.
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fixed field of the kernel — a quadratic extension Q(y/a) of Q. Using Theorem [1.4.21| again (in
a very simple case), one obtains

Caryva)(s) = C(s)L(s, X)-

The claim now follows from Theorem [1.5.35|below, where the crucial point is that the arithmetic
interpretation of the limit immediately implies its non-vanishing. O

The following is another famous theorem of Dirichlet (at least in the case K is a quadratic
number field; I'm not sure who the general form is due to).

Theorem 1.5.35 (Analytic class number formula). Let K be a number field, with standard
invariants dg (discriminant), hy (class number), (r1,re) (signature), and Ry (regulator). Let
wg be the number of roots of unity in K. We have

27 (27)"2hic R
lim(s — 1)Cie(s) = (@m)"h R

| |wi

Remark 1.5.36 (Philosophical principle: analytic information versus arithmetic information).
Analytic objects can encode arithmetic information! Theorem [[.5.35]is extremely remarkable,
in that it relates something which is purely analytic (the residue of a holomorphic function) to
something arithmetic (information about unique factorisation, roots of unity, etc.)

There is also another (surprising) point of view on Theorem [1.5.35

Remark 1.5.37 (Philosophical principle: local-global principles). One can also reformulate

Theorem [1.5.35 as
Res,—1 H (1- Np_s)fl

p
This shows that we can get ‘global” information on the arithmetic of K from the knowledge of
(an infinite amount of) ‘local’ data, namely, the sizes of the residue fields of Ok.

B 2m (QW)TZhKRK

|dx|wi

Further special values

The functional equation (Theorem (1.3.33]) and the analytic class number formula (Theorem
1.5.35)) imply that (x(s) has a zero of order r =tk O =r; + 13 — 1 at s = 0, and one has

hix Rk

lim s~ Ck(s) =— o

Conjecturally, the values (or more precisely, the first non-zero terms in the local series
development) of (i at all integers should have an arithmetic interpretation. Discussing this in
detail would take us quite far afield, so we limit ourselves to recalling a striking formula due to
Euler and its connection with the arithmetic of cyclotomic extensions.

Theorem 1.5.38 (Euler). Let n be a positive integer. We have

where By, are the Bernoulli numbers, defined by the power series development

t Bt
e’f—l_kZ MR
=0
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Even though this result does not seem to have much arithmetic content (after all, the
numbers By seem to have nothing to do with arithmetic!), Kummer, Herbrand and Ribet have
found a remarkable interpretation for these numbers:

Theorem 1.5.39 (Kummer; Herbrand [Her32], Ribet [Rib76]). A prime p divides the class
number of Q((,) if and only if p divides the numerator of some Bernoulli number B,, for some
evenn with 0 <n <p—1.

The question of special values of L-functions is a deep rabbit hole! To get a sense of just
how deep, the reader can have a look at Question 4.2 in [Lic73], and then start learning about
K-theory, higher regulators, and a number of topics I know nothing about.

1.6 Chebotarev’s density theorem

In this section we (re)state and prove Chebotarev’s theorem.

Theorem 1.6.1 (Chebotarev, quantitative form). Let K/F be a Galois extension with group
G and let C' C G be a union of conjugacy classes. The set

S = {p prime of Op ‘ (KT/F) cC}

admits (Dirichlet) density, given by Dens(S) = %

p
union of conjugacy classes, one may equivalently rephrase the condition in the theorem as
K/F K/F

<T> € C, where (T now means any element of the conjugacy class.

Remark 1.6.2. Note that (K—/F> is a conjugacy class (see Definition |1.3.15)). Since C is a

Remark 1.6.3. Even though we will not use it much in this course, Chebotarev’s theorem
really is one of the fundamental tools in modern number theory, and its importance is hard to
overstatef__g]. To give some context, let me mention a few (and quite disparate) consequences of
the theorem:

1. let Fi, F5 be two finite extensions of the number field K. Then F}, F5 have the same
Galois closure if and only if the primes of K that split completely in F}, F5 are the same,
or even the same up to a subset of density 0.

2. a € Q* is a p-th power if and only if it is a p-th power modulo ¢ for almost all primes
¢. Even more: if f(z) € Z[x] is irreducible and has a root modulo almost every prime p,
then deg f = 1.

3. a sufficiently strong version of Chebotarev with error term (unfortunately, one so strong
that we can only prove it under the assumption of the Generalised Riemann Hypothesis
for Dedekind ¢ functions) implies Artin’s conjecture on primitive roots:

13an analytic number theorist, who will remain anonymous, once asked me: is Chebotarev the only result in

analytic number theory that you algebraic people care about?
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Conjecture 1.6.4 (Artin). Let a be an integer which is not a square and is different
from —1. There exist infinitely many primes p such that a is a primitive root modulo p.

4. Let f(z) € Z[z] be an irreducible polynomial of degree at least 2. There exist infinitely
many primes p such that f(x) mod p has no roots.

5. Conversely, let f(z) € Z[z] be any polynomial. There exist infinitely many primes p
such that f(z) mod p splits completely (this can also be proven elementarily, without
Chebotarev).

6. Let K be a number field. The ‘probability’ that a prime of O is principal (that is, the
density of principal primes) is 1/h(K). This partially justifies the oft-repeated claim that
‘h(K) measures the failure of unique factorisation’ — recall that unique factorisation is
equivalent to the ring of integers being a PID, which in turn is equivalent to every prime
ideal being principal, so A(K) really is a measure of ‘how much’ unique factorisation fails.

7. The density of primes p that divide at least one number of the form 2" + 1 (for n > 0 an
integer) exists and is equal to 5—1.

8. (Elementary reformulation of the theorem) Let f(x) € Z[z], of degree n, have Galois
group G. Fix a ‘cycle type’, that is, a conjugacy class of permutations in .S,, (which we
think as a tuple mq,...,m, with 1my + 2ms + --- 4+ nm,, = n — here m,; is the number
of cycles of length 7). Let d be the number of elements of G with the given cycle type.
Then, the set

S = {p prime : f(z) mod p factors with m; factors of degree 1, }

mo factors of degree 2...,m,, factors of degree n

admits density, and this density is #ic;.

9. Let a,b,c be integers with (a,b,c¢) = 1 and d := b* — 4ac < 0. As x,y range over the
integers, the positive-definite quadratic form ax? + bxy + cy? represents infinitely many
primes. In fact, the density of the set

{p prime : Iz, y € Z such that p = az® + bry + cy’}

is positive and can be expressed in terms of invariants of the number field Q(v/—d). (This
is related to example 6 in this list, and if I'm not mistaken, the density in question should

1
be ooy

10. Let f(x) € Z[x] be an irreducible polynomial. The average number of zeroes of f modulo
primes is 1, that is to say,

I ZpgT #{a€F,: f(a) =0 (mod p)}
To00 #{p prime : p < T}

=1.

Exercise 1.6.5. Prove as many of these as you can.

Friendly suggestion. You should avoid 3 (which is really hard), 7 (which is quite hard), and
maybe 9. Everything else you should be able to prove; it is especially important to make sure
you understand how 8 follows from Chebotarev.

Having convinced you of the importance of the theorem (hopefully), we now turn to its
proof. We give both an algebraic proof and an analytic one, starting with the latter.
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1.6.1 Analytic proof

g% Warning. The proof below is inspired by a famous paper by Lagarias and Odlyzko [LOTT].
However, the aim of that paper is to give effective estimates, which involves some rather heavy
analytic number theory. I have tried to streamline the argument so as to arrive at the result
for the Dirichlet density in the most efficient way possible (Lagarias and Odlyzko work with
the natural density). It seems to me that the resulting proof is fairly straightforward, and very
interesting in the way it directly generalises the proof of Theorem [1.5.31] However, I have not
found this particular approach written down in the literaturdﬂ, so there is a good chance that
it could be wrong. Treat everything in this section with extreme suspicion!

We start with the following lemma:

Lemma 1.6.6. Let L(s,p) be the Artin L-function of some representation p : Gal(L/K) —
GL(V). We have the asymptotic relation

log L(s, p) = Z trp ((L/TK)) N(p) 4+ 0(1) ass — 17,

p unramified in L

Proof. Starting from Exercise [1.4.16] we can ignore the finitely many ramified primes (which
give a bounded contribution), and bound

Y3 e S

P m>2 P m>2

dim V dim V'
ZZ ]\/'l;nmERs— ZZ 17?11?]‘%3 )

p m>2 p m>2

by Lemma [1.5.33] O]
Next we recall (without proof) the orthogonality relations in the case of non-abelian groups:

Proposition 1.6.7 (Orthogonality relations, non-abelian case). Let {¢1, ..., ¢, } be the distinct
irreducible characterd™ of a finite group G. The following hold.

1. i (g) =
deG‘P (9)¢4(9) {O, otherwise
2. Fix g,h € G. We have

Z ( )_h _ J1Ca(g)l, if g,h are in the same conjugacy class
XAG)X 0, otherwise

where the sum ranges over all the irreducible characters of G.

4 apparently, it appears in unpublished notes of Serre: see https://mathoverflow.net/questions/131543/
effective-chebotarev-without-artins-conjecture

»the character of a representation is simply its trace. A finte group has only finite many (finite-dimensional)
irreducible representations: here we consider the character of each of those.


https://mathoverflow.net/questions/131543/effective-chebotarev-without-artins-conjecture
https://mathoverflow.net/questions/131543/effective-chebotarev-without-artins-conjecture
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Now let C' be a conjugacy class in G. Define the class functionm

fe= %10. (1.17)

Fix g € C. The orthogonality relations (Proposition [1.6.7)) easily imply that
fo=> e, (1.18)
%)

where the sum is over all the characters of the finite-dimensional irreducible representations of
G. Let furthermore H = (g) and let 7 be the class function on H defined by
T = |H | . ]-{9}7

where 14 is the characteristic function of the set {g}. By the usual abelian orthogonality

relations (Corollary [1.5.13) we have
7=> x(9x

x€H
A simple calculation (see Lemma below) shows that
G
Ind(r) = [Clo)] 1o = (&1 = fo, (1.19)
and therefore
> olg)p = fo=ndf(r) = > x(g) Indf(x). (1.20)
¥ xeH

Lemma 1.6.8. Fquation (1.19) holds.

Proof. Representation theory tells us that, if 7: H — C is a class function, then

Ind$ (7)(z) = Z (s 'xs),

seS

() 7(9), ifge H
T =
oL 0, otherwise

where

and S is a set of representatives for the left cosets {sH}. For our specific function 7, we then

have
Ind%(r)(x) = |[H|-#{s € S:sas=g} = |H| - |{s € S :x = sgs '}

We claim that this quantity is 0 if g,z are in different conjugacy classes in G, and is |Cg(g)|
otherwise. To see this, simply observe that every element of H = (g) commutes with g, so
(since G = SH) we obtain

H|-#{sc S:x=59s"'}={(s,h) €S x H:x=shgh ‘s '} =|{yeG:x=ygy '}

The statement is now clear: if x, g belong to different conjugacy classes no such y exists, while
if x, g are in the same conjugacy class, the set above is a coset for Ci(g). n

164 class function is a function f : G — C such that f(hgh™') = f(g) for all g,h € G.
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We are now ready to prove Theorem [1.6.1}
Proof of Theorem |1.6.1] We can assume that C itself is a conjugacy class. We wish to estimate
L/K L
> 1 ((H5)) o
pCOK P

as s — 1. For simplicity, if ¢ is a character of G = Gal(L/K) and p is a prime of K unramified
in L, we denote by ¢(p) the value of ¢ at (L/TK>
Using (1.17)) and (1.18), we write the above as

S 1e ((HL5)) e = 16 S S a@e e,

pCOK

where as before ¢ ranges over the irreducible characters of G. We now use ([1.20)) to arrive at

210<(L/TK>)< =D 3 X )9

pCOK pCOK

=AWl X a0V

xEH PCOK

Lemma allows us to recognise the last sum as the series development of L(s,Ind%(x))
around s = 1, up to a bounded error term:

> 1e ((L/TK» ZX ‘G’ logL (s,Ind$(x)) + O(1).

pCOK

Using the formalism of Artin L-functions (in particular, Theorem |1.4.12(3)) we arrive at

> 10((L/TK)) ZX \GI logL s,x)+O(1) as s — 1, (1.21)

pCOKk

where now all the involved Artin L-functions are Hecke L-functions!
Letting E = L be the subfield fixed by H = (g), Theorem [1.4.21| shows that

u(S) =Cols) ] Lisiv):

x#LxeH

(Recall that H is a cyclic group, so all its irreducible complex representations are 1-dimensional.)
Arguing as in Theorem (and using Theorem to ensure analyticity of L(s, x) around
s = 1 for x a non-principal character), we obtain that L(s, x) is non-vanishing at s = 1 when
X is a non-principal character. Thus, log L(s, x) is bounded as s — 1 for x # 1. Using this
information in Equation we finally obtain

L/—K 0 €] og L(s as s
Z 1c (( o >) ZX |G|1 g L(s,x)+0(1) = |G|l g L(s,15)+0(1) — 1.

pCOKk
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Notice that in this last formula 1 is the trivial representation of the Galois group H of L over
E, so L(s,1p) is the (-function of E. Using Theorem [1.1.1§ both for F and for K, we obtain
that (as s — 1) we have the asymptotic

g L(s. ) = og Ge(s) ~ o (= ) ~ log el

Interpreting (x(s) as L(s, 1g) for the trivial representation of G = Gal(L/K), Lemma [1.6.6]
yields log(x(s) ~ choK(NP)_S> again for s — 1. Combining these relations, we have
> pcoy (Np)™2 ~ L(s,1x), and we are done:

lim 2pcon Lo ((L/TK>) (Vo)™ _ lim il Lis, L) + 00) _ |}
s+ > co, (Np)~—* s+ log L(s,1x) G|

1.6.2 Algebraic (well, mostly algebraic) proof

We now give a second, (superficially) different proof of Chebotarev’s theorem, based on Schoof’s
version given in [Sch08, Chapter 15].

The first step is to establish an analogue of Dirichlet’s theorem for arbitrary number fields.
Recall that we have already remarked that Dirichlet’s theorem is precisely Chebotarev’s theorem
for the estensions Q(¢)/Q (see the proof we gave for Theorem [1.3.19)). Our first proposition
is then a direct generalisation of Dirichlet’s theorem to arbitrary number fields.

Proposition 1.6.9. Let F' be a number field and let m > 1 be an integer. Write H for the
group Gal(F((,,)/F). For every h € H, the set

F F
Sy, = {p prime of Op ‘ (%) = h}
admits Dirichlet density 1/|H|.

P
conjugacy class consisting of a single element).

Remark 1.6.10. Since H is abelian, (M) is well-defined as an element of H (it is a

Proof. This closely parallels the proof of Theorem [1.5.31} By restriction, H can be identified
with a subgroup H of Gal(Q((,)/Q) = (Z/mZ)*. For every character y : H — C* (that we
interpret as a character on a subset of (Z/mZ)*) we introduce the series

e = 11 (1-257)

with the usual convention that y(n) = 0 if (n, m) > 1. This is not a Dirichlet L-function, but it
is a Hecke L-function, corresponding to the abelian extension F'((,,)/F and the representation

Gal (F(Cn)/F) & H % €~
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This is proved exactly as in Proposition m&) We show equality of the local factors at the
unramified primes (which is enough for our purposes).
Given a prime p of F' unramified in F((,,,) and a prime P of F'((,,) lying over it, we show that

the Artin symbol (%) maps to N(p) under the isomorphism H — H C Gal(Q((,)/Q) =

(Z/mZ)*. To see this, notice that o := (%) is determined by its restriction to Q((n),
and that it satisfies
o(m) = (mod B NZ[Gn)).

By uniqueness of Frobenius elements (in the unramified case), since the automorphism ¢, —

%ﬁ) does indeed map to (,, — anv(p),

which (under the canonical isomorphism Gal(Q((,)/Q) = (Z/mZ)*) corresponds to N(p), as
claimed. Thus, for every non-trivial character x, the function L(s,x) agrees (possibly up to
finitely many factors of the form (1 — ¢* /N(p)?*), which are holomorphic and nonvanishing
near s = 1) with a Hecke L-function. Hence, by Theorem , it extends to a holomorphic
function near s = 1. On the other hand, L(s, 1) is the ¢ function of F.

As in Corollary one then shows (r(,)(s) = g(s) [ [, L(s, x), where the product runs
over the characters x of H and g¢(s) is holomorphic and nonvanishing around s = 1 (in fact,
g(s) is the constant 1, but we won’t need this). We then deduce that L(1,x) # 0 for every
nontrivial character, and the rest of the proof of Theorem goes through. O

(m® satisfies the condition above, we see that (

Next we prove the key case of Chebotarev, namely, that of cyclic extensions. We remark
that the argument we give applies without change to any abelian extension (but of course this
is still not enough, since the full Chebotarev theorem applies to arbitrary, possibly non-abelian,
Galois extensions).

Proposition 1.6.11. Let F' be a number field and let K/F be a cyclic extension with group G.

For every o € G, the set
S, = {p prime of Op ‘ (KT/F> = a}

L

has density equal to %G

Since the proof is long, we divide it into several lemmas and propositions. In what follows,
we will tacitly exclude from any set of primes those that ramify in the relevant extensions: since
we are going to argue about densities, and the number of ramified primes is always finite, this
does not affect any of our arguments.

We begin with the following general setup. Let n = [K : F| = |G| and put N = n*, where
k is any positive integer (we will eventually take the limit k& — oc0). By Dirichlet’s theorem
(Theorem [1.5.31]), there exist infinitely many primes ¢ = 1 (mod N). In particular, there
exists such a prime ¢ that is unramified in K/Q. We will work with this auxiliary prime ¢ and
consider the extension K ((,) (which will be easier to treat, since it is a cyclotomic extension:
see Proposition .

Lemma 1.6.12. We have K N Q({,) = F N Q({,) = Q, hence the restriction homomorphisms

resi : Gal(K((,)/K) — Gal(Q((,)/Q)
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resy : Gal(F((,)/F) — Gal(Q(¢,)/Q)

are 1somorphisms.

Proof. No prime ramifies both in K and in Q((,), so K N Q({,) is everywhere unramified.
By Minkowski’s theorem (Theorem [1.3.8)), this implies K N Q(¢,) = Q. As a consequence,
also FFNQ(¢;) € KNQ(¢) coincides with Q. The last statement follows from basic Galois
theory. ]

Let H = Gal(F(¢,;)/F) and consider the following diagram of field extensions:

K () (1.22)

R
N\ | 7

NFC) /u

K F(¢g)

F

The restriction homomorphism
Gal(K(¢y)/K) = Gal(F(¢,)/(K N F(())
is injective (Galois theory), so

[F(Cq> KN F(Cq)] > [K(gq) K] = #Gal(K(Cq)/K)
= # Gal(Q((n)/Q) = # Gal(F(¢y)/ F)
- [F(Cq) : F]a

which implies K N F({,) = F. (An alternative proof of the same equality can be obtained
as follows: any prime of F' of characteristic ¢ is unramified in K N F({;), because this is a
sub-extension of K. On the other hand, it is totally ramified in K N F({,), because this is a
sub-extension of F'(¢;). The intersection must therefore be F', since it is both unramified and
totally ramified at the same prime.) We deduce that

Gal(K(¢,)/F) = Gal(K/F) x Gal(F(¢,)/F) = G x H. (1.23)

Notice that this implies in particular [K((;) : F((,)] = |G|, and in fact, more precisely,
Gal(K(¢,;)/F(¢,)) is identified with G' x {id} under the isomorphism ([1.23)).

Remark 1.6.13. Before giving a formal proof of Proposition [1.6.11] we try to describe the
basic idea. The point is that the set S, of primes of F' with Frobenius o in the extension K/F
is the union of the sets S, ., where for each 7 € H we write

Sgr = {P prime of O | (M) =(0,7) € G x H}. (1.24)
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The trick is that for mostiﬂ (but not alll) 7 € H one can compute the density of S,, using
Proposition [1.6.9] Hence, by summing over these ‘good’ 7, we can at least estimate the density
of S, = U,;S,,. By choosing H appropriately (that is, by choosing ¢), the fraction of the
elements of H for which we can compute the density of S, tends to 1, and this will lead to
the desired estimate for the density of S,.

Proposition 1.6.14. Let 7 € H have order multiple of n. Then

1

dp(Sor) = K,

Proof. Let J be the cyclic subgroup of G x H generated by (o, 7) and let L be the subfield of
K(¢,) fixed by J. Let furthermore

T = {P prime of L | <MCTW) = (0,7)}
We first prove that
1
N Rk "

By Proposition [1.6.9] it suffices to check that K ((,)/L is a cyclotomic extension. We now show
this.

Notice that J N (G x {id}) = {(id,id)}: one has (o, )" = (p,id) for some p € G if and only
if ord(7) | h, but then p = ¢" = id since n | ord(7) | h. Galois theory then gives

K(Cq) = K(CQ)JQ(GX{M} = K(CQ)JK(CQ)GX{M} = LF<C‘1) = L(Cq)a

that is, K((,) is generated over L by a root of unity, as desired.
Finally, let

T'={Pprimeof L | f(P|PNF)=1and (%) = (o,7)}.

By Exercise we have dr(T) = d(T") = d(T"). To finish the proof, we show that
d (T") =[L: F)dz(Ss~). (1.26)
It suffices to prove:
1. for every prime P in 7", the prime PN Op of F isin S, ;;
2. for every prime p in S, . there are precisely [L : F| primes Py, ..., P.p in L lying over

p, and each of those is in T” (in particular, N(P;) = N(p), since by definitions the primes
in 7" satisfy f(P; | p) =1).

specifically, for those 7 of order multiple of n: see Proposition [1.6.14
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Indeed, if we have these two properties, we can compute the lower density of S, in F' as

N
Dens(Sog) — lim inf <——20€8er M) ___
s—1+t Zp nonzero prime of Op N(p)

Zpes” ZP|p,P€T’ N(p)

IR S P
[L:F] soit log (-15)
... Zpesm ZP|p,PeT’ N(P)
= — liminf T
[L : F] s—1+ log (;)
1 , N(P
= ——— liminf —ZPET : (P)
[L : F] s—1+ log (;)
1
= Dens; (T
oy Do (1),

as desired. Note that in the next-to-last equality we have used the fact that every prime of T”
lies over a prime in S, ,, that is, (1). We now establish properties (1) and (2) above.

1. Let P be a prime in 7”. Since the norm of P N O is equal to the norm of P, the Artin

symbols (%) = (0, 7) and (%) coincide. Hence, PN Op is in S, ;.
2. Conversely, let p be in S, ;. Recall that p is unramified in K (¢) (by convention: we exclude
the ramified primes) and let Q be a prime of K ({) lying over p. The decomposition group

D(9Q | p) is by definition generated by (W) = (0,7). Hence, K(¢)!»™) = L is by

definition the decomposition field of p (that is, p is totally split in L), so that there are
r = [L: F| primes Pj,..., P, of L lying over p. Each of these has degree 1 over p, and,
as in (1), their Frobenius elements are given by (o, 7).

Finally, combining Equations ([1.25]) and ([1.26]) we obtain

1 1 1 1

d;(50'77') = de(T) = [L . F] [K(C) : L] o [K(C) : F]’

as claimed. O]
We are now ready to prove Proposition [1.6.11}
Proof. With S, ; as in Equation ({1.24)) we have

Se = | | Sor

TeH

(Recall that we are excluding from all our sets the finitely many primes that ramify in K(¢,).)
In particular,
dp(Sy,) =) dp(Ssr)
reH
by Exercise and the fact that the sets S, , are clearly pairwise disjoint. We can further
estimate the lower density of S, as

dp(S,) > > dp(Ssr).

TEH
njord(r)
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Using Proposition [1.6.14] we obtain

_ 1 #{reH:n|od7}
PPN e R (R
nlord 7

hence, by Exercise [1.6.15],

- #H 1
56502 prtyopy T (1 e

piln ¢

where o; = v,(#H) = v,(q — 1) and 3; = v,(n). Since n*m | ¢ — 1, for every prime p that
divides n we have o; > kuv,(n), so o — 5; +1 > (k — 1)v,(n) + 1 > k. Thus, we have shown

w152 ey TL( ) = it T 5) =t T )

pln pln pln

for every k > 1. By passing to the limit k& — oo, we get d(S,) > [K—lF] Finally, in order to

gain information about the upper density, it suffices to notice that the set of all primes of F
(with finitely many exceptions, namely the primes that ramify in K) is the disjoint union of
the sets S,/ for o’ € GG. This immediately implies

[K:F]-1 1

di(S,) <1 — Zd;(sc,/) =1- [K:F] [K:F]
o'#o

which concludes the proof. ]
Finally, we prove Chebotarev’s theorem:

Proof of Theorem[1.6.1. We may and do assume that C itself is a conjugacy class. We can also
replace S by its subset S’ of places for which N(p) is a prime number (by Exercise [1.5.29] this
does not alter its density).

Choose an element g € C and let £ = K9 be the field fixed by the subgroup H = (g).

Consider the set KIE
T, = {q prime of E | (%) = g, N(q) is prime}.

Suppose that q is in 7,: we claim that p := qN Op is in S’. Indeed, N(p) divides N(q),
so N(p) = N(q) is a prime number. If 9 is a prime of K lying over g, this implies that

Q

K lying over q. To see this, notice that D(Q | q) is by definition generated by (T) =g, SO

D(Q | q) = H: the whole Galois group of K over E sends £ to itself, and therefore 9 is the
only prime of K over .

Conversely, given p € S’, by definition there exists a prime Q of K lying over p with
K/F K/F
Q Q
define q = QN E, then q lies over p (obvious), and we claim that it is in 7},. To see this, notice

that again we have

(KT/E) =g € C, hence p € S'. Moreover, we claim that £ is the unique prime of

€ C. Replacing Q by a conjugate if necessary, we can assume that ( ) =g. If we

E=K" = K9 — KD(DIP)’



1.6. CHEBOTAREV’S DENSITY THEOREM 65

so F is the decomposition field of p. This means that f(q | p) =1 and f(Q | q) = |H| = ord(g).

In particular, N(q) = N(p)/¥ is prime, and as above it follows that (%) = (%) =geC.

Hence q is in T}, as claimed.
Summarising, there is a bijection between the primes in 7, lying over p € S’ and the primes

9 of K that divide p and satisfy ( ) =g.

Now let C(g) be the centraliser of g in G. By the orbit-stabiliser lemma, |C| = |G| . We
count the primes in T} lying over each prime p € S’. By the previous paragraph, it Sufﬁces to
count the primes Q of K lying over p with <%) = g. We have already shown that there is
at least one such prime, call it ;. Any other prime Q' of K lying over p is conjugate to
by an element o € G, say Q' = 09;. Then, the Artin symbol ( . ) is given by

() -+ ()=

Hence, <KT/,F) = g if and only if 0 € Cs(g). By the orbit-stabiliser lemma again, the number

of distinct primes Q" with (K/ ) =g is

Calg)] _ Calg)] __C(9)]
| Stab(Q1) N Calg)l  |D(Qi[p)NCalg)l  [D(Qu [ p)]

where we have used both the definition of D(LQ; | p) and the fact that D(Q; | p) = (g) C
Cc(g). In conclusion, the number of primes of K lying over p and having Artin symbol g is

||D(/Eg(19|t)>‘)\ = ||C?|f, where f = |D(Q, | p)| = ord(g) = |H|. By what we already argued above, this
is also the number of primes in 7}, lying over p
On the other hand, by Proposition [1.6.11] Chebotarev’s theorem holds for the extension

E C K, hence we have

1 1
Densg(T,) = — = —. (1.27)
vooHf
Recall that we replaced S by its subset S’ of primes whose residue field is a prime field.
From the above discussion, noticing that by definition the norm of a prime p € S’ is the same
as the norm of any prime q € T} lying over p, we obtain

Jon SN = Y M)
pes’ qGET,

Dividing by log (s—%) and passing to the limit for s — 1%, we obtain

|G| ZpeS’ ( )_ . quT N(q)_s 1
lim =1 _ s =D T) =—.
flC| e log (Ll) et log (S_Ll) ensp(Ty) f

This shows as desired that Densg(S") exists and equals %
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1.6.3 Exercises

Exercise 1.6.15. Let G be a cyclic group of order n = [[ p;" and let m = [[p;* be a divisor
of n (so that 0 < ; < « for every i). Prove that

#{geG:ord(g) =0 (modm)}:nH (1—W>

pilm v

Exercise 1.6.16. Let S, .52 be disjoint sets of primes in a number field . Prove that d(S; U
52) > d}(S&) + d}(SQ).



Chapter 2

Prerequisites for Tate’s thesis
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2.1 The Haar measure

In this section we review the theory of the Haar measure, the (essentially) canonical choice of
measure on a locally compact topological group. We review all the necessary definitions and
show the existence of this special measure. We also prove uniqueness (up to constants) in the
abelian case.

2.1.1 Preliminaries

Definition 2.1.1. Let X be a Hausdorff topological space. The Borel o-algebra on X, denoted
B(X), is the o-algebra generated by the open subsets of X. The elements of B(X) are called
Borel subsets of X.

Definition 2.1.2. Let X be a Hausdorff topological space, and let A be a g-algebra on X such
that B(X) C A. A measure p on A is called regular (or Radon) if the following hold.

1. pu(K) < oo for all compact subsets K of X;
2. w(A) =inf{u(U) : U is open and A C U} for all A € A, and
3. w(U) =sup{u(K) : K is compact and K C U} for all open subsets U of X.

A measure satisfying part (2) is called outer regular, and a measure satisfying part (3) is
called inner regular.

Definition 2.1.3. Let GG be a group, let a € G, and let A and B be subsets of G. We define
the following sets.

1. aB ={ab: b€ B}.
2. Ba = {ba: b€ B}.
3. AB={ab:a € Abec B}.
4. At ={a':a € A}
A set A such that A = A~! is called symmetric.

Definition 2.1.4. A topological group is a group G endowedE] with a topology 7 such that
the product m : G x G — G and the inverse ¢ : G — G are continuous with respect to (7 X 7, 7)
and (7,7), respectively. We will denote by e the identity of G.

An isomorphism of topological groups ¢ : G; — G5 is an isomorphism of groups that is
also a homeomorphism of topological spaces. A locally compact topological group is a
Hausdorff topological group G with the property that every point (equivalently, the identity)
has an open neighbourhood with compact closure.

Imore precisely: the underlying set of G is endowed
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Definition 2.1.5. Let G be a topological group. The functions

L,: G —» G
T = ar
and
R,: G — G
r — za

are called respectively the left translation by a and the right translation by a.

Remark 2.1.6. For any a € G, the functions L, and R, are homemorphisms from G to itself.
Note that the inversion map ¢ : G — G is also a homeomorphism.

Lemma 2.1.7. Let G be a topological group and fix a € G.

1. IfU is a fundamental system of neighbourhoods for the identity e of G, then the collections
{aU : U €U} and {Ua : U € U} are fundamental systems of neighbourhoods for a.

2. If K and L are compact subsets of G, then the sets aK, Ka, K~' and KL are compact.

Proof. 1. We have already observed that L,, R, are homeomorphisms, hence they carry
fundamental systems of neighbourhoods to fundamental systems of neighbourhoods.

2. The sets in question are images of K (respectively, K x L) under the continuous maps
Ly, Ry, (respectively, m : G x G — G).
m

Lemma 2.1.8. Let G be a topological group and U be an open neighbourhood of e.
1. There exists an open neighbourhood V' of e such that VV C U.
2. There exists a symmetric open neighbourhood V' of e such that V C U.

Proof. 1. The set m~}(U) C G x G is open, hence it contains an open set of the form V; x V;
with Vi, V5 open in G. Setting V' := V1NV, we then have VV = m(V, V) C m(Vy, V,) C U.

2. The intersection V := U NU~! is open and symmetric.
O

Definition 2.1.9. Let X be a topological space and let f : X — C be a continuous function.
The support of f, denoted supp(f), is the closure of the set {x € X : f(x) # 0}.

If X is Hausdorff and locally compact, we write KC(X) for the C-vector space of all continuous
functions f : X — C with compact support.

Remark 2.1.10. For every function f € IC(X), the real-valued function |f| is bounded. More-
over, if u is a regular Borel measure on X, then f is py-integrable. Indeed, f is Borel-measurable
because it is continuous, and since y is regular, p(supp(f)) < oo, so [y |f| du = fsupp(f) |f] dp <

p(supp(f)) - || flloo is certainly finite.
Proposition 2.1.11. Let G be a topological group, let K be a compact subset of G, and let U

be an open subset of G containing K. There exist open neighbourhoods Vg and Vi of e such
that KVr CU and VLK CU.



70 CHAPTER 2. PREREQUISITES FOR TATE’S THESIS

Proof. We give the construction for Vz, that for V; being virtually identical. For every x €
K consider the open neighbourhood z7'U of e. By Lemma m (2), there exists an open
neighbourhood V, of e such that V.V, C #7'U. The set {xV,},ex is an open cover of K. Let
21V, ..., x,V,, be a finite subcover, and set Vi := ﬂ?zl V. We claim that KV C U. Indeed,
for any k € K there exists i € {1,...,n} such that k € x;V,,, hence (using Vz C V;,) we obtain

kVi € 2V, Vo, C o (27'0) = UL

2.1.2 Haar measure: existence

Definition 2.1.12 (Haar measure). Let G be a locally compact group. A left Haar measure
on G is a nonzero regular Borel measure p on G that is invariant under left-translations, in the
sense that pu(gA) = u(A) for all ¢ € G and all A € B(G). Right Haar measures are defined
similarly.

Remark 2.1.13. Note that, since L, is a homeomorphism, L,(A) = gA is a Borel set if and
only if A is. In particular, u(gA) makes sense.

Remark 2.1.14. If G is commutative, a measure p is a left Haar measure if and only if it is a
right Haar measure. In general, y is a left Haar measure if and only if A — u(A™!) is a right
Haar measure. From now on, following a well-established tradition, we will only consider the
case of left Haar measures, leaving the case of right-invariant measures as a simple exercise.

Example 2.1.15 (Some basic Haar measures). The following are examples of (left and right)
Haar measures.

1. Let G be a finite group endowed with the discrete topology. The counting measure on G
(that is, u(A) = |Al|) is a Haar measure.

2. Let G = (R, +) with its usual topology. The restriction of the Lebesgue measure to the
o-algebra B(R) is a Haar measure.

3. Let G = (R*,-) and let p = %daz, where dx is the standard Lebesgue measure (restricted
to the o-algebra B(R)). Then p is a Haar measure on G: this follows from the change-
of-variables formula in elementary integration theory, since for any g € R™ we have

M(gA):éA1dM:éA%:A%:Ad§=M(A).

The main theorem in this section shows that every locally compact topological group carries
a(t least one) Haar measure:

Theorem 2.1.16 (Existence of the Haar measure). Let G be a locally compact topological
group. There exists a left Haar measure p for G.

The proof will occupy the rest of this section. We start with four simple lemmas in topology.

Lemma 2.1.17. Let X be a Hausdorff topological space, and let K and L be disjoint compact
subsets of X. There exist disjoint open subsets U and V' of X such that K CU and L CV.
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Proof. Easy exercise. n

Lemma 2.1.18. Let X be a locally compact Hausdorff topological space. Let x € X and let
U be an open neighbourhood of x. There exists an open neighbourhood V' of x with compact
closure that satisfies V C U.

Proof. Since X is locally compact, there is an open neighbourhood W of x with compact
closure. Replacing W with W N U if necessary, we may assume that W C U (note that W NU
is closed in W, hence it is a closed subset of a compact set, and therefore it is itself compact).
Consider the sets {z} and W \ W, which are compact and disjoint. Lemma shows the
existence of disjoint open subsets Vi and V5 such that {2} C V; and W \ W C V,. The set
Vi N W an open neighbourhood of x whose closure is compact (proven as above) and satisfies
VinW C W C U (indeed, V; N W does not meet Vo = W \ W). O

Corollary 2.1.19. Let X be a locally compact Hausdorff topological space, let K be a compact
subset of X, and let U be an open subset of X containing K. There exists an open subset V' of
X such that V' is compact and that satisfies K CV CV CU.

Proof. For each point of K find a neighbourhood V. as in the previous lemma. The union of
the V,, covers K: extract a finite cover V,,,...,V, and set V =UV,,. O

Lemma 2.1.20. Let X be a locally compact Hausdorff topological space, let K be a compact
subset of X, and let Uy and U, be open subsets of X such that K C U; UU,. There exist
compact sets Ky and Ky such that K = K1 U Ky, K1 C Uy and Ky C Us.

Proof. Let U,V be the open sets obtained from applying Lemma to the disjoint compact
sets K \ Uy and K \ Uy. We can take K; = K\ V and Ky = K \ U: these are closed in K,
hence compact, and K; C K \ (K NUs,) C Uy (and similarly for K5). Finally, their union is all
of K since U; N Uy = 0. O

We now have all the ingredients to construct a Haar measure on any locally compact group.
The key idea is that the ‘size’ of a subset X of GG should be measured as follows: one takes a
‘small’ neighbourhood of the identity U, and counts how many translates of U are necessary to
cover X. In order to make sense of this, one should first work with compact subsets X (which
ensures that finitely many translates of U suffice), and of course we also need to somehow
normalise this counting (morally, we would like to divide by the size of U itself). Since we do
not know how to assign a measure to U yet, we declare that its measure is inversely proportional
to the number of translates needed to cover a fized reference compact set Ky. Once we have a
notion of size for compact sets, the rest of the construction is standard: we first obtain an outer
measure on all Borel subsets of G, and finally check that this is in fact already a measure. We
now start putting this strategy in practice.

Remark 2.1.21. The construction sketched above is reminiscent of the Hausdorff measure in
R", which assigns a size to sets by counting how many balls of radius ¢ are needed to cover
it, in the limit ¢ — 0. The added difficulty we face here is that we don’t know what volume
to assign to (the analogue of) a ball of radius €, because for general G there is no such simple
fundamental system of neighbourhoods of the identity as in the case of R™.
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Proof of Theorem [2.1.16. We start by defining a notion of ‘index’ (K : V), whenever K is
compact and V' has non-empty interior V°: we set

(K : V) =min{n € N: there exists a cover of K by n translates of V°}.

It is clear that the definition is well-posed: {zV°},c¢ is an open cover of K, hence we can
extract a finite one. Notice that (K : V) = 0 if and only if K = 0.

Now, using the assumption of local compactness, fix a neighbourhood of the identity with
compact closure K. This is our ‘reference compact set’; note that K is non-empty, hence we
can also measure the index (K : Kj) for any compact set K.

Let C be the collection of all compact subsets of G and let U be the collection of all open
neighbourhoods of the identity. For each U € U we define a function

hUS cC — R
K o WU

The next lemma gives some basic properties of the functions hy.

Lemma 2.1.22. Fizr U €U, K, K,,K> € C and x € G. The following hold.
1. 0< hy(K) < (K : Kyp).

hy(Ko) = 1.

hy(zK) = hy(K).

If K1 C Ky, then hy(Kq) < hy(Ks).

hy (K1 U Ky) < hy(Ky) + hy(K3).

S G e

If KlU_l N KQU_l = Q), then hU(Kl U KQ) == hU(K1> + hU(Kg)

Proof. Parts (2) and (4) are clear, as is the lower bound in (1). For the upper bound in (1), let
{xiK§ }i1,.. (k:K,) De an open cover of K with translates of K§ and let {y;U} =1, . (k,.v) be an
open cover of Ky with translates of U. Then, we have

.....

(K:Kop) (K:Kop) (K:Kop) (Ko:U)

K C U ;K C U ;Ko C U T U y;U ZU%ija
4,J

=1 =1 i=1 j=1

hence K can be covered by at most (K : Ky)(Ky : U) translates of U. This gives (K : U) <
(K : Ko)(Ky : U), which is equivalent to the desired upper bound.

For (3), observe that translating every element of an open cover of K by x gives an open
cover of K with the same number of elements. For (5), use that the union of an open cover
of Ky and an open cover of Ky, consisting respectively of (K; : U) and (K5 : U) translates of
U, gives an open cover of K7 U Ky consisting of (K : U) + (K : U) translates of U.

Finally, for (6), we need to show the inequality hy(K; U Ks) > hy(Ky) + hy(Ks), or
equivalently, (K1 UKy : U) > (K : U)+ (K3 : U). Let {xU} be an open cover of K; U Ky. We
claim that each set U in the cover meets at most one of Ky, Ko: if we had 2U N K; # () and
2UNK, # (), then x would be both in K;U ! and in K,U ™!, contradiction since by assumption
KUt N KyU™' = (. Hence, from {zU} we can extract two disjoint subsets, one covering K
and the other covering Ky. The desired inequality follows immediately. O]
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We now construct a suitable limit of the functions hy, arguing by compactness. Let

X =[]0, (K : Ko)]

KeC

and note that X, being a product of non-empty compact intervals of R, is a non-empty compact
space. We consider X as a subset of R®, the space of functions from C to R. Lemma
shows that each hy is an element of X.

We now construct the desired ‘limit’” of the functions hy. For each open neighbourhood V/
of e, let S(V) be the closure in X of the set {hy : U e U, U C V}. If Vi,...,V, are in U and
V' is their intersection, then hy € (i, S(V;). This implies that any finite intersection of sets
S(V;) is nonempty; by compactness, (1, S(V) is also non-empty. Let h, be an element of
this intersection. The next lemma is the analogue of Lemma for he.

Lemma 2.1.23. Fiz K, K,,Ks € C and x € G. The following hold:
1. 0 < ho(K).
2. ho(0) = 0.
3. ho(Kp) = 1.
4. ho(zK) = ho(K).
5. If Ky C Ko, then ho(K1) < ho(Ky).

6. ho(Ey U Ky) < ho(K)) + ho(K2).

<

. [f K1 N K2 = @, then ho(Kl U KQ) == ho(Kl) + ho<K2).

Proof. The key point is that, by the definition of the product topology, for any fixed K € C,
the projection

X — R

h — h(K)

is continuous. This implies easily all statements (1) through (6): for example, for (6), fix K7, K
and consider the function

X — R

As already argued, this function is continuous. By Lemma (5) it is non-negative on every
hy, hence (by continuity) on every S(V'), and thus, in particular, on h,.

Part (7) requires some more care. By Lemma there exist open sets Uy, Us with
K, CU,,Ky CU, and Uy NUy; = (. Proposition gives two open neighbourhoods Vi, V5
of e such that K;V; C U; for i = 1,2. Letting V = V; N Vs, we have K,U ' N KyU ™! = 0 for
any U C V! and therefore hy (K U Ky) = hy(Ky) + hy(K3) for any such U (Lemma
(6)). By continuity, the same condition holds for all h € S(V™!), and in particular for h,. [
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The function h, is essentially the desired Haar measure. We now carry out the necessary
measure-theoretic verifications. We define first an outer measure on open sets by setting

Vo o— [0, o0] (2.1)
U — sup{ho(K): K CU K €}, '
where V is the collection of all open sets in G. It is immediate to check that, if U is both open
and compact, then p*(U) = ho(U). Next, we extend pu* to all subsets of G by setting

w e P(GE) — [0, <] (2.2)
A — inf{p*(U): ACUU eV} '
Lemma implies that x* is monotonic, non-negative, and satisfies p*()) = 0. It remains
to check that p* is countably sub-additive and that all Borel sets are measurable.

It follows easily from the definition that it suffices to check the sub-additivity on open
sets. Let {U;};>1 be a countable collection of open sets in G and let K C |J, U; be a compact
set. Since the U; form an open cover of the compact set K, there is an index n such that
K C U.,U;. By Lemma and a straightforward induction, we obtain compact sets
Ki,...,K, such that K; CU; fori=1,...,nand K = K; U---U K,,. By Equation (2.1)) we
have p*(K;) < p*(U;). Combining this with Lemma (6) we obtain

pK) < Y () < ot (U) < 3wt (U3).

Since this holds for all compact sets K C | J, U;, taking the supremum in K we get p* (|, U;) <
Yooy 15(U;), as desired.

We now turn to the measurability of Borel sets. Since the set of measurable sets is a o-
algebra, and since by definition B((G) is the o-algebra generated by open sets, it suffices to show
that open sets are measurable. Recall that, by definition, a set X is p*-measurable if and only
if, for all subsets Y of G we have

WHY) = 1 (Y A X) 4 (Y X). (2.3)

We claim that is enough to show this when Y is itself an open set. Indeed, suppose that the
equality
WH(V) = W' (VA X) 4 (V\ X) (2.4)

holds for all open sets V. Consider the infimum of the above expression over all open sets V
that contain Y. We have

1. infysy p*(V) = p*(Y), by definition;

2. infyoy p* (VN X) > p*(Y N X): to see this, recall that we are assuming X to be open,
so the intersection V' N X is open and contains Y N X. Thus, the left-hand side of the
previous equality is the infimum of p*(U) over certain open subsets U containing Y N X.
Thus, the left-hand side is at least as large as the right-hand side (which is the infimum
of u*(U) over all open subsets U containing Y N X).
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3. infyoy p*(V \ X) = p* (Y \ X): to see this, write the definition of both sides as

jnf inf 4 (Uh) = UZIQIg\Xu (Ua).
UiDV\X

Given a set U as on the left-hand side, this is in particular an open that contains Y\ X,
hence it also appears in the infimum on the right-hand side. This proves that the LHS
is greater than or equal to the LHS. Conversely, let U, be an open set that appears
in the infimum on the right-hand side. Then V' = U, U X is an open set containing
(Y\X)UX DY, and U; = U, is an open set containing V' \ X = (U,UX)\ X = U\ X.
Thus, U; also appears in the infimum on the left-hand side, which establishes the opposite
inequality.

Thus, if (2.4) holds for all open sets X and V', taking the infimum as above we obtain
pr(Y) z pr (YN X) +p (Y \ X)

for all sets Y. On the other hand, the opposite inequality is true by sub-additivity (which we
have already shown), hence we have obtained for all open sets X and for all sets Y.

Hence, to finish the proof that Borel sets are measurable, it suffices to prove that if U,V
are open sets with ©*(V') < oo we have

pr (V) zp(Vnl)+p(Vnue).

Choose a compact subset K of VN U with ho(K) > p*(VNU) — € and a compact subset L
of V.N K¢ with ho(L) > p* (VN K€) —e. Clearly K and L are disjoint and VNU* C V N K°.
Since p* is monotonic, we have

ho(L) > p*(VNK®) —e>p"(VNU®) —¢
and from Lemma (7) we obtain
ho(KUL) = ho(K)+ho(L) > (1" (VNU) —e)+ (" (VNU) —¢) = (VAU)+p"(VNU) —2e.
Since K U L C V we have obtained
W (V) >ho( KUL) > p*(VNU)+p*(VNU) — 2¢

for all . Taking the limit ¢ — 0 finishes the proof that V' is p*-measurable. In particular,
the restriction of p* to the Borel o-algebra is a measure pu. By property (4) in Lemma ,
the measure pu satisfies u(xA) = u(A) for every Borel set A and every x € G. Furthermore, it
follows from Lemma (3) and the definition of p* that p is nonzero. To show that pu is
the desired Haar measure it now suffices to check that it is regular (see Definition [2.1.2).

If K a compact set and U is an open set containing K, then by definition ho(K) < pu*(U) =
p(U). Taking the infimum over all U we obtain

ho(K) < p(K). (2.5)

Suppose now that V _is open with compact closure. Then for every compact subset L of V
we have ho(L) < ho(V') by Lemma [2.1.23| (5). Taking the supremum over L we obtain that
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u(V) < ho(V) is finite (notice that h, is finite on compact sets by definition). If K is an
arbitrary compact subset of G, then by Corollary [2.1.19| (applied to K and U = G) there exists
an open set V' containing K whose closure is compact. Thus, by monotonicity we have that
w(K) < u(V) < ho(V) is finite. We have checked property (1) in the definition of a regular
measure. Outer regularity (property (2) in the definition) is an immediate consequence of the

definition in Equation ({2.2)), while inner regularity follows from Equations (2.1]) and (2.5). O

We conclude this section by highlighting the key property of Haar measures from the stand-
point of integration:

Theorem 2.1.24 (Invariance of the Haar integral under translation). Let G be a locally compact
group and i be a left Haar measure on G. Let furthermore f be a p-integrable function on G

and fiv v € G. We have
[ sy an® = [ a0 dute)
G G

Sketch of proof. When f is the characteristic function of a (measurable) set A, the function
f(x7't) is the characteristic function of xA, so we have

[ 10 dutt) = ) = e = [ 1) d)

as desired. By linearity, the claim holds for all simple functions, and by passing to the limit we
obtain it for all measurable functions. O

2.1.3 Haar measure: uniqueness (up to constants)

In the previous section we have shown that every locally compact group carries at least one
(left) Haar measure. It can be shown that this measure is in fact essentially unique:

Theorem 2.1.25 (Uniqueness of the Haar measure up to constants). Let G be a locally compact
group and let iy, o be two left Haar measures on G. There exists ¢ € R,c > 0, such that

Mo = Cli1.

It wouldn’t be too hard to prove this theorem in general, but since we only need it for the
case of abelian groups, we limit ourselves to giving a (shorter and easier) proof for this special
case. For the general case, the reader can refer to [RV99, pp. 16-19].

Proof in the commutative case. Fix a non-zero, non-negative function g € K(G) (see Definition
2.1.9 that one such function exists follows for example from Urysohn’s lemma). It is easy to see
that one can choose g in such a way that [, g(z™") dui(z) > 0. Let f(x) € K(G) be arbitrary.



2.1. THE HAAR MEASURE 7

Using the Fubini-Tonelli theorem together with Theorem we compute

/G () dyn (2) / ) dps(y / / f(@)g(y) dpn () dppa(y)
//f:cy ) dpa () dpa(y)
] fate™) dinG) dinty)
= [ 10 ([ stor™) @) ety
= [ 10 ([ s @)} i

:(/( ) dpa(z )/f ) dpia(y
a
Rearranging, we have obtained

/(}f(?/) dpa(y) ffc;g _1dg;1 i /f dpn (x

where the ratio ¢ := % is independent of f (recall that we chose g(x) so that the

denominator is strictly positive). We have thus obtained

/Gfdufz:C/Gfdm

for all f € K(X). Standard arguments in measure theory (e.g., using Riesz’s representation
theorem [2.1.28] which says that measures are equivalent to positive linear functionals on the
space of compactly supported continuous functions) then imply ps = cuq, as desired. O

Remark 2.1.26. An alternative proof of the same result, not using Theorem [2.1.28or Urysohn’s
lemma, goes as follows. Let K be a compact set with non-empty interior U (which exists, be-
cause by assumption G is locally compact). We first claim that p; (K) and pus(K') are non-zero.
Indeed, suppose by contradiction that p;(K) = 0 (for j = 1 or j = 2). Any compact set K’
can be covered with finitely many translates z,U, ..., x,U of the interior U of K. Using the
translation-invariance of Haar measures we then have

K') <> () Zug ) < nyi(K) =0,
=1

so every compact set has measure 0. By regularity, this implies that p; is identically 0, contra-
diction.

Take now g = 1x—1 to be the characteristic function of K~1! and f = 1y to be the char-
acteristic function of any open set V' with compact closure. The argument in the previous
proof shows that s (V') = cui(V), where the constant ¢ is independent of V. Thus, ps and cpuy
coincide on all open sets with compact closure. By outer regularity, this easily implies that ps
and cpy coincide on all compact sets; and by inner regularity, this finally implies ps = cpy.

This remark is due to Davide Colpo and Giulio Grammatica.
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Definition 2.1.27. Let G be a locally compact group. We denote by L!(G) the C-vector space
of functions f : G — C such that fG |f| di < oo, where p is any left Haar measure on G. By
Theorem [2.1.25] this definition is independent of the choice of the Haar measure.

We conclude this section by stating the exact form of the Riesz(-Markov-Kakutani) rep-
resentation theorem we used above. It will also later help us obtain Haar measures on the
multiplicative group of a field.

Theorem 2.1.28 (Riesz—Markov-Kakutani). Let X be a locally compact Hausdorff space. For
any positive linear functional 1 on K(X), there is a unique Radon measure p on X such that

VIECUX):  b(f) = /X f(z) dpu(z).

2.2 Abstract Fourier analysis

Our purpose in this section is to generalise Theorem to an arbitrary locally compact
abelian group. We will not give proofs: the statements should all look familiar and believ-
able, but the detailed arguments get complicated. The interested reader may refer to any
of the following sources: the original paper by Cartan and Godement [CG47]; Chapter 4 of
[Fol16]; Chapter 3 of [RV99] (Chapter 2 of the same book covers the relevant spectral theory
prerequisites).

We mention right at the start that, when working with a general topological group G, one
can consider both

e its characters, that is, the continuous homomorphisms G — S' = {z € C: |z| = 1};
e its quasi-characters, that is, the continuous homomorphisms G — C*.

Note that the two notions coincide when G is finite, which is why we didn’t have to worry
about the distinction in Section [I.5] While in this section we are mostly concerned with the
actual characters of a group, the more general notion of quasi-character will be central in Tate’s
thesis.

2.2.1 Pontryagin duality: general case

We start by stating Pontryagin duality in general (see Proposition for the finite case). We
omit the proof, for which the reader can refer to [RV99, Proposition 3-2 and Theorem 3-20].

Definition 2.2.1 (Topological dual group). Let G be a locally compact abelian group. We
denote by
G = Homeo (G, SY)

the group of continuous homomorphisms from G to S!. We endow G with the compact-open
topology, defined as follows. For every compact neighbourhood K of idg in G and every open
neighbourhood V of 1 € S!, denote by

UK, V)={x€eG:x(K)CV}
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The (compact-open) topology on G is by definition the topology having the sets {UK,V)}kyv
as a basis of neighbourhoods of the trivial character. We extend it to a topology on G by using
the group structure as usual (that is, a basis of neighbourhoods around a general element y € G
is {xU(K,V)}kv). The topological group thus obtained is called the Pontryagin dual of G.

Theorem 2.2.2 (Pontryagin duality). For every locally compact abelian group G let G be the
Pontryagin dual group as in Definition [2.2.1].

1. G is also a locally compact abelian group.

2. The canonical map

v: G —
g — Y,
where W, is given by
v,: G —- C~
x = x(9),

1 an isomorphism of topological groups.
3. G is compact if and only if@ is discrete.

Remark 2.2.3. Every finite group G is a topological group when equipped with the discrete
topology. Moreover, in this case, the compact-open topology on G is also the discrete topology.
Thus, applying Theorem to the case of finite groups recovers Proposition [1.5.8

We also have the following analogue of Proposition [1.5.10] (see [Foll6, Proposition 4.39,
Theorem 4.40] for a proof):

Proposition 2.2.4 (Functoriality of G +— G, locally compact case). Let G be a locally compact
abelian group. The following hold:

1. The association G — G can be extended to a contravariant functor from the category of
locally compact abelian groups to itself by letting it act on arrows as follows: if f : G — H
18 a continuous group homomorphism between locally compact abelian groups, we define

f: H - @&
X = xolf
2. This functor is exact: for every short exact sequenceﬂ
0—-H5G5SG/H— 0,
the dual sequence
0-G/HSGS H—0
is also exact in the category of locally compact abelian groups. In particular, (7/?[ 1
closed in G, and can be identified with the subgroup
HL:{XEG:X|H:1},

which is itself a closed subgroup of G.

2in the category of locally compact abelian groups: in particular, H has to be closed in G
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We also mention the following analogue of Proposition [1.5.12] for compact groups:

Proposition 2.2.5. Let G be a compact abelian group and let x € G be a character. We have

QLMQWZ{Q”X#MG

w(G), otherwise

Proof. Exactly as in the finite case: if x is nontrivial, there exists a € G such that y(a) # 1.
Using the translation-invariance property of the Haar measure,

w(@ [ xo)dg = [ viag)dg = [ xo)da

hence [, x(g)dg = 0. O

2.2.2 The abstract Fourier transform

Let G be a locally compact abelian group and let ug be a choice of Haar measure on G. (If G
is compact, we can normalise our choices by taking as ug the unique normalised Haar measure,
but this is not important for the discussion of this section.)

Recall from Definition the C-vector space L'(G) of complex-valued integrable func-
tions on G. We now introduce a notion of Fourier transform in this generality, which will
generalise both the usual notion of Fourier transform encountered in real and complex analysis
and the Fourier transform of Definition [1.5.15

Definition 2.2.6 (Abstract Fourier transform). Let G be a locally compact topological group
with a fixed choice pg of Haar measure and let f € L'(G). We define the (abstract) Fourier
transform of f as

f:é—> C
X

= Jo F9)x(9) dua(g).

Remark 2.2.7. Note that the integral makes sense: [, |f(9)X(9)| dua(9) = [, |f(9)] dua(g) <
oo since y takes values in S*.

It will be useful to single out a class of well-behaved functions:

Definition 2.2.8. We denote by U'(G) the C-vector space of functions f : G — C that satisfy
the following three conditions:

1. f is continuous;
2. fisin LY(G);
3. fisin LY(Q).

Remark 2.2.9. In the previous definition, L'(G), L'(G) are defined with respect to any choice
of Haar measures on G, G: since any two Haar measures only differ by a constant, the spaces
LY(@), L' (@) are independent of this choice.
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The main theorem of abstract Fourier analysis can be stated as follows (for a proof see
[Fol16, Theorem 4.33] or [RV99, Theorem 3-9]; notice that in our statement the function f is
assumed to be continuous).

Theorem 2.2.10 (Fourier inversion for the abstract Fourier transform). Let G' be a locally
compact topological group with a fized choice ug of Haar measure. There is a unique Haar
measure iz on G such that the following holds: for all functions f € B'(G) we have

f(g) = /G FO0x(9) dug() Vg eG.

Definition 2.2.11 (Dual measure). In the context of Theorem [2.2.10, we will say that pg is
the measure on GG dual to the given Haar measure on G.

Remark 2.2.12. A crucial feature of Theorem is the fact that the Haar measure pup is
independent of the function f. Notice that Haar measures are determined up to a constant,
and therefore, one can determine 4 in the following way. Let p be any Haar measure on G:
then pgs = ap for some nonzero a. The inversion formula yields

flg) = a/@f(x)x(g) dp(x). (2.6)

In particular, if one can compute [ FOO)x(g) du(x) for even a single function f and a single
g € G, the previous equation uniquely determines « (provided that f(g) # 0) and hence p4.

Example 2.2.13 (Recovering the finite case). Let G be a finite abelian group. We endow
G with the counting measure, which is a Haar measure since it is obviously invariant under
translation by an element of G. Notice that with this choice of Haar measure on G the Fourier

transform coincides with that of Definition |1.5.15,

What is the measure pz appearing in Theorem [2.2.10¢ Following Remark we take
f = 1., the characteristic function of the singleton {e}, where e is the identity of G. The
Fourier transform is

fx) = /Gf(g)@ duc =Y d,ex(9) = x(€) = 1,

geG

that is, the constant function 1. The dual measure pes is some multiple o of the counting

measure on G. With reference to Equation (2.6), we take p to be the counting measure on G,
f =1, and g = e. With these choices we obtain

1=fle)=ad fOox(e)=ad 1=a-[G]
x€G xe@G

which yields o = =. Thus, ug 1s @l times the counting measure, and we recover Theorem

1577 “
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2.3 Review of local fields

In this section, we give a quick review of the basics of the theory of completions of number
fields. The standard reference on the general theory of local fields is Serre’s classical book

[Ser79].

Definition 2.3.1 (Norm on a number field, place). Let K be a number field. A (multiplicative)

norm on K is a function
d: K — Rzo

that satisfies the following:
L Jzy| = 2| - [yl;
2. |z +yl < Jzf + Jyl;
3. |z| = 0 if and only if z = 0.

The norm is called non-archimedean if it further satisfies |x+y| < max{|z|, |y|}. Every norm
induces a distance, hence a topology, on K. Two norms | - |1, |- |2 on a number field are called
equivalent if they induce the same topology on K. An equivalence class of norms is called a
place of K.

Remark 2.3.2. Note that equivalent norms induce the same topology, so to each place we can
attach a topology on K.

The classification of places of a number field is known as Ostrowski’s theorem. Before
stating it, we describe a way to obtain a norm on a number field starting from a prime of its
ring of integers.

Definition 2.3.3 (p-adic norm). Let K be a number field and let p be a prime ideal of the
ring of integers Of. Let ¢ be the size of the residue class field F, := Ok /p.

1. A uniformiser at p is an element 7 € Ok such that the factorisation of () is of the form
pl, with (p,I) = (1). Equivalently, it is an element in p \ p? (the equivalence, and the
fact that p \ p? is non-empty, follows from unique factorisation in ideals, Theorem [1.3.3).

2. The p-adic valuation v, on K is the function

vp K* — 7
r = v(2)

defined as follows. Given z € K*, there exists a unique integer n such that z/7" is in
O we set n = vy(x). We further set, conventionally, v,(0) = oo.

3. The p-adic norm on K is then obtained by setting

el = )
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Theorem 2.3.4 (Ostrowski). Let K be a number field. Denote by o1,...,00,,T1, 1y -+ Tngs Tng
the embeddings of K in C, as in Section (in particular, the image of each o; is contained
in R, while the image of each 1; is not). The following is a complete list of non-equivalent
norms on K (that is, a complete list of places of K ):

1. |z||o, := |oi(2)|, fori=1,...,n1, where|-| is the standard norm on R; the corresponding
places are called real;

2. \|zllo, == |o;(x)?, for j =1,...,ny, where || is the standard Euclidean norm on C; the
corresponding places are called complex;

3. ||x||y for each non-zero prime ideal p of the ring of integers O the corresponding places
are called finite, and are precisely the non-archimedean ones.

Each place is an equivalence class of norms. For each place, we will consistently take as
representative given in Ostrowski’s theorem, with the normalisation of Definition m (We
chose a normalisation when we set ||7]|, = ¢~'. One can replace ¢ with any other real number
greater than 1 and obtain an equivalent norm, but our choice has several technical advantages.)

Example 2.3.5 (Places of Q). The places Qg of Q are in bijection with {p : p prime} U {oco},

with oo conventionally representing the place coming from the obvious embedding Q — R. For

tional b =2 and ) ite x = p"=2 . wh ) iti
EVETY Non-zero rationat NUMOET T = b ana every prime p, write r = p b;’ wnere n 1s a (pOSZ e

or negative) integer and (a,,p) = (by,,p) = 1. The different norms are then given by

—n

lzll, =p7", [zl = |2l
One further piece of notation:

Definition 2.3.6. We will write Qx for the set of all places of K and Q% for the subset of
‘infinite places’, that is, the archimedean ones. As already mentioned in Theorem [2.3.4] a place
is called ‘finite’ if it is non-archimedean, that is, it lies in Qf \ Q.

We will usually denote a place by v, or, if it comes from a prime p of Ok, simply by p. By a
slight abuse of notation, we will write ||z||, for the norm of € K, as measured by our standard
norm which represents the place v. When v is a finite place, corresponding to the prime ideal
p of Ok, we denote by ¢, the size of the residue field Ok /p and by p, its characteristic.

Exercise 2.3.7 (Product formula for K = Q). Check that HUEQ@ |z]|, =1 for every x € Q*.
The previous exercise is no coincidence:

Theorem 2.3.8 (General product formula). Let K be a number field. The equality

IT lhll =1

vEQK
holds for every x € K*.

Possibly the most important use of place is to define the completions of a number field:
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Definition 2.3.9 (Completion of a number field). Let K be a number field and let v be a place
of K. We denote by K, the completion of K with respect to the topology induced by v. It is a
topological field, that is, the operations +: K x K -+ K, -: K x K — K and 7' : K* — K*
are continuous. We will usually refer to K, as the completion of K at v.

Remark 2.3.10. Let || - || be a norm corresponding to v. By general facts in topology, | - ||
extends to a norm on K, (which we still denote by the same symbol) and makes K, into a
complete metric space.

Exercise 2.3.11. Let K be a (number) field and let || - || be a norm on K.

1. Prove that the subspace topology on K* coincides with the subspace topology induced
on K* by the topology of K x K, where K* is embedded in K x K via z + (x,x71).

1

2. Prove that x — 27" is continuous.

Exercise 2.3.12. Let R be the ring Q equipped with the topology for which a basis of open
neighbourhoods of ¢ € Q is given by {¢ + mZ},,ez.,. Prove that R is a topological ring (that
is, the operations +,— and - are continuous), but ~! : R* — R* is not continuous for the
subspace topology.

Completions of number fields can be described fairly explicitly:
1. when v is a real place, the completion is isomorphic to R;
2. when v is a complex place, the completion is isomorphic to C;

3. when v is a finite place of characteristic p, the completion is a finite extension of the field
Qp, the completion of Q with respect to the p-adic metric. Such fields are called p-adic
fields.

In general, the completion of a number field at a (finite or infinite) place is called a local
field. (There is a more general definition of local fields, but we will not need it here.)

The field Q, of p-adic numbers, and more generally its finite extensions, have been ex-
tensively studied, and a lot is known about their structure. Here, we will limit ourselves to
mentioning some of their fundamental properties, starting with the fact that, for every finite
extension L of Q,, there exists a number field K and a place v of K of characteristic p such
that L is isomorphic to K, as a topological field.

Theorem 2.3.13. Let L be a finite extension of Q, (equivalently: let L be the completion of
some number field K at a place v of characteristic p). Let || - || be the norm on L (see Remark
2.53.10) in case L is obtained as the completion of a number field). The following hold:

1. Op ={z € L:||z|| <1} is a subring of L, called the ring of integers;
2. Of ={x € L: ||z|| =1} is its group of units;
3

. O is a local ring; its mazimal ideal m is principal, and any generator of m is called a
uniformiser m of L;

4. every ideal of Or, is a power of m; in particular, every element x of L™ can be written as
r=u-7m" for somen € Z and u € OF; the integer n is called the valuation of x;
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5. the quotient kg := Op/m is a finite field, of cardinality p’; the integer f is called the
inertia degree of L over Q,;

6. the ideal (p)Oy is of the form (7¢); the integer e is called the ramification index of L
over Qp;

7. let L be obtained as the completion of a number field K at a finite place p. Write (p)Og =
p¢'I, with (p,I) = (1). The ramification index and inertia degree of L over Q, coincide
with the ramification index and inertia degree of p over p.

We also mention the fact that, once the completions of Q have been constructed, the com-
pletions of an arbitrary number field can also be described in the following, more algebraic
terms.

Theorem 2.3.14 (Completions and tensor products). Let K be a number field of signature
(n1,m2), and let pi* - - - pS be the factorisation in Ok of the ideal (p), where p is a prime of Z.

1. The tensor product K @gR is isomorphic (as a topological ring) to the product R™ x C"2.

2. The tensor product K @¢Q, is isomorphic (as a topological ring) to the product [];_, K, .
The field Ky, is a finite extension of Q, of degree e;f;, where e; = e(p; | p) and f; ==
f(ps | p). Moreover, the ramification index and inertia degree of K,, over Q, are given
by e; and f;, respectively.

We will also make use of some fundamental topological properties of the completions K,.
The most important one is of course their completeness, which is true by construction. Another
fact (well-known in the real and complex case, and easy to prove in the p-adic setting) which
we will need is the following:

Proposition 2.3.15. Let K, be a completion of a number field and let X be a subset of K,.
The topological closure X of X in K, is compact if and only if X is bounded with respect to the
norm on K,. In particular, K, is locally compact, and so is K.

Exercise 2.3.16. Prove Proposition [2.3.15

In the next chapter we will need the notion of different of an extension of p-adic fields (in
particular when the ground field is Q, itself).

Definition 2.3.17 (Different). Let L/K/Q, be finite extensions of p-adic fields. The different
of L over K is the fractional ideal of L given by

DZ}K ={z e L:tryk(ry) € Ox Yy € Or}.
The absolute different of L, denoted simply by 0, is the different of the extension L/Q,.

Remark 2.3.18. Notice that OZ}K contains the ring of integers Op; it follows that its inverse
07/k is contained in Oy, and is therefore an integral ideal.

It is not hard to show the following result:
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Theorem 2.3.19. Let L/K be a finite extension of p-adic fields. Define the (relative) dis-
criminant of L over K like in the number field case, that is,

drx = (det (al-(aj))2> ,

where the o;, fori=1,...,[L: K] are the embeddings of L into K that fix K, and the o, for
j=1...,[L: K], are a basis of O, over O. Notice however that drk is only an integral
ideal of Ok and not an actual number.

The (absolute value of the) discriminant |dy k| is equal to Ni/k(01/k), the norm from L

to K of the different of L over K.

Using Theorem [2.3.14] the study of extensions of number fields can be reduced to a large
extent to the local case. For example, one has the following:

Theorem 2.3.20. Let K be a number field. For every prime p we have K ® Q, = lep K,,
where p ranges over the primes of Ok of characteristic p. We have

| =TT ] N(dsr0,) :
P oplp

the global discriminant is the product of all the local ones.

Remark 2.3.21. Note that the equality in the previous theorem should be interpreted purely
as an equality of ideals, not of numbers.

Since the different and the discriminant can be defined in terms of traces, Theorem [2.3.20
is related to the following statement (see e.g. [Neu99, Proposition 11.8.2 and Corollary I11.8.3]
for a proof):

Theorem 2.3.22. Let K be a number field and p be a prime number. Write K ® Q, as the
direct product lep K,, where p ranges over the primes of Ok of characteristic p. We have

triso(®) = Y tri,/q,(7)
plp

for all x € K. Similarly, for p= oo write K @ R as the direct product ||
v ranges over the infinite places of K. We have

tI'K®R<.I') = Z tl"KU/R(iL').
v infinite place

Exercise 2.3.23. Prove the case p = oo of Theorem [2.3.22|
Hint. Using properties of the trace, reduce to the Galois case. Treat this case explicitly.

v infinite place KU? where

2.4 Restricted direct products

We discuss the notion of restricted direct product from several points of view: abstract
group theory, topology, measure theory, Pontryagin duality, and Fourier analysis. In this
section, given a set of indices I, we say that a property holds for almost all i € I if it holds for
all but finitely many 1.
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2.4.1 Abstract group theory
We start by introducing a general definition of restricted product:

Definition 2.4.1 (Restricted product of groups). Let (G;);cr be a collection of groups and let
(H;)ier be a collection of subgroups, with H; < G for each i. The restricted product of the
groups (; with respect to the subgroups H; is the subset of [],.; G; given by

{(z;) € H G, : there exists a finite subset S C I : z; € H; for all i ¢ S}.

Note that the subset S in the previous definition can depend on (z;);c;. The restricted product
is often denoted by [[;c;(Gs, Hi), [1,c;(Gi, Hi), or simply [[;.; G; if the H; are clear from the
context.

Remark 2.4.2. Note that the definition makes sense even if, for ¢ in some finite subset Sy of
indices, the group H; is not defined: indeed, we may always take S (as in the definition above)
to contain Sy, and therefore, we don’t need to know anything about the groups H; for ¢ € Sj.

Exercise 2.4.3. Check that the restricted product [['(G;, H;) is a subgroup of [] G;.

There is also an obvious variant of this definition where the G; are replaced by rings R; and
the H; by subrings:

Definition 2.4.4 (Restricted product of rings). Let (R;);cr be a collection of rings and let
(T}):er be a collection of subrings, with 7; C R; for every i. The restricted product of the
rings R; with respect to the subrings 7T; is the subset of [],., R; given by

{(z;) € HR" : there exists a finite subset S C I : x; € T; for all i ¢ S}.

For our applications, by far the most interesting examples of restricted products will be the
group of ideles and the ring of adeles. We now introduce these objects, which we will then
study in more detail in the next subsections.

Let now k be a number field and let €2, be the collection of its places. For each v € )y, we
can consider:

1. the completion k, and its non-zero elements £,°;

2. the “integers” O,, which are defined in the usual way if v is a finite place, and as O, := k,
if v is an archimedean place;

3. the “units” u,, which are defined in all cases as O}.

Both the ring of adeles and the group of ideles are suitable restricted products:

Definition 2.4.5 (Adeles and ideles). We call

Ag =[] ke, O0)
the ring of adeles of k, and
Io=]' 05

the group of ideéles of k.
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The following exercise is essential:

Exercise 2.4.6. The group of units of Ay (as a ring) is I.

2.4.2 Topological groups

The definitions of the last section already cover the basic algebraic properties of adeles and
ideles. However, matters become more complicated (and interesting) when we want to equip
Ak and Ik with a topology. To this end, we give yet another definition of restricted product,
this time in a topological setting.

Definition 2.4.7 (Restricted product of locally compact abelian groups). Let I be a set of
indices and let {G;}ie; be a collection of locally compact abelian groups. Suppose that, for
almost all ¢ € I (meaning ‘for all but a finite number of elements of I’), we are also given a
subgroup H; C G; which is open and compact. We define the topological group G := H;(Gi, H;)
as follows:

e as a group, it is the restricted product of Definition m (with the interpretation of

Remark ;

e a fundamental system of neighbourhoods of 1 in G is given by the sets [[,.; N;, where
each Nj; is a neighbourhood of 1 in G for all ¢ and N; = H; for almost all i.

Remark 2.4.8. 1. Naturally, we can and will identify each G;, to a subgroup of the re-
stricted product (specifically, the subgroup of elements x = (x;) for which x; = 1 for all
i # 1p). The natural map is an isomorphism of topological groups.

2. Let S be a finite set of indices, including those for which H; is not defined. The set
Gs ={x=(2;) € G:x; € H Vi ¢ S}isasubgroup of G, and is an open neighbourhood
of 1.

3. Let Gg be as above. Then, Gg = [],.4G; X Higzs H; is a direct product of locally
compact groups, almost all of which are compact. It follows that G is locally compact,
hence (since G is a neighbourhood of 1 in G) that G is also locally compact.

4. By definition, G = U scr Gs.

S finite

The groups Gg, being direct products, are already easier to analyse than the restricted
product GG. An even simpler class of subgroups is given in the next definition:

Definition 2.4.9. Notation as in Definition [2.4.7] Let S be a finite subset of I. We denote by
G® C (g the subgroup of those elements z = (z;) € G such that ; = 1 for i € S and z; € H;
fori & S.

A useful property of the topology on a restricted direct product is given in the following
lemma:

Lemma 2.4.10. Notation as in Definition . A subset C' C G 1is relatively compact (that
is, has compact closure) if and only if it is contained in a product [[,.; B; where each B; is
a compact subset of the corresponding G; and B; = H; for almost all i (recall that the H; are
compact by definition). Moreover, every compact subset of G is contained in some Gyg.
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Proof. Let K be a compact subset of G: we claim that there exists S such that K C Gg. To
see this, recall that we have already observed that the groups Gg cover G, so K Cg |JGg,
and by compactness we have K C Gg, U--- U Gg, (recall that the Gg, are open). Notice
furthermore that Gg, U --- U Gg, C Gg,u..us,, S0 — setting S = |JS; — we have that K is a
subset of Gg = [[;cq Gi X Hz‘es H;. (This shows the last statement in the lemma.) Finally,
let K; :== m;(K) for © € S: then K; is compact (continuous image of a compact set), and by
construction we have K C [[,cg K; X [[;og Hi, as desired.

Conversely, Tychonoff’s theorem implies the compactness of any product [ [, B; (where each
B; is compact and B; = H; for almost all 4); any such set is contained in some Gg, hence it is
a compact subset of G. Hence, if K is contained in [[, B; with the B; as above, its closure is
contained in a compact set and is therefore compact. O

2.4.3 (Quasi-)Characters of a restricted product

Let G = []'(Gi, H;) be a restricted direct product in the sense of Definition [2.4.7. We now
wish to study the quasi-characters of GG, that is, the continuous homomorphisms from G to C*.
Given a ¢ : G — C*, we denote by ¢; its restriction to G;, that is,

Ci: Gl — C*
x, — (1,12, 1,.00).

It is clear that ¢; is a homomorphism G; — C*. The next two lemmas show how to factor any
continuous ¢ : G — C* as a product of ¢;.

Lemma 2.4.11. The homomorphism c; is trivial on H; for almost all i, and for every x € G

we have
@) = [ sta.

el

where almost all of the factors of the product are equal to 1.

Proof. Let U be a neighbourhood of 1 in the complex plane that contains no multiplicative
subgroup (Exercise 3.1.18)). Let N = [], N; be a neighbourhood of the identity in G such that
¢(N) C U. By Definition 2.4.7, we may assume that N; = H; for almost all i. If we let S be
a finite set containing all the indices i for which N; # H;, then N contains G, and therefore
c(G®) C U is a subgroup of U, hence is trivial. It follows that ¢(N;) = ¢(H;) = {1} fori & S.
Now, for a given z € G, enlarging S if necessary we can assume x € Gg. Identify z; € G;
(the i-th component of ) to the element of G that coincides with x in position ¢ and is 1
elsewhere, and denote by z° € G° the element such that z = [Licgzi- 2%, We already know

that ¢(G°) C ¢(N) = {1}, hence

co(r) = HC(%‘) 'C(ﬁs) = ch'(fﬂz') = ch‘(l‘z‘)

as desired (the last equality holds since ¢;(z;) =1 for i ¢ S). O

Conversely, starting from a collection of ¢; that are almost all trivial on the corresponding
H; we obtain a global homomorphism c:
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Lemma 2.4.12. For each i € I fix a continuous homomorphism c; : G; — C*. Suppose that
¢; 18 trivial on H; for all but finitely many i. The map

c(x) = ch(xz)

i
15 a well-defined continuous homomorphism G — C*.

Proof. 1t is clear that c is well-defined (almost all factors in the product are equal to 1) and
multiplicative (it is by restriction to any Gg). To prove continuity, let U be an open neigh-
bourhood of 1 in the complex plane and choose a finite set S containing all the ¢ for which
ci(H;) # {1}. Let furthermore V be a neighbourhood of 1 in C such that V#% C U. For each
1 € I, define

) an open neighbourhood of the identity in G; such that c(N;) C V,ifi € S
"l H, ifigsS

Letting N =[], V;, we have

N)C[Ja(N) cv#ecu

To check continuity in general, consider now an arbitrary open subset V of C*. Either
¢~1(V) is empty, in which case we are done, or it is not. If it is not, let g be a point in ¢ (V).
By definition of the topology on C*, the open set V' contains an open neighbourhood of ¢(g) of
the form c(g)U,, where U, is an open neighbourhood of 1 in C*. By what we already showed,
there is an open neighbourhood N, of 1 in G such that ¢(N,) C U,. It follows that ¢~ (V)
contains g/N,, which is an open neighbourhood of g. Since this holds for every g, the set ¢~ (V)
is open and c is continuous. O

We summarise the above discussion as follows:

Proposition 2.4.13. The quasi-characters ¢ of G are in bijection with the collections (¢;)ier,
where each ¢; is a quasi-character of G; and ¢;| g, is trivial for almost all i.

The same arguments apply verbatim to characters, and show that the characters of G are
of the form [ [, ¢;, where each ¢; is a character (and not just a quasi-character) of G; and almost
all ¢; are trivial on H;. This already suggests that the dual group of G is itself a restricted
product. We now make this precise.

For each i where H; is defined, let H;- C G be the subgroup

H' ={ei € Gi | ci(Hi) = {1}}.

By Theorem [2.2.2] and Proposition 2.2.4] the fact that H; is compact implies that its dual

Hi = 5 + is discrete, and hence H; L is open in G Similarly, the fact that H; is open implies

that G;/H; is discrete, and hence G; / H; = H} is compact. Thus, the subgroups H;- have all
the necessary characteristics to form a restricted product, and we have:

Theorem 2.4.14 (Dual group of a topological restricted product). The dual group of [;(G:, H;)
is H'(/G\z Hb).
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Proof. Restricting the bijection of Proposition [2.4.13] to characters yields an isomorphism ¢ of
abstract groups []; (Gl, HY) = G, sending (¢;)ics to [L;c; ci- We check that this isomorphism
is also a homeomorphism.

Fix a basis element for the topology @, say U(K,V'), where K is a compact neighbourhood
of the identity in G and V is an open neighbourhood of 1 in S'. Restricting V' if necessary, we
assume that V' contains no non-trivial subgroup of C*. .

We want to find a neighbourhood [[, N; of 1 in [];(G;, Hi) such that (¢;)icr € [[,(Gy, HY)
implies [[,¢; € U(K,V). Now, since K is compact, by Lemma it is contained in a
product of the form HZ.G ; Bi, where each B, is compact and B; = H; for almost all 7. Let
S be the (finite) set of indices for which B; # H;. Choose furthermore V' to be an open
neighbourhood of 1 in S! that satisfies (V')#° C V. Setting

- Jum,vities
"\ Htifigs

we obtain that [[ N; is a neighbourhood of 1 in H;(é\z, Hi) and (], N;) CU(K, V). Indeed,
if (¢i)ier is in [ [, V; we have

[Te0 € ALea T80 = TTe < ()% < v

7 €S

that is, ¢((¢;)ier) € U(K, V). This shows continuity of .

Continuity of ¢~' : G’ — H:(a, H}) is similar. Let [], N; be an open neighbourhood of 1 in
H;(a, H;+), where all but finitely many of the N; coincide with H;-. Write S for the finite set
of indices for which N; # H;-. Restricting the neighbourhood (which we can certainly do), we
may and do assume that, for i € S, we have N; = U(K;,V;) for certain compact neighbourhoods
K; of the identity in G; and neighbourhoods V; of 1 in St. Let V = N;es Vi- Shrinking V' if
necessary, we can assume that V' contains no non-trivial subgroups of St. Set K; = H; fori & S
and consider the open subset U([[ K;, V) of G.

Since (p~1)™! = ¢ simply sends ¢ to the collection (¢;);cr of the restrictions of ¢ to each
factor G, for ¢ € U(]] K, V') we have o '(c); € N; for every i. Indeed:

o ifi ¢S, then ¢;(K;) = ¢;(H;) CV implies ¢;(H;) = {1}, hence ¢; € H* = N;.

e if i € S, then ¢;(K;) CV CV, implies ¢; € N; by definition.

2.4.4 Measure theory

Consider again a collection of locally compact topological groups G;, and fix (for almost all
i) an open, compact subgroup H; of G;. Fix furthermore a Haar measure dg; on each G; and
suppose that f H, dg; = 1 for almost all 2. Notice that we require dg; to be defined for all indices
i; it’s only the condition || w, d9; = 1 that is allowed to fail (for finitely many indices).

We now define a Haar measure dg on G = [[ (G, H;) which is morally the product of the
measures dg;. To do this, fix any finite subset S of the indices (containing those for which H; is
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not defined) and write Gs = ([],cq Gi) x G°. Notice that G* = [Iizs Hi is compact. It carries
a unique Haar measure dg® normalised in such a way that

/Gsng:H</Hidgi). (2.7)

iZS
The product measure dgs = (HieS dgl-) x dg® is therefore well-defined on Gg = (HieS Gi) x G*.
Furthermore, it is a Haar measure (one can check translation-invariance one coordinate at a
time). Since G is open in G, there exists a unique measure Haar dg on G such that the the
restriction of dg to Gg coincides with dgg. In principle, the measure dg thus constructed could
depend on the set S. To show that it is well-defined, it suffices to check that, if T" is another set
of indices, the restriction of dgs to Gg N G coincides with the restriction of dgr to Gs N Gr.
Replacing T" with T"U S, we can and do assume that S C T, so that Gg C Gp. There is an
obvious decomposition

and we claim that

Indeed, both are Haar measures, so — in order to check that they coincide — it suffices to
show that they give the same (non-zero) volume to some subset. In particular, evaluating the
right-hand side of the previous (claimed) equality on G we obtain

H /Hidgi ./GngT: H /Hidgi -H(/Hidgi):H(/Hidgi>:/Gsdgs7

i€T\S i€T\S igT S

as desired. Thus, upon restriction to GGg we have

dgs = (H dgi> x dg® = (H dgi> < | 1] doi | = dg" = dgr,

i€s i€s iE€T\S
as claimed.

Definition 2.4.15 (Haar measure on a restricted product). We denote the measure dg just
constructed by []; dg;.

Definition 2.4.16 (Limit over S). Let S be the collection of all finite subsets of I, let X be
a topological space, and let ¢ : S — X be a function we write limg ¢(S) = x if the following
holds: for every open subset U of X containing z, there exists a finite set V(U) € S such that
V(U)C S=p(S)el.

Equivalently: add to S a formal point co and make S U {cco} into a topological space
by declaring that a basis consists of the sets Wy = {oo} U{S : S D V}. We then have
limg ¢(S) = x if and only if the extended function ¢ : S U {oo} — V that sends oo to x is
continuous at .

In particular, if f is a function on indices, we define

[1rG)=1m ] ).

el €S
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Intuitively, one can think of limg ¢ (.5) as the limit of the values ¢(S) as the set S gets larger
and larger.

Lemma 2.4.17. Let f : G — C satisfy one of the following:
1. f is measurable, real-valued and non-negative, or
2. fisin LYG).

Then, fG g) dg = limg fG g) dg.

Proof. Under either assumption, [ f o f(9) dg is the limit of [sf 5 f(9) dg for larger and larger com-
pacts B C GG. We know that each Compact is contained in some Gs, see Lemma [2.4.10] O

Definition 2.4.18 (Product functions). For each i € S fix a continuous function f; : G; — C
with f; € LY(G;). Suppose that f;|g, = 1 for almost all i. We define the function

f=Tlaf: G = _C
9= (9i)ier — Hie[ fi(gi)-
Notice that the product [[,.; fi(g;) contains only finitely many terms different from 1, for each
9=1(9:)€G.

Lemma 2.4.19. Let f = [[..; fi be a product function as in Definition |2.4.18,
1. f is continuous on G.

2. Let S be a finite subset of I containing the (finitely many) indices i for which f;(H;) # {1}
and those for which sz dg; # 1. We have

9)dg = (/ fi(gi dgz)-
€S

Proof. 1. Upon restriction to a set of the form Gg, f is the product of finitely many contin-
uous functions, hence continuous. Since the Gg are open and cover GG, f is continuous on

G.

2. For g € G, say g = (g:)ies, we have as above

= Hfi(gz')-

€S

Hence (recalling the defining property (2.7) of dg®)

i f(g)dgz/ f(g)dgsz/ (Hf g@> <Hdgz->< dgs)

L o) < o TT(] stwras) <T1(], )
—g(/ filgi dgz)7

where in the last equality we used the fact that [, dg; =1 for every i & S.
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The previous two lemmas yield the following result:

Theorem 2.4.20. Let f be a product function as in Definition|[2.4.18 Assume

1 ( [, 15t ) <o

where the meaning of the product is as in Definition|2.4.16. Then f(g) is in L*(G), and

/(}f(g) as-11 (/G £(9) dgi) |

Proof. Apply Lemmas [2.4.17|and [2.4.19|to | f(g)| = 1, | fi(g:)| shows that f € L'(G), at which
point the same lemmas (applied to f(g) itself) yield the result. O

2.4.5 Fourier analysis
We have seen in Theorem [2.4.14| that for a restricted direct product G = [, (G, H;) we have
G=11'@G: ).

iel
Denote by ¢ = (¢;)ier an element of G, that is, a continuous homomorphism G — S'. Let dc;
be the measure on G; dual to the measure dg; on G; (see Definition [2.2.11]).

Lemma 2.4.21. The following hold.

1. Let f; be the characteristic function of H;. Its Fourier transform is fH dg; times the
characteristic function of Hi-.

2. (le dgi) (fo dcz-) =1.
Proof. 1. By definition,
ﬁ-(ci):/C:_f¢<gi)mdgi=/}1_@dgi-

By Proposition W, this integral is 0 if ¢;(g;) is nontrivial on H (that is, if 1. (¢;) = 0),
and is [, dg; otherwise.

2. Since f = 1y, is in L'(G;), is continuous, and has its Fourier transform in L'(G;) (by
part (1) of the lemma), Fourier inversion (Theorem [2.2.10)) gives

1m(9) = /G fleeig) dei = /G (/H dgz‘) Ly (ci)eilg) dei = (/H dgz‘) </m Ci(g)d0i> :
Evaluating at g € H; yields |
([ ) ([, )

7

as claimed.
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Thus, we see that the collection {dc; }ies of the dual measures satisfies the condition to give
a measure [[dc; on G = [[;.;(G;, Hi*). We denote this measure by dc.

Lemma 2.4.22 (Product decomposition for the Fourier transform). If f; belongs to G (G;) for
all i € I and fi(g:) = 1p, for almost all i, then the function f(g) =[], fi(g:) belongs to V(G)
and has Fourier transform f(c) =[], fi(c:).

Proof. Apply Theorem to the function f(g)e(g) = I, fi(g:)ci(go): it implies that f(c) =
Hi fz(cl> N - ~
Since f; € WY(G;) for all i, we have f; € L(G;) for all i. Moreover, by Lemma [2.4.21] f; is
the characteristic function of H;- for almost all 7. From this, Lemma and Lemma
(2) we then obtain f € L'(G). Since f is continuous and in L'(G) (again by Lemma
we get that f is in U'(G). O

Corollary 2.4.23. The measure dc = [[, dc; is dual to dg =[], dg;.

Proof. The previous lemma (applied to G , with the measure dc) shows that the Fourier inversion
formula

f(9) = /G F(©)elg) de

holds at least for the product functions considered in the lemma. Since the dual measure of
(G, dg) is unique, it must be dc. ]
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3.1 The local theory

In this section we let k& := K, be the completion of a number field K at a place v. If v is a
finite place, so that k is a p-adic field, we denote by O its ring of integers. We denote by x the
variable in the additive group (k,+), and by « the variable in (k*,-). In particular, we will
eventually denote by dx and da certain Haar measures on (k,+) and on (k™ ), respectively.

3.1.1 The additive group
Recall our choice of norm on k = K,:

1. the ordinary absolute value if £ = R;

2. the square of the ordinary absolute value if k = C;

3. |la|| = (Np)~@)_if v is the finite place corresponding to the prime p.

We begin by studying the group of characters of the locally compact group k* := (k, +).
Proposition 3.1.1. Let x be any non-trivial character of k.

1. For each n € k, the map x — x(nx) is a continuous character.

2. The map oy, : kT — = giwen by n — x,, where x,(x) == x(nx), is an isomorphism (of
topological groups) between k™ and its character group.

Proof. Since x +— nx is a continuous homomorphism of k* into itself, by composition with y
we see that x, is indeed a continuous character of k™. One checks easily that n — yx, is a
homomorphism. Moreover, «, is injective, because x,, is the trivial character 1 if and only if
xX(nz) =1 for all x € k. Since x is non-trivial, there exists y € k such that x(y) # 1. If n # 0,
setting « = y/n gives a contradiction, so x,, is trivial only for n = 0.

Next we show that «, is a topological isomorphism between k and its image (and in par-
ticular, that «, is open). We start by recalling the topology on = By definition, a basis of
neighbourhoods of the identity in Lt s given by the U(K, V) (see Definition , where K is
a compact neighbourhood of 0 € k& and V is a neighbourhood of 1 € S*. Clearly, it suffices to
let K and V range over a basis of neighbourhoods of 0 and 1 in k& and S!, respectively. Thus,
we may only consider

K=C,={rcF:|z)|<mland V=V.={z€S" :|z—1]| <e}.
Since y is continuous, for all € > 0 there exists a § > 0 such that
|Ix(x) — 1|| < € whenever ||z|| < . (3.1)

Since a, is a group homomorphism, to show that it is continuous it suffices to show that it is
continuous at the identity. Explicitly, we have to show that for every U(C,,, V-) there exists an
open neighbourhood W of 0 in &% such that

a, (W) CU(Crn, Vo),
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that is, we must choose W in such a way that for every x € W
lax(@)(y) =1l <& vy & C,
or equivalently,
Ix(zy) — 1| <& Yy € Cp.

Thus, it suffices to take as W the open set {z € F': ||z]| < £}: for z € W and y € C, one has

Jay]| < £m =6, and hence [|x(xy) 1] < ¢ by 1.
Now we show continuity of a;; ' a, (k) = k. Again by definition of the respective topologies,
we have to show that, for every § > 0, there exist € > 0, m € R such that

ay(z) € ay (k) NU(Cp, Vo) = ||z]| < 0.
Since x is nontrivial, there exists xo € k such that x(zg) # 1. Set

2ol
e = lx(wo) — 1)), m ==L

Suppose now that z is such that o, (z) € U(C,,, Vz), that is to say,
Ix(zy) =1 <& vy with [jy| < m.

Note that y = z 'z, does not satisfy Ix(zy) — 1|| < &, hence y = 21z does not satisfy
|ly|| < m. This implies

2|[oll

0

_ _ 2 )
Iz~ o] > m = = [z 2 5 = el < 5 <9,

as desired.
Since «, is a topological isomorphism, a, (k) is locally compact, hence closed (see Exercise

3.1.2). Thus, in order to show that a, (k) = l+, it suffices to prove that H := ay (k) is
everywhere dense in £+. We now observe that

Ht={zck:¢@)=1 WeH})={xck:x(zy)=1 Vyck}=/{0},
which, by Proposition [2.2.4] yields
0=HL =k+/H,
hence H = 121, as desired. O

Exercise 3.1.2. Let H be a locally compact subgroup of a topological group GG. Prove that
H is closed in G.

Sketch of solution. Let K be the closure of H. It suffices to prove that K = H. Clearly, H
is dense in K (which is Hausdorff, since G is Hausdorff by assumption!). Given a point h € H,
let U be an open neighbourhood of A in H whose closure C' in H is compact. Write U = VN H
for some open V in K. Since C' is compact and G (hence K) is Hausdorff, C' is also closed
in K. Now observe that V' \ C is open in K and does not meet H (since VN H =U C C).
As H is dense in K but does not meet the open set V' \ C', we must have V' \ C' = (), that is,
V C C C H, so H contains a neighbourhood of h. As h was arbitrary, we see that H is open
in K. Every open subgroup of a topological group is closed (consider the partition given by
its cosets), so in particular H is closed in K. Since K is the closure of H, we have K = H as
desired.
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Using Proposition |3.1.1, we may identify k" with its dual provided that we fix a non-trivial
character. We start by defining a certain function A : Q, — R/Z for each p € {primes} U {oo}.

1. if p = oo, the completion Q, is R, and we let A\(z) be the class of —x in the quotient R/Z.
Note the choice of sign!

2. if p is a prime number, one can prove (see Exercise 3.1.3)) that Q,/Z, is isomorphic to
the subgroup of Q/Z given by torsion elements of order a power of p. Identifying Q/Z to
a subset of R/Z, we take A to be the projection

Concretely, A(z) can be described as follows: let v be an integer such that p'x is in Z,,
and let n be an integer such that n = p’z (mod p”). We then have A(z) = & (mod 1).
In particular, z — A(x) is a p-adic integer.

Exercise 3.1.3. Let p be a prime number.
1. Describe an isomorphism between Q,/Z, and the p-power torsion of Q/Z.
2. Check the description of A given above.
3. Check that A is continuous.

Finally, if £ = K, is an arbitrary completion of a number field and if p is the prime of Q
‘lying under v’ (that is, p = oo if v is archimedean, and p = p, if v is finite), we have a natural
inclusion Q, € k. We then give the following definition.

Definition 3.1.4 (Fundamental character of the additive group). We set A(z) := X (trg /g, (2)).

Since the trace map is continuous, A is a non-trivial, continuous map from k to R/Z. Using
Proposition [3.1.1}, we obtain

Theorem 3.1.5 (Dual group of k*). k* is isomorphic to its dual group via the isomorphism

0 = Xy, where

Xn(x) _ 627riA(77x)‘

For later use, we record a lemma connecting properties of characters with the arithmetic of
k.

Lemma 3.1.6. Let v be a finite place of characteristic p. The character ™) corresponding

to n is trivial on O if and only if n is in the inverse different ideal B,;l (see Definition .

Proof. The character e2™A(17) is trivial if and only if A(nz) is an integer for every z € O, if and
only if tryq,(nx) is in Z, for every x € O, if and only if 7 is in the inverse different. O
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Choice of Haar measure

Let 1 be a Haar measure on k*. We now investigate the interactions between p and the

multiplicative structure of k, and describe the measure on the dual group which appears in
Theorem [2.2.10| (abstract Fourier inversion).

Lemma 3.1.7. For every a € k* and for every measurable set M in k we have p(aM) =
||| (M) for the choice of norm || - || recalled at the beginning of Section [3.1]

Proof. Note that M +— p(aM) is a Haar measure on k™, so u(aM) = p(a)u(M) for some
constant ¢(a) > 0 which may depend on a but not on M. To identify this constant, note
that in the real and complex case this is precisely ||«/||, as follows from the change-of-variables
formula for integration that is familiar from analysis (in the complex case, note that o = u+iv
acts on C = R? as the linear transformation

()= (0 ()

whose (Jacobian) determinant is u? + v? = |||). Finally, in the p-adic case, consider the set
M = O. Suppose first that « is integral: then O/aO has N(«a) elements, which means that
O = Ui]i(f‘) (z; + Q) for some collection @1, ..., % () of points in O. Since the Haar measure

is translation-invariant, we obtain

w(0) =3 ulz; + a0) = N(a)u(aO),

=1

If we let m be a uniformiser of k, we have a = 7%u with v € N and v € O, and N(a) =
N(m)? = ||a||~!. Thus, we conclude that

wO) = |lol|” u(a0),

as desired. Finally, if a has negative valuation, the same argument with « replaced by a~
gives the desired statement. O]

1

By standard results in measure theory, Lemma [3.1.7] implies the following equality for inte-
grable functions f on k™ and for o € k*:

[ @) = [ flaadutas) = ol | fow) duto)

Remark 3.1.8 (Measure of a fractional ideal). Every fractional ideal of & is principal, generated
by a power of the uniformiser 7. Writing I = (7¥) and using Lemma [3.1.7] we obtain

ul) = p(7"0) = ||7[|”n(0) = (N7)~"u(O) = (N(I))~' u(O).

The (essentially) canonical identification of k* with its dual group provided by Theorem
3.1.5 allows us to interpret the abstract Fourier transform of a function on k% (which would
formally be a function on the dual group of k™) as another function on k™ itself. We now
look for a choice of Haar measure on k* that is ‘natural’ with respect to Fourier inversion.
More specifically, for every Haar measure on £, Theorem yields the existence of a
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corresponding Haar measure on the dual. However, since we have identified £ with its dual,
this means that from every Haar measure on k™ we obtain a ‘Fourier-dual Haar measure’ on
k* itself. The most natural choice is then to require that the Fourier-dual measure coincide
with the original measure! This is achieved by taking .+ as in the following definition.

Definition 3.1.9 (Choice of Haar measure). We define py+ to be
1. the ordinary Lebesgue measure on the the real line, if k is real;
2. twice the ordinary Lebesgue measure in the plane, if £ is complex;
3. the unique Haar measure for which g+ (O) = N(0,) V2, if k is p-adic.
We will simply write dx for du+(x).
We summarise (and give details for) the above discussion in the next theorem.

Theorem 3.1.10. Let dv denote the measure on k™ introduced in Definition [3.1.9 If we define
the Fourier transform f of a function f € L*(k™) by

fy = [ f)e o an, (32

then the inversion formula

~

f@) = [ foem e an = ()

holds for f € B (k) (see Definition[2.2.8 for the notation T*).

Proof. Theorem [2.2.10] implies that the identity

f(x)=c [ Flmem™ e dy
k+

holds for some nonzero (in fact, positive) constant ¢ independent of f, because the Fourier
transform defined in the statement is equivalent to the general, abstract Fourier transform of
Definition under the isomorphism between kT and its dual provided by Theorem [3.1.5
Thus, it suffices to check that ¢ = 1 for a single function f. We distinguish three cases, according
to the nature of k:

1. if k is real, we take f(z) = e~l#I* " The result then reduces to the classical calculation of
the Fourier transform of a Gaussian, see Exercise |3.1.11]

2. if k is complex, we similarly take f(x) = e=27Il (recall that our norm on complex fields

is the square of the usual absolute value), see again Exercise |3.1.11

3. if k is p-adic, we take as f the characteristic function of @. We compute its Fourier
transform: by definition,

f(ﬁ):/GQWiA(nm)d(L‘.
]
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We are integrating a character of O on the whole group: similarly to Proposition [1.5.12]
the result is either 0 (if this character is nontrivial) or p+(O). Using Lemma [3.1.6, we
obtain

2o e (0), if eyt
Jn) = {O, otherwise,

and therefore f(n) = uk+(0)1021 = N(o,)~V 210;1, where the last equality follows from

-1/2.

our normalisation p+(O) = N(0y) Next, we plug f(n) in the Fourier inversion

formula:
f(n)€27riA(zn) dTl _ / N(ak)fl/262ﬂ'iA(xn) dT}
k+ ot

Fix a uniformiser 7 of k and write 0, = #". The change of variables n = 77"y leads to

1 N(ok)—1/2627ri1\(a:77) dn _ / N(Dk)—l/QBQM'A(mr*Ty) ||7r—7"|| dy,
N (@]

ak
where we have used Lemma [3.1.77 By definition, ||77"|| = N(x") = N(0x). Finally,
applying Lemma |3.1.6| again,

X ()M dy = N (04)2 g (0)1o(2) d = 1o(x),
k

which concludes the proof.

Finally, we check the equality f () = f(—z). By definition, f (x) is the Fourier transform
of (3.2)), hence it is given by

f) = | f@)e? 80 go = [ fa)m D) ge = f(—)
kt kt

by what we already showed. O]

Exercise 3.1.11. Fill in the details of the proof of Theorem [3.1.10] in the real and complex
cases. It can be useful to recall (and prove, if necessary) the classical formula

e 2 ™ 2.2
/ e~ ax e—27rzkm dr = Ze ™ k /a.
. a

Please try this exercise if you’ve never seen it before! A solution is given by Lemma|3.1.30.

3.1.2 The multiplicative group

We now turn to the study of characters of k*, and more generally of quasi-characters, that
is, continuous homomorphisms £* — C*. A special such homomorphism is given by the norm
itself, a — ||a|| € R*. Of particular importance will be its kernel:

Definition 3.1.12. Following Tate, we denote by u the subgroup of £* of elements of norm 1,
that is, the kernel of || - || : £ — R*. Note that u is nothing else than the group of units O*.
We say that a quasi-character y : £ — C* is unramified if x(u) = 1.
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The unramified quasi-characters are easy to classify:

Lemma 3.1.13. The unramified quasi-characters of k* are the maps of the form c(a) = |a|® =

esloglellwhere s is any complex number. When v is archimedean, s is uniquely determined by
c; when v is finite, corresponding to a prime p, the number s is determined modulo 10;%.

Proof. Clearly, it suffices to classify the continuous homomorphisms from ¢ : £~ /u to C*. Since
u is the kernel of the norm, £* /u is isomorphic to the image of || - || (the ‘value group’), which is
the group of positive real numbers when v is archimedean and (N (p)) = Z when v is finite and
corresponds to p. The claim follows easily: when v is finite, the value group ||k*|| is isomorphic
to Z, so a homomorphism from ||£*|| to C* is determined by its value on a generator. For the
archimedean case, see Exercise [3.1.14} O

Exercise 3.1.14. Show that every continuous homomorphism from the positive reals to C* is
of the form z — 2z, and that different values of s give different homomorphisms.

We now give a partial description of all the quasi-characters of k*. This will be an immediate
consequence of Lemma [3.1.13] once we make the following observations:

1. if v is archimedean, every element « of k* can be written uniquely as ap with @ € u and
p > 0;

2. if v is finite, letting m be a uniformiser of k, every element « of £* can be written uniquely
as ap with @ € u and p a power of 7.

In either case, the map a — & is a continuous homomorphism k£* — u which is the identity on
u.

Exercise 3.1.15. Check that o — & is continuous when v is a finite place.
Hint. p is locally constant.

The following classification of quasi-characters is now immediate:

Theorem 3.1.16. The quasi-characters of k* are the maps of the form ¢ : a — é(a)||al®,
where ¢ is any (continuous) character of w. The character ¢ is uniquely determined by ¢ (it is
its restriction to u), while s is determined as in Lemma|3.1.15

Thus, the classification of the quasi-characters of k™ reduces to the classification of those of
u.

Proposition 3.1.17 (Classification of quasi-characters of u). The quasi-characters ¢ of u can
be described as follows:

1. if k is real, u = {1} and the quasi-characters are x — x™ forn =0,1;
2. if k is complex, u = S' and the quasi-characters are of the form x s x" for n € Z;

3. if k is p-adic, with uniformiser mw, there is an integer n > 1 such that ¢ factors via the
finite set u/(1+ (m)").
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Proof. The real case is obvious. The complex case requires us to classify all continuous homo-
morphisms from S!' to C*; the answer is well-known, but we re-derive it here.

Since S! is compact, the image of any continuous homomorphism ¢ : S' — C* is compact,
hence contained in S'. Indeed, if z is an element of the image with |z| # 1, then either
z or 1/z is in the image and has absolute value greater than one. This easily implies that
the image of ¢ is unbounded, hence not compact. Now, every continuous homomorphism
St — S' lifts to a continuous homomorphism between their universal covers, that is, to a
continuous homomorphism f : R — R, where the universal covering map R — S! is given by
x +— exp(2miz).

It is well-known that the only continuous endomorphisms of R are given by x + ax for
a € R. In order for f to descend to a map S' — S!, f must map 1 to an integer n. Thus,
c:S' — S!is of the form exp(27ix) — exp(2nmiz), hence of the form ¢(z) = 2" for n € Z. On
the other hand, it is clear that all these maps are characters of S!.

Finally, the p-adic case follows essentially from topological considerations. Specifically, since
¢ : u — C* is continuous, the inverse image of an open subset of C* is an open subset of u.
Choose an open subset V' of C* that does not contain any non-trivial multiplicative subgroup
of C* (see Exercise [3.1.18). Then, ¢~*(V) is an open neighbourhood of 1 in u.

By definition of the p-adic topology, the subgroups 1 + (7)™ form a basis of open neigh-
bourhoods of the identity of u. Hence, there exists n > 1 such that H := 1+ (7)" C ¢ }(V).
However, this implies ¢(H) C V, and ¢(H) is a subgroup of C*, so ¢(H) must be trivial, which
proves that the kernel of ¢ contains 1+ (7)™, hence that ¢ factors via u/(1+(m)"), as desired. [

Exercise 3.1.18. 1. Show that every sufficiently small neighbourhood of 1 in C* contains
no non-trivial subgroup of C*.

2. Mimicking the proof of Proposition [3.1.17]in the p-adic case, show that if G is a profinite
group and p : G — GL,(C) is a continuous representation, then the image of p is finite.

Remark 3.1.19. Let K be a number field. The second part of Exercise [3.1.18] together with
the fact that Gal(K /K) is a profinite group, shows that the definition of an Artin L-function
may be reformulated by considering — formally more generally — any complex representation
of Gal (K/K). Indeed, any such representation factors via a finite quotient of Gal(K/K),
hence via Gal(L/K) for some finite extension L/K. This topological obstruction prevents one
from fully understanding Gal(K /K) by only looking at complex representations: to get a more
complete picture, one should also consider continuous p-adic representations. These constitute
a very rich area of researchﬂ, but we won’t discuss them, since this would take us too far afield.

Theorem [3.1.16] justifies the following definition.

Definition 3.1.20 (Exponent of a quasi-character). Let ¢ : k* — C* be a quasi-character.
By Theorem [3.1.16, we may write c¢(a) = &(&)||«|®, hence |c(a)| = |||, where o = R(s) is
uniquely determined by the character x. We call o the exponent of ¢ and denote it by o(c).

Remark 3.1.21. Notice that a quasi-character ¢ : £ — C* is a character if and only if its
exponent is zero.

'I'm biased: it’s something I actively do research about
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Choice of Haar measure

We would now like to choose a Haar measure on £* in a way that is compatible with the Haar
measure on k*. If g is a function in K(k*), then by definition there is an open neighbourhood
B of 0 (for the topology of k) such that g|p vanishes. Since ||| is bounded away from 0 on the
complement of B, we conclude that h(z) := H( ”) is a continuous function with bounded support

on all of k£ (where of course we set h(0) = 0). In particular, we may consider the (positive)
linear functional

v Kk*) — R
g — fk+ g9(x) ﬁ'
By the representation theorem (Theorem [2.1.28)), there exists a unique Radon measure px on
k> such that

Y(g) = /k g(a) dpgx ().

Moreover, pupx is invariant under translation by elements of k*: it suffices to check that
»(g(B+)) = ¥(g(+)) for every g € K(k*), and this follows from the identities

W N d(B~'y) _ 18~ Ml dy _ dy
b(g(B-) = /k+g(ﬁ e /k+g(y)—||6—1y|| /k+g<y>—||ﬁ_1y|| /k+g<y> o

where we have used Lemma [3.1.77 Hence, pyx is a Haar measure on k*. We now select an
appropriate multiple that is more suitable to our arithmetic applications:

Definition 3.1.22 (Haar measure on k£*). We denote by da the Haar measure given by

dpy+ (@)
[l

1. da = dppx = , if v is archimedean;

Np dpy+ (o
Np— ||a||

2. da = Npo 1d,uk>< = , if v is finite and corresponds to the prime p.

The next lemma gives the measure of the group of units:

Lemma 3.1.23. If v is discrete,

/da = (No)~ /2,

u

Proof. Let m be a uniformiser. We have
0= |_| m'u,
n>0
hence
_ ny n _ 1 __N@)
e+ (O) = ;Nlﬁ (m"u) = ; [Pl e () = 1 N@),lﬂkﬁ(u) = — 1Mk+(u)-

Recalling that we have defined ju;+ so that u+ (O) = N(2)~1/2 (see Definition [3.1.9)), we obtain

/da_/Np—l Np—l/llxll Np—l
Ny

B Np_l'“k*( u) = e (0) = N(d) V2.

dpgx ( dm
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3.1.3 Local zeta functions I: the general functional equation

Fix a function f : K — C. Continuing with our notation from the previous sections, we will
denote by f(z) the function on the whole of k, and by f(«) its restriction to k*.

Definition 3.1.24 (Class of 3-functions). We denote by 3 the class of all functions f : k — C
that satisfy

1. f(z) € Uy(k*) (that is, f(z) is continuous and in L*(k"), and f is in L'(k), see both
Definition and Theorem [3.1.5));

2. f(a)||e]| and f(a)|a||” are in L' (k*) for all o > 0.

For each function f of class 3 we can introduce a generalised Fourier transform where —
instead of integrating f(x) only against characters — we more generally consider all quasi-
characters of positive exponent. This is made precise in the following definition.

Definition 3.1.25 (Tate’s local ¢ function). Let f € 3 and let ¢ be a quasi-character of k*
with strictly positive exponent. We set

(F0)= [ f(@)e(a)da

and call such a function a (-function of k.

At least ‘locally’ (to be defined shortly), we can consider ((f, ¢) as a holomorphic function.
More precisely:

Definition 3.1.26. We say that two quasi-characters ¢y, co are equivalent if there exists an
unramified quasi-character y such that ca(a) = ¢1(a)x ().

By Lemma |3.1.13] the equivalence class of the quasi-character c is given by the set of all
quasi characters of the form
a— c(a)lla®.

This allows us to consider a ¢ function of k£ as a collection of many functions of a complex
variable s: for each quasi-character ¢ of positive exponent, we can consider the function

s = C(fre- o).
Notice that, by Lemma [3.1.13] this function can (and should) be considered as being defined

1. on the whole complex plane, if v is archimedean;

C

7. 27
log [[Np]|

2. on the cylinder , if v is finite and corresponds to p.

Each of these functions turns out to be holomorphic, in the following sense.

Lemma 3.1.27. For every quasi-character ¢ of positive exponent, the function s — ((f, c-||al|*)
is well-defined and holomorphic in {Rs > 0}.
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Proof. Convergence of the integral is guaranteed by the fact that f(z) is a function of class 3.
To show holomorphicity, it suffices to check that we can differentiate under the integral sign.
By definition,

el = [ sl da = [ fayeta)lal de

Fix a compact subset K of {fs > 0} with non-empty interior. The derivative (in s) of
the function being integrated is f(x)c(z)log||z||||z]|*"!. For s € K, this function is uniformly
absolutely integrable: denoting by e the exponent of ¢, the integral of the absolute value is

[ @) leta - Dog el -l da = [ 17(e)] o | - |+
ket it

with $s bounded above and below. Convergence can only fail around 0 and as ||| — co. Let
C ={x € k" : ||z|| < 1} be a compact neighbourhood of 0 in k*. Splitting the integral as

fc + fk+\c7 we have

1@ Doz fall -l do < el [ Noglall - ol da.

The exponent e+ Rs — 1 is bounded below by a constant g strictly larger than —1 (since e > 0

and Rs > mingex Rs > 0). The integral [, |log ||z]|| - ||z]|"° dz converges (Exercise [3.1.28)).
As for the integral on kT \ C', we have

/ |f(:E)| . |10g ||:p||| . ||l.||e+§Rs—1 dr < / |f(:l:’)| . ||$||e+§Rs dr,
kT\C O

and for s € K the exponent e 4+ Rs is bounded above by some x; > 1, so that the function
being integrated is dominated by the L' function | f(x)|-||z||**. Thus, thanks to the dominated
convergence theorem we may in fact differentiate under the integral sign at any s in the interior

of K. As K is arbitrary, this proves the desired holomorphicity. O
Exercise 3.1.28. Prove that fllxl\<1 |log ||z||| - ||z||* dx converges for all local fields k and all
k> —1. -

Hint. The cases k = R and k = C are easy exercises in analysis (but do pay attention to the
fact that ||z|| is the square of the usual complex absolute value). For the p-adic case, reduce to
summing over certain annuli A, (see Remark [3.1.41| below if necessary).

Remarkably, all ¢ functions satisfy a functional equation of a very general type. To state
it, we introduce the following notation:

Definition 3.1.29. For a quasi-character ¢ we set ¢(a) = ||a|lc™!(a).
Remark 3.1.30. It is clear from the definitions that o(¢) = 1 — o(c).

The following proposition, while comparatively easy to prove, will be the key to all subse-
quent results about analytic continuation and functional equations.

Proposition 3.1.31 (Functional equation of local ¢ functions). Let f, g € 3. For every quasi-
character ¢ with o(c) € (0,1) we have

C(f.e)¢(g.6) = ¢(f,6)¢(g.0). (3.3)
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Remark 3.1.32. An equivalent (but perhaps easier to remember) way to state the proposition
is that the ‘pairing’ (f, g) — ((f, ¢)((g, ¢) is symmetric in f, g.

Proof. The condition o(c) € (0,1) guarantees that both sides are well-defined. By definition,

é(a) = [lalle(a)™!, and so

.00 = [ ) f@(a))dads = [ clarfla)a(DBle(3) " dadp

kX xkX

:/kx . (™) f(@)g(B)|B]l de dB.

Replacing («, 8) — («, af), which (by properties of the Haar measure) does not change da df3,
we rewrite the above as

/k;X . c(Bf(a)g(ap)||ap|| dadB.

We now express everything in terms of the additive measure on k*. Recall from Definition

3.1.22 that da = % ﬁ;”(a), up to multiplicative constants. Thus, again up to multiplicative

constants independent of f, g, the above integral is equal to

/k B (@)t ol T W“ dyugs (o) dpge (8).

We finally replace ¢ with its definition (Theorem [3.1.10) to obtain

/k k / e~ 2mMeBD) (871 F () dpr (@) dpugr () dpugr (B),

which is manifestly symmetric in f and g. O]

The crucial remark is now the following: provided that ¢(§,¢) and ¢(f, é) are not identically
zero, Equation (3.3) can be written as

¢(fr0) _ <Ly, ¢)

C(f,e)  ¢g,¢)

where the right-hand side is clearly independent of f. Hence, the left-hand side must also be
independent of f, even though this is not at all obvious. This suggests that one should use the
functional equation of Proposfcion [3.1.31] by letting g vary, while fixing f to be a simple enough
function that the ratio <4< can be evaluated exactly. We turn to the task of computing

¢(f.0)
(4.0
(f.2)

in the next section, but first we establish some formal properties of the function p(c) that follow
directly from the functional equation.

N

$)

ple) =

o>

Iy

Proposition 3.1.33. 1. p(¢) = CE,(_C;)

2. p(©) = c(=1)p(c)
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3. |p(c)] =1 for ¢ of exponent 1/2.

Proof. 1. {(f.¢) = p(c)C(f.¢) = pl(e

)p
we used ¢ = ¢ (by definition) and
by definition,

()¢ (fg &) = p(e)p(¢)C(f(—a), c), where in the last step
f = f(=a) (by Theorem [3.1.10). On the other hand,

(o) = [ fla)a)da= | f-a)e(~ad(-a)
= (1) | F(-ae(@)dle) = e(~1)C(f(~a).c)

Comparing the two expressions for ((f, c) we get p(c)p(¢) = ¢(—1).

Remark 3.1.34. There seems to be a typo in Tate’s proof of this relation.

2. ((f,c) =C((f,0) = p(E)C(?, ). Now observe that ¢(a) = HaH@_l = ¢(a), while

Fo) = [ T2 do = [ Fae e do = fn).

~~»)

~

Replacing in C(f,c) = p(€)C(f, ) we get
C(F ) = p(@C(F(=1),8) = p(@)e(~1)C(,7) = p(@)e(=1)¢(f0),

where the last equality follows immediately from the definition of ((f,c). On the other
hand,

C(f.e) = p(c)C(f.e) = p(e)C(f,¢).

Comparing the two expressions yields the result.

3. If ¢ has exponent 1/2, then c(a)c(a) = |[c(a)||* = [|a|| = c(a)é(a), and therefore ¢ = ¢.
Comparing the expressions for p(¢) and p(¢) given in (1) and (2) yields p(c)p(c) = 1.
[

We will check in the next section that p(c) is a ‘familiar’ function, for all quasi-characters
¢, and in particular it trivially admits analytic continuation to C. As a consequence, the local
functional equation of Proposition [3.1.31] yields the following important theorem:

Theorem 3.1.35. Any (-function of k has an analytic continuation to the domain of all quasi-
characters given by a functional equation of the form

C(f,¢) = ple)C(] @),
where p(c) is a meromorphic function of c.

Proof. By Lemma [3.1.27, the function ((f,c¢) is defined and holomorphic for ¢ of positive
exponent. The function p(c)((f,¢) is similarly defined and meromorphic (since p(c) is only
known to be meromorphic) for ¢ of positive exponent, that is, for ¢ of exponent strictly less
than 1.

In particular, both functions are defined and meromorphic for all 0 < exponentc < 1, and
they coincide in this domain by Proposition [3.1.31] Thus, we get meromorphic continuation of
¢(f,c) to the domain of all quasi-characters. O
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3.1.4 Local zeta functions II: computation of the local factors

Our objective in this section is to compute the function

ple) i= L9
¢(f.¢)
when f is a particularly simple function taken in class 3. We will organise the computation
according to the equivalence class of the quasi-character c(a) = c¢o(a)||||®. For ¢ in a fixed
equivalence class, we will find that p(c), seen as a function of the complex variable s, is holo-
morphic and non-vanishing for Rs € (0,1). These functions p(c) will form the basis of all of
our discussion concerning the functional equations satisfied by the ¢ functions.

It will be necessary to distinguish cases according to whether k is real, complex, or p-adic.
Following Tate, we begin each section by recalling our choices for the map A, for the norm on
k, and for the Haar measures on k™ and on k*.

Real case
Conventions.
1. A(x) = —z (mod 1)

2. |||l is the ordinary absolute value

Equivalence classes of quasi-characters. According to Lemma [3.1.13] and Proposition
3.1.17, there are two equivalence classes:

a |lal®  and o (signa)|af®.

We denote the former by | - ||* and the latter by £|| - ||°.

Choice of f. We correspondingly take

2

f@)=e"" and fe(z) = e ™. (3.4)

Fourier transforms. We have
flx) = f(x) and  fi(z) =ifs(z).
Before we check these equalities, we pause to recall a classical lemma in real Fourier analysis:

Lemma 3.1.36. Let a,b € R. We have

—27a?

—2my? +4miay _ €
e dy =
/R V2

4 1
—2bmy? +4miay _ —27(a?/b)
e dy = —e .
/R V2b

and more generally
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Proof. We have

_ 2 9ian—a2taq2
e 27 (y*—2iay a—i—a)dy

_ 2 i
/ e 2my“+4miay dy _
R

67271'(yfia)2 —27a? dy

_ 6—27ra2/€—27r(y—ia)2 dy
R

Since the function y > e~2m(y=ia)® jg holomorphic, we can shift the integration contour from
the real line R to ia + R, thus rewriting the above integral as

_ 2 _ 2
e 2mwa / e 21y dy
R

The value [ := fR ey = \/Li is well-known, and can be obtained by the standard trick

o0 2m 00 [e'¢)
1 1 1
I? = / e~ 2@ ) q dy = / / e~ dr d = —/ 6_2”’"2d(27rr2) = —/ e tdt = .
R2 o Jo 2 Jo 2 Jo 2

This proves the first formula in the statement. The second follows: upon writing y = \/LE we

obtain
/€—2b7ry2+47riay dy :/6—27rz2+47ri\‘}z dz 1 —27r(a2/b)'
R

b — = ——e
R Vb o V20

—

]

Let us now compute f (). By definition, recalling from Equation (3.2]) the definition of the
Fourier transform in our setting, we have

f(l’) _ / f(y)e—27ri/\(ya3) dy _ / e—wy262m'yz dy _ G—Trmz7
R R

where in the last step we used Lemma (3.1.36| with a = %x, b= % For the sake of completeness,

we also derive the expression for fi:

f(x) = / f(y)e—Qﬂ'iA(ym) dy — / ye—ﬂ'y2627riy;t dy
R R

_ / e—frx2ye—7r(y—ia:)2 dy _ e—7r:z:2/ye—7r(y—ix)2 dy
R R

=e ™ /(?J +iz)e ™ dy = ize™™ 4 / ye ™ dy = ize ™
R R

where the integral fR ye"ry2 dy vanishes since we are summing a (rapidly decaying) odd function
over a symmetric domain.

Remark 3.1.37. The same result can also be derived more cleanly by recalling that, writing

S

g(z) = 2mixz f(x), one has dd—j) = g. Applying this to f(x) and g(z) = 2mify(z) immediately

yields

X d X
2mify = e (e””ﬁ) = e ™ = fr= ize ™ = ify(x).
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The (-functions. From the definitions we obtain

—mz? dx
NI = [ s@lalda= [ e al T
7|
_ / 5 16—71'30 dr Y= =a? / y(s—l)/26—7ryy—1/2dy
0 0

R s/2—1
=7 —/ (i> e*dz =% (s/2).
0

™ ™

Remark 3.1.38. Note that we have essentially interpreted the I' function as a ¢ function of R!
Furthermore, notice that this exact function 7=%/2I'(s/2) is precisely the ‘missing factor’ from
the completed ¢ function of Remark [I.1.10] This already strongly suggests that Tate’s local
¢ functions should have something to do with the ‘global’ Dedekind ( function we met at the
beginning of the course.

A similar calculation leads to

s 0 — a2 s dx > —nz? dx
(Ut 1) = [ e fa T [ el
- R/ I

= 2/00 e ™ dy =75 T s+1
0 2 .

Now note that H s =1 -]|'"* and j:H |* = +|| - [|'7*. Combined with the linearity of ((f,c)
in the first argument, this shows
155 F 1 — S :
2

C(For N TF) = e, £ ) =i 5T (M) '

A

AT =Chll- 1) ==

2

The function p(c). We have obtained

p(iH : “5) =1 (=s)+1p %S)H

Exercise 3.1.39. Check the funny-looking identities above, using the results of Exercise [1.1.6
(including Euler’s reflection formula).
Complex case
Conventions.

1. &£ =x+iy=re?
2. A(§) = —2R(§) = —2x
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3. |la|| = aa = |a|* = r? is the square of the ordinary absolute value

4. dug+(§) = 2dx dy is twice the ordinary Lebesgue measure

5. do = duk-‘r(a)

Equivalence classes of quasi-characters. According to Lemma [3.1.13] and Proposition
3.1.17], the equivalence classes are parametrised by n € Z. Representatives for each equivalence

class are given by
Cn(rezﬁ) — emﬁ’

and the corresponding equivalence class consists of all characters of the form ¢, (a)||«||*.

Choice of f. We take

(- iy)Mle=2m@+9%) for p > 0

fn(g) - {(l’ + Z.y>|n|€_27r($2+y2), for n <0 (35)

Notice that, writing a = re® # 0, the value f,(a) (for n > 0) can also be written as

.. _ 2 . _ 2
(r(cos ) — isind))"e 2™ = ple VeI

while for n < 0 we have

Fal@) = (r(cosd + isin ) "2 = premind g2

We may thus write the uniform formula f, (re’) = rltle=m9e=2m*

Fourier transforms. We have
fal&) =M f(8)

for all n. To prove this we proceed as follows:

1. for n = 0 we compute

fo&) = / Fn)e ™A g, (n) = 2 / 2 (@2 +?) ATIRE(T+)) o gy,
C R2

Writing & = u + 7v, the previous integral becomes

f0<€) = 2/ 6—27T(x2+y2)647ri(ux—bv) dx dy =9 (/ 6—27r:c2+47r72ux d.flf) </ 6—27ry2—47rivy dy)
R2 R R

e—27ru2 e—27rv2 9, o
=2 ( % ) ( 7% > = 7T = fo(u+iv) = fo(8),

where the single real integrals are treated using the first part of Lemma |3.1.36| (with a = u
and a = —wv, respectively).
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2. for n > 0 we proceed by induction. Assume that we know fn(f) = il"lf_,(¢), that is,

/ / n —27(u2+v2)+4mi(zu—yov) dudv =i (ZL‘ + Z'y)ne—Qﬂ'(:L’Q-‘ry?). (36)

Introduce the differential operator D = 1= (% + i(%) and observe that D(x + iy) = 0,

hence D(z + iy)™ = 0 (this is essentially a consequence of the Cauchy-Riemann equation
for the analytic function z — 2™). Applying D to both sides of (3.6)) we obtain

// n+1 727r(u +v2)+4ri(zu—yv) du dv = Zn+1<x + Zy>n+1 —27 (22 4y? )7

which is nothing but the equality E:l(f) ="M i) ().

3. finally, to handle the case n < 0, we write n = —m with m > 0 and consider the equality

Fn&) = 8" f-m(8).

Taking the Fourier transform of both sides, we get

Fu=6) = Tl€) = " Fn(6),
which, using f,,(=&) = (—=1)" f,,(£), yields the desired equality.

The (-functions. Recall the formula f,(re”’) = rl"le="9¢=27* From this, we obtain

(fnndH / f C”( )HaH dOé—/ |7l| —ind —27T7’ zn19 232dxdy

7“2

2
/ / plnl+2s=2 727rr 0 dr d = 271'/ (7‘2)%6727”“2 d(?”2>

0o Inl 4 (s
= 27T/ tlg‘+(s_1)e_2”tdt = 27r/ <i> ey e_“d—u
0 0 2 2
(27?)’*“1 s)/ U%Jr(sfl)efu du — (27)7—+(1 T < |72L|) _
0

We highlight two aspects of this calculation that are easy to get wrong: on the one hand, recall
that our Haar measure is twice the standard Lebesgue measure, which justifies the factor of 2
in front of dz dy, hence the factor of 2 in 2rdr dJ. On the other hand, note ||a||* = r?* (and
not r%).

Remark 3.1.40. Speaking of getting computations wrong: Tate finds (27r)m+(1_5)F (s + ln‘)

instead (note the sign change in —) I double-checked my computations and could not find the
mistake, but I'm ready to wager that Tate is right and I'm wrong. If you can find the error,
I’d be happy to hear about it!

(Luckily, the sign in question is irrelevant for the computation of p(c).)

|lfs

—_—
Now note that ¢,|| - [|* = c_n]|| - [|'7%, so

(s Gall T = G el - [175) = il (2m) =30 (1‘”@)'
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The function p(c). We simply take the ratio of the functions computed above to get

2m)t=T (s + %)
ryT ((1-5)+13)

pleall - I1°) = (=)™

p-adic case

Conventions.
1. £ is a p-adic variable

2. A(€) = Atrg g, (€))

3. dug+(€) is normalised in such a way that O has measure (N0)~!/2

4. o = an™, where « is a variable in £*, 7 is a uniformiser, and & is a unit
J— —-n
5. [la]l = (Np)

6. dugx () = %’i—ld”ﬁ;ﬁa), so that u gets measure (N9) /2

Equivalence classes of quasi-characters. The classification of quasi-characters is compli-
cated (see Proposition . Luckily, for the computation of the local ¢ function we only
need to know the conductor of our character (that is, the minimal n > 0 such that ¢ is trivial
on the subgroupf] (1+p™) Nu of u). Also note that each equivalence class of characters contains
a representative for which ¢(7) = 1. Let then ¢, be a character such that

o(m)=1, c(l+p")={1}, c(t+p"H#{1}ifn>1
Choice of f. We take f to depend only on the conductor. Precisely, we set

627riA(£) 1f€ c aflpfn
(€)= ’ 3.7
Ja() {0, otherwise (3.7)

Notice that for n = 0 the function fy(£) is the characteristic function of 97! (for £ € 07! we
have A(€) = 0).

Fourier transforms. We claim that

. {(Na)l/?(zvp)n, if¢=1 (mod p")

Jal8) = 0, if€#1 (mod p). (3:8)

By definition,

fn(f) — /fn(n)e—m/x({n) dn = /GQWiA(n)lnea1pn€—2m‘A(§77) dn :/ o 2mA((E=1)n) dn.
k k N

—1p—n

2note that for n > 1 the set 1 + p™ is contained in u and is a subgroup. For n = 0, we set conventionally
1+p'=u
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If ¢ =1 (mod p"), then (£ —1)n lies in 07! for every n € 0~ 'p~". By definition of the different,
we have tryq,(07") C Z,, which implies A((§—1)n) = 0. Thus, if { =1 (mod p"), the function
that is integrated is identically equal to 1, hence we get the measure of the set over which we
are integrating, that is,

fkt (Dflp’”) = (Np)"(No)Y/2,

where we have used Remark [3.1.8]

On the other hand, suppose that £ # 1 (mod p™). Then (by definition of conductor) the
map 7 — A((§ —1)n) is a non-trivial character of the group d~'p~™, hence its integral over this
(compact) group vanishes by Proposition [2.2.5]

The (-functions. Let again ¢ be a character of conductor 7™ that satisfies ¢(w) = 1. We
begin by computing the ¢ function in case c¢ is unramified, that is, n = 0. In this case, the
conditions ¢(m) = 1 and ¢(u) = {1} force ¢ to be trivial, and its equivalence class is the class of
the powers of the norm, || - [|°. The local ¢ function is then

o1 = [ kel dieio) = [ o e o).

Next, we observe that A(a) € Z, for a € 97!, hence the integral reduces to

| lall di (o).

= e ek 2] = (Vp) ).

v=—d

Writing 9 = 7¢, we have

Further set A, :={x € k: ||z]| = (Np)~"}.

Remark 3.1.41. Since pyx is invariant under rescaling by elements of k* (that’s the point of
the Haar measure!), we have pux (Ay) = pupx (T°1) = pgx (1) = (N0)~2 for all v.

Using this remark we easily obtain

| ol (o Z / g 2 / (Np) " dues (a)

(Np)*

— Z (Np) ™ < (Ay) = (NO)_WW

v=—d
Finally, recalling that @ = p? has norm (Np)?, the result may be rewritten as

(N0)5_1/2

C(f(), H ) ||S) = 1 — (Np)_s

(3.9)
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Now for the Fourier transform fo: we have computed above that this is (N 2)'/210, hence

oo T TF) = Sl I 1) = (ND)”Q/ ledl = dpagex ()
o

= (N0)'/2 Y T(Np) ™07 o (A,)

v>0
1
= (NO)/23 “(Np) ™07 g (Ay) = ———,
( ) U>O( p) K ( ) 1_(Np)5_1

where we have used again Remark |3.1.41] More generally, essentially by the same computation
one shows:

Theorem 3.1.42. Let x be an unramified character of k* (so that x(u - ") = x(m)" for all v
and all u € u; we may then evaluate x on any fractional ideal (7)). Let f be the characteristic
function of the fractional ideal I = (n™). The local ¢ function ((f, x) is given by

(No)~ X (T)(NT)~
1—x(p)(Np)~

C(f,x) =

Exercise 3.1.43. Check Theorem B.1.42]

Remark 3.1.44. It should be almost unnecessary to point out that if we take £k = Q, and
I = (1) in Theorem we get that the local zeta function {(f, x) looks very much like the
local factor at p of the classical Dirichlet L-functions (see Equation (1.1))). We will clarify the
connection later, when we discuss global zeta functions.

We are left with computing the local zeta functions of ramified characters. Write the
different as 0 = p?. We start by decomposing the integral defining ¢ as a sum over the annuli
A,

o0

Cfeall ) = / A, (a)l|all* dug (0) = S (Np)~ / TN () dyu (@),

omlpTn v=—d—n Ay
Next, we observe that all but one of the terms in this sum actually vanish:
Lemma 3.1.45. For every v > —d — n we have [, e*™ ¢, (a) = 0.

Proof. We distinguish two cases:

1. v > —d. In this case A, C 07!, hence A(a) € Z, for all a € A, by definition of the
different. It follows that €2™A(® = 1 on all of A,, and the integral in question is

/Av cn() dppx (o) = /ﬂvu cn(@) dpgx () = /Cn(ﬂva) A (@)

u

= cp(m)” /cn(a) dppx () =0

by Proposition [2.2.5 (notice that c,, being ramified, is by definition nontrivial on u).
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2. —d > v > —d —n. We write A, as the disjoint union of sets of the form ag + p=¢ =
ao(1 +p~97?). On each such set, A is constant and equal to A(ayp). It follows that

/ eZﬂiA(a)Cn(a) d/fl’kx (Oé) — 627Ti/\(040) / Cn(a) d,ukx (Oé)
o1 ap+o—1

We now prove that the last integral is zero. Translating (multiplicatively) by g shows
that
/ (@) dpgx (@) —/ Cn (@) dpgx ()
ag+0-1 ap(l+p=v=9)
= / cn (o) dpgx (o)
1+p—v7d
= cn(ozo)/ (@) dpgx ().
1+p—v—d

Since —v — d > 0 by assumption, 1+ p~*~? is a (compact) subgroup of u. On the
other hand, ¢,(«) is nontrivial on it, because by definition of the conductor the smallest
exponent k such that ¢, is trivial on 14 p* is k = n, and —v — d < n by assumption. We
conclude once again by applying Proposition [2.2.5]

]

Thus, the local zeta function is given simply by

C(faseall - %) = uvP>“*"”t/ﬁ 2@ ¢, () dp (@),

A—d—n

As is usual in the p-adic setting, we can use the fact that the functions we integrate are
locally constant to rewrite the remaining integral as a finite sum. More precisely, fix a set {¢}
of representatives for the quotient u/(1 + p™). Then

Aoy =ur = | Jer (14 ") = | Jer " 107,

€

On each set er~47"(1 + p") the character ¢, is constant by definition of n, and its value is
cn(€)cn ()™ = ¢,() (recall that we chose our representatives ¢, to satisfy c,(w) = 1).
Similarly, A is also constant and equal to A(ewr~4~"). Thus,

Ul [7) = (N9 3 (e [ (o).
c 14-pn

Finally, we compute the local zeta functions attached to the Fourier transforms of the
fn for n > 0. We have already seen in Equation that the Fourier transform of f, is
(N0)Y2(Np)"1144n. On the set 1+ p", both ¢,(a)~ and ||a|[*~* are equal to 1 (here we use
n > 0), and therefore

C%ﬂWbWWWW/dWM

L+pn

which is simply a constant.
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The function p(c). For the unramified character ¢, we get

1—(Np)»

plell - 11%) = (Nb)s_mw-

The situation is slightly more complicated for a ramified character ¢ of conductor f = p”. Let
{€} be a set of representatives for the quotient u/(1 + §) and set

- il (e/m?®F)
polc) = (NP2 Y " cfe)emhe/m ™),

The function p(c) is then given by

(Np>s(d+n) ZE Cn(g)ezm'A(aW*d*”) prn dfigx (Oz)
(NO) 2(Np)" [, dyuu= (@)

N s(d+n) N 1/2 B

= po(c ( (?\;0)1/2(5\7;))% = po(c)(Np)Le-1/2dm

= ,OO(C> (Naf)s_lﬂa

plell - 1I°) =

where we have used the definitions 0 = p?, f = p". Setting s = 1 we obtain p(c| - [|*) = po(c),

which — using Proposition [3.1.33[ (3) — shows the nontrivial fact that |py(c)| = 1.

A final remark

We conclude this section with a remark that will be useful when we discuss the ‘global’” theory
over number fields.

Remark 3.1.46 (Non-vanishing of the standard local ¢ functions). For each character ¢ of
the multiplicative group k£* of a local field k£, we have constructed a ‘standard’ function f
(depending on ¢) and computed {(f, ¢). One can check directly that all these local zeta functions
are meromorphic and everywhere non-vanishing. (The I' function has no zeroes, see Exercise
. In particular, their inverses are everywhere holomorphic.

3.2 The global theory

We now let k& be a number field, denote by v a place of k (Definition , and by k, the
corresponding completion. For each v we then have all the analogues of the quantities defined
in the previous section, which we decorate with a subscript v: the ring of integers O,,, the units
u,, the norm || - ||,, the character A,, the different 9, if v is finite, etc.

3.2.1 The additive group: the adeles

Recall from Definition [2.4.5] the notion of ring of adeles, which we consider in the topological
sense of Definition uS, as a topological group, Ay is ], (k, O,). The ring structure is
provided by the component-wise multiplication.

Theorem [2.4.14} combined with Theorem [3.1.5/and Lemma(3.1.6, shows that the dual group
of Ay is the restricted direct product of the groups k- = k" with respect to the subgroups 0;*
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(for v finite). Since 0;' = O, for almost all v, this shows that the dual group is simply Ay
itself. More precisely, an adele (n,) € Ay corresponds to the character

(xv) N H BQWiAq,(nq;mv) o €2m' > Au(nq,mv)'

(2

It is then useful to define the standard adelic character
7)) = > Ay(wy). (3.10)

Since we also have a local measure dy,+ for each place v, from the discussion in Section
we get a product measure duy, = [, duk+ on Ai. Moreover, since each dpu,+ is self- dual for
the Fourier transform (see Theorem , we obtain from Corollary [2.4.23 m 3| that dpy, is also
self-dual. Thus, the abstract general theory leads to the following:

Theorem 3.2.1 (Fourier inversion on the adeles). The additive group of adéles Ay, is its own
character group. An isomorphism is obtained by identifying the adéle (n,) with the character
(zy) = 20O If for a function f(z) € L'(Ay) we define the Fourier transform by the formula

f)y = [ fa)e ™0 dpy, (o),
Ak
then for f € BY(AL) we have the inversion formula
J@) = | Jmem e dus, ()
k

We also recall the following fact (see Exercise [2.4.6)):

Lemma 3.2.2. The unit group of Ay is Iy, the group of idéles of k. In particular, for n =
(ny) € Ay, the map x — nz of Ay into itself is an automorphism if and only if n is an idéle.

The following is the analogue of Lemma [3.1.7]

Lemma 3.2.3 (Rescaling the adelic Haar measure). Let a be an idéle of k. We have

dpay (ax) = |[alldpa, (),

where ||al| is the product [, ||av|ls (the product is finite, in the sense that all but finitely many
terms are equal to 1).

Proof. Since dyua, (z) is a Haar measure and x — az is a ring automorphism, dus, (azx) is
another Haar measure. Thus, it suffices to compare the measures of any set of positive measure
N. We take N =[], N,, where N, = O, for v finite, and N, is a compact neighbourhood of 1
if v is infinite. Applying Lemma to each place we obtain

/aNdMAk H/ dpyt () H||av||v/ dps () = (HHGUH )/NdMAk(ﬁ)-
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The field as a subgroup of the adeles

We consider k as embedded in Ay via the map & — (§,&,...,&,...) which sends an element of
k to the adele whose components are all equal to £&. The next lemma shows that k acts as a
sort of ‘complement’ for the subring of ‘integral adeles’.

To state it, let S, denote the set of Archimedean places of k, and observe that Ay g =
(Ag)s., is by definition the set of adeles (x,) such that x, is in O, for every finite v.

Lemma 3.2.4. The following hold.
1. kNAgs, = O.
2. k+Aps, = A

Proof. 1. This is simply the statement that a field element that has non-negative valuation
at each finite place is an algebraic integer.

2. We need to show that, given an adeéle z = (z,), there is £ € k such that z+¢ is integral at
every finite place p. Let m be an integer divisible by all the primes p such that z, & O,.
Replacing m by m” for some N > 0 we may assume that mx, has non-negative valuation
at p for all p.

Denote by S the finite set of places dividing m; note that S contains all the places at
which z, is not integral.

We look for a field element ¢ of the form % with a € Oy. Since both z, and - are integral
at p for p € S, it suffices to show that we can choose a in such a way that mx, +a =0
(mod p» (™)) for all p € S. Such an a exists by the Chinese remainder theorem. Note
that, with a slight abuse of notation, we have identified mz, € O,/p" (m) with an element
of O)/p*™ . This identification is possible since the canonical map

Ok OU
por(m) O, pue(m)

is an isomorphism (it is injective between groups with the same cardinality).

We now introduce the following notation:

Definition 3.2.5 (Infinite part of the adeles). We denote by Ag® the product [, g k., of the
archimedean completions of Ay. If (r1,72) is the signature of k (see Definition [1.3.20)), then A
is isomorphic to R™ x C". Given = € Ay, we denote by z* its projection on A7°.

Lemma 3.2.6. Let wy,...,w, be a Z-basis of Oy (so that in particular [k : Q] = n and
T+ 2ry =n).

1. wi®, ... w is a R-basis of Ay°.

2. Let D* = {} " zuw; : x; € [0,1)} be the ‘fundamental parallelotope’ spanned by the
given basis. The volume of D> with respect to the measure [],cq dw, is \/|dy|, where
dy, is the discriminant of k.
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Proof. Denote by oy, ..., 0, the ry real embeddings of k and by o,,41,...,0. 4, a choice of ry
non-equivalent non-real embeddings of k into C (here, by non-equivalent we mean that no two
of them are complex conjugate of each other). An isomorphism A% = R™ x R?™ is given by

§ = ((0i(8))i=1,....r> ROr1i(8), S0, 10 () )iz, o) -

Here we use the fact that C (with its standard Lebesgue measure) is isomorphic as a measure
space to R x R (with its standard Lebesgue measure) via the map z — (Rz,3z). Via this
isomorphism, the elements w,, are sent to the vectors

o1\W;
o1 (Wm) ( z)
Or (W)
O'm (Wm) Jrl+1(wm)+0”+l(wm)
W = §RO_m—i—l(‘fUrn) _ 2. 000
" %0r1+1<wm> JT1+1(UJT”)2_iUT1+1(Wm)
%O—T‘l-‘rrz (Wm) Ori4ro (wm)‘f'm
2.
%0'7“1 +r2 (Wm) Try 47 (Win ) =0 4o (Wm)

21

Consider the matrix w® having w2 as columns. We want to compute the absolute value of the
determinant of this matrix; in order to do so, we can consider w™> as a matrix with complex

coeflicients.
Summing 1/i-times each row Ro,, 4 ;(wy,) to the following one (which does not change the

determinant of w™) we replace the m-th column of w> with

o1(wm)

Or, (wm)
o7y +1(wm)+0r; +1(wm)

i1 (W) /i

Ori+4rg (wm)+0r1 +rg (wm)

Ty iy (Win) /1

We now subtract i/2-times each row o, 1,(wm)/? from the previous one, obtaining a matrix
(with the same determinant as w®) having as m-th column the vector

o1(wm)

Oy (W)
UT1+1(UJm)
2

i1 (W) /i

Ori+rg (wm)

Orq+ry (wm) /Z
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Pulling out a factor of 1/2 from each row
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Ory+j (w’m)

5 and a factor 1/i from each row o, (W),

we obtain

det w™ =i "27"2 det (0 (wnm))

i,m

hence in absolute value we have

| det(w™)] = 27" det (0i(wm))sm | = 27" V/|dil,

see Definition [.3.1]

1. The previous determinant computation shows in particular that the vectors w;?® are lin-

early independent.

Note that (up to a set of measure zero) D> is the image of [0, 1]” under the linear map
L1
L2

that sends a vector x = | . | to w™x, where w™ is as above. Thus, one of the basic
Tn

properties of the determinant shows that the volume of D> is | det(w™)]| - vol ([0, 1]").

The claim follows from the fact that | det(w™)| = 27"24/|dk| and vol ([0, 1]™) = 2"2, since
our choice of Haar measure on R™ is twice the standard Lebesgue measure.

]

Definition 3.2.7 (Additive fundamental domain). The additive fundamental domain D
of Ay is the set {z € Ay 1z € Ay g and x> € D>}. Equivalently, D = Af‘” x D,

Theorem 3.2.8 (Properties of the additive fundamental domain). The following hold:

1. Ay is the disjoint union | .., (§ + D)

2. The measure of D 1is 1.

Proof. 1. We first prove that & + D and & + D intersect trivially if £, &, are elements of k

with & # &. Equivalently, we need to show that & — & € D implies & = &. Since D
is contained in Ay g, by Lemma we see that & — & is an algebraic integer, hence

an integral linear combination of wy,...,w, (notation as in Lemma [3.2.6). However, by
projecting on A}° we obtain that its coordinates in the Z-basis wy, ..., w, are all strictly

less than 1, hence they are all equal to zero, that is, & — & = 0.

Now we show that every adele z is in some £ + D. By Lemma there exists & such
that y := 2 — & is in Ay 5. Now consider y*: by Lemma the set wy,...,w, is a
basis of this vector space, so we can write y® = > cw; + » ., d;w; with ¢; € Z and
6; € [0,1). The field element & = Y"1 ciw; is in O, so y — & is still in Ag g, and
furthermore, by construction, (y — &)™ is in D*. It follows as desired that = — & — & is
in D.



3.2. THE GLOBAL THEORY 125

2. By definition we have D = Af‘” x D> C Ay ... Since the adelice measure coincides with
the product measure on subsets of the form (Ay)g, the adelic measure of D is

s, (D) = ( /.. duAgm> ( [ 1 dumv)-
Ak D> yegee

The second factor is equal to +/]di| by Lemma|3.2.6, As for the first, we have

/Afoo dung- = 11 /vdﬂv = I ~¥@)= =11 Il

V€S0 V€S0 V€S0

where we used our normalisation for the additive Haar measures on the local fields &,

(Definition [3.1.9) and Theorem [2.3.19} Finally, using Theorem [2.3.20] we conclude that
[Togs., 1k, |717% = |di|~'/2, which simplifies [, [T cg dpta, = |di|'/?, giving the result.
[l

Corollary 3.2.9 (Position of k inside Ay). The field k is a discrete subgroup of Ay and the
quotient Ay /k is compact.

Proof. 1t is clear that Theorem [3.2.§ remains true if we replace our choice of D> with the set
D> = {37 zw; - x; € [-1/2,1/2)}. Define D as the corresponding additive fundamental
domain. Since D contains a neighbourhood of 0, the decomposition A; = Leer (€ + D) of
Theorem m(l) shows that each point of ¢ has a neighbourhood that is disjoint from a
neighbourhood of any other point. Thus, k is discrete in Ag. The quotient Ay /k is compact
since there is a continuous surjection D — Ay /k with D compact. O

Lemma 3.2.10. The character A of Equation (3.10) vanishes on k.

Proof. For each place v of k, let Q, be the completion of Q at its unique place lying under v
(equivalently: the closure of Q in k,). By definition,

A& =D M) =D Nltrey, &) = D A [ D trkyen(©) ] = D Au (trrynl))

weg v|w weQ

where we used Theorem [2.3.22, Setting x = tr;/g(§) we are then reduced to showing

Z A (2) =0 (mod 1) :

’wEQ@

we have reduced the lemma to the case k = Q. To treat this, we need to show that > A, (z) is
an integer for every z € Q. Clearly it suffices to show that is g-integral at each (finite) prime
g. This is achieved by looking at the decomposition

S () = (Z w)) (@) + A @) = ( S Ap<x>> + (Ay(@) —2) mod Z

PFq,00 DPFq,00

cach \,(z) is a rational number with denominator a power of p, hence it is g-integral, while
A;(z) — x is g-integral by definition. O
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Theorem 3.2.11 (Dual of A, /k). The map

Bk — Ak
n — exp(2miA(n-))

18 an isomorphism of topological groups.

—

Proof. By Proposition [2.2.4, we have Ay /k = k*, where k* is the closed subgroup of A\k given
by those characters that vanish on k. By Lemma [3.2.10| we have k C k*. We now show that
they are equal, by combining the following three observations:

1. By Proposition|2.2.4|there is an isomorphism of m with k. Note that m is discrete,
because Ay /k is compact (apply Theorem and Corollary [3.2.9). We have already
observed that k C kt, so we can consider the quotient k*/k, which is therefore discret.

2. On the other hand, via the self-duality A, = f&\k, the quotient k% /k can be considered as
a subgroup Ay /k, which is compact by Corollary [3.2.9f Combined with (1), this shows
that k*/k is both discrete and compact, hence finite.

3. Finally, k* has a natural structure of k-vector space (for v € k*, & € k we set (£-1))(n) =
¥(€n)), and k is a k-vector subspace. Thus, k*/k is a k-vector space of finite cardinality.
Since k is infinite, this implies k+ = k, as desired.

]

The Riemann-Roch theorem

In this section we want to work with (continuous) functions ¢ : Ax/k — C. We find it
technically simpler to consider them as functions A, — C that are invariant under translation
by any & € k. We give this as a formal definition:

Definition 3.2.12 (Periodic function). Let 7w : Ay — Ay/k be the canonical projection. A
function ¢ : Ay — C is called periodic if p(x 4+ &) = p(x) for all z € Ay and all £ € k C Ag.
Such a function induces, by passage to the quotient, a function @ : Ax/k — C. Conversely,
given ¢ : Ay /k — C, we denote by ¢ = ¢ o7 the corresponding function on Ay.

Remark 3.2.13. Notice that ¢ : A;/k — C is continuous if and only if the corresponding
function ¢ : Ay — C is continuous and periodic.

Lemma 3.2.14. Let p(z) : Ay — C be continuous and periodic, and let ¢ : Ay/k — C be the
corresponding continuous function on Ay/k. We have

/D () dpin, () = /  P@ (),

where the measure du on Ag/k is the unique Haar measure on this (compact, by Corollary
group such that (A /k) = 1.

3note that if X is a discrete topological group and Y is any subgroup, then X/Y is discrete: each point is
open!
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Proof. Follows from Theorem M(2) More precisely, denote by 7 the canonical projection
Ay, — Ay /k and introduce the function

I: LY(AL/k) — C
px) = [ppomn(z)dus, (x).
It is easy to check that I has the properties required to be a Haar integra]ﬁ Moreover, it gives
measure 1 to Ay/k by Theorem [3.2.8(2).
We check in greater detail the invariance of I under translation. Let y € A, and let

W(x) = (x +y). Denote by 1 the corresponding function on the quotient Ay /k. We need to
check that

/D@OW( dpea, (@ /@/JOW ) dpia, (),

/D ( dMAk /w d/mk

which can further be rewritten as

[ @ s, @ = [ oo+, @)

or equivalently

Since dpy, is translation-invariant, we are reduced to showing

/D () dpa, (3) = / (e dp ).

Now, since Ay, =| |, (§ + D), we have
y+D=||((¢+D)n(y+D))),
cek

where only finitely many sets in the union are non-empty.
We rewrite the integral fy +p P(x) dua, (z) as the series (really a finite sum)

> /(&D)m(yw) p(x) dpa, (v) =) /( DD (x4 &) dug, ()

g€k &k

= e )

éek

(3.11)

where we have used the translation-invariance of both the measure dyu,, and the function ¢.
Now, it is immediate to check that y+ D is another additive fundamental domain for A, hence
the sets { =&+ (y+ D) }eer, are disjoint and cover Ay. It follows that the sets {DN(y—&+ D) }eex
are disjoint and cover D, and therefore the last integral in is also equal to [, () dpa, (z),
as desired. []

4to be precise: if we only consider functions ¢ that are the characteristic functions of subsets of Ay /k, the
functional I clearly gives a measure on Ay /k. We will see below that this measure is translation-invariant and
gives mass 1 to Ay/k, so it is the unique normalised Haar measure. A posteriori, this implies that I is the
integration against this Haar measure, hence it is well-defined on all of L!(Ay/k).
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Recall from Theorem [3.2.11|that & is the character group of Ay /k. It follows that the Fourier
transform of a function on Ay/k can be identified with a function on k, and precisely we have:

Definition 3.2.15 (Fourier transform on Ay /k). Let ¢ be a complex-valued, periodic, contin-
uous function on Aj. Its Fourier transform is the function

A

p: k — C
£ = [pola)e M dypy, (2).

Note that, by compactness of Ay /k (Corollary [3.2.9), any continuous function on this quo-
tient is automatically L'. We exploit this in the next lemma:

Lemma 3.2.16. Let () be continuous and periodic with Y .., |p(§)] < oo. We have the

Fourier inversion formula
px) =) (e,
ek

Proof. As already observed, ¢(z) induces a continuous function ¢(z) in L'(A/k). The hypoth-
esis of the lemma means that the Fourier transform of ¢(z) is in L'(k). Thus, ¢(z) satisfies
the assumptions of the abstract Fourier inversion theorem (Theorem [2.2.10]). The conclusion of
the lemma is then simply the inversion formula, once we check that the measure p; on k dual
to the Haar measure we fixed on Ay /k is the counting measure (and not a nontrivial multiple
thereof).

To see that this holds, we apply Lemma (2) to H; = A/k/\k The group H;- is

clearly trivial (hence can be identified to the singleton {0} of & = A/k), so we obtain 1 =
oag/e(Ag/k) - pe({0}) = 1 - px({0}), which shows that sy, is the counting measure, as desired.
[

Now, the simplest (and most ‘traditional’!) way to build a periodic function is to take an
arbitrary function f(z) and consider the sum of all its translates f(z + §). The next lemma
describes what assumptions are necessary to obtain a well-behaved function in this way.

In order to state it formally, we need a notion of uniform convergence for sums indexed
by elements of k. Since k is a number field (which is a discrete object, without any natural
topology), the only possible definition is the following:

Definition 3.2.17 (Uniform convergence of a series of functions). Let a¢(x) : Ay — C be a set
of complex-valued functions and let X be a subset of A;. We say that the series ) . ae(z)
converges uniformly for z € X if the following holds: for every € > 0 there exists a finite set

F C k such that
> ag(x) < e
§4F

for all z € X.

Note that, by standard arguments, the sum of a uniformly convergent series of continuous
functions is itself a continuous function.

Lemma 3.2.18. Let f(x) be a continuous function in L'(Ay) and suppose that 3 f(x +1)
is uniformly convergent for x € D. The continuous periodic function p(x) = > f(x +n)

~

satisfies p(§) = f(&) for all & € k.
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~

Remark 3.2.19. Note that the equality ¢(£) = f(£) only makes sense for £ € k: we consider
¢ as a function on Ay/k, so its Fourier transform is defined on k).

Proof. This is essentially a direct calculation. We have
26 = [ () dpy, (0
D

= /D (Z f(sc+n>e—2““$@> dps, ()

nek

1) —2miA(x
U [ g e s 0

nek

2 —271 xr—
2 F2)e 2G04y, ()

nek n+D
2 F@)e N dpy, (o)
Ay
= f(©).

where

e in (1) we have used the fact that the series converges uniformly in D, which is of finite
measure;

e in (2) we have used the translation-invariance of the Haar measure;

e in (3) we have applied the relation A(n&) = 0 for all n,{ € k, which follows from Lemma
0.2, 10l

O
We now have all the ingredients to prove the two main results of this section:

Proposition 3.2.20 (Poisson formula). Let f(z) : Ay — C satisfy the following three condi-
tions:

1. f(x) is continuous and in L'(Ay);
2. > eer [(x + &) is uniformly convergent for x € D;

5. ek | £(€)] converges.

The following equality holds:

Y FE =Y.
ek

ek

Proof. Let p(x) =3, o, f(z +n). By assumption, we can apply Lemma [3.2.18| to obtain

$(&) = f(9),
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where (z) is continuous and periodic. Taking absolute values and summing over & € k we

obtain
D 1= D 1f(©)] < o0,

¢ek ¢ek
so the assumption of Lemma is satisfied. That lemma then implies

pla) = PE)e*m ).

&ek

Replacing ¢(z) with its definition and $(€) with f(€) (Lemma [3.2.18| again) we arrive at

D flatm) =) f)ermhie.

nek ek

Setting x = 0 gives the result. O]

In turn, the Poisson formula leads immediately the most important result of this section,
that Tate calls ‘an arithmetic analogue of the Riemann-Roch theorem’ (more on that in a
moment!).

Theorem 3.2.21 (Riemann-Roch). Let f(z) : Ay — C satisfy the following three conditions:
1. f(z) is continuous and in L'(Ay);

2. 3 eer fla(z + ) is convergent for all ideles a and all adéles x, uniformly for x € D;

5. Y cer |f(a&)| is convergent for all a € Iy.
The following holds for every idéle a € I:
Tal Zf ¢fa) =Y f(ag).
§€k &ck

Proof. Fix an idele a and define g(z) = f(ax). We check that g(x) satisfies the hypotheses of
Proposition [3.2.20 It is clear that g(z) is continuous and L', and Y., g(x + &) is uniformly
convergent for x € D by assumption. As for the third condition, we compute the Fourier
transform of g(x) as follows:

g(z) = / g(m)e 2N dyy ()
= [ fame 8 s )
_ 1 —2miA(xn/a)
= Tal / f(n)e dpin,, (1)

1 .
Zm (z/a),

where in t}le only non-trivial equality we used Lemma [3.2.3l We now have > ., [9(£)] =
m > eer 1F(@71E)] < 0o by assumption. Thus, the Poisson formula holds and yields

D g =>4

ek ek
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that is,

3" fag) = |i Z (/a).

Analogy with the geometric Riemann-Roch theorem (x)

In this short optional section, we try to connect Theorem to the classical statement
known as the Riemann-Roch theorem in the geometry of curves (over finite fields).

Let k be the function field of a curve C' over a finite field F,. In this setting, the places of k
(that are trivial on IF,) are in bijection with the Galois orbits of points of C(F,) (aka the closed
points of the scheme). Each valuation has a degree degv, defined as the degree over F, of the
residue field of the point corresponding to v. The local ring at v, or ring of integers at v,
is the subring O, of k consisting of those elements for which v(f) > 0. This ring is local, with
unique maximal ideal p, = {0} U {f € &~ : v(f) > 0}.

We define a divisor to be a formal linear combination ) n,v, where each n, is an integer
and all but finitely many of them are zero. We denote by Div(k) the set of all divisors. There
is a notion of degree, namely deg(>_ n,v) = > n, deg(v), and a notion of principal divisor:
given f € kX, the principal divisor corresponding to f is

div(f) =) v(f)v
The (analogue of the) product formula, Theorem [3.2.27| below, holds in this context, and gives

1= HfHAk = H ”f“v = H(qdegv)v( ) — qz v(f) deg(v )’

which shows that deg(div f) = 0. Finally, it is not hard to see that an element f € k* satisfies
div f =0if and only if f € F.
We define a partial ordering on the set of divisors by

vav > Zn;v < n, >n, Y.
v v

To each divisor D we then associate the linear system

L(D) = {0} U{f € k* : div(f) > —D}.

It is immediate to see that L(D) is an Fy-vector space. We write {(D) for its dimension. It is
not hard to show that I(D) is finite for every D, but we will simply admit this.

Before connecting Theorem to the classical statement of Riemann-Roch, we make
two further remarks. One is that, given a divisor D = ) n,v, we can always find an idele
z(D) = (z(D),) such that v(z(D),) = n,. If we further define

f=1]10.. (3.12)
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the product of the characteristic functions of the local rings at all valuations, for every & € k
we have

L ifv(z(D),) +v(€) >0 |1, ifv(§) > —n, Vv
B 0, otherwise

f(éx(D)) = [ 1o.(cx(D)) = T] {

0, otherwise

and therefore, by definition, this number is 1 if £ is in L(D) and is 0 otherwise. Thus,

> féx(D)) = #L(D) = ¢V

ek

Theorem 3.2.22 (Riemann-Roch, geometric form). There exists an integer g > 0 and a divisor
K¢ of degree 2g — 2 such that

(D) — (K¢ — D) = deg(D) — g + 1.

Proof. Fix a character A : A, — S' which gives rise to a self-duality, as in Theorem m For
each place v, let pI be the minimal power of p, on which A, is trivial (note that m, can easily
be negative, see Lemma[3.1.6). We define

KC:_ E myv;
v

it is a divisor, because m, = 0 for almost all v.

We now compute the Fourier transform of the function f defined in (3.12). By Lemma
[2.4.22] this is given by the product of the Fourier transforms of the functions 1¢,. By the exact
same calculation as in the proof of Theorem [3.1.10, we obtain that

1o, (z) = N(pm™)? - 1.

Multiplying over all v, we obtain the Fourier transform of f as
[TV T e = g2 2o T g = g 2o T 1.

Applying this formula to £z(D)~!, where z(D) is as above, we obtain

g 2B RC if o(€) > my +ny Yo

0, otherwise.

f(&x(D)™) = {

Notice that this is nonzero precisely if v(§) > —v(D) + v(Kc¢) = —v(D — K¢), so

Zf:(fﬁ(D)_l) _ q—%dech#L(KC . D) _ q—%dech—i—l(Kc—D).
¢ek
Finally, we apply Theorem [3.2.21| to the function f and the idele (D). It yields
> _fex(D) = =(D)|7 Y f(gx(D)™),

£k ¢k
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that is,
ql(D) _ HZL’(D)”_lq_%degKC+l(Kc_D).

Since ||z(D)||7* = [T, (¢%®")" = ¢ P, we have obtained

I(D) deg D—1 deg(K¢)+I(Kc—D)

q =4q )

that is,
1
I(D)—l(Kc— D) =degD — §(deg K¢).

We conclude by setting deg(K¢) = 2g—2: it is clear from the statement of the theorem that g is
automatically an integer (since every other term in the formula is), and non-negativity follows
from the fact that replacing D = K¢ in the statement we obtain [(K¢) —1(0) =29 —2— g+ 1,
that is, g = [(K¢) — 1(0) + 1 = I(K¢) > 0. O

3.2.2 The multiplicative group: the ideles

Recall from Definition the group of ideles I, of k. We shall presently regard I as a
topological group, with the topology coming from its structure as a restricted product.

Exercise 3.2.23 (Two topologies on I;). Check that the restricted product topology of I}, is
strictly finer than the subspace topology that [ inherits from Ay.

Definition 3.2.24 (Map to ideals). For every idele a = (a,), we define ¢(a) as the fractional

ideal of Oy, given by ¢(a) = [ 4. pz"(a” ) where we identify the set of finite places of k to the
set of (non-zero) prime ideals of O.

Remark 3.2.25. The map a — ¢(a) is a homomorphism with kernel Ig_ (the ideles that are
units at all finite places).

Following the general structure of our analysis, we now fix a measure on [ and describe its
quasi-characters.

Definition 3.2.26 (Idelic Haar measure). We take as Haar measure on the ideles the product
I1, de, of the local multiplicative measures de, of Definition [3.1.22]

Hu cu(ay),

By Theorem [2.4.14] the quasi-characters of I = [T, (k,u,) are of the form c(a) =
= {1} (such a

where — for almost all v — the character ¢, belongs to uj, that is to say, c¢,(u,)
character, as already mentioned, is said to be unramified).

We embed k* into I, by sending o € k™ to the idele o = (o, v, ..., @, ...). As was the case
with the additive group, the most interesting questions about [, concern the ‘position’ of k*
inside it.

The next result is well-known (in fact, we have already met it as Theorem , but we
give a proof in our language.

Theorem 3.2.27 (Product formula). The following hold.

1. Let v € k*. The ideal o() is the principal ideal (o).
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2. For every a € k™ we have

lafl =] lal. =1.

Proof. 1. This is almost tautological: for any finite place p of k we have v,(p()) = vy(0y) =
vy(er), so the (fractional) ideals (o) and (a)) have the same prime factorisation, hence
they are equal.

2. Let D be the additive fundamental domain of Definition [3.2.7. The point is that aD is
another additive fundamental domain, hence one expects D and aD to have the same
volume. Since p(aD) = |a||p(D) by Lemma [3.2.3] this should imply ||| = 1. We now
make this precise.

Notice first that | |, (£ +aD) = [ o (a€+aD) =[], a(§+ D) is still a disjoint union,
and that this union covers | |, a(§{ + D) = « <|_|§€k(£ + D)) =l = Ay.

pnlaD) =Y [ dw@ =3 [ s, (2)
* Z aDN(&+D) * Z (=&+aD)ND g

&ek Eek

gyt
=Y [ )= [ e
cek (a&+aD)ND Ue ((a€+aD)ND)

= [ duaafa) = s (D).

Using pa, (D) = ||aflpa, (D) (Lemma [3.2.3) and the fact that ua, (D) # 0 (Theorem
3.2.8(2)), the proof is complete.

Now

[l
Definition 3.2.28 (Ideles of norm 1). We let J denote the kernel of the map

I, — RT
a — |a.

Let vg be an (arbitrarily chosen) archimedean place of k. Denote by T' the subgroup of ideles
that are trivial away from vy, and that are positive real numbers in the component &, (which
can be either R* or C*). For a positive real number ¢, we also denote by ¢ the unique idele in
T with absolute value t (notice that, when k,, = C, the identification is that ¢ represents the
idele (1,1,...,1,vt,1,...)).

Remark 3.2.29. Tate writes that it is ‘aesthetically disturbing and not really necessary’ to
make this arbitrary choice of 7. What I think he means is that one could take as T" a canonical
subgroup of I, isomorphic to RT, given by the image of the map that sends ¢t € R™ to the idele
that is 1 at each finite place and is equal to ¢ (respectively, v/t) at each real (respectively,
complex) place. However, Tate’s choice of T is more convenient for certain calculations, so we
will make peace with it.

The following lemma is obvious:

Lemma 3.2.30. We have I = J x T'.
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We will write ideles as a = ||al| - b, where ||a|| € T and b = a/||a| € J.
Since T is isomorphic to a copy of (R, -), its Haar measure is (proportional to) %. More-

over, the Haar measure(s) on a product are products of Haar measures on the factors, so, if we

choose % as our Haar measure on 7', this determines a unique measure db on J such that our

already-defined measure da is equal to db%. Fubini’s theorem then yields the equalities

/If(a) da /OOO (/J f(tb)db) % _ /J (/OOO f(tb)%) db (3.13)

for any f € L'(I}).

Multiplicative fundamental domain

The product formula (Theorem [3.2.27)) implies that £* is contained in J. Our next objective
is to describe the relative position of £* inside of J, and in particular to find a fundamental
domain for J/k*.

Definition 3.2.31. We set Jg = J N Is_. Thus, Js_ is the group of ideles of norm 1 that
are units at all finite places. We further introduce the set S/ = S \ {vo} of the infinite places
of k different from our chosen place vy, and the function

[: JSoo — HUGS{X,R
b = (10gHvav>ueS{>o‘

Lemma 3.2.32. [ is a continuous, surjective homomorphism.

Proof. That [ is a homomorphism is obvious from the elementary properties of log. Continuity
is equally easy. To see that it is surjective, simply notice that, given any point (,),. s € R%
we can certainly find (by),es; such that log ||by||, = ¢, for allv € S.. We extend this to an idele
in Js,, by choosing b,, € k, in such a way that [[,.s_[|bu]lo = 1, at which point the idele with
finite components equal to 1 and infinite components equal to the b, maps to (t,),. s € RS
under [, as desired. O

We now describe the intersection £* N Jg__.
Lemma 3.2.33. The following hold
1. k*nJs, =0
2. k* Nkerl = p(k), the (finite cyclic) group of roots of unity in k.

Proof. 1. By definition, an idele in Jg__ is a unit at all finite places. If it also an element of
k, then it is a unit of Oy.

2. It is a well-known theorem of Kronecker that the units of O, that are of absolute value
1 under all complex embeddings are precisely the roots of unity in k, see Exercise [3.2.34]
Notice that, given a € k* Nker [, we know that |||, = 1 for all finite v and for all v € S._.
The product formula (Theorem then implies that also [|«/|,, is equal to 1.

O
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Exercise 3.2.34. Let a € O] have absolute value 1 under all complex embeddings of k. Prove
that « is a root of unity.

Hint. Let o™ be any power of a. The coefficients of the minimal polynomial of o™ over Q
are bounded (since they are combinations with constant coefficients of o;(a™) = o;(a)", which
are of absolute value 1). The degrees of these characteristic polynomials are also bounded.
Thus, the numbers {a"},cn are roots of finitely many polynomials; in particular, the set {a"}
is finite. Hence, there exist m,n such that o™ = a".

Recall now Theorem [1.3.21] Together with its proof, it shows the following. Let r =
r1+ry— 1 and €q,...,¢, be a system of generatorﬂ for the free part of O;. The images
l(e1),...,l(g,) form a full-dimensional lattice inside R". In particular, the [(g;) form an R-basis
of R". Thus, for every b € Jg__, one can write uniquely

for some z; € R. By analogy with the additive case (see Definition [3.2.7)), it is natural to
consider the ‘fundamental parallelotope’

P= {im(si) | z; € [0, 1)}. (3.15)

This is not (yet) the good fundamental domain for the multiplicative action, for reasons that
we will explain below, but is closely related to it. For this reason, it is useful to know the
measure of P, which we compute in the next lemma.

Lemma 3.2.35.

o1 (27)72
/ - 20C0"
1-1(P) |di|

where

R = |det (log [[&i[|v)1<i<r

vESL,

18 the requlator of k.

Proof. Let @ be unit cube @ = {(z)vesy, : 0 <2y <1 Vv € SL}and let X =[] 5 R be
the real vector space in which P, @ live. Since [ is a surjective homomorphism, we have (see
Exercise

p(51(P) ()

pr(7HQ))  px(Q)
By definition, there is a linear map taking @) to P whose matrix has the [(g;) as columns, so

the above ratio is equal to the absolute value of the determinant of this matrix, that is, R. It
remains to show that

/ b= 210"
1(@) V]

Sthis means that the classes of €1,...,&, in O] /{roots of unity} = Z" form a basis
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By definition, [71(Q) is the set of b € Jg_ that satisfy 1 < |b|, < e for v € S’_. Consider the
(more canonical) set Q* given by

Q"={acls, :1<|all,<e YveSy}

(notice the change from S’ to S.). Fubini’s theorem gives

Lo )5 Lo ([ )
. 7 \Juweg- 1 1-1(Q) \Je1<tb]luy<e T
elblleg g4
— / / Y ap = / db,
v @) \ el (@)

1. th € I7Y(Q) if and only if b € I71(Q) and 1 < ||tb]|,, < e (recall that ¢ is an idele whose
only non-unitary component is along vy);

where we have used:

—1
2. the integral f||eb|\||b*”f0 % can be evaluated exactly: it gives log(el|b|| ;) — log([|bll,.}) =
v0
log(e) = 1.

Thus, the claim of the lemma is equivalent to the fact that

2" (2m)"2
/ da = —( ™) .
. V| dk|

Now, Q* is a product set: it can be written as 9% x [] {0y : 1 < |lay]ly < e}. By ([2.7), its
measure is therefore given by

dyi, « di, .
H /{av:1<av<e} s % H / Vi

VESso v finite ¥ M

We compute the factors in this product:

dt “dt
[ By
{av:1<][av]lo<e} (—e—1]Ull,e) T 1t
2. if v is complex,

d Ve ordr [?T
/ dukxz/ —i:/ %/ di = 2.
{av:1<]|ay|lv<e} v {zeC:1<|2]< e} 2| 1 r 0

1. if v is real,

For this calculation, one needs to pay attention to the fact that ||z|| = |z|?, where |- | is

the usual complex norm. This justifies both the appearance of /e and the denominator
2

re.

3. for v finite, by definition 1, (u) is N(0g,) /2.
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Putting everything together we obtain that the measure of Q* (hence of [71(Q)) is

21(2m) T N(ow,) V2 = 27 (2m)2 | dy| V2,

v finite
where the last equality is obtained using Theorem [2.3.20] O

Exercise 3.2.36. Let f : G — H be a surjective homomorphism of locally compact abelian
groups and let X, Xy be measurable subsets of H, with 0 < py(Xs) < co. Prove that

pe(f~1(X1)  pa(X))

pe(f~1(X2)  pa(Xs)

Hint. Prove that X — ug(f~'(X)) is a Haar measure on H, and rescale by the correct
factor.

Definition 3.2.37 (Multiplicative fundamental domain). Let h be the class number of k& and
let by,...,by, € J be chosen so that the corresponding ideals ¢(by), ..., ¢(b) represent all the

ideal classes. Let w be the number of roots of unity in k. Let [ be the logarithmic map of
Equation (3.14]) and P be the fundamental parallelotope of Equation (3.15). Define

2
—W} C Js,
w

Ey={bcl ' (P):0<arg(b,) <

and
E = EObl U Eobg U---u EObh-

We call E the multiplicative fundamental domain for J mod k*.

Theorem 3.2.38 (Properties of the multiplicative fundamental domain). 1. The union
Eoby U Egba U - - - U Eyby,
appearing in the definition is disjoint.
2. J = |,epx @F (so that E deserves its name: it is a set of representatives for J mod k* ).

1 9
/ g — 2" (2m) hR'
E |d|w

3.

Proof. 1. It suffices to observe that ¢(Egb;) = ¢(b;) since Ej is by definition a subset of Jg_,
which is in the kernel of ¢ by Lemma |3.2.33|

2. To show that the union is disjoint, it suffices to prove that if we have a solution to
aep = ey

with e;, e € F and o € k*, then a = 1. Suppose that e; is in Eyb; for i = 1, 2: applying ¢
we then obtain (a)@(b1) = ¢(bs), hence (since the ideal classes ¢(b;) are distinct) by = bs.
Write e; = ¢;b; with ¢; € Ey. After simplifying a factor by = by, we are left with showing
that the equation ac; = ¢ with ¢q, 0 € Ey and « € k* has solutions only for oo = 1.
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Applying again ¢ shows ¢(a)p(c1) = ¢(ca), where the principal ideals ¢(c1), ¢(cq) are
trivial, since ¢; € Ey C Jg_. Hence p(«) is not just principal, but also trivial, and « is a

unit of Oy . Writing o = ¢ [[_, ;Lj and applying the homomorphism [ we then obtain

Zn] £5) =l(c3) — l(c1).

Now observe that the n; are integers, while the coefficients of {(cy) — I(¢1) in the basis
l(e1),...,l(¢;) lie in the open interval (—1,1). Hence, the n; are all 0, and a@ = ( is a
root of unity in Ej. It is also a root of unity in £, hence its order divides w. On the
other hand, by definition, 0 < arga,, < %r, which implies oy, = (,, = 1. Thus, the
archimedean embedding vy sends « to 1, and therefore o = 1 as desired.

To show that the union is all of J we reason essentially in the same way. Start with any
idele b € J. There is a unique 7 € {1,...,r} such that bb; ' represents a principal ideal,
say aO for some a € k*. The idele bb; 'a~! is then an element of J representing the
trivial ideal, so it is in Jg_. Apply [ and write

T

L(bb; ™) = (ny +2))l(5),

=1

with n; € Z and z; € [0,1). The idele

\
-1 -1 —n;
ol | B
j=1

is in [7!(P). To land in Ey we need to adjust the argument of the vyp-component so
that it lies in the interval [0,2%). There is a (unique) choice of root of unity ¢ such

that the vo-component of (! <bb Lo TS i=1€j nj) satisfies the desired inequality on the
argument. The idele bb; '¢~ta! HJ 0 J_"j is then in Fj, which means that we have
be ((aH] 1 €5 ) biEy C k*b;Ey C k*E, as desired.

3. By definition we have the equalities

h
E = |_| Egbj, lil(P) - |_| EOC?
j=1

CELw

which (together with Lemma [3.2.35)) imply

rl 7‘2
/db_ /db ﬂ}z db:w/ db.
Eo vary 1-1(P) Eo

Combining these equations gives the claim.
O

Corollary 3.2.39 (Position of k* inside J). The subgroup k* is discrete in J (hence in Iy).
The quotient J mod k> is compact.
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Proof. As in Corollary [3.2.9} F has non-empty interior (so, up to translation, contains 1 in its
interior) and is contained in a compact set. []

Remark 3.2.40. Let E be another fundamental domain for the multiplicative action (for
example, F = E71). Arguing as in the proof of Theorem [3.2.27|(2), one sees that if f(x) : Ay —
C satisfies f(x) = f(z) for all £ € k*, then [ f(a)da = [, f(a)da.

The quasi-characters of [ /k*

Just like in Section we worked with functions on Aj invariant under translation by &
(because we were secretly interested in functions on Ay/k), we now consider functions (in
fact, quasi-characters) of I; that trivial on £*. We shall work exclusively with such (quasi-
)characters: we will call them (quasi-)characters of I, /k*, but we will always treat them as
functions defined on I, and k*-periodic.

Remark 3.2.41. Let ¢ be a quasi-character of I /k*. The restriction of ¢ to J is a character
(that is, it takes values in S'), because ||c(J)| = ||c(J mod £¥)|| is a continuous image of a
compact set, but it is also a group, so it is a compact subgroup of R+y. The only such subgroup
is {1}.

Suppose moreover that ¢ is a quasi-character of I, /k* that is trivial on J. We claim that
¢ is of the form ¢(a) = ||al|* for some complex number s uniquely determined by c. Indeed, ¢
factors via Iy/J = T = R*, and the quotient map is precisely a — ||al|. We are thus reduced
to describing the characters of R*, which we have already done in Exercise [3.1.14]

Definition 3.2.42 (Exponent of a quasi-character of I;/k*). Let ¢ be a quasi-character of
I /E*. By the previous remark, |c(a)|| = ||a||® for some s € C. Since ||c(a)|| is real and
positive, s is a real number o. We call this o the exponent of c.

Note that a quasi-character of I, /k* is a character if and only if its exponent is 0.

3.2.3 Global zeta functions

We now develop the global analogue of the local zeta functions of Section |3.1.3. We begin by
introducing the analogue of the class of functions of Definition [3.1.24] in the global setting.

Definition 3.2.43 (Class of j3-functions, global case). We denote by 3 be the class of all
functions f : Ay — C that satisfy

L. f(x) € V'(Ay) (that is, f(z) and its Fourier transform are in L'(A) and f(x) is contin-
uous) and f(x) is continuous.

2. the series } ., f(a(z +§)) and > ., fla(z + €)) are convergent for every idele a and
adele z. The convergence is uniform in (a,x) ranging over any (fixed) subset of the form
K x D, where D is the additive fundamental domain and K is a compact subset of Ij.

3. f(a)|lal|” and f(a)||a||” are in L'(I}) for o > 1.

Remark 3.2.44. We have not asked that f be continuous on I,. However, Exercise [3.2.23
shows that the topology on Ij is finer than the subspace topology, hence f|;, is automatically
continuous (both for the subspace topology, which is obvious, and for the restricted product

topology).
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It should be clear that properties (1) and (2) in Definition |3.2.43|are precisely the hypotheses
needed to apply the Riemann-Roch theorem [3.2.21} On the other hand, property (3) is what
is needed to mimic the definition of the local zeta functions:

Definition 3.2.45 ({-function, global case). Let f € 3. We introduce the function ((f,c) of
quasi-characters ¢ of I}, /k*, defined for all quasi-characters of exponent greater than 1, by

C(f,e) = i f(a)c(a)da.

We call such a function a (-function of the global field k.

Notice the complete analogy with the local case: these global ( functions are essentially
Fourier transforms on the multiplicative group of ideles, just like the local ones were defined
as Fourier transforms on k*. As was the case in Section we are interested in working
with equivalence classes of quasi-characters. The local definition of equivalence is that two
characters are equivalent if the coincide on the units; its global counterpart is the following:

Definition 3.2.46 (Equivalence class of quasi-character). Let ¢y, co be two quasi-characters of
I./k*. We say that they are equivalent if they coincide on J. The equivalence class of the
quasi-character c is the set of all quasi-characters of the form c(a)||a||® for s € C.

All the considerations of Section now apply: ((f,¢) can be considered ‘locally’ (that is,
on each equivalence class of quasi-characters) as a function of a complex variable s, and — when
regarded as such — it is a holomorphic function in the domain of quasi-characters of exponent
greater than 1 (see Lemma [3.1.27).

The next, and most important, step is now to establish the functional equation and analytic
continuation of these global ¢ functions.

Theorem 3.2.47 (Analytic continuation and functional equation of the global (-functions).
Let k be a number field with standard invariants (r1,r2) (signature), hy, Ry, (class number and
requlator), dy (discriminant) and wy (number of roots of unity). Let f be a function of class j
and define the constant
L 2T1(27T)T2hkRk
|| wy,

which (by Theorem [3.2.38(3)) gives the volume of the multiplicative fundamental domain E.
The (-function ((f,c) may be extended by analytic continuation to the domain of all quasi-
characters. The extended function is meromorphic and has poles only at the quasi-characters
c(a) =1 and c(a) = ||a||, where it has simple poles with residues —rf(0) and +rf(0). Moreover,
C(f,c) satisfies the functional equation

?

-1

where é(a) = ||allc(a)™!, as in the local theory.

Remark 3.2.48. The reader might find it strange that these ( functions also have a pole
at 0, whereas the global zeta functions we are used to from Chapter (1| (say, the Dedekind
zeta functions) only have a pole at s = 1. Two remarks are in order: the first and most
important one is that Tate’s global ( functions are analogues of the ‘completed’ { functions
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(see e.g. Remark [1.1.10| or the definition of Ax in Theorem |1.3.33)), and not of the Dedekind
zeta functions themselves. The second is that a functional equation of the form A(s) = A(1—s)

as in Theorem [1.3.33| certainly implies that any pole at s = 1 should also show up at s = 0.

Before showing the theorem we state and prove some auxiliary lemmas. We begin with the
following simple observation, which can be shown much in the spirit of Lemma [3.2.14]

Lemma 3.2.49. Let f : J — C be a continuous function such that f(z) = f(azx) for every
r € Joa € k*. Then, for any two fundamental domains E, E' for J/k* having the same

measur(ﬂ we have [, f(b)db = [, f(b)db.

Proof. The function f induces a function on the quotient J/k*, and both integrals equal
f; xS (b)db, where the Haar measure on the quotient is normalised so that vol(J/k*) =

vol(E) = vol(E"). O

Remark 3.2.50. In fact, the lemma is true (with the same proof) under the slightly weaker
assumptions that f is measurable, satisfies f(z) = f(ax), and that the induced function f :
J/k* — Cis in L'(J/k*). Note that a continuous function on the compact set J/k* is
automatically bounded and hence in L.

Our next lemma is a consequence of the Riemann-Roch theorem (Theorem (3.2.21]) and will
be the crucial ingredient in the proof of Theorem |3.2.47|

Lemma 3.2.51. For a fixedt € T define
G(fic) = / f(tb)e(tb) db.
J

For all quasi-characters ¢ of Ij,/k* we have

U1+ 50) [ eltny b= (.04 f00) [ ¢ (%b) "

E
Proof. Recall from Theorem [3.2.38|that J = | | ..« aff. We start by writing

G(f,¢)+ £(0) / c(tbydb =" [ f(th)c(tb)db+ f(0) / c(tb) db.

E aeqx JaE E
Using the translation-invariance of the Haar measure and writing b = ab, we rewrite this as
> / flatb)e(atb) db + f(0) / c(tb) db.
ackX E B

Now use the fact that ¢(a) = 1 since ¢ is trivial on £* and the uniform convergence of the sum
Y ackx f(ath) (property (2) in Definition [3.2.43 applied to the relatively compact subset E) to
further rewrite the above as

G(f,c) + £(0) /E c(th) db = /E (Z f(atb)) c(th) db + /E £(0)e(tb) db

ack>

_ /E (Z f(gtb)) ¢(tb) db.

ek
Sthis property is in fact automatic: one can show it as in the proof of Theorem [3.2.27]

(3.16)
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We are now in a position to apply Theorem [3.2.21| to the inner sum, which yields

Q(f,c)+f(0)/E c(th) db—/ (Zf(ﬁ)) ool c(th) db.

ek

We now observe that b — 1/b is an involution of the abelian group J, hence sends the Haar mea-
sure to itself (indeed, let g be this automorphism. Then g*db = v db for some constant v > 0,
hence db = g*g* db = v* db and v = 1). We also recall that £~ is another multiplicative funda-

mental domain (Remark [3.2.40)), and observe that the function g(tb) = (dek f (%)) G c(tb)

satisfies g(ntb) = g(tb) for all n € k*, so that [, f(a)da = [, f(a)da (see Lemma (3.2.49).
Combining these observations, we arrive at the representatlon

1.0+ 110 [ ctwyar— [ (Zf(gb» Heema= [ (Zf(f b)) (b/t) db

§€k ¢k

On the other hand, we can restart from Equation (3.16)) and replace f — fit—1 Jt,c — ¢ to

obtain
Gu(f,8) + £(0) /E &(b/t) db = / (Zf<§ b)) (b/t) db

£€k

Comparing the last two equations yields the lemma. O

Lemma 3.2.52. Let ¢ be a quasi-character of Iy /k* and let t € T. We have

tS y — S
[ = {5t et = ot
B 0, uf ¢ is non-trivial on J

Proof. Hopefully, this should be familiar by now: the condition c¢(a) = ||a||® is equivalent to ¢
being trivial on J, see Remark[3.2.41] Since E is a fundamental domain for J mod £* (Theorem
3.2.38|), the integral in the statement is simply

/J el db=c(r) /J _a

Furthermore, ¢(b) is a character on J mod k£* (Remark again), so we are integrating a
character on a compact group: the result is either the measure of that compact group, if the
character is trivial, or 0, if it is not. In the former case, we also need to apply Theorem (3)
and observe that ||| = ¢ since t is essentially a positive real number (hence c(t) = ||t||* = ¢*). O

Proof of Theorem [3.2.47. Using Fubini’s theorem, for ¢ of exponent greater than 1 we can write
the integral over I, = J x T that defines {(f,c) as

(.0 = [ st da—/ (/ftb (th) db) /ctf, &
_ /J F(t0)c(th) db

where
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as in Lemma [3.2.51] We split the integral from 0 to oo as

o= [t [Catrod

Notice that (using Fubini in reverse) we have

/ G(f / _, J(a)e(a) da.

laf=1

By assumption (property (3) in Definition [3.2.43)), the integral over all of I converges (abso-

lutely) for ¢ of exponent greater than 1. But if the exponent of ¢’ is smaller than the exponent of

¢ we have | f(a)d (a)| < |f(a)e(a)| for ||al| > 1, so convergence of the integral [ .c;r f(a)c(a)da
llall=1

for ¢ implies convergence for ¢’. Since the integral converges for ¢ of exponent greater than 1, it
converges for all ¢c. Consider then fol G(f ) . We rewrite this integral using Lemmas [3.2.51
and [3.2.52] Consider first the case when c is non-trivial on .J. Then, Lemmas [3.2.51] and [3.2.52

together imply (;(f,c) = Cl/t(f ¢), hence

1 dt 1 .
| o= [ anio

On the other hand, if ¢ is trivial on J then it is of the form c¢(a) = ||a||® for some s € C, and

Lemmas [3.2.51] and |3.2.52] yield

/ o /0 <Cw(f’ o (O)[Eé(@ db— f(0) /E c(th) db) %
:/01 <C1/t(f’é)+f(0)[EH%bH1_Sdb—f(o),its) %

-/ (culh.o)+ Fome = ropme) &

.

Now observe that ¢ — t~! preserves the Haar measure on R, yielding

! pondt [ dt
[antt.o = [ atie

By the same argument used above, this integral is analytic for all c.
Carrying out the (trivial) integration of ¢*~1,¢* (assuming Rs > 1), we have thus obtained

o= [Tatno %+ [TalioE 41 .,£< i) f(so>>

for all quasi-characters of exponent greater than 1. The first two summands in this expression
are analytic for all ¢, while the last two terms (when ¢ = || - ||*) clearly have meromorphic
continuation to C. They also let us read off the poles and residues of ((f,c) directly.

Finally, the functional equation follows trivially: if ¢ is not of the form c(a) = ||al|®, the
expression above is unchanged under the substitution (f,¢) <+ (f,¢). When ¢(a) = ||a||*, the
dual character is é(a) = ||al|*~*, so the substitution (f,¢) <+ (f,¢) also replaces s ¢ 1 — s,
which shows the desired invariance. ]
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3.3 Hecke L-functions, reprise

Following Tate, in the development of the global theory we have worked with (quasi-)characters
of I} that are trivial on k* C I;. We have not fully motivated this choice yet. In this section
we try to give some background for why this choice is natural, and how characters of Ij/k*
relate to our previous definition of Hecke L-functions (Definition [1.4.9)).

This is a good time for the following definition:

Definition 3.3.1 (Hecke character, idelic version). A Hecke (quasi-)character of k is a
quasi-character of I that is trivial on k£*.

Remark 3.3.2. Following the general use, in this section we shall simply write Hecke characters
even when we mean Hecke quasi-characters.

Hecke had an ideal-theoretic definition of his characters that is however substantially less
easy to work with than the previous one. The interested reader can find it in [Wik23a]; we shall
essentially re-derive Hecke’s formulas for his characters below, where however they will not be
taken as the definition, but purely as a consequence of the general theory (see Remark .

To each Hecke character we can attach an L-function in a way that looks different from
Definition [1.4.9] We will discuss below the relationship between the two.

Definition 3.3.3 (Hecke L-function). Given an (idelic) Hecke character x, let S be the set
of finite places of k at which x is ramified (=not unramified). We define the corresponding

L-function as
x(p) \ 7
L(S’ X) = H ]' - N s I
e (Np)
for Rs sufficiently large to make the product converge (when x is of exponent 0 — that is, when
X is a character in the strict sense of the word — the product converges at least over {Rs > 1}).

In the previous formula, the symbol x(p) is taken to mean the character y evaluated at any
idele b(p) that is trivial at all v # p and such that b(p), is a uniformiser at p.

Remark 3.3.4. By assumption, y is unramified at all places v ¢ S. Any two choices of
uniformisers at p differ by a unit in u,, and since x is unramified at p (=trivial on u,) we obtain
that x(p) is well-defined.

Connecting Definitions [1.4.9 and [3.3.3] is not at all trivial, and largely depends on class
field theory. Developing class field theory would require a substantial effort, so we keep this
discussion to a minimum. The following theorem condenses many results in class field theory
in a form that is suitable for our application:

Theorem 3.3.5 (Class field theory for number fields). Let k be a number field and denote by
k2P the maximal abelian extension of k (inside a fized algebraic closure). There is a canonical
surjective map 9 : I, — Gal(k* /k) that satisfies:

1. 9 is trivial on k*.

2. let L/k be a finite Galois extension of k with abelian Galois group, so that there is a

canonical surjection I 2 Gal(k®™/k) = Gal(L/k). Letp be a place of k that is unramified
i L, and define a corresponding idélfﬂ b(p) as in Definition . Then, the Artin symbol

"by abuse of notation, the idele b(p) is usually denoted simply by p. From now on, we adopt this convention.
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(LT/k) (which is well-defined, because the extension is abelian) coincides with w(9(b(p))).

3. with the same notation as in the previous part, for every prime q of k, w(J(uy)) is the
inertia group at (any place lying over) q for the extension L/k.

With this (hard) theorem in hand, it is not too difficult to reconnect Definitions and
3.3.3, Fix a finite Galois extension L/k with group G and a character y : G — C*. The
character x factors via the abelianisation of G, hence it factors via x : Gal(F/k) — C*, where
F/k is the maximal abelian sub-extension of L/k. By Theorem the L-functions of x
and y coincide, hence we can and do assume that L = F' is abelian over k£ and that y = x. The
character y now gives an idelic Hecke character xpece, defined simply as the composition

XHecke = X O T O 197

where 1 is the map of Theorem and 7 is the canonical projection Gal(k® /k) — Gal(L/k).
The two Hecke L-functions are now easily seen to have the same local factors:

1. both L-functions have trivial local factors at primes v € S. This is true by definition
for the L-function of Definition and is easy to check for the (Artin) L-function of
Definition [1.4.9; we simply need to show that V' is trivial, and this follows immediately
from part (3) of Theorem together with the construction of the set S in Definition
0.0.9l

2. both L-functions have the same local factor at primes p ¢ S. We have to check that

XHecke(P) = X ((LTM)) :

and this is a consequence of Theorem [3.3.5(2) (simply use the definition Xpecke(p) =

X(m(0(p))))-

Thus, we see that Definition [1.4.9] captures a large part of the class of Hecke L-functions,
but not all of them: essentially, in Definition [1.4.9 we were only considering those characters
that factor via the Galois group Gal(k®"/k) and (in particular) have finite image (so that they
further factor via the Galois group of some finite abelian extension L/k). Hecke’s original
definition is more general. However, we will see below (Example that in the case £k = Q
both definitions are essentially the same, and reduce to Dirichlet’s L-functions.

3.4 Characters of the idéles

We now describe the equivalence classes of (quasi-)characters of I, that are trivial on £*, where
k is a number field. We begin by noticing that each equivalence class of quasi-characters of Iy
contains a character. If ¢ is a quasi-character of Iy, then c|; is a quasi-character of a compact
group, hence a character. In particular, the restriction of |c| to J is trivial. This implies that
lc| is a quasi-character of the group Ij/J = R.q (recall that J is the kernel of the norm map
I, — R sending a to ||al|), and as such, |c(a)| = ||a||® for some s € C. Since |c(a)| is a real
number, s is also a real number. The quasi-character c lies in the same equivalence class as the
character ¢(a) - ||al|~*. From now on, we shall therefore only work with characters.
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By Theorem [2.4.14] any character of I} is a product

cla) = H co(av)

v

of local characters c,, where all but finitely many ¢, are trivial on u,. We say that c is
unramified at v if and only if ¢,|,, is trivial.

We fix a finite set S of places (containing all the archimedean ones) such that ¢, is trivial
on u, for every v ¢ S (which we say concisely as ‘c is unramified outside S’). We start by
observing that, for v ¢ S, the characters ¢, ‘factor via the group of ideals prime to S’, in the
following precise sense.

Definition 3.4.1. We let g be the map

e Iy —  F(S) := {fractional ideals I | v(I) =0 Vv € S,v finite}
a=(a,), vas pg(au).

It is a homomorphism (with respect to the natural product structure on the set on the right)
with kernel 5.

Define now c*(a) = [],gg¢o(ay). Since ¢,(a,) only depends on the v-adic valuation of a,,
the character ¢* factors via pg. We write

c*(a) = x(ps(a))

for some character y of F(S). On the other hand, by Theorem |3.1.16| each character ¢, for
v € S can be written as

Cv(av) = 61}(&0) HavHitv’

where for each a, € K we have written a, = ||a,| - @, for some a, of norm 1 (and ¢, is a
character of u,). We have thus expressed our character ¢ in the form

c(a) = H@;(év) : H e

veS veS

- x(ps(a)).

Thus, the choice of ¢ amounts to the choice of the following data:
1. the characters ¢, of u,, for v € S;

2. the real numbers t,;

3. a character x of the group F(95),

subject to the condition that c¢(a) = 1 for all @ € k*. We now make this condition more
explicit.

Suppose that |S| = m+1 and fix a system of generatorsﬂ €1,...,Em for the group of S-units
of k (see Theorem . Also denote by gy a generator of the finite group of roots of unity
in k%, so that (o, ...,em) = Of g. Notice that every e € O;' g = k™ N I5 satisfies ps(c) = (1),

8a system of generators is a set of elements in O ¢ whose images in O, g/torsion form a basis of this
free abelian group.
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and so x(ps(a)) = 1. The condition that ¢ be trivial on O ¢ implies in particular c(gy) = 1,

hence
[ (c0) =1 (3.17)

veS

Notice that [|eg]|, = 1 for all v € Q.

Suppose now that we have fixed a family ¢, for v € S that satisfies condition (3.17]). The
equality c(g;) = 1 for i = 1,...,m is satisfied if and only if (for some determination of the
logarithms) we have

[TaGollewlli =1 > t,loglleiyll, = ilog (H gv(%)) , (3.18)

veSs veSs veS

which is a linear system of m equations in the m + 1 unknowns ¢,. One can show (it is part of
Theorem that the matrix of the linear system has maximal rank, hence the space
of solutions is non-empty (and more precisely is 1-dimensional). We can be even more explicit:
since for every S-unit € and every place v € S we have ||e]|, = 1, it follows from Theorem
(which we have now proved as Theorem that

0=logl= 10gH lello = Zlog lello = Zlog €0

veS

In particular, > _slog|leio]|s = 0 for all i = 1,...,m, so a generator for the kernel of the
matrix corresponding to the linear system (3.18)) is the vector all of whose coordinates are
equal to 1. Thus, given a solution {t,},cgs, all other solutions are of the form {t, + t},cg for
some t € R.

Finally, for a given choice of (¢,),ecs satisfying (3.17) and a choice of (¢,),cs satisfying (3.18)),
what conditions should y satisfy? The choice is very constrained (often unique): for all o € k*

we must have .
1= c(a) = [J (@)l - x(ps(a)),
vES

which means that x(¢pg(a)) is uniquely determined by the formula

X(ps(a)) = [ [ (@) Hlall; . (3.19)

veES

Remark 3.4.2. Equations (3.17)), (3.18) and (3.19)) essentially give Hecke’s original description
of the Hecke characters.

Exercise 3.4.3. Let f : kX — F(S) be the map sending each element x € k™ to the
ideal obtained from (z) by deleting all primes in S from its factorisation (formally, if (z) =

HpES pvp(r) . HPQS pvp(m), then f(:p) = HPQS pvp(x))‘

1. Prove that f is a homomorphism, and therefore its image is a subgroup of F(.5).

2. Show that the image of f is a subgroup of finite index of F(S). Prove that this index is
at most A, the class number of k.

Using the notation of the previous exercise, we have proved that y is uniquely determined
on the subgroup f(k*). In order to determine y, we must choose one of the (finitely many)
extensions of x|rxx) to F(S).
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Example 3.4.4 (Dirichlet characters as idelic Hecke characters of Q). Take k = Q. We claim
that the ideles I, decompose as the direct product

Z* x Q% x R%,; (3.20)

this 1s essentially a reflection of the fact that Z has unique factorisation. More precisely, given
any ideéle (ay)veay = (AP )p prime,t) with t € R*, a, € Z5, and e, = 0 for almost all p,
introduce the rational number v := sgu(t)[[,p~. It is then clear that ra is an idéle that
lies in Hp Z, % Rso; from this, the decomposition follows easily. Moreover, under this
isomorphism, Q* C Iy corresponds to the direct factor {1} x Q* x {1}. Thus, a quasi-character
of Iy trivial on Q* is simply a quasi-character of 7% x RZ,, hence is the product of a quasi-
character of 7% and a quasi-character of RZ.

1. We claim that every continuous quasi-character x of 7" factors via a finite quotient.
This follows from Ezercise[3.1.18: if U is a sufficiently small neighbourhood of 1 in C*
(containing no non-trivial subgroups), x~*(U) is open. On the other hand, x(x ' (U))
15 a subgroup contained in U, so it is trivial. It follows that ker x contains the open
neighbourhood of the identity x~*(U), and therefore is open in 7. Since every open
subgroup of 7> has finite indez, the claim follows. In particular, x is a character (and
not just a quasi-character), because it factors via a quasi-character of a finite group, and
every quasi-character of a finite group is a character.

Finally, it is easy to see that the subgroups of the form {x € 75 =1 (mod m)} form a
fundamental system of neighbourhoods of the identity in 2, as m varies in N. We obtain

that every quasi-character of Z* factors via a quotient {xer:EZl —p— = (Z/mZ)*.

Thus, there is a bijection between the characters of 7% and the pairs (m, X) where X is a
primitive character modulo m.

2. The quasi-characters of Rsg are easy to describe: we have seen in Fxercise that
they are all of the form t — t* with s € C.

We can then write every Hecke character of Q as

X((av)’UEQQ) = X(ﬂ'm<av)) ’ |a<>0’37

where X 1s a primitive character modulo m and 7,, is the composition of the isomorphism
Ig = 7% x Q% x RZ, with the canonical projection 7% — (Z/mZ)*. 1t is easy to see from
the definition that x is ramified precisely at the primes dividing m. Moreover, as b(p) (see
Definition we can take the idéle (1,1,...,p,1,...) with p in the position corresponding
to the factor Q,. The L-function of the character x is therefore

[T = x(@)p) ™" = T](1 = X(p mod m))p™) ™" = L(s, %),

ptm ptm

where L(s,X) is the Dirichlet L-function of the character X from Definition |1.1.25 Since we
have already checked that Dirichlet L-functions are Artin L-functions (Proposition , we
see that for k = Q all our many definitions of (abelian) L-functions coincide.
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3.5 Recovering the classical theory

Our purpose in this section is to prove the main analytic results we have assumed in Chapter
, namely the functional equation and analytic continuation for Dedekind (-functions (Theo-
rem and Hecke L-functions (Theorem , and the analytic class number formula
(Theorem [1.5.35]). We will of course do this by showing that the (completed) ¢ functions, and
suitable completed Hecke L-functions, are global ¢ functions in the sense of Tate.

Before treating the general case in detail, we sketch the special case of the Dedekind zeta
functions, starting with the case k = Q of the Riemann zeta function. Below we will check (in
much greater generality) that all the results we invoke can indeed be applied, in the sense that
the necessary technical assumptions (e.g., convergence of certain integrals) are all satisfied.

3.5.1 The Riemann zeta function

The ground field is £ = Q. We take ¢ to be the trivial character of I;, and define a function f
on the adeles by setting

flz) = pr(xp) + foolToo),

where f, is the characteristic function of Z, C Q, and f., is t + e~ (cf. Section [3.1.4). One
can show that f is of class 3. We compute the Fourier transform of f as

Fo)=T15Hw =t - T] Hw) = f),

where we have used the results of Section m, that show fp = f, for each prime p and

f;o = foo. Theorem now implies
CUL 1) = SOl 7).

Finally, we express ((f, || - ||*) as a product of local factors as
s S —8\— —s S
TTctull- 1) =720 (5) [T =p) " =721 (5) CGs).
v p

Thus, Theorem gives us the functional equation and analytic continuation for the (
function, together with the information that the residue at s = 1 is £f(0) = 1. It also finally
justifies Remark in the sense that the function m%/2I" (%) ¢(s) naturally appears as a
global ¢ function of the field Q.

3.5.2 Dedekind ( functions

The case of Dedekind zeta functions is not much harder. We take ¢ = 1 and f, to be the
‘standard’ function considered in Section for the trivial character. Explicitly,

6_7”5”12)’ v real
e~ 2mlEl y complex
fv(é) =

1p,, v finite and unramified in k
1,-1(§), v finite and ramified
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Note that for all but finitely many v we have f, = 1,,. The Fourier transform is [, fv, where

fo(§), v real
e ) fol&), v complex
fol&) = fo(&), v finite and unramified in k
(N2,)Y?10,(€), v finite and ramified.
Write
Tr(s) = 720 (s/2), Tc(s) = (2m)'7°I(s) (3.21)
for the local ¢ functions ((f,,| - ||*) at the archimedean places (we get different functions

according to whether v is real or complex).
The ¢ function corresponding to f is

HCfu, A =TT [T <(forll- 119

v finite

_ 7’1 Fg H

v ﬁnlte

_ m@)ﬁnc(s)”|dk|8—1/2<k(s>,

where we used Equation (3.9) and Theorem [2.3.20]
On the other hand, we now determine the ¢ function of f,[|- ||* = | - ||**. Let Sy be the
set of finite places of k that are ramified over QQ. The desired ¢ function is given by

A1) HCfU,H 1)
=Tr(1 —s)"I¢(l—s) H (1— (va)—(l—s))—l H (1- (va)—(l—s))—l

s 1/2

v finite,v&So vESp
=T(l—s)"Te(l—9) ] (1= (Npo) )7 = [del =2 - 11
v finite

where we used Theorem . (Notice that the product [T, snie(1 — (Npy)~17%))~1 does not
converge for Rs > 1; what we mean is that we already know analytic continuation of both sides
of the equation, and this equality is true wherever both sides are defined. Also pay attention
to the change of variables s — 1 — s, which changes |dy|*™*/2 to |d,|'/?75.)

Using Theorem which gives C(f, ] - I*) = ¢(f, || - ||*~*), we obtain

CUL -1y = SO Iy = Hdul 2L I 11).

1/2=5/2 on both sides we obtain

| CECCE A 117) = Ll 2SO 170),

Multiplying by |dx

that is, the function

Ar(s) = |de| 2L || - 11°) = |di|*°Tr(s)" T () Cu(s)

satisfies analytic continuation and the functional equation Ay(s) = Ag(1 — s).
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It is easy to check that Ay(s) = (27)"?Ax(s), where Ay(s) is the completed ¢ function
appearing in Theorem [1.3.33; indeed, the ‘fudge factors’

|di|*/Te(5)" Te(s)"
multiply out to give

|di|**Tr(s)" D@ = |di|*>m~"*/2D(s/2)™ (2m)" "I ()"

= |de[*(2m)" T(s/2)7T(s)"

8/2(r1+2r2
= |dk|5/2(27T)T2WF(S/2)”F(5)T2

4raqn

= (2" ( = )S/2F<s/2>ﬁr<s>”,

where we used 71 + 2ry = n. Theorem [3.2.47) tells us that the residue at 1 of ((f, | - [|°) is
kF(0) = K T,es, (NOu)Y2 = Kldg |2,
From the above we have

Gel(s) = (Jdu*™/2Ta(s)" Te(s))  C(F |1 [1).
The factor (]dk\S_I/QFR(S)”F@(S)”)_1 is regular at s = 1, and its value is
(2T (/2 = (a2
Thus, the residue of (j(s) at 1 is

|| ™2 Resomr C(f, || - [1°) = |di| 772 - k|di[? = &.

We have proven Theorems |1.1.18| and [1.5.35]

3.5.3 The general case: L-functions of characters

Our final task is to discuss the analytic properties of Dirichlet L-functions, and more generally
Hecke L-functions (taken as in Definition — we have already checked that these contain
all the Hecke L-functions of Definition [1.4.9)).

Ideélic character

We have discussed the characters of Ij, in Section [3.4, With notation as in that section, fix a
character

c(a) = [Teu@) - [T llaully - x(es(a)) (3.22)

vES vES

where ¢,,t, and y satisfy conditions (3.17)), (3.18)) and (3.19).
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Choice of the adéelic function

For each v € S, let f,(x,) be the function used in Section to compute the function
p(cyl - ||%) corresponding to the character ¢,. For v & S, let f,(x,) be the characteristic function
of O,. We set

f(l’) = H fv(fv).

veES

We claim, and we will show below, that f(z) is a function of class 3. We begin by noticing that
each function f,(z,) is in U'(k,) by the direct computations of Section , and that f, = 1o,
for almost all v. Lemma vields that f is in 2U'(A), and that the Fourier transform of
flx) is f(z) =TI, fo(x,). We have thus shown that f(z) satisfies condition 1 in Definition
B3.2.43

Fourier transform

We have already seen that the Fourier transform of f(x) is
f(z) = va(l‘v)

For v ¢ S and v unramified in k, the Fourier transform of f, = 1, is given by f, itself, as

shown by Equation (3.8). For v € S but ramified in k, we have
fo=(No,) 1,

by a simple direct calculation. Moreover, since each local factor f, is one of the standard
functions of Section , the Fourier transforms f, are in 0 (kX), and in fact, f,| - ||° is in
L' for every o > 0 (for v € S, this follows from the explicit expression above; for v € S, notice
that all the standard functions f, considered in Section |3.1.4] are of class 3 for the local field
ky).

We will only need to know this: the Fourier transform f is a product of local functions ﬁ,,
almost all of which agree with the corresponding f, (), and all of which satisfy f,||-]|” € L' (k)
for o > 1.

The (-function

The function |f(a)| - ||al]|” = I1, (|fo(ay)| - llas||7) is a product of local functions, and all but
finitely many of these are equal to 1 on u, by definition. We can then use Theorem [2.4.20| to
check that |f(a)| - ||a||” is in L'(I}). It suffices to verify that the infinite product

T [ 1tallanl i ()

VEQ v

converges. By the choice of standard functions in Section cach single function | f, (ay,)|]|ay||g
is in L' (k) for all ¢ > 1, so it suffices to check that the product of [, « | fu(au)|l|lau||” disgex (ay)
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over all but finitely many v converges. In particular, we can consider the product

0 [ ellaldg@ = T [ el )
ki Ou\{0}

vgS vES

v unramified in k v unramified in k

1
! (Np,) 7’

vegS
v unramified in k
where the last equality uses Equation and the fact that N0, = 1 for v unramified in k.
This infinite product converges for o > 1 by the classical calculation in Proposition [I.4.5] We
already observed that the Fourier transform of f is a product of local functions, and all but
finitely many factors coincide with those of f. From this, it follows easily that f is continuous
and that f(a)||a||” is also in L' for every o > 1. We have thus checked that f satisfies the third
condition in Definition [3.2.43]
We now verify condition 2 in Definition [3.2.43] that is, we show that the sum

> fla(z+¢))

ek

is uniformly convergent for (a,x) € C'x D, where C' is a compact subset of I;. As before, the
argument for 3., f(a(z +¢)) is completely analogous, so we only treat the case of f.

Lemma 3.5.1. Let f and C be fized. There is a fractional ideal A of Oy such that, for all
a€C andx € D, we have f(a(z + &) = 0 unless £ is in A.

Proof. Let v be a finite place. By definition, f, vanishes outside of a compact subset B, of k,,
and we can take B, = O, for all but finitely many v. Thus, f(a(x 4 £)) can only be non-zero
if a(x + &) belongs to [], B,. Equivalently, « + £ has to belong to [], a,'B, (which is still a
compact set), and ¢ has to belong to kN[, (=, + a;'B,). We claim that the intersection
kN1, (—xy + a,'B,) is contained in a fractional ideal A of Oy, independent of x and a (provided
that these elements lie in D and C', respectively). To prove this, we notice that:

1. for each v, the v-valuation of elements in —z, + a;'B, is bounded below, uniformly as
x varies in D and a in C. This follows from the compactness of B,, of C' and of D,
which implies the compactness of —D + C~'B,, combined with the fact that v (being
continuous) is bounded on any compact subset of k.

2. for all but finitely many v, all elements in —z, + a,'B, are v-integral (for any choice
of z € D and a € C). To see this, recall from Lemma that a compact subset of
I, = [T, (kX,u,) is contained in a product of compact subsets C,, where all but finitely
many (), are equal to u,. Moreover, by definition, the elements in D are v-integral for all
finite v. Thus, if v is any place for which B, = O, (all but finitely many) and C, = u,
(all but finitely many), then —x, + a;'B, C O, + 1,0, C O,.

Combining the previous two statements, we obtain that e, = min{0,v(—z, + a,;'0,) : © €
D,a € C,b, € B,} is a well-defined integer, equal to 0 for almost all v. Thus, A :=[], s, P&
is a well-defined fractional ideal of k, which by construction contains k& N [[,(—z, + a, ' B,).

This concludes the proof of the lemma. n



3.5. RECOVERING THE CLASSICAL THEORY 155

Let A be the ideal given by the lemma. Like all fractional ideals of a number field, it
is a free Z-module of finite rank n = [k : Q]. Let wy,...,w, be a Z-basis of A. The series
> cer fla(z + §)) can then be rewritten as a sum over £ € A, hence as

Z f(a(a:—i—iciwi)).
(c1y...,cn ) EZL™ i=1

By definition, f(z) = [], fu(z,), and all the non-archimedean factors are bounded by 1 in
absolute value (see Equation (3.7)). Each archimedean factor is also bounded (though not
necessarily by 1), see Equations (3.4)) and (3.5)). Thus, it suffices to show that

> I - (av (m + Z:: ciwi> ) (3.23)

(c1y-+eycn ) EZ™ v archimedean

converges uniformly. The product [, .. aimedean fo (@o (Zo + D i ciw;)) is bounded above by
a function on R" of the form w +— p(w)exp(cos + doxl|w] — Bazllw||?), where p(w) is a
polynomial, ¢, ,d,, are numbers depending continuously on a,x, and B, , is a non-singular
matrix depending continuously on a,z. Since a,,z, are bounded (lying respectively in the
compact C' and in the relatively compact set D) and a, is also bounded away from zero (for
the same reason), it is easy to see that w + p(w)exp(cyr — Baz|lw||?) is bounded above by
a function g(w) (independent of a,x) of the same form, for which the sum converges (see
Exercise [3.5.2} notice that we are summing over a full-rank lattice of R, so as max |¢;| — oo,
also || 3 ¢;w;|| tends to infinity). This completes the verification that our function f lies in class

3-

Exercise 3.5.2. Complete the argument for the uniform convergence of (3.23]).

Conclusion: analytic continuation and functional equation

Let ¢ be a quasi- character of exponent greater than 1. Applying Theorem [2.4.20] we obtain
that the ¢ function ¢(f,¢) = [, f I a) dug, (a) decomposes as the product

H(

v

Jo(ay)éy(ay) dﬂkx Qy > HC fo,C) (3.24)

k_><

of the local ¢ functions of the quasi-characters ¢,. In particular, if ¢ is our fixed character (of

exponent 0)
=[] (o) =[] colan) - x(es(a)),

vES

we can apply the decomposition to the quasi-character ¢ = ¢||-||* for every s with Rs > 1.

As a next step, we notice that for every v € S and Rs > 1 we can explicitly compute the
integral defining ((f,, ¢,||-||7). To do this, notice first that every a, € O, can be written uniquely
as 7' d, with 7 € N and d, € u,. By definition, ¢, is unramified, so c,(a,) = ¢, () = ¢,(m,)’
only depends on 7, the valuation of a,. Furthermore, ¢,(m,) is by definition x(p,), where p, is
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the prime ideal corresponding to the valuation v. We may now compute

C(forcoll - 115) = / colav)l|aw|ly dpyy (an)
0}
=D g (moe) (Npy) X (po)'
=0

= Z Hgox (uk)(va)_iSX(pv)i

v (1 ALY

(We take this chance to mention that this is basically the same computation necessary to check

Theorem [3.1.42) Thus,
e c -1/2 . X(pv) -
Foell - 1%) = T ¢Cfureall - H((Nm,) (1 —(va)s) )

vES vegS
= [T<(mell - 1) - TT(Vou) =2 L(s, ),
veS vES

where L(s, c) is the Hecke L-function of the idelic character ¢ in the sense of Definition [3.3.3]
To justify the appearance of L(s, ¢), notice that

L(s,c) = H (1 _ clpy) )1 = H (1 _ (b )1 = L(s,x)
vgS (pvpv)s veS (pvpv)s
because by definition the Hecke L-function L(s, ¢) only depends on ¢(b(p)), where p ranges over
the primes at which ¢ is unramified. The explicit description (3.22]) shows immediately that
c(b(p)) = x(b(p)). We have thus shown that L(s,c) can be represented as

¢) = [T ¢ el 1) TTV0) 2 C(frel - 119).

vES vgS

Theorem [3.2.47|shows that ((f, c[|-||*) has meromorphic continuation to C, with poles at s = 0, 1
if ¢ is trivial. Remark [3.1.46]shows that the factor [, .o ((fo, - [|5) ™" is everywhere analytic,
and (N0,)" /% is Clearly a constant Thus, we obtain analytic continuation to C as soon as c is
not the trivial character; when c is the trivial character, we still need to check that the pole at
s = 1 is not cancelled by the local zeta factors, while the pole at s = 0 does cancel out. This
follows easily from the explicit expressions for the local zeta functions. In particular, the local
¢ function at any archimedean place is of one of the two forms given in Equation : both
these functions are regular and nonvanishing at s = 1, while they have a pole at s = 0. Their
inverses thus vanish at s = 0, and cancel out the pole of ((f,]| - ||*). As for the situation at
s =1, it suffices to check that none of the local zeta functions computed in Section has a
pole at s = 1, which is easily seen to be the case. This completes the proof of Theorem [1.4.11}

Finally, for the sake of completeness we also briefly discuss the functional equation satisfied

by the Hecke L-functions. We can write the ¢ function for the dual pair ( 1, ﬂ) = ( f,e ! |-
I'7%) as

f,CH HCfvach HX - L<1_8X )

veS vES
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for s < 0. The global functional equation of Theorem then yields
C(fsell-I1P) =¢(fell - [I°) =
LT¢Ch el -115) - TTV0) 2 Lis,x) = [ [ ¢(foreoll - 1) T x(@0)(N0,) ™ - L(1 = 5, x 7).

veS vgS veS vgS

Dividing both sides by [[,cq C(fo cﬂf,) [Togs x(0,)(ND,)~* we finally obtain the functional
equation

[T oCeoll- 1) - T (x(@0)(N0,)*=2) - L(s,x) = L(1 = s,x"),

vES vgS

—

where — using the local functional equations ¢(f,, coll - [|2) = p(co)C(fo, ol - ||2) of Theorem
B.1.35] — we have rewritten the ratios

el )
g(ﬁn Cv” ) ||fz)

in terms of p-factors. Recall that these functions have been explicitly computed in Section
and only depend on the character ¢,, not on the choice of f,. Replacing each p-factor with its
explicit expression yields the classical functional equation for Hecke L-functions.
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Exam questions
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CHAPTER 4. EXAM QUESTIONS

Here are some questions I asked during exams:

1.

Let K be the splitting field over Q of 23 — 2, let G be the Galois group of K over Q, and
let p be the standard (2-dimensional) representation of G. Determine the behaviour of
L(s,p) around s = 1 (does it have a zero, a pole, or neither?) and, if L(1, p) exists and
is nonzero, determine its value in terms of arithmetic quantities.

. Let K73, K5 be two number fields such that (x, (s) = (k,(s). Prove that [K; : Q] = [K; :

QJ. If at least one among K7, Ks is Galois over Q, prove that K; = Ks.

For a prime number p # 3,7, define
ap =#{z €F  :2° =7 (mod p)}.

Prove that a, is the p-th Dirichlet coefficient of the ¢ function of the field K = Q(V/7)
(that is: writing (x(s) as the Dirichlet series > -, 5’?’;, one has b, = a, for all primes
p # 3,7). Let L be the Galois closure of K/Q and let G be the Galois group of L/Q:
describe a representation p of G such that L(s, p) = (x(s).

Let K be a number field and write (x(s) = > -, % Suppose that, for all primes p =1
(mod 5), the coefficient a,, is equal to 4. Prove that K = Q((;).
Hint.

a) Prove that [K : Q] > 4.

b) Prove that there exists a prime p =1 (mod 5) that is totally split in K.
¢) Deduce that [K : Q] = 4.

d) Conclude by comparing the primes that split completely in K and Q(().

Let K = Q(i,/5).

a) Express the residue of (x(s) at s = 1 in terms of L-functions of Dirichlet characters.

b) Prove that a fundamental unit of Og 5, is also a fundamental unit of O [during
the exam we admitted this, but you should still think about it! If you want a hint,
consider the norm from K to Q(v/5) of a fundamental unit of K].

¢) Taking for granted that h(Q(i)) = 1 and h(Q(v/=5)) = 2, compute h(K).
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