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1 18.01.2024 — Introduction

1.1 First definitions

Let K be a field with separable closure K®. Denote by G the absolute Galois group
G = Gal(K?®/K). By Galois theory, there is a correspondence

{finite quotients of G} <— {finite Galois extensions L/K},

and in fact G = lim - Gal(L/K), where the limit is taken over the finite Galois extensions
L of K. Hence, G is an inverse limit of finite groups. Such a group is called a profinite
group and carries a natural topology (the profinite topology): the profinite limit can be
seen as a subgroup of the product [[; Gal(L/K), and it carries the subspace topology,
where each finite group Gal(L/K) is given the discrete topology. For this topology, G is
compact and totally disconnected, and there is a correspondence

{open subgroups of G} <— {finite separable extensions L/K}.

We now define Galois representations. Let ¢ be a prime number and recall the ring
Ly = @n 7] 07 of f-adic integers. This is a profinite ring; its field of fractions

Qy := Frac(Zy)

is the field of ¢-adic numbers. It has a locally compact topology, inherited from Z,. The
standard n-dimensional vector space Q) then has a natural (product) topology; so does
the ring of endomorphisms Endg,(Q}), which we identify with Mat, «,(Q) and equip
again with the product topology. The subgroup

Autg, (QF) C Endg, (Q})

then inherits the subspace topology, which makes it into a topological group. Finally, if
V' is any finite-dimensional Qg-vector space, any choice of basis induces an isomorphism
V = QJ for a suitable integer n, and via this isomorphism we get a topology on V,
Endg, (V) and Autg, (V).



Exercise 1.1. The topology on V does not depend on the chosen isomorphism V = Q.

Definition 1.2. An /-adic Galois representation of GG is a continuous homomorphism
p: G — Autg, (V) where V is a finite-dimensional Q-vector space. Equivalently, it is the
datum of a finite-dimensional Qy-vector space equipped with a continuous action of G.

Remark 1.3. One can also reformulate the definition of ¢-adic Galois representations in
terms of Q[G]-modules, but some care is needed to formulate the topological conditions.

Remark 1.4. A lattice in V is a finitely generated free Z,-module L C V that generates
V over Qy. Notice that any finitely-generated Zs-submodule of V' is torsion-free, hence free
by the structure theorem. In particular, the natural map L®z,Qy =5 V is an isomorphism.

Lemma 1.5. If V is an £-adic representation of G, then V contains a G-stable lattice.

Proof. Let L C V be any lattice (for example, the Zs-span of a basis). Consider U := {g €
G : p(g)L C L}: it is an open subgroup of G (because the action is continuous). We justify
this fact more carefully. A basis of open neighbourhoods of the origin in Zj is given by
(¢*Zy)™. As a consequence, identifying Autg, (V') to GL,(Qy), neighbourhoods of an ele-
ment g € Autg, (V) are invertible matrices of the form g+£*M for some M € Maty,xy(Z¢).
However, any matrix of the form ¢*M with M having integral entries preserves any lattice,
which shows the above claim.
Since G is compact, the open subgroup U has finite index, and we can consider

D pgLcV:

geG

it is clearly a G-stable subset, and it’s a lattice since we are only adding finitely many
distinct lattices (indeed, we could equivalently sum over representatives for G/U), so the
result is still a finitely-generated Zy,-module. O

Given an ¢-adic Galois representation V', the previous lemma yields a finitely-generated
free Zy-module L' C V' with a continuous representation G — Autz, (L').

Definition 1.6. A Z,-representation of GG is a finitely-generated Z,-module M together
with a continuous homomorphism G — Autz, (M).

Remark 1.7. 1. We do not require M to be torsion-free! In particular, this definition
contains the notion of (continuous) Galois representations in an Fy-vector space.

2. M is isomorphic to the inverse limit of its finite quotients: M = lgln M/e™ M, where
M/¢"M is finite. There is a G-action on M /"M for every n, and the isomorphism
is compatible with the G-action on both sides.

The interest of this remark is of course that it is often possible to reduce questions
about Zs-representations to questions about finite representations.

Given a finitely generated free Zs-module M that is a Z,-representation of G, we get
an (-adic representation of G by taking V := M ®z, Q, and setting

g-(meXN)=(g9-m)®X VgeQq.

Hence, we can go back and forth between free Zj-representations of G and f-adic repres-
entations. Note however that this is not a bijective correspondence: in general, a given
f-adic representation has many G-stable lattices.



1.2 Examples
1.2.1 The cyclotomic character

Let £ be a prime different from the characteristic of K. Let ug be the group of £*-th roots
of unity in K®. Define

Ty(p) = Y pugn,

n

where the transition maps are

Pogn = fgn—1
w = W

The group G acts on pyn for all n (in a way that is compatible with the transition maps),
hence there is an induced action (Z,-representation)

X : G — Autg, (Ty(n)) = 2.
To justify the last isomorphism, note that for every n we have
AutZ[(,ugn) = (Z/gnZ)X,

and these isomorphisms are compatible for different n in the obvious sense. By passing to
the limit,
Autz, (Ty(n)) = Im(Z/0"Z)* = L.
n

We further set Vy(p) = Ty(p) ®z, Qp: it is a 1-dimensional ¢-adic representation of G,
corresponding to a homomorphism

G — Autg, (Ve(p) = Q-

We can make the representation y more explicit. Let w € Ty(u) be represented by the
sequence (wy, )n, where wy, € um. By definition,

9(w) = (9(wn))n = (@X"9)n,

where x,,(g) is an element in (Z/¢"Z)*. We can then consider x(g) € Z, = l'&nn(Z/E”Z)X
as the compatible sequence (X, (g))n.

Definition 1.8. The map x constructed above is called the ¢-adic cyclotomic chracter.
Notation 1.9. We write Zy(1) := Ty(p) and Vp(1) := Vy(u). For every i > 0 we then set
Z(i) := Ze(i)®", Qi) := Qu(i)®".

The G-action is given by
gwr @ -+ @ w;) = g(w1) ® - @ g(wi).

As a Zy-module, Zy(3) is simply Zg, but the Galois action is given by the i-th power of the
cyclotomic character.
For i < 0 we further define

Zy(i) == Homg, (Z¢(—1),Z¢), Qi) := Homg, (Q(—17), Qp).



1.2.2 Elliptic curves

Let E be an elliptic curve over K, that is, a smooth projective connected curve of genus
1 over K together with a rational point 0 € F(K). Assuming char(K) # 2, 3, the curve F
can be described by a homogeneous equation

Y2Z = X®+ AXZ% + BZ3 c P%,

with the point 0 being [0: 1 : 0].

-
T

R=P+Q

Rational points on elliptic curves form a group: given two points P,Q € E(K), the
line through P and @ meets E in precisely another point —R = (z,y) (counting with
multiplicity). The point R = (z,—y) is then the sum of P and . When P = @), one
takes the ‘line through P and @’ to be the tangent to £ at P.

Theorem 1.10. This construction makes E(K) into an abelian group.
We have the following fundamental fact:
Theorem 1.11. Let £ be a prime different from the characteristic of K. Denote by
E[("] ={P € E(K®) | "P =0}
the set of £™-th torsion points of E. The group E[("] is isomorphic to (Z/{"Z)?.

Define the ¢-adic Tate module of E as



with transition maps given by

E[mtt — B[
P —  {P.

Since G acts on each group E[¢"] (compatibly for different n), we get an induced action of
G on Ty(FE) which makes it into a (2-dimensional) Z,-representation of G. Correspondingly,
we have a 2-dimensional ¢-adic representation of G' given by

W(E) = Tg(E) ®Zg Qg.

Generalisation: abelian varieties An abelian variety over K is a smooth projective
connected variety A defined over K with a ‘geometrically defined’ abelian group structure
on A (that is to say, the maps giving multiplication and inverse are morphisms of algebraic
varieties; the origin of the group law is given by a K-rational point).

Example 1.12. Any product of elliptic curves £y x Ey X --- X E, is an abelian variety.
So is the Jacobian of any smooth projective curve C.

Theorem 1.13. For every prime { # char(K), the {™-torsion subgroup
A" :={P € A(K?®) : {"P =0}
is isomorphic to (Z/{"Z)?9, where g = dim A.

As in the case of elliptic curves, we have 2g-dimensional Zy- and Q-representations of
G, given by
Ty(A) :=lm Al"],  Vi(A) :=Ty(A) @z, Q.
n

1.2.3 The ultimate generalisation: étale cohomology groups

Let X be a smooth algebraic variety over K and let X := X xx K*. For every prime
¢ # char(K), étale cohomology provides us with certain finite-dimensional Qg-vector spaces
H(X,Qy), called the (-adic étale cohomology groups of X. When K is a subfield of C,
one has

H'(X,Q) = (@H&ng(){(@)az/f”l)) @z, Qe

The construction of H*(X,Qy) ensures that there is a continuous action of G on it, which
yields finite-dimensional ¢-adic representations of G.
Theorem 1.14. When X is an abelian variety, we have

H' (X, Qo) = Vy(A)

and more generally o ) o
H{(X,Qu) = ANH'(4,Qy).



1.3 About the case K =Q
For the rest of thii section we take K = Q. Fix a prime p and embed Q < Q,. Choose
algebraic closures Q, Q, in a compatible way:

Q—Q

Q—Q

This choice induces an embedding of G, := Gal(Q,/Q,) in G, given by g — g\@. IfVis
an (-adic representation of G, we get (-adic representations of G/, for all p.

1.3.1 Structure of G,

There is an exact sequence
1 — I, —» Gp — Gal(F,/F,) — 1,
where I, is called the inertia group. Furthermore, there is a splitting of inertia as

1—>P—>Ip—>HZg%1,
t#p

where P <1, is the unique pro-p-Sylow of I,, (called the wild inertia subgroup). Since P is
the unique p-Sylow, it is characteristic in I,, hence normal in Gp,. The quotient [], £p Ly
is called the tame inertia group.

1.3.2 The action of wild p-inertia on /-adic representations

Let ¢ # p and let V' be an /-adic representation of G),. Choose a G)-stable lattice L C V,
from which we get a Z,-representation

Gy GL,(Zy).
For every positive integer r, set
N, :=ker (GL,(Zy) — GL,(Z/("Z)) .

Note that Ni/N, is a finite ¢-group (by induction: N,/N,;; has a natural structure of
Fy-vector space). As a consequence, Nj is a pro-£ group, and therefore p(P) N Ny = {1},
because p is different from ¢ (hence there are no non-trivial maps from a pro-p group to a
pro-£ one). Clearly, this implies that p(P) injects into the finite group GL,(F;). So, up to
replacing Q, by a finite extension, we may assume that P acts trivially. (For example, take
the kernel U of G % GL,,(Z¢) — GL,(Fy): this is an open subgroup of G, corresponding
to a finite extension L of Q. The p-inertia of L acts trivially.)

This argument of course breaks down completely for p-adic representations. The main
aim of this course is to study p-adic representations of G,,, where the action of I, is in fact
very rich.



1.3.3 Examples

Elliptic curves. Let E/Q be an elliptic curve. Suppose that E has good reduction at
¢ (in elementary terms, this means that there is an equation for E/Q that has integral
coefficients and remains non-singular after reduction modulo £). Denote by E the reduction
of E modulo ¢. Take V = V(E): then I, acts trivially on V for all ¢ # p. This can be
proved as follows: it is not hard to show that the reduction map

E["] — E(F,)

is injective. This map is also clearly Galois-equivariant. Moreover, by definition, I, acts
trivially on E(F,), so I, acts trivially on E[¢"] for all h, as claimed.
In fact, we have the following famous result:

Theorem 1.15 (Néron-Ogg-Shafarevich). Let A be an abelian variety over Q. Then A
has good reduction at p if and only if I, acts trivially on Vy(A) for some prime { # p
(equivalently, for all primes { # p).

It is easy to see that A has good reduction for all but finitely many primes (by general
principles, the smooth morphism A — Spec(Q) extends to a smooth morphism A —
Spec Z[1/N] for some N, and any prime not dividing N is then a prime of good reduction).
This begs the question: can there be a condition at £ = p that detects good reduction?

Representations coming from geometry. Let V be an /-adic representation ‘coming
from geometry’, e.g., étale cohomology groups of varieties. (We will later give a precise
definition of ‘coming from geometry’.)

Theorem 1.16 (Grothendieck’s monodromy theorem). Let ¢ # p. There is an open
subgroup U of I, that acts unipotently on V' (that is, every element in p(U) is of the form
Id+N, where N is nilpotent).

Again, this begs the question: what about ¢ = p?

1.4 What is this class about?

Plan of the course:

(I) Fontaine’s classification of p-adic representations of Gal(Q,/Q,) via (p, I')-modules.
This has many applications, for example to the p-adic Langlands programme, or to
the construction of the Emerton-Gee stack, a moduli space of deformations of p-adic
representations (that are not studied directly, but via their (¢, I')-modules).

(IT) Representations coming from geometry & Fontaine’s rings. In particular, we will
define the properties that correspond to ‘good reduction’ and ‘unipotent action up
to finite index’ for p-adic representations.

(IIT) The Fargues-Fontaine curve. This is a geometric object related to p-adic Galois
representations.

Literature.

e Fontaine-Ouyang: Theory of p-adic representations. Available at



https://www.imo.universite-paris-saclay.fr/~fontaine/galoisrep.pdf
¢ Brinon-Conrad: CMI Summer School on p-adic Hodge theory. Available at

https://math.stanford.edu/~conrad/papers/notes.pdf

1.5 Classifications of mod-p representations of fields of characteristic
p>0

Definition 1.17. Let E be a field of characteristic p > 0. A p-module over F is an
FE-vector space M together with a map ¢ : M — M that is semi-linear with respect to
the absolute Frobenius of F, that is, the map

c: F —» F
r +— xP.

Here, semi-linear means that ¢ satisfies
p(Am) =c(Np(m), ¢(m1+mz) =¢p(mi)+e(mz) VA€ E,m,mi,my € M.

Notation 1.18. If M is an E-vector space, we define c*M to be F Qg , M, where the
left factor E is an E-module via the map o. Explicitly, in c*M we have

A@pum = AP @ m = pP(A®@m).
Definition 1.19. A p-module M over FE is étale if dimp M < oo and the natural map

d: oM — M
A@m = Ap(m)

is an isomorphism.

Remark 1.20. If eq,...,eq is an F-basis of M, we can write
d
pler) =Y aije
j=1

and ® maps 1 ® e; to 2?21 a;jej. The p-module is étale if and only if @ is surjective, if
and only if the matrix A = (a;5) is invertible.

Etale ¢-modules over E form a category (the morphisms are E-linear maps compatible
with ¢).
Lemma 1.21. This category is abelian.
Proof. This is a sequence of more or less easy verifications. The only non-trivial point is
the following. Let p: Mj — M be a morphism of ¢-modules with kernel K and cokernel

C. What we have to show is that, if My, My are étale, then so are C' and K. This follows
from a diagram chase in the commutative exact diagram

0 oK o* Moy o* My o*C 0
RN
0 K Moy Moy C 0.



https://www.imo.universite-paris-saclay.fr/~fontaine/galoisrep.pdf
https://math.stanford.edu/~conrad/papers/notes.pdf

Precisely, one gets ker(®x) = coker(®c) = 0, and since we are dealing with finite-
dimensional vector spaces (and spaces that are aligned vertically have the same dimension
over E) this implies that @, P are isomorphisms. O

Remark 1.22. The category of ¢-modules is even an abelian tensor category, and in fact
a neutral Tannakian category.

1.5.1 Key construction: associating a p-module to a Galois representation

Let G = Gal(E®/E) and let V be a finite-dimensional F)-vector space with a continuous
G-action. Note that the topology on the finite set V' is the discrete one. Define

Dp(V) = (B ®g, V)%,
where G acts on E* ®p, V' via
gA®v)=9g(N)®gv) Vge G,Ae€ E*veV.
The E-vector space Dg(V) is a ¢p-module via
P A®v) =N .

Remark 1.23. Note that the p-module structure is well-defined: if A®@v € E* @p, V is
fixed by all g € G, then for all g € G we have

9lp(A @ v)) = g(X @ v) = g(X") @ g(v) = g(N\)* @ g(v) = p(g(A @ v)) = P(A @ V),
hence p(A ® v) is also in (E* @5, V)¢ = Dg(V).
Lemma 1.24. Dg(V) is an étale p-module.

Proof. We postpone until next time the proof that dimg Dg(V) is is finite; in fact,
dimg Dp(V) = dimg, (V). This will be an immediate consequence of Galois descent,
see Remark 2.21

Let v1,...,vq be an Fy-basis of V' and let ey, ...,eq be an E-basis of Dg(V). Write

d
ez-:Zbij@vj, bij € FE°.
j=1

Let B = (b;j) € GL4(E®). We have

d
cp(ei) = Zb‘z ® v; = Z a;;€j,
j=1

Jj=1

where A = (aj;) is the matrix of Remark It follows from these formulas that A =
B~Y¢(B). In particular, we have

det(A) = det(B) ! det(¢(B)) = det(B)P~! £ 0,

hence det(A) # 0 and therefore Dg(V') is an étale p-module by Remark O

10



Our first objective is to prove the following classification result for continuous G-
representations with values in Fj-vector spaces:

Theorem 1.25 (Katz, Fontaine). The map

V= Dg(V)
induces an equivalence of categories
ﬁmte—dzme@szonal Ep—vector étale p-modules
spaces with continuous .
over B

G-action

2 25.01.2024

2.1 Recap

Let E be a field of characteristic p > 0 and V' be a finite-dimensional [F,-vector space
equipped with a continuous action of G := Gal(E?®/FE). We introduced a functor

Dg(V) = (E* @5, V)Y,
where the invariants are taken for the diagonal action

g-(A®v) =g\ @g(v).

It is a p-module via
P(A®@v) =N Q.

We have seen (Lemma [1.24) that this ¢-module is étale, that is, o*Dg(V) = Dg(V),
where
"M = E ®q.p M.

We aim to show Theorem We note that the quasi-inverse of the functor Dg will
be given by
Ve(M) ={y € E*®p M : o(y) =y} = (B @ M),

where the p-action on E* @p M is p(A®@m) = N ® ¢(m), and the G-action on Vg (M) is
gA®@m) =g(\) @m.

2.2 Descent lemmas

Lemma 2.1 (Galois descent, Speiser). Let K/k be a Galois extension of fields with group
G. Let W be a K-vector space with a continuous semi-linear G-action, that is,

oA-v)=0(N)-o(v) YAe K,veV,oed.

The natural map
Wée, K =W

is an isomorphism

11



Remark 2.2. This proves in particular that Dg(V) is finite-dimensional and that its
dimension over E is equal to the Fj)-dimension of V.

Lemma 2.3 (Katz). Let E® be a separably closed field of characteristic p > 0 and let M
be an étale p-module over E°. The natural map

M*=' ®@p, E* = M

Lemmas and[2.3 imply Theorem[1.25. The modules Dg(V'), Vi (M) are finite-dimensional
by Lemmas [2.1] and Moreover,

Vi(Dp(V)) = ((ES x, V)¢ @ ES)“"Zl .

By Lemma (ES ®F, V)G ®@p B¢ is isomorphic to E* @, V', and by definition of the
¢-action, the fixed points of ¢ in this vector space are exactly 1 ® V = V. Finally,

_ G
De(Ve(M)) = ((B* @5 M)*™ 0p ).

and using Lemma we have (E° ®p M)“DZ1 ®F, B = E° @p M. Taking G-invariants
(and recalling that G only acts on the left) we get back M. O

Exercise 2.4. Complete the proof by checking that the natural map in the statement of
Lemma is an isomorphism of étale p-modules (and not just an isomorphism of vector
spaces).

We now prove Lemmas 2.1 and 2.3] We start by recalling the following classical fact:

Lemma 2.5 (Dedekind). If G is the Galois group of a finite extension K/k, the elements
of G are linearly independent in the K -vector space of functions K — K.

Proof of Lemma[2:1 If K/k is infinite, choose a basis B of W over K. Since W is finite-
dimensional, there is a normal open subgroup U in G fixing B element-wise (this follows
from the fact that the action is continuous: the stabiliser of each basis element is an open
subgroup; if H is the intersection of these stabilisers, then clearly H is open, hence has
finite index, and U can be taken to be the intersection of the finitely many conjugates of
H). Clearly WY ®@yxv K = W, because WY contains B, and K-linear combinations of
elements of B span W. Moreover,

W e K =~ ((WU)G/U Ok KU) @xv K :

this formula shows that the special case of the lemma when K/k is finite implies the
general case. Indeed, KV /K is finite; if we have the lemma in this case, then

((WU)G/U o KV) @xv K = (WY) @ K 2.

Hence, we can assume that K/k is a finite extension and that G is a finite group. Consider
the map
WC@p K — W.

Surjectivity. It suffices to show that every linear map ¢ : W — K such that ¢|ycg, x =
0 is the zero map. Let o1,...,0, be the elements of G and fix w € W. For z € K,

12



consider w, =Y, 04(z)o;(w) € WY, By assumption, p(w;) = 0, because w;, vanishes on
the G-invariants and w, is invariant by construction. On the other hand, by linearity,

0= p(ws) = Zaz(w)w(ai(w)) Vz € K,

hence by Lemma we obtain ¢(o;(w)) = 0 for all 7. In particular, for o; = id we get
o(w) = 0, as desired (recall that w was arbitrary, so we have shown that ¢ is the zero
map).

Injectivity. Consider an element wi; ® by + --- + w, @ b, € (WG R K) \ {0}, where
w; € WY and b; € K for all . Assume by contradiction that its image in W is zero, that

18,

We may assume that r is minimal, hence in particular the w; are linearly independent over
k. By rescaling, we can also assume b; = 1. Since the w; are linearly independent over
k, it follows that one of the b; with ¢ > 1 is not in k. Without loss of generality, assume
by ¢ k. There exists o € G such that o(by) # be. The element

o(w @b+ +w @b) — (W @by + -+ +w, @by)

is in the kernel and admits a representation with a smaller r, contradiction. Indeed, note
that
cw @1+ +w®b) =w @L+wr®@0(b2) + -+ w, @ c(b)

since by = 1 and w; € WE for all i, so on taking the difference we obtain
oW @1+ 4w ®b) — (W @b+ +w, @) =Y _w; @ (b — o(by)).
i=2

O]

We now give two proofs of Lemma One is Katz’s original proof: it is short,
but needs a theorem on algebraic groups. The other relies on a more elementary linear-
algebraic argument.

Proof of Lemmal2.3, version 1 (Katz). Let ey, ..., ey be a basis of M. We wish to find
g € GL,,(E?) such that

g(€1), s 79(671)
is p-invariant, that is,
e(g(ei) = glei) < al(g)p(es) = glei) < o(g)Ae; = g(ei),

where A is the matrix of ¢ with respect to the basis {ei,...,e,} (note that ¢ is only a
linear map on o*M). Thus, we need an element g € GL,,(E?®) such that

o(g71)g = A € GL,(E®).

Lang’s isogeny theorem gives that, if G is any connected algebraic group over a finite field
F, the map

g a(g g

is surjective (with finite kernel). This implies the claim. O
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Proof of Lemma version 2 (Schneider). We begin with the following fact:
Claim. We have
0 < dimp, M#=" < dimp: M.

To prove the claim, we start with the second inequality. Suppose that my,...,m, € M¥=!
are linearly independent over I, but not over £E*. We may assume that r is minimal.
Assume for instance .
my = Zaimi, a; € E°.
i=2
By definition, every m; is p-invariant, so

s r

my; = p(my) = ZT: o(a;m;) = Z of'm; = Z (& — ;) m; = 0.
=2

=2 =2

By minimality of r, this gives of = «;, hence o; € F,, for all i > 1. This contradicts
the linear independence over I, and establish the desired inequality (the IF,-dimension of
invariants does not exceed the E*-dimension of invariants, which certainly does not exceed
the E’-dimension of M).

We now show that there exists at least one nontrivial @-invariant vector. Fix m &
M\ {0} and let 7 be minimal such that

m,(m),...,"(m)

are linearly dependent. We have a relation
r—1
o' (m) =) aip'(m),
i=0

and by minimality the o; are unique. Since M is étale, independence of m, ..., "~ (m)
implies independence of ¢(m), ?(m),...,©"(m), which implies that ag # 0. We look for
an element m’ € M¥=! in the form

r—1
m' =" Xig'(m)
=0

for some choice of \; € E® to be determined. We try to impose

0=m'—pm) =Y (A—I_))¢'(m)
=0

with A_; = A = 0. Uniqueness of the o; implies that we must choose \; — /\f_1 = Ao for
a fixed A € E* (independent of 7). Clearly this equation determines \; from A (starting
from A_; = 0), and gives

A= ol Mo TN g
This quantity should be zero. Consider the polynomial

(e 7 r—1 r—1
f=af 2" +aof ¥ 4+ 4oz € Ez].

14



The parameter A\ we are trying to choose should be a root of this polynomial. The
polynomial f is separable, because its derivative is a,, = —1; it follows that f has roots in
E¢. Taking any such root as A completes the proof of the claim.

We now show that the claim implies the lemma. We proceed by induction on d =
dimpgs M. For d = 1, the Claim gives dimp, M =1 — 1 and we are done: any nonzero
element in M %= is an [Fp-basis for M ¢=1_ hence an E*-basis for M. For the inductive step,
suppose d > 1. Choose m; € M¥=1\ {0} (such an element exists by the Claim). Denote by
M the quotient M/(m;): this inherits a g-modules structure since my is p-invariant, and

: ., : . . . mp=1 .
this p-module structure is étale (count dimensions). By induction, M*  has an F)-basis
M3, ..., mq. Choose representatives mj,...,m), € M of ma,...,mg. These lifts are not
necessarily o-invariants, but ¢(m}) —m/ is of the form a;m;. For every i, the polynomial

Y-yt o
is separable, hence has a root \; in F*. Finally, we set
m; = m; + Aimq :
we then have
(m;) = go(m;) + )\fml = m; + (o + )\I;)Tm = m; + Aimq1 = m;.

The elements myi, ..., mq thus form a basis of M*¥=1, O

2.3 Continuous representations of G on finitely-generated Z,-modules

Let E be a field of characteristic p. We fix a Cohen ring Og¢ with residue field £ and
call £ the fraction field of Og. This means in particular that Og¢ is a complete DVR of
characteristic 0 with maximal ideal (p) and residue field E.

Remark 2.6. If F is perfect, Og is unique and is the ring of Witt vectors. In general, if
FE is an arbitrary field of characteristic p, the ring O¢ exists and is unique, but not up to
unique isomorphism.

The endomorphism
c: E — FE
x — P

lifts (non-uniquely) to ¢ : Og — Og (e.g., because O¢ is formally smooth over Z,, or
because it is not very hard to construct ¢ by hand). We fix choices of O¢ and .

Definition 2.7. A p-module M over Og is an Og-module equipped with a map ¢ : M —
M which is semi-linear with respect to ¢ : Og — Og. It is étale if it is finitely generated
and

D: "M — M

is an isomorphism, where p*M := O¢ ®, 0, M.

Remark 2.8. Note that M is an étale p-module over Og¢ if and only if M/pM is an étale
¢p-module over Og /pOg = E (Nakayama’s lemma). This implies that étale p-modules over
FE are the same as étale p-modules over Og that are killed by p.

15



We now look for an analogue of E° in the context of Og-modules. We fix compatible
separable closures £° of £ and E® of E. Inside £° we consider the maximal unramified
extension of Og. Its completion Og; is a Cohen ring with residue field E®. The map

¢ : Og — Og¢ extends uniquely to ¢ : Ogz = Oz (this can be checked by hand, but also

follows from the fact that the maximal unramified extension is ind-étale over O¢ and is

dense in its completion Og). Let £ be the fraction field of Og- We have analogues of

the descent lemmas from the previous section:

Lemma 2.9. Let N be a finitely-generated Ogs-module with a semi-linear G-action (where
G := Gal(E*/E)). The natural map

G ~
ngr; ®(95 N~ — N.
is an isomorphism.

Lemma 2.10. Let M be an étale p-module over Ogy. The natural map
Oz ®z, M=t S M
s an isomorphism.

Remark 2.11. The key point here is that O is faithfully flat over Og (both the maximal
unramified extension and the completion are). Lemmas and imply in particular

G _ =1 _
Og;—(’)g, Og{; —Zp

and that N¢ and M¥="! are finitely generated, respectively over Og and over L. (If
there is a surjective morphism R" — M after a finite flat extension, there was already
a surjective morphism from a free module before the extension: this follows since the
cokernel is zero after tensoring by the flat extension if and only if it was zero to begin
with.)

Proof of Lemma[2.9 In the light of Remark [2.8] if N is killed by p, the statement reduces
to Lemma[2.1] Now suppose that N is killed by p" for some n. Consider the exact sequence

0 — N[p] = N — N/N|p| — 0, (1)
where Np| is the p-torsion submodule of N. Taking Galois cohomology,
0— N[pl“ = N = (N/N[p)) = H'(G, N[p]) = (0),

where the final vanishing comes from the fact that N[p] = (E*®)" for some r (in turn, this
follows from the fact that N[p] has a G-invariant basis by Lemma any FE°-vector space
with a G-invariant basis is isomorphic to (E®)" as a G-module).

Tensoring by Oz (which is flat over O¢) we get

0= Oz ®0; N[p] = Ogz ®0; N = Ogz ®0, N/Np|] — 0.
This can be completed to the diagram

0—— O ®0; Nlp| — Oz ®0, N —— Oz ®0, N/N[p| —0

| | |

0 Nip] N N/N[p] ———0
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where the first vertical arrow is an isomorphism by Lemma [2.I] and the last one is an
isomorphism by induction on n. The middle one is therefore also an isomorphism, and we
are done. O

[I couldn’t understand the proof of the next lemma any more, so I came up with a
slight variant. Please double check.]]

Proof of Lemma[2.10. We begin with the case of finitely generated torsion modules M.
We establish this case by reduction to the case M = M|[p], which is Lemma We need
to check that

0 — Mp|*=! — M¥*=! — (M/M[p))¥=" =0

is exact, at which point the proof works as in Lemma [2.9] Consider the diagram

0 M p] M M/M[p| ——0 (2)
w—ll w—IJ eo—ll
0 M[p] M M/M][p] —— 0.

The snake lemma gives
0 — M[pJ#=" — M#=" = (M/Mp])*=" — coker (Mp] <= M(p]),

so it suffices to show that the first vertical arrow in is surjective, that is, M[p] =
(¢ —1)"'M[p]. Again we have M[p] = (E*)" as a ¢-module over E* (use Lemma
to find an invariant basis), and E* = (¢ — 1)E® because for all a € E*® the polynomial
yP? — y + a is separable, hence has a root.

Finally, by passing to the inverse limit over quotients M /p™ M, we obtain the lemma
for arbitrary finitely-generated modules M. O

Now let NV be a finitely-generated Z,-module with a continuous action of G. We define

De(N) := (Ogm @z, N),

where the G-action on the tensor product is
g(A®@n) =g(A) ®g(n).
This is a ¢-module via (A @ n) = p(\) @ n.
Lemma 2.12. The p-module Dg(N) is étale.
Proof. Tt is finitely generated by Lemma [2.3] To prove
¢*De(N) = De(N)
we may tensor with Oz (which is faitfhully flat). So we need to check that

Ofﬁ ®o, Dg(N) = Ogr; ®z, N

is étale over Og;, which can be checked modulo p. This is the content of Lemma O
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Theorem 2.13. The map N — Dg(N) induces an equivalence of categories

finite-dimensional Zy,-modules étale p-modules
with continuous G-action over Og

A quasi-inverse is given by
=1
Ve(M) = (OZ{; ®0¢ M)‘p .

Proof. Same as Theorem replacing Lemmas [2.T] and with Lemmas and
O

2.4 Qp-representations

Recall that every finite-dimensional continuous representation V' of G over QQ, contains a
G-invariant Zy-lattice N (Lemma [1.5]).

Definition 2.14. A p-module over £ = Frac(Og¢) is an E-vector space with a semi-linear
action. It is étale if it contains a y-stable Og-lattice that is an étale p-module over Og.

Corollary 2.15. The functor
—~ G
Vs De(V) = (5nr R4, V)

mduces an equivalence of categories

nite-dimensional Q,-vector ,
i . Qp étale p-modules
spaces with continuous .
. over €
G-action

Proof. Follows from Theorem after inverting p (recall that a p-adic representation
automatically admits a stable lattice, while we are imposing the existence of a stable
lattice on the side of p-modules). O

3 01.02.2024 — Perfectoid fields and the tilting correspond-
ence

In the previous lecture we have classified (in terms of p-modules) the representations of the

absolute Galois group of a field of characteristic p. We now develop some of the language

of perfectoid fields, which will allow us to transfer these results to the case of local fields
of characteristic zero.

Definition 3.1. An F,-algebra R is perfect if the map R — R given by x — 2 is an
isomorphism.

Example 3.2. The ring R = F,[z'/?”] = |J, F,[2'/?"] is the free perfect F,-algebra on
one generator.

Definition 3.3. A strict p-ring is a p-adically complete ring A such that p is not a
zero-divisor in A and A/(p) is perfect.
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Example 3.4. 1. Z, is a strict p-ring with Z,/(p) = F).
2. The p-adic completion of Z[p'/P”™] is a strict p-ring A such that A/(p) = F,[z/?™].
Fact 3.5. The functor A — A/(p) induces an equivalence of categories
{strict p-rings} <— {perfect Fp-algebras}.
A quasi-inverse sends R to the ring of Witt vectors over R.

Remark 3.6. If A is a strict p-ring, the canonical projection A — A/(p) has a unique
multiplicative retraction

p:A/(p) — A,

called the Teichmiiller lift.

Idea of the construction. Given @ € A/(p), we obtain p(a) as follows: take elements
b, € A such that b, =a (mod p) and define p(a) = limy,_o0 b5 .

More generally, let B be a p-adically complete ring, R be perfect, and ¥ : R — B/(p)
be a ring map. There exists a unique multiplicative map ¢ : R — B lifting ». This implies
that there exists a unique ring map W(R) — B lifting @. The definition of this latter map

Sl = el

)

Definition 3.7. Let B be a p-adically complete ring. The tilt of B is

B’ := lim B/(p).

r—xP

Thus, an element of B’ is a sequence (bg,b1,...) with b; = bfﬂ. This is a perfect F-
algebra.

Remark 3.8. Remark implies that for every perfect Fp-algebra R we have
Hom (W (R), B) = Hom(R, B).

Indeed, given ¢ : R — B/(p), for every r € R we have a sequence (rqg = r,71,72,...)

where 1 | = r; (since R is perfect) and we can define a map R — B’ by sending r to

(e(ro),o(r1), ¢(ra), . ..).
In particular, for R = B, the identity in Hom(R, Bb) corresponds to a unique map
W (B®) — B, called the Fontaine map.

Definition 3.9. An analytic field is a field K, complete with respect to a multiplicative
non-archimedean norm || - || (explicitly, this means that || - || is a function from K to Rx>g
that satisfies ||z = 0 iff © = 0, [z ]l = llo] - lyll and |+ y|| < max(fz], lyl)). We
define

Ox ={zeK:|z|| <1}, Mg={reK:|z|<1}.

The ring Ok is local, with maximal ideal M. We denote by k := O /Mg the residue
field. If char(K) = 0 and char(k) = p > 0, we say that K is of mixed characteristic.

Remark 3.10. This definition of analytic field is not standard in the literature.
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Remark 3.11. One can show that Ok is integrally closed. If @ € Ok is such that
||| € (0,1), then the ring O is also m-adically complete.

Definition 3.12. An analytic field K is perfectoid if

1. the norm group ||K|| C R>¢ is not discrete;

2. on Ok/(p) (note that this is not ), the map = — P is surjective.

Remark 3.13. Fj-algebras for which x — 2P is surjective (but not necessarily an iso-
morphism) are sometimes called semi-perect.

Example 3.14. 1. Qp and its finite extensions are not perfectoid, because their norm
groups are discrete.

2. The field C,, (completion of an algebraic closure of Q) is perfectoid.

3. Exercise: in characteristic p > 0, an analytic field is perfectoid if and only if it is
perfect.

o —

4. Fp((z'/P™)), the field of fractions of F,[x!/P™], where = denotes z-adic completion.

—

5. Key example: K = Q,(p!/P*), where = is p-adic completion. The ring of integers is

‘s

Ok = Zy[p'/7™), where Z[p"?™| = lim  Zy[e]/(e2 —p).

D
xn>—>:cn+1

~

The quotient O /(p) is isomorphic to lim Iﬁ‘p[:cn]/(xﬁn) >~ [, [2'/77)/(x).
Tn =Ty 1

Since T, [2'/7™] is perfect, its quotient by (z) satisfies condition (2) in the definition
of a perfectoid field.

—

6. K = Qu(w'/P™), where w is a primitive p-th root of unity and = denotes p-adic
completion. Here we have

Ok = Zp[/w%“’];

since Zp[w]/(p) = Fpz]/(2P~) (with z 3 (1 — w)), one sees that Z,[w!/?>]/(p) is a
quotient of F,[z'/P”], so that (2) in the definition of a perfectoid space holds.

3.1 Tilting a perfectoid field
Let K be a perfectoid field of mixed characteristic. Consider

Ok = lim Ok/(p).
x—xP
We have a natural map @ : (’)3( — Ok /(p), given by the projection on the first component
of the inverse limit. We then get a multiplicative map ¢ : (’)3( — Ok, see Remark (3.6

The composition

NP 3
gives a multiplicative non-archimedean norm || - ||, on 0% (we will check this fact below
in Lemma [3.15). We set K’ := Frac(0%). Note that O} is a domain: this is implied by
the existence of a multiplicative norm. Indeed, zy = 0 implies ||zy||, = 0, hence ||z|, =0
or ||yll, =0,s0z=0o0r y=0.
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Lemma 3.15. The function | - ||, is a non-archimedean norm.

Proof. Multiplicativity and the property ||z||, = 0 if and only if 2 = 0 are obvious. We
check the non-archimedean triangular inequality. We have

-+ ylly = || lim (2 +ya)7" | = 1 [z, + yo|[”"
n—00 n—00
< max ( lim |2, [[”", lim ||yn||pn) = max ([z[}s, lyll) -
n—00 n—00
O

Theorem 3.16. Extending | - ||, multiplicatively to K° defines a perfect analytic field of
characteristic p > 0 with O, = (’)3(.

For the proof of Theorem we will need the following lemma.
Lemma 3.17. The following hold.

1. the map x — aP is surjective on || K| C R>q.

2. |01, = 10k]-

Proof. 1. Since ||[K*|| is not discrete by assumption, ||K*|| is not ||p|?. Hence, ||K*||
is multiplicatively generated by the norms of a certain set S U S~} where S = {y €
K> |p|| < |lyll < 1}. (The key remark is that if y is an element of S that is not a
unit, p/y is also in S, and therefore ||p|| lies in the subgroup generated by the norms
of the elements in S.)

Fix y € S. As x — 2P is surjective modulo p, there exists x € K> such that
y — 2P € pOg. It follows that

ly — 2?|| < llpll, but [ly[| > [|pll;

by the non-archimedean triangular inequality, this is only possible if ||y|| = ||zP|| =
[[][P

2. The inclusion [|O%]|, C ||Ok|| is obvious by construction (the norm on O’ is induced
by the norm on Of). For the other inclusion, fix y € Ok. By part (1), there exist
m € Z and = € Ok such that ||z||P" = ||y| and ||p|| < ||z|| < 1. We now show that
]| € |05, and therefore [|y|| € [|O%]l,-

Let T = z mod (p). Since z — 2P is surjective on Ok /(p) (by definition of a
perfectoid field), we can find an element

o’ = (2,71,...) € O = lim Ok/(p).

x—axP

Recall that o(z”) = lim, e 22" where z, lifts T, to Of. By definition,

12", = Il (@)
On the other hand,

b _ _ . pn_ . pn_
(@) = 2l = | lim 22" —a] < lim [l22" — ] < o]
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since 28, mod (p) = z mod (p). As |lz|| > ||p||, a cancellation argument with the
non-archimedean triangular inequality gives ||z}, || = ||z| for n large enough, and
therefore |@(2”)| = lim, ||z} || = |||

O]

Proof of Theorem [3.16. We need to check that given z,y € K° we have

2+ ylly < max ([l2]s, lyll,) -

We find m < 0 such that (q;‘)m, W belong to O, where ¢ € K* satisfies ||p|| < [lg|| <1

and ¢’ is such that ||¢°|l, = |l¢|. The rescaled elements ﬁ? ﬁ satisfy the desired

inequality by Lemma [3.15] and by rescaling, the original ones do, too. Completeness is
easy.

We still have to check that the ring of integers of K is (’)3{ (that is, the tilt of Ok).
Take an element x = y/z with y, z € (’)3(. Suppose that x is in the ring of integers of K:
then we have

le@)Il = llyll, < llzll, = lle()]l-

For n > 0, we let y, := y'/?" and z, := 2!/P". By assumption,

le(wo)ll < lle(zo)ll;

and since ¢ is multiplicative we get ||o(yn)|| < [|¢(zn)| for all n > 0. Here ¢(yn), ¢(2n)
are elements in O, and the inequality on their norms gives the existence of an element
T, € Ok such that

©(Yn) = ¢(2n)Tn.

| = Zn, and setting T, := x, mod (p) we get an element

" (
¥
z

n+
T := (Tg,%1,...) € (93( that satisfies y = 2Z. This means that x =

One checks immediately that =
=T isin (93{. Since
x € O was arbitrary, this shows the inclusion Oy C O%.

Conversely, given an element x € (’)3(, the definition shows immediately that

lll, = lle(@)ll < 1,
and therefore z is in O . O

Example 3.18. We describe the tilt of our examples of perfectoid fields.

—

1. Let K = Q,(p'/P™). In this case we know that Ox/(p) = F,[z'/?™]/(z). By
definition, the tilt is

lim Fpla'/?”]/(x);

r—xP
by Exercise below, this is isomorphic to

lim F[a/7™]/(a') = Fla1/7~).

1—00

This implies that K is F,((/?7)).
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o —

2. Let K = Q,(w!/P™). We have seen that
Zpw"7™]/(p) = Fpla' 77/ (P 7).

Using the fact that lim B =lim B/I for any ideal I such that I? = (0), one
sees that the tilt is the same as in example (1).

The second example above shows that different perfectoid fields may have the same
tilt! However, the next result shows that this phenomenon cannot happen if one restricts
to the extensions of a given perfectoid field:

Theorem 3.19 (Kedlaya-Liu, Scholze (independently)). Let K be a perfectoid field. The
functor L — L” induces an equivalence of categories

{finite extensions of K} < {finite extensions of K’}.

Remark 3.20. Scholze upgrades this to an equivalence of categories of analytic spaces
over K and K°.

Corollary 3.21. There is an isomorphism of absolute Galois groups
Gal(K/K) = Gal (ﬁ/m) .

Proof. For any field F, the category of separable finite extensions E/F is anti-equivalent
to the category of finite sets with a continuous transitive action of Gal (F*/F). The
functor giving the equivalence sends the extension E/F to Homp(E, F*). Moreover, for
every profinite group G the category of finite sets with (transitive) continuous G-action
determines G up to isomorphism. The statement follows from these facts and Theorem
3.19i O

Remark 3.22. Corollary is originally a theorem of Fontaine and Wintenberger (at
least in the cases K = Q,(p!/?™) and K = Q,(w!/P™).

Remark 3.23. There is no analogue of Corollary for the field K = Q,: there is
no field F of characteristic p such that Gal(Q,/Q,) = Gal(F*/F). A simple way to see
this is that the p-cohomological dimension of Gal(F*/F) is < 1, while Gal(Q,/Q,) has
p-cohomological dimension > 2, because H?(Qy, p1,,) = Z/pZ.

Exercise 3.24. Show that there is an isomorphism

lim Fyle7™]/(@) = lim F,[e"/7™)/(a).

r—axP 1—00

Solution 3.25. Elements of the left-hand side are given by collections (g;j(x));, where
each g;(z) is in F,[z'/P™]/(x) and the compatibility condition is

gj+1(2%) = gj(x) mod ().

Elements of the right-hand side are given by collections (r;(z));, where each r;(x) is in
F,[z'/P™]/(2%) and the compatibility condition is ri41(x) = ri(z) (mod z?). We define
explicit homomorphisms in both directions:
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o I B 2 R )
(gj(x)) = (gi(zP") mod (z%));.

Each term ¢;(#?') mod (z%) is a well-defined element of the quotient F,[2'/77] ) (2%):
if ¢(2),q"(x) € Fp[x'/P] are both representatives for ¢;(x) € F,[z'/?™]/(x), then
¢/ (z) = ¢;(z) + xs(x), hence

¢ (a") = gi(z?") + 2¥"s(a"),

and :):pis(:rpi) = 0 mod z’ since p* > i for all i > 0. Moreover, the collection (qi(xpi))i
is compatible: using the fact that we are in characteristic p we obtain

gir1(@"") = gis1 (2?) = (gi(x) mod ()" = gi(x)”" mod (z”') = gi(a¥") mod (a""),

and in particular qu(xpiH) and qi(mpi) are congruent modulo z*. Finally, it is easy
to check that « is a ring homomorphism.

2. Conversely, we define

B: lim, Fpz'P7)/(a") = lim  Fp[P7]/(x)
(’I"Z(.’E))Z —> (T(j+1)pf($1/p])mod (-’E))j

o —

(An easier way to interpret the map 3 is that we have a formal series r € F,[z1/7*]
and we take ¢;(z) = r(z'/?") mod (z).)

Since 7(; 41y, () is well-defined modulo (zU+DP") when evaluating at '/’ we get a
well-defined element modulo (:U(j“)?J /P"), and in particular modulo (z). Moreover,
the collection (g;); = (r(jj1)ps (z'/7") mod ()); is compatible. Indeed, using that
T(j+2)pi+1 18 congruent to 7(;41),; modulo 2U+)P (so we can fix representatives with

T(j42)pitt = T(j41)pi + 2P g for some s € F,[2'/P™]), we obtain

gj+1(2") = 7“(J’+2)1of'+1(31710/pj+1) = T(j+2)pf+1(901/pj)

= (rps + 2 Ps) @) = s 1) + @)
= ¢;(x) mod (:c(j+1)),

and in particular the equality holds modulo (z). One checks without difficulty that
[ is a ring homomorphism.

It now suffices to show that o 8 and § o « are the identity on their respective domains.
This is essentially true by definition: for example,

Blal(a)) = 5 ((a:(?)):) = <q<j+1>pj <w”““"”j‘j>) .
J

and using the relation
t

Qj+t(95p )= Qj(il?)
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with t = (5 + 1)p? — j we get

pla+1)p —j) ¢

(i 1ypi (2 = gj+(2") = ¢;(),

as desired. Similarly,

a3 = a (g @), ) = (esp(@)), = ()

J
where the last equality follows from the fact that r(;; 1y, (2) = ri(z) mod (x%) since (i +

1)p' > 1.

4 08.02.2024 — The tilting correspondence

We now prove Theorem [3.19] whose statement we reproduce here:

Theorem 4.1. Let K be a perfectoid field. The functor L — L° induces an equivalence
of categories
{finite extensions of K} < {finite extensions of K’}.

Recall the definition of K”. Letting as usual Ox = {z € K : ||z| < 1}, we set

Ok = lim Ok /(p).

x—axP

This is a perfect integral domain, and K” is defined as the fraction field of (9%. We showed
(Theorem [3.16)) that K” is a perfect (hence perfectoid) field of characteristic p > 0. In
particular, we introduced a norm on K”, defined as follows. The natural map (’)3( —

Ok /(p) lifts to a multiplicative map (’)3( 2y Ok, and for yE€ (’)3( we defined

1ylls = lle)Il-

We also showed (Lemma [3.17) that ||Ok| = ||O%]l, € Rso. In particular, we can fix an
element p” € O% with ||p|), = |Ip||-

Corollary 4.2. There is a canonical isomorphism Ok /(p) = O% /(p).

Proof. The kernel of the natural map 0% — O /(p) is {a € O% : p(a) € pOx}. We have
{a € O : p(a) € pOx} = {a € Ok : p(a)]| < lIpll},
which by definition is the same as

b b
{a € Ok : lall, < l[p’[ls}-

We saw last time (see the proof of Theorem [3.16) that |ja|, < ||p°||, is equivalent to

a € (p°), which concludes the proof. O
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4.1 The { functor
Let E/K’ be a (finite) field extension.

Remark 4.3. The construction does not need the finiteness assumption, but we will only
use this case.

We define
and

E* := Frac(W (Og) Ow (o) Ok),

where the map W (0% ) — Ok is the Fontaine map (that is, the ring map coming from ¢
via the universal property of the Witt vectors, see Remark |3.8)).

Remark 4.4. The ring W(Op) Bw(on) Ok is an integral domain. In any case, for the
moment we take Frac to mean the total ring of fractions.

Proposition 4.5. E! is a perfectoid field with tilt (E*)’ = E.

Remark 4.6. More generally, this holds for any E C K’ that is perfectoid. When E/K” is
finite, since K is perfect and complete, then E is automatically perfect (hence perfectoid).
On the other hand, note that it is not clear that every finite extension L/K is perfectoid!

The next lemma is fundamental.

Lemma 4.7. If K is perfectoid, the Fontaine map ¢ : W(O%) — Ok is surjective. Its
kernel is a principal ideal, generated by an element

=Y [nlp,

where ||roll, = ||p|| and r1 is a unit.
Definition 4.8 (Kedlaya). An element & as in the lemma is called primitive.

Proof of Lemma[].7]

Surjectivity. Consider ¢ mod (p) : (93( — Ok /(p), which is surjective by Corollary
Moreover, O is p-adically complete. The claim now follows from the following general
fact (a version of Nakayama’s lemma). More precisely, we conclude by applying Lemma
to the image of @ and the ideal I = (p).

Lemma 4.9. Let R be a ring, complete with respect to the topology generated by an ideal
I. If the classes of x1,...,x, € R in R/I generate it, then x1,...,x, generate R.

Kernel. Choose p’ with ||p|| = [|p°[l, = ll¢(®’)|. By definition, this means ¢(p’) = pu
with u € O}. By surjectivity of @, there exists & € W(O%) such that $(@) = u. Note
that @ is a unit, because it is modulo p. Define

&= [p’) - pi € W(O%),
where [p’] is a Teichmiiller lift of p°. It is clear that ¢ is in the kernel of @, because
2(6) = ¢(I") — (@) = @(p’) — pu = 0.
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Suppose now that b is an element in ker . Since £ mod (p) = p”, and since by Corollary
the kernel of » mod (p) is generated by p’, we obtain

ker(¢) C (&,p).

Write b = a1§ + bip, where a1,b; € W(Ok). Applying @ we get

0= @(b) = p(a1)@(§) + po(br) = pp(br).

As ¢(by) € Ok, which is an integral domain, we obtain ¢(b;) = 0. We can then repeat:
write by = a2& 4+ bap and observe that by is also in the kernel. By completeness, this allows
us to ultimately write b = (2321 aipifl) ¢, as desired. O

Proof of Proposition[f.5. Let E/K” be a finite extension. It is well-known that Og /O
is a finite module (finiteness of integral closures). This implies that W(Og)/W (0% is
also finite (using that the Witt rings are p-adically complete and Lemma . It follows
that

is a finite étale K-algebra, hence a product [[ K; of fields. We will prove later that there
is in fact only one field in this product.

Claim 1. (’)% is p-adically complete.

To see this, consider the multiplication-by-£ map
{ : W(OE) — W(OE) :

this is injective modulo p, because W (Og)/(p) = O is an integral domain, and £ mod
(p) = p’ is non-zero. By induction on n, multiplication by £ is injective as a map
W(Og)/(p") = W(Og)/(p™). More precisely, consider the sequences

0 ——pW(Op)/(p" ') —— W(Og)/(p"*') —— W(Og)/(p) ——0

R

0——pW(Op)/(p"*!) — W(0p) /(") —— W(Og)/(p) — 0.

The left and right vertical arrows are injective, hence so is the middle one.
Consider now the following sequence, where we can pass to the inverse limit because
inverse limits are exact in the context of p-adically complete rings:

0——lim W(Op)/(p") ——lim W(Op)/(p") —lim W(Op)/(£,p") =0  (3)

Note that lim W(Og)/(&,p™) is isomorphic to I&HO%/(;D”) by Lemma
The various terms in (3) are isomorphic to W (Og), W(Og) and yLn(’) /(p™), hence

0}, = coker(-£ : W(Op) — W(Op)) = lim 05 /(p").

This shows that (’)ﬁE is p-adically complete. We can now show that W (Op) Dw (o8 K is
a field. If not,
O%gRl X'-'XRg
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is a product of p-adically complete rings, hence O@E /(p) has nontrivial idempotents. But
O% /(p) = Op/(p°), so (by completeness) O would have nontrivial idempotents, which is
obviously not the case.

Claim 2. An element x € (’)ﬁE satisfies ||z|| < ||p| if and only if = € p(’)%.

The ‘if” part is obvious. For the converse, consider the map

Op — Og/(p) = W(0p)/(&p) = Op/(§ mod (p)) = Ox/(1).

By Claim 1 (the p-adic completeness of OS’E), this lifts to Op 2 O% extending O 2 Ok.
Recall that in proving Claim 1 we have also shown that O% is isomorphic to W(Og)/(§).
Suppose now that = € (9% satisfies ||z|| < ||p||. If « is the class of a € W(Og), we have

a= [rilp’ = [zl = | Y ela)p'll < llpl

by assumption. Thus,
b
laolls = lle(ao)ll < llpll = 2],

and therefore ag = p’by for some by € Op. Now lift by to some b € W(Og). Then
a—&bmod (p) = ag — p’bp = 0,

hence a — &b € pW(Og). Modding out by £ we finally get € pW (Og)/(&) = pO%.

Now, Claims 1 and 2 imply that O% is complete with respect to || - || (because it is
p-adically complete, and the norm topology and the p-adic topology can be compared
thanks to the second claim). Moreover, letting as above E* = Frac((’)%), we have

0L ={xe B |z <1}

To see this, let 2 € Ef. There exist m € Z,y € Og such that x = yp~™. If ||z|| < 1, then
llyll < [lp||™, which by induction implies y € pm(’)% It follows that = € OﬂE. The converse
implication is obvious.

Moreover, Ef is perfectoid: it’s an extension of the perfectoid field K, so its norm
group cannot be discrete (because || K*|| is already non-discrete), and the map = +— P is
surjective on the quotient O%/(p) >~ Op/(p’). This latter fact holds because O is perfect,
and any quotient of a perfect ring has the property that x — P is surjective.

Finally, one checks on the definitions that ((’)513)b =F. O

Exercise 4.10. Check the isomorphism ((’)]ﬁ,;)b =F.

Lemma 4.11. Let E/Kb be a finite Galois extension. Then E*/K is also Galois, and
Cal(E/K") = Gal(E’/K).

Proof. Let 0 € Gal(E/K®). As usual, ¢ acts on O fixing Oy, hence also on W (Og)
fixing W (0% ) = W(Oy»). Finally, £ is in W(0O%), so o(¢) = ¢ and ¢ induces an action
on W(0%)/ (&) = O%, and therefore an action on the fraction field E*. Call the induced
map of € Aut(E*/K). Conversely, an element o € Aut(E*/K) acts on O%, hence also on
the perfection

lim OF/(p) = Op.

TP
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Thus, we get an element ¢” € Gal(E/K”). One checks that o — ¢’ and ¢ — of are
inverses of each other. Thus, we have an isomorphism

Gal(E/K") = Aut(E*/K) =: G.

To complete the proof, we need to show that E#/K is Galois, or equivalently (Ef)¢ = K.
What we do know is that W (Og)® = W(05). Consider the exact sequence (given by

Lemma
0= W(Og) S W(0p) » 0L 0.
Inverting p we get

1

WO ] LN W((’)E)[]l)} N

where W (Og)[p~!] and E* are Q-vector spaces with G-action. Write
0=V >W(Or)p—E =0
and take the associated long exact sequence in Galois cohomology:
0— VY= (W(O0g)p )¢ - ()Y - HYG,V) =0,

where the last 0 comes from the fact that multiplication by the order of G acts as an
automorphism on the Q-vector space V. Since (W(Og)[p~!])¢ = K surjects onto (E*)“,
we must have (E*)¢ = K as desired. O

To finish the proof of Theorem we need to recall Krasner’s lemma:

Lemma 4.12 (Krasner). Let K be an analytic field, f € Klx]. Suppose that f(x) is
irreducible. Let o € K be a root of f(x) and let € := min{||a — o4 : ; € K, f(c;) = 0}.
Given 3 € K such that ||a — B|| < e, the field K(«) is contained in K(3).

Proof. Let L O K(f) be the splitting field of f(z) over K(f). We show that for every
o € Gal(L/K(B)) we have o(a) = a. We have

18 =@l =lo(B) —o(@)| = llo(B —a)| =I5 — ol <e.
This implies
lo(e) = af| < min{[lo(a) = Bl I8 —all} = |8 —al <&,
hence o(a)) must be « (as it cannot be one of the other roots «;). O

We will prove the following lemma:

Lemma 4.13. If K is a perfectoid field such that K’ is algebraically closed, then K itself
1$ algebraically closed.

Assuming for the moment Lemma [4.13| we can finally prove Theorem [3.19
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Proof of Theorem [3.19. Fix an algebraic closure K /K and an algebraic closure K’ of K”.
Inside K, take Ky := U[E:Kb]<oo E! C K. It is easy to see that the completion Kj is
perfectoid (this follows from the fact that it is complete, together with Proposition .

Its tilt (I/(\o)" is a tilt of K, hence it is algebraically closed. By Lemma 4.13|we obtain that
I/(\o is algebraically closed. Since Kj is dense in I/(\o, Krasner’s lemma (Lemmalﬁb shows
that every f € K|z] has a root in Ky, so Ko = K. The theorem now follows from the
correspondence for finite Galois extensions proved in Lemma (every finite separable
extension is contained in a finite Galois extension, and the Galois groups on both sides of
the tilting correspondence match by Lemma . O

Proof of Lemma[].13. Suppose L/K is a finite extension of degree d > 2. Let f € Og|x]
be a minimal polynomial for L/ K of degree greater than 1. There exists g(x) € O%[z] such
that f(z) mod (p) = g(z) mod (p°) as polynomials with coefficients in Ok /(p) = O /(p").
Since K is algebraically closed, there is a € K > that is a root of g. (In fact, since g can
be taken to be monic, we can assume that a is in Os.)

Let ¢ : (93( — O be the Teichmiiller lift and let y; = p(a) € Ok. By construction,
f(y1) = 0 mod (p), or equivalently, |[f(y1)]| < ||pl|- By Lemma 10K || = [|O%lls, and
z +— 2 is surjective on ||O% || because K’ is algebraically closed. Therefore, there exists
c1 € O such that |le1]|¢ = || f(y1)]|. Define

fi:= cl_df(clm +uy1):

it is a monic irreducible polynomial in K[z], and || f1(0)|| = 1. This implies that all roots
of f1 have norm 1 (because they all have the same norm by irreducibility, and the product
of the norms is || f(0)|| = 1), and therefore fi(z) has coefficients in Og. We now proceed
inductively. For every n > 0, we construct y,, ¢, € O and f,, € O[x] such that:

L fo=f;
2. [lenll* = | fr1 ()|l < Ipll;
3. fn = C;dfn—l(cnx + yn)

From this, one obtains

Hf(C1 o CplYntl HCLCp—1Yn o+ C1CY3 + Y2 + yl)H
= HCiifl(CQ S CpYngl F 2 Cp1Yn o coyz + )|
= [lea]|?llcd f2(ca - cnyns + €3 Cam1Yn + -+ u3)|
n
== [T lell® 1 falni)ll < llp)"
i=1
and 4
e+ eil] < |lpl[7* Vi
We can therefore consider
') n—1
n=1 \i=1

which by the above estimates makes sense as an element of Ok and is a root of f, contra-
diction. O
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5 22.02.2024 — (¢, I')-modules and some p-adic Hodge theory

5.1 (¢,I')-modules

Let w € Q, be a primitive p-th root of unity and consider the Galois extensions

Qp C Q(w'P™) cQ, C C,.
We introduce the following notation for Galois groups:
L. G = Gal(@,/Qy);
2. H = Gal(Qy/Qy(w!7™))
3. D= G/H = Gal(Q,(w!/7™)/Q,).

The p-adic completion K of Qp(wl/ P> is a perfectoid field, with tilt K > isomorphic to
F,((z'/P™)). Recall that this identification essentially comes from the isomorphism

Ly [w]
(p)

The field C, is also perfectoid; we denote its tilt by Cg). It is algebraically closed. This
can be shown directly, but it also follows from the tilting correspondence (Theorem :
the finite extensions of C; correspond bijectively to the finite extensions of C, (of which
there is only one, namely C,, itself).

The tilting correspondence also shows that Gal(K /K) is isomorphic to Gal(K”/K?).
On the other hand, there is a canonical isomorphism

2 Fpla]/(a"™).

Gal(Q,/Q,(w'/P™)) = Gal(K/K) :

this follows from the fact that Qp(wl/poo) is Henselia and the absolute Galois group
of a Henselian field is isomorphic to the absolute Galois group of its completion. To be
even more precise, finite separable extensions of a Henselian field correspond bijectively to
finite separable extensions of the completion. For similar reasons, there is an isomorphism

Gal(K?/K’) = Gal(F,((2)) /Fy((2))).

We now choose a sequence (wy)nen such that wp = 1,w; = w and w? 41 = wp for all
n > 1. This sequence defines an element of

lim Og,/(p) = lim Oc,/(p) =: O,.

TP x—axP

We call this element @, we denote by [@] its Teichmiiller representative in W((’)(bcp), and
we define 7 := [W] — 1. Note that the reduction modulo p of 7 is exactly the element x
that appears in the description of the field F,((2'/7™)). Moreover, there is a bijection of
sets

W(Og) = (Oc;)N

2

'a valued field such that the valuation extends uniquely to any finite extension.
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given by
> lanlp™ > (an).
We can then equip W(O@; ) with the topology induced by that of OC; :

One checks that W(O(I%jp) = W (Og» ) is complete with respect to this (‘weak’) topology,
P
see Exercise 5.1} This implies that there is an injection

Zyl[x]] = W(Og,)
(by definition of the topology, see Exercise again). We thus get an embedding
Zp((W» — W(Cgb?)7

where W((CZ) is a Cohen ring, hence in particular p-adically complete. In turn, this implies
that there is an embedding of

—

Og = Zy((m)) — W(C)).

The ring O¢ is Cohen, with residue field E := F,((x)). The Frobenius on E lifts to an
endomorphism ¢ : Og — Og. We can impose

(M) = (@] — 1) = @ —1 = L+ 7P — L.

The Galois group I' also acts on w, via the cyclotomic character y. Hence, there is an
action on Og¢ via
o(r) =o(w] - 1) :=[o@)] - 1.

Exercise 5.1. Check that

1. the weak topology on W((’)ﬁ’cp) is complete.
2. there is an injection Zp|[r]] — W(O(bcp).

We may embed Of', the maximal unramified extension of Og, in W((C]bo). Also the
p-adic completion 6? embeds in W((C*I’,). We now observe that G acts on O@, hence on
(’)(b@p = O%p, hence on its fraction field (C']’D, and finally on W((C;’D). This action preserves

O¢ C W(CE,) and induces the I'-action on it. It also preserves (5? .
Recall now that we have isomorphisms

H =~ Gal(K’/K") = Gal(E/E).
By Theorem [2.13] the functor
— H
N+ (OF @z, N)
induces an equivalence of categories

{ finite-dimensional

Stale - 1 E
Zy-representation of H } ¢ {étale p-modules over I}

If furthermore N carries an action not only of H, but of the whole group G, then the

. H
H-invariants (Ogr ®0g N) carry an action of G/H =T.
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Definition 5.2 ((p,I')-module, Fontaine). A (¢,I')-module over Og¢ is a p-module with
[-action. It is called étale if the underlying w-module is étale.

Theorem 5.3 (Fontaine). The functor
— H
N (OF @z, N)
induces an equivalence of categories

{ finitely generated

7, -representation of G } < {étale (¢,I')-modules over E}.

A quasi-inverse is given by
— p=1
M — (Ogr R0, M) ,

where the G-action is given by
gA®@m) = g(A) ®g(m),
where g € I' is the class of g modulo H.
Remark 5.4. 1. A similar result holds for finite-dimensional Q,-representations.

2. This theorem admits a generalisation to Gal(F/F), where F is a finite extension of

Qp-

3. Caveat: one should be careful with topology. Since we only want to consider con-
tinuous Galois representations, to get an actual equivalence of categories we also
need to impose a continuity condition on our (¢, I')-modules (specifically, that the
I-action is continuous for the weak topology induced by W((C';D))

5.2 An introduction to p-adic Hodge theory

5.2.1 Some motivation from complex Hodge theory

Let X be a smooth projective variety over C. Let X?" be the associated analytic space
over C. We have the Hodge decomposition

Hn(Xan7(C) o~ @ prq,
pt+q=n

where HP4 = H1 (Xa“, Q];(an). Complex conjugation acts on C, hence also on H"(X?", C),
and HP4 = H9P,

We try to interpret part of this theorem within the realm of algebraic geometry. Con-
sider the holomorphic de Rham complex

;(an = |:OX&H $ Q}(an i> Qg(an — 5
where the differentials d satisfy

d(w1 /\CL)Q) = dwy Awgy + (—1)”0.:1 N wa,
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for all wy € Nan,wy € N%an. Since this gives a resolution of the sheaf C (‘holomorphic
Poincaré lemma’), there is an isomorphism

H™ (X, C) = H" (X, Q%) =: Hip(X),

where H denotes hypercohomology.
We observe that Q%.. has a descending filtration by subcomplexes

Q)Z(Zn £ [0—>0—>0—>-~—>0—>Q§(an—>Q§<‘;11_>...}'
Using the spectral sequence of filtrations, we get a spectral sequence
EPT = HI(X™ OR..) = HIRI(X™)

that induces the (Hodge) filtration FO > F! S ... on HLFY(X®). A fundamental
fact is that this spectral sequence degenerates already on page 1, hence FP/FPT! =
H(X™ Q%..). Using complex conjugation, we define HP4 = FP N F4.

Theorem 5.5 (Complex conjugation splits the Hodge filtration). The natural map HP? —
FP/FPTY s an isomorphism. Therefore, HP1 = HI(X* QP).

Theorem [5.5] is one of the main statements of Hodge theory that can only be proved
by analytic means.

We now move completely to the algebraic world. On X we also have the algebraic de
Rham complex,

0% = [0x S04 L 02 S,
and we still have a spectral sequence

EP? = HI(X,0F) = HF(X).

There are natural maps H9(X, Q%) — HY(X*, Q%..) and HJ,(X) — HJR(X*). Serre’s
GAGA theorem implies that when X is smooth and projective these maps are isomorph-
isms.

Theorem 5.6 (Deligne-Illusie). The algebraic spectral sequence degenerates at Ey, so we
have a Hodge filtration on the algebraic de Rham cohomology.

However, there is no algebraic Poincaré lemma! So all we know (passing via the
complex theory) is that
H(X™ C)= P HUX, ).
ptg=n

There is no meaningful algebraic comparison with singular cohomology with C-coefficients
(which after all is hard to define in the algebraic world). On the other hand, étale co-
homology allows us to define

H"(X.Q,) = lm H(X. Z/p'Z) © Q.

Over C, this does not compare to (algebraic) de Rham cohomology. However, over C,
(and even over Q) it does! This is the starting point of p-adic Hodge theory.
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5.2.2 Some results in p-adic Hodge theory

Let K/Q, be a finite extension. Denote by G the absolute Galois group of K. We
knoW that G. acts on C,, and also on Zy(i) := Hm uf??, on Qi) = Zy(i) ® Q, and on
Cp(l) = Qp(l) ®Q, Cp.

Theorem 5.7 (Ax-Sen-Tate [Ax70l [Tat67]). We have

NePa K, ifi=0
(@6 _{0, if i > 0.

Theorem 5.8 (The Hodge-Tate decomposition; Faltings). Let X be a smooth projective
variety over K. There exists a canonical isomorphism

Hn(XK’Qp) ®Q, Cp:@ﬂq (X, Q") @K Cplg —n)
q

of G x-modules.

Remark 5.9. The result holds more generally for X not necessarily projective using
logarithmic differentials.

Example 5.10. For n = 1 we get
Hy (X, Qp) = (H(X, Q%) @ Cp(—1)) & (H'(X,0x) @ C,p) .

When X is an abelian variety, we have

H (X7, Qp) = <LXV[ ]) ®Q(-1).

If X is an elliptic curve, XV = X, and we get that the Tate module decomposes as the
direct sum of C, and Cp(1).

Fontaine reformulated these results in terms of a certain ring Bpyr.

BHT = @ (Cp(l)

nel

Definition 5.11. Define

it is a C,-algebra endowed with a Gi-action. Also define the K-algebra
H ﬁdg @ HY( Qn q

Faltings’ theorem can then be expressed as follows:

Theorem 5.12 (Faltings). There is a Gk -equivariant isomorphism of graded Cp-algebras
H}(X7,Qp) ®q, Bur = Hfiq,(X) ®x Bur.

Note that here there are non-trivial G actions only on H},(Xz,Qp) and Byr: the Galois
action on Hyjq,(X) is trivial.
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Moreover, the Ax-Sen-Tate theorem (Theorem ) can be rephrased as Bg% ~ K.
Combining the two theorems we then obtain

Gk
Hijqe(X) = (Hgt(xf@p ® BHT) ;

which shows how that one can recover Hyj,, (X) from Hg (X7, Qp).

The next natural question is then whether one can recover H}},(X) from Hf (X7, Qp).
To answer this question, Fontaine has defined a complete discrete valued field Bgr O K,
endowed with a Gx-action and a Gx-equivariant decreasing filtration Fil° Bqg, such that

Fil' Bgr/ Fil'™! Byr = C,(i).
In other words, the associated graded ring of Bgr is Byr.

Theorem 5.13 (Faltings). For every n there is a Gk -equivariant isomorphism of filtered
K -algebras
H§(X%, Qp) ®q, Bar = Hig(X) @k Bar.

The Az-Sen-Tate theorem (Theorem implies

Gr ~
BdR = K,

and therefore
3 G ~ n
(He(X, Qp) ®q, Bar) " = Hig (X),
which recovers de Rham cohomology together with its Hodge filtration.

Note that from Theorem [5.13| one obtains Theorem by passing to the associated
graded rings.

5.2.3 The construction of Byr (Fontaine)

Start with Oc, and take its tilt C’)g:p. There is a map

7:W(OF,) = Oc,,

induced by the generalised Teichmiiller construction. We have seen that @ is surjective
and its kernel is generated by a single element ¢ (Lemma [4.7). Inverting p we get a map

9 W(O(bcp)[pfl] — C,.
The kernel of 9 is obviously still generated by £&. We define

By = 1lmW(Og )lp~'1/(€),
T
that is, the {-adic completion of W((’)(I’Cp). It is a complete DVR with uniformiser £. The
field Bgg is the fraction field of BJLR' The filtration Fil’ is given by Fil° Bgg := B;R %
for all ¢ € Z.
Note that Oc, has a Gk-action, so W((’)(bcp) has a Gg-action, which is inherited by

Bl and Bgg since ¢ is G-invariant. We will show next time that Fil' / Fil'™ 2 C,,(4)
as G g-modules.
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Proposition 5.14. There is a natural G i -equivariant embeding of Q, = K in Bd+R.

Proof. We know that Oc, is a complete local ring with residue field F,. Notice that this
residue field is a quotient of Oc, /(p); moreover, the ideal defining the quotient Oc,/(p) —
[, is topologically nilpotent (this is necessary for our next argument, which relies on formal
smoothness). Consider the commutative diagram

G

Since F,/F, is formally étale, we get a unique lift p : F, — O, /(p). Since F, is perfect,

p induces a map F, — O(l’cp = lim Oc,/(p), and therefore a map

Q=W (F,)p '] = W(O)Ip '] = By

We now have a similar diagram

@p — Gy
QG — B

By formal étaleness of Q, over Q)" we get a unique lift Q, — BJR. By uniqueness, this
liftt must be G k-equivariant. O

Remark 5.15. This proof might look overly complicated (after all, the extension Q,/Qp
is formally étale, so we could have obtained an embedding of Q, directly, without passing
through @pnr), but we will need the partial steps in the proof in what follows.

6 29.02.2024

6.1 Review of the construction of Bgr

We begin by recalling the comparison theorem between étale and de Rham cohomology,
that we stated earlier as Theorem [5.13t

Theorem 6.1. Let K/Q, be a finite extension, X/K a proper smooth variety, G =
Gal(Q,/K). There is a canonical isomorphism

H%(X,Qp) ®q, Bar = Hig(X) @k Bar.

Corollary 6.2.
~ G
(H&(X, Qp) @g, Bar) " = Hig(X).

The construction of the ring Byr appearing in these statements goes as follows. There
is a surjective map

W (Q"a,,) % 0,
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which induces the surjective Fontaine map
9 W(O2 )[1/p] = Cp.
The kernel of 1 is principal (Lemma , generated by £, and we define BJR as

B = im W (O, )[1/p]/(€");

the field Bgg is its fraction field Bqg = Frac(Biy) = Bji[¢7']. The ring BJ; is a complete
DVR with residue field C, and maximal ideal {. The field Bqg carries a natural filtration,
indexed by i € Z, given by Fil' Bgr 1= B&LR &8

6.2 The pieces of the filtration on Bgr
We shall prove:

Proposition 6.3. For every i, the quotient Fil* Bar/ Fil' !

a Galois module.

Bar s isomorphic to C, (i) as

Corollary 6.4. One has (Bj3)¢ = B{; = K.

Proof of Corollary[6.4. By Ax-Sen-Tate (Theorem, Cp(i)¥ = K fori = 0 and C,(i)¢ =
(0) for i # 0. We proceed by induction. For Bjg, we have

0 — Fil'™! Bf; — Fil' BI; — C,(i) — 0;
for ¢ > 0, taking G-invariants we obtain
0 — (Fil't! BI)Y = (Fil' Bf,)“ — 0,

so (Fil't! Bf,)¢ = (Fil' Bf)® for all i > 1. Thus, the Galois invariants in Fil' Bj
are actually contained in the intersection (1,5 Fil" B, which is trivial. This shows that
(Fil' Bjz) = (0). Taking G-invariants in the sequence

1 gt +
0—Fil' Bjg = Bjr 7> C, =0

then shows that (B:{R)G injects into (Cg = K, hence is equal to it. For the case of Bgr,
proceed by descending induction on 1. O

To prove the proposition, we introduce Fontaine’s famous element t. Recall that we
have an element
we O, = lim Oc,/(p)
x—xP
given by the collection (1,w,ws,ws,...), where w? = 1 and w? = w;_1. This w has a
Teichmiiller lift [@]. We compute

@] -1 =(@] 1) = (@) - 1=0.

This shows that [w]—1 is in ker ¢. Since B(J{R is complete with respect to the ker J-topology,

we can define
o

t :=log[w] = Z(—l)”ﬂ([w];l)n.
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Lemma 6.5. The element t generates ker ¥, hence Fil’ B(;FR = B(TRti.

Remark 6.6. This element ¢ is the analogue of 27 € C, at least in the following sense:
270 generates the kernel of exp, and ¥(exp(t)) = 1. Moreover, ¢ is a p-adic period for the
line minus one point.

Proof (case p > 2). It is enough to prove that t € Fil' BJ; \ Fil®> Bj;;. Given the explicit
formula defining ¢ and our previous observation that ¢ € ker 1, this is equivalent to showing
that [@] — 1 is in Fil' Bj; \ Fil® Bj;. Recall that ker(¥) is contained in (p, [p’]), so it’s
enough to show that

1) = 1l > [lpll*.

By definition,
1] = 1lp = lim Jwp, — 1",
n—oo

and basic algebraic number theory shows that

o, — 1| = [|p)) /P D" "

Hence, ||[@] — 1|| = ||p||?/®*~Y), which is greater than ||p||? since p > 2. O

Proof of Proposition[6.5 The quotients of the filtration are all C, since BSFR is a complete
DVR with residue field C,. Thus, we only have to check the Galois action. By definition,
G acts on w via the cyclotomic character x:

Vge G, g@) =X,

and formally
g(t) = g(log[@]) = log[@X¥) = x(g) log[®] = x(g)t.

(Checking the validity of this formula is actually a rather annoying topological exercise
that we leave to the reader.) O

Remark 6.7. Fontaine proved the formula

(1m 050, 1)) © Q= C,(1),

which suggests a relation between differentials (hence de Rham cohomology) and C,(1).
Beilinson has recently given a construction of Bggr starting from differentials.

6.3 Fontaine’s formalism
Definition 6.8. Let V' be a finite-dimensional Q,-representation of G. We define
G
DdR(V) = (BdR ®Qp V)
It is a vector space over B(?R = K. We define a map

1
ay : Bagr ®k DdR(V) — Bar ®k Bgr ®Qp Vv % Bar ®Qp V.

Remark 6.9. The letters B and D are in honour of Barsotti and Dieudonné, respectively.

Lemma 6.10. The map ay is injective.
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Proof. Let v1,...,v, € Dgr(V) be linearly independent over K. We show that they are
linearly independent over Bggr. By induction on n. The case n = 1 is trivial; for n > 1,
suppose

Viy-..,Up
are linearly dependent over Bgr. By induction, v1,...,v,_1 are linearly independent over
Bgr, so we can write
n—1

Up = Zblvz b; € B;R‘

i=1
For any g € G, we have g(v,) = v,, hence

n—1 n—1

vn = g(va) = > gbivi) =Y g(bi)vi.

i=1 =1

Taking the difference,

0="> (g(bi) = bi)v; = 0,
i
and since the v; are linearly independent, this gives g(b;) = b; for all g, hence b; € K, but
this means that vq,...,v, are linearly dependent over K, contradiction. ]

Corollary 6.11. We have
dimg DdR(V) < dime V.

Definition 6.12 (Fontaine). The G-representation V' is de Rham if oy is an isomorph-
ism.

Corollary 6.13. V is de Rham if and only if dimy Dar(V') = dimg, (V).
Example 6.14. 1. Qp(n) is de Rham for all n (using Ax-Sen-Tate).

2. H2(X,Q,) is de Rham for all n (Faltings, a consequence of Theorem . More

generally, H2 (X, Qp)() is de Rham for all n,4: this follows from Faltings’s theorem

€
and the general formalism due to Fontaine, which shows that tensor products and

duals of de Rham representations are de Rham.

6.4 Hodge-Tate representations

Recall that we defined

BHT = @ Cp(n) = gI‘I.:ﬂ BdR-
nez

Definition 6.15 (Hodge-Tate representation). Define
DHT(V) = (BHT ®@p V)G

and
Bv : Bur @k Dur(V) — Bur ®q, V.

We say that V' is Hodge-Tate if 8y is an isomorphism.
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Proposition 6.16. V' is Hodge-Tate if and only if dimyx Dur(V) = dimg, (V).

Remark 6.17. This is completely analogous to Corollary but the proof is much
harder, and requires a refined version of the Ax-Sen-Tate theorem.

Corollary 6.18. IfV is de Rham, then it is Hodge-Tate.

Proof. Since By is the associated graded ring of Bqr we have
dimK DdR(V) S dlmK DHT(V),
and dimg Dyt(V) < dimg, (V) always holds. Thus, if V' is de Rham, we have

dimK DdR(V) = dime(V) = dimK DHT(V) = dime (V)

Remark 6.19. 1. The converse is not true.

2. If V is Hodge-Tate, there exist finitely many indices i such that (V ®g, Cp(i))¢ # (0).
These i are called the Hodge-Tate (HT) weights of V.

Example 6.20. 1. Qy(n) has HT weight —n.
2. Let E be an elliptic curve. Then Hét(E, Qp) has HT weights 0, —1.

3. Let X be smooth and proper over K. Then HT weights of HY (X,Q,) are in the
interval [—n, 0].

Conjecture 6.21 (Fontaine-Mazur). Let F' be a number field and let V be a finite-
dimensional Qp-representation of Gal(F/F). We say that V comes from geometry
if it appears as a subquotient of some H"(X,Q,)(i) (where X/F is smooth and proper).
The following are equivalent:

1. 'V comes from geometry;

2. for all but finitely many primes £ # p, the inertia groups of the primes above ¢ act
trivially on V'; moreover, V is de Rham when considered as a representation of the
decomposition group of every prime of F' above p.

6.5 Crystalline representations

Motivating question: Theorem [6.1] allows one to recover de Rham cohomology from étale
cohomology, but not the other way around. We would like, at least in some cases, to be
able to go in the opposite direction.

Facts. Let k be a perfect field of characteristic p > 0, let W = W (k) be the ring of
Witt vectors, and X/k be a smooth proper variety. One can define crystalline cohomology
groups H. (X/W), which are finitely generated W-modules. The absolute Frobenius
X — X induces a p-module structure on H2, (X /W) (with respect to the lift of Frobenius
on the Witt vectors). Moreover, ¢ ® Q is an isomorphism. If Z is a proper smooth scheme

over Spec W' such that Z xy k = X, then H2 (X/W) = Hi (Z/W) = H" (2,93, ).
Note the miraculous fact that the left-hand side only depends on the special fibre!
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Let A be any complete DVR of mixed characteristic (0, p), with residue field k. There
is a canonical map W (k) < A. Let K be the fraction field of A and Ky be the fraction
field of W (k), seen as a subset of K. Note that there is a lift of Frobenius to W, hence to
Kj, but not necessarily to K.

Theorem 6.22 (Berthelot, Ogus). IfY is a smooth proper variety over Spec A such that
Y xp k= X, then
HlW(X/W) @w K = Higp(Y xa K).

cris
Definition 6.23 (Filtered ¢-module). A filtered ¢-module over K is a ¢p-module M

over Ky such that M ®g, K admits a descending filtration Fil’ M that is exhaustive and
separated.

Corollary 6.24. The group H», (X/K) ®w Ko has a natural structure of filtered -
module: the lift of Frobenius gives the p-module structure, and (H2, (X/K) @w Ko) ®x,
K = Hi (Y x4 K) has its natural filtration.

Assume now that A = O, where K/Q, is a finite extension. Fontaine constructed
a Ky-subalgebra Bgs of Bgr which is stable under G and equipped with a ¢-module
structure over Ky. Moreover, the natural map

K ®K0 Bcris — BdR

is injective, so K ®g, Beis inherits a filtration from Fil* Bgr.
Facts.

1. BG

cris

— K.

2. B*Z'nFil° = Qp (‘fundamental exact sequence of p-adic Hodge theory’ — an ele-

cris
mentary but long calculation).

Theorem 6.25 (Faltings). Let Y/Ok be proper and smooth, Y =Y xo, K, and X =
Y xo, k. There is a natural isomorphism

ngls(X/W) w Bcris = ch (?7 Qp) ®Qp Bcris-

This isomorphism is compatible with the actions of G and ¢, and — after tensoring by K

over Ky — with Fil*.

Remark 6.26. 1. HZ,
esting Galois action.

has the trivial Galois action; everything else carries an inter-

2. H?;, has a p-module structure, and so does Bjs; HZ has the trivial ¢-module

structure;

3. after tensoring by K, there is a filtration on H”. ®w K and on B.yjs, but not on

cris
étale cohomology.
Corollary 6.27. We can recover the de Rham cohomology of Y as
4 G
Hir (Y xo, K) = (Hg (Y, Qp) @, Bais)” ®x, K.
This is not new with respect to Theorem[6.1]; however, we can now go in the other direction:

HE(Y,Qp) = (H(X/W) @w Beris)? NFil.

cris
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Definition 6.28 (Crystalline representation, Fontaine). Let V be a finite-dimensional
Qp-representation of G. We define

Dcris(v) = (BCI'iS ®Qp V)G
The map V' — Dgis(V') defines a functor
{Q,-representations of G} — {filtered ¢-modules}.

We say that V' is crystalline if the natural map Beis ® xy Deris(V) — Bais ®q, V' is an
isomorphism.

Example 6.29. 1. H2(X,Q,) is crystalline (Theorem and Corollary [6.27).

2. If Ais an abelian variety over K, the rational p-adic Tate module V,(A) := <1£1n A[p”]) ®
Q is crystalline if and only if A has good reduction.

Lemma 6.30. If V is crystalline, then it is de Rham (hence Hodge-Tate).

Proof. If V' is crystalline, then dimf, Deis(V) = dimg, (V') (easy by replacing Beis with
its fraction field in the definition of crystalline representations). On the other hand,
K ®k, Beis — Bar, so tensoring with K gives an injective homomorphism

K ®K0 Dcris(v) — DdR(V)

Now the argument proceeds ‘as usual’: one has dimg Dgr(V) < dimg, V' = dimg, Deris(V),
hence the above injection is an isomorphism, and so dimg Dgqr(V') = dimg, (V') and V' is
de Rham. O

Lemma 6.31. The functor
Dyis : {Qp-representations of G} — {filtered p-modules}
18 fully faithful.

Proof. Given a map ¢ : Deis(V) — Deyis(V'), we need to construct a map ¢y : V. — V/
inducing 1. We obtain ¢y by applying the functor M — M¥¢=!1 N Fil’. ]

This raises the natural question of describing the essential image of D..s. We'll talk
about this next time, using the theory of the Fargues-Fontaine curve.

6.5.1 Construction of B

We only give a quick sketch. Consider the ring W((’)(bcp) — W(O("Cp)[l /p]. We let A%, be

the W((’)E;p)—submodule of W(O(bcp)[l /p] generated by % for m € Z. This is a subring.
Define Acyis as the p-adic completion of A(C)riS and set B:;is = Aqis[1/p]. Finally, we define

Beis as B;is[l /t]. Ome should check (nasty topological exercise...) that Bcs embeds in
Bgr.-
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6.6 Semistable representations

This paragraph is formally very similar to the description of B;s given above. Fontaine
constructed a Kg-subalgebra By of Bggr, sitting between B and Bgr. The ring By is
‘simply’ a polynomial ring over Be,s. It is equipped with a G-action and a p-module struc-
ture over K extending that of Bes. It further has a monodromy operator N : By — Byt
such that Bes = ker N. (Note that, since By is generated by a single transcendental
element over B.;s, the operator N is completely determined by the image of this tran-
scendental element). The natural map

K ®k, Bst — Bar
is injective, so K ® g, Bst inherits a filtration from Fil? Bggr.-
Facts.
1. BS = K.
2. BE=EN=0 il = Q.

Now assume Y/Of is proper and semistableﬂ Hyodo and Kato constructed cohomo-
logy groups H{jx (X/W) that are p-modules over W, equipped with a monodromy operator
N. There is an isomorphism

Hit (X/W) @w K = Hig (¥ oy K).
Theorem 6.32 (Tsuji). Let Y/Ok be proper and semistable, Y :=Y xp, K, and X =
Y xo, k. There is a natural isomorphism

Hiig (X/W) @w By =2 HL (Y, Qp) ®q, Bst-
This isomorphism is compatible with the actions of G, ¢ and N, and — after tensoring by
K over Ky — with Fil*.

There is an obvious definition of semistable representations, and crystalline implies
semistable implies de Rham. This gives a fully faithful functor from Q,-representations of
G to filtered (¢, N)-modules.

6.7 Around the semistable reduction conjecture

Motivation. Suppose that Y/Ok has semistable reduction. Consider the ¢-adic co-
homology groups H (Y, Q) for £ # p. The inertia group I C G acts via its tame quotient
Z¢(1) and the images of its elements are unipotent matrices. If A is unipotent, we can
define

log(4) == Y (-1t A"
m=1

which is really a finite sum. The resulting operator is nilpotent, and is called the mono-
dromy operator on HZ (Y ,Qy). (We apply this to a pro-generator of the image of inertia.)
Moreover, Y has good reduction if and only if this operator vanishes.

Grothendieck proved that, if Y/ K is proper and smooth, there exists a finite extension
K'/K such that I N Gal(K/K') acts unipotently. In other words, f-adic cohomology
behaves as predicted by the potential semistable reduction conjecture. The next theorem
shows that a similar statement holds for all de Rham representations.

2see for example https://stacks.math.columbia.edu/tag/0CDB|for a careful discussion of this notion.
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Theorem 6.33 (Berger, André, Kedlaya, Mebkhout). If V' is a de Rham representation
of G, there exists a finite extension K' of K such that the restriction to Gal(Q,/K') is
semistable in the sense of Fontaine.

Remark 6.34. This is Berger’s translation of a result obtained independently by André,
Kedlaya and Mebkhout in the context of p-adic differential equations.

7 07.03.2024 — The Fargues-Fontaine curve

Let K/Q, be a finite extension, with ring of integers Ok and residue field k. Denote by G
the absolute Galois group Gal(K/K). We write W (k) < Op for the ring of Witt vectors
of k and denote by Ky the fraction field of W (k). We have a diagram of inclusions

ff Q Cp
O — Og-—— O,

There is a canonical surjection W(O?cp) — Oc,, which after inverting p leads to Fontaine’s
map

1
9 W(Ok,)L] > G

whose kernel is contained in (p, [p"]) and is generated by an element €. We have introduced
the complete DVR

. 1, .
Big = @W(O?cp)[;)]/(f )
whose fraction field is (by definition) Bqg. We note that

) =0

r

already in W(O%p), and hence the map W((’)(bcp)[l /p] = By is injective. We further let

cris

A0 . W(O(bcp)—submodule of W(O(bcp)[l/p} generated by {% } m > 0}.

This is a subring, and we defined A.;s to be the p-adic completion of A%. and BT. =

cris cris
Aeis[1/p]. One can check, by non-trivial calculations, that Agris — B&“R induces an em-

bedding Acps — B:R, hence also an embedding BT. — BCTR < Bgr. We further defined

cris

= S et BN g

n
n>1
Lemma 7.1. The element t is in Agis.

Proof. We have
H([w] 1) =0,
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so (since ker ¥ = (&)) we have [w] — 1 = b€ for some b € W(O(bcp)- This implies

and since (n — 1)! converges to 0 in the p-adic topology, the series converges and is in the
completion of the submodule generated by %, that is, the sum is in Acpis. O

Definition 7.2. We let
Beris '= BJ[1/t] < Bag.
Lemma 7.3. The lift of Frobenius ¢ : W((’)('E:p) — W((’)(bcp) extends to AY

cris”

Proof. By definition, ¢(§) = &P mod p, so we can write p(§) = &P + bp for some b €

W(O(bcp). We write
Ep
o(6) = p <<p— e +b> ,

m m D m
A(5)-5 (o)

which is in W((’)(I’Cp)[fp/p!] C AY O

cris”

so that

Corollary 7.4. The action of ¢ extends to Acis, Bl , and Bes = B, [1/1].

cris’ cris

Proof. We compute
p(t) = p(log([w])) = log([w]”)
= log([&"]) = plog[w] =p - t.

Fact. There is an injective map K g, Beris — BaRr.

Taking Galois invariants, we get
(K ©K Beris)® < B = K,

and since (K ®g, Buis)® = K ®K, BCGris we obtain Bgis = Kjy. Recall that Bggr is a

compLete valued field, and the valuation filtration (corresponding to B:{R - &%) is denoted
by Fil*.
Fact. B?Z' NFil° Byg = Qp- Note that Fil® Byr = B;. Moreover,

cris

B*="" O Fil° Bag = (B, )¢=7".

cris cris

There exists an exact sequence

0—Q,— Bl Bar/Bii — 0,

cris
coming from similar exact sequences

0 — Qp — B NFil' = Fil' Bar/Bji — 0 (4)

cris

for all © < 0. These sequences are called the fundamental sequence of p-adic Hodge theory.
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If V is a finite-dimensional Q,-representation of G, we defined
G
Dcris(v) = (Bcris ®Qp V) .

This is a Ky-vector space with a p-structure (hence it’s a p-module over Kj). Moreover,
Deyis(V') ® g, K inherits a filtration from Bgr. The representation V' is called crystalline
if the natural map
Beris ® g Deris(V) = Beris ®qg, V
is an isomorphism.
Fact. The representation V' is crystalline if and only if dimg, Deyis(V) = dime V.
Fontaine checked that, if V' is crystalline, then ¢ is bijective on Deis(V').
Fact. The functor

{Q,-representations of G} { filtered p-modules over }

Ky with bijective ¢
Vv — Dcris(v)

is fully faithful. One can recover V from Des(V) =: D as V = D¥¢=! NFil’. An important
question is to characterise the essential image of this functor.

7.1 The curve

Reference. M. Morrow, Séminaire Bourbaki: The Fargues-Fontaine curve and diamonds
[Mor19].

7.1.1 Motivation

What is Rlc? There are many possible constructions and interpretations, of which we list
a few:

1. Pt = Al U {oo}.

2. Points of Pl correspond to discrete valuations on C(z) = FracC[z]. Under this
correspondence, points of A}C correspond to irreducible polynomials in C[z], and
oo corresponds to 27!, that is, to the valuation given by f = veo(f) = —deg f if
feClz].

3. In algebraic geometry, one defines IP’}C as Proj Clzo, z1].

Remark 7.5. In general, if A is a ring graded by N, points of Proj(A) correspond
to homogeneous prime ideals P C A not containing the ideal A, = @,_,A;. The
topology on Proj A is generated by the basic open sets

D.(f) = {P € Proj(4) : f ¢ P}.

1>0

The structure sheaf is characterised by

O(D+(f)) = A(y) = {elements of degree 0 in the localisation Ay}.
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In the case of the projective line, points of P}C correspond to homogeneous polyno-
mials of degree 1 in zp,2;. The affine line is D4 (z1), and the point at infinity is

Vi(21) = P\ D4 (21).

4. Define an increasing filtration on C[z] by taking
Fil; Clz] ={f € C[z] : deg f <i} = {f € Clz] : vo(f) > —i}.

As graded rings, we have an isomorphism
oo
(C[Z(), 21] = @ Fﬂ,‘ (C[z],
=0
where the map is given by sending zy to z and 21 to 1. It follows that

P{ = Proj Clzo, 21] = Proj (@ FiliC[z]> .
1=0

7.1.2 Construction of the curve

Consider Bgis C Bgr and denote by vgr the discrete valuation on Bgr. Recall that
Fil' Byr = {x € Bqgr : var(x) > i}; it’s a descending filtration. We define an increasing
filtration by

Fil; = {z € Bgr : v(z) > —i}.

We still have Fily Bqr = Fil® Bqg = BCTR. The fundamental sequences of p-adic Hodge
theory (Equation () give

B=' N Fil; Bar = B~ N Fily Bag = (B..)?~"'

cris cris cris ’

with the isomorphism induced by b+ bt’ (to see that this makes sense, recall that ¢t €
Fil' \ Fil? and that ¢(t) = pt). Consider the graded ring

(0.9] oo .
P (B2 NFil Bar ) = D(BL)F

i=0 =0

Definition 7.6. The Fargues-Fontaine curve is

oo
XFF .= Proj <@(B;is)w=p’> :

i=0
Fargues and Fontaine proved many properties of their curve:
1. @;’io(B;is)”:pi is a UFD and all prime elements are of degree 1, so they lie in
(BE..)$=P. One of these is t, which corresponds to a point co € XFF,

cris

2. XFF\ {o0} = Spec BY_".

cris

3. X'F is a connected, regular, separated Noetherian scheme of Krull dimension 1 over
Qp, so it ‘looks like’ a curve. However, it is not of finite type.
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4. The closed points of XFF (equivalently, all points except for the generic one) are in
bijection with

pairs (K, ), where K is a perfectoid field
such that K’ = (Czb? / ~.
and ¢ is a fixed isomorphism K’ = C;

The equivalence relation is (Kj,t1) ~ (Ka,t2) if there exists an isomorphism p :
K; — K3 such that the induced isomorphism p° : K} = K} fits in a commutative

diagram
b U b
C,— Kj
Frobrl lpb
b b
C, — K3
for some r.

7.1.3 Galois representations as vector bundles on the curve
We begin by recalling some basic definitions.

Definition 7.7. A vector bundle over a scheme X is a map V' — X which is locally
isomorphic to A™ x U — U and such that on the intersections of the elements of the open
covering the transition maps are linear. The number n is locally constant; we assume that
V' is connected, so there is a well-defined global rank n that we denote by rank(V).

A local section on an open U is a map U — Vir. The set of local sections defines a
finitely-generated free Ox-module. Other important invariants are

deg(V) := deg(A"V)

and
degV
rank(V)’
We say that a vector bundle V' is semistable if pu(V’) < u(V) for every sub-bundle V' of
V.

w = slope(V) :=

Remark 7.8. If X is a regular curve, then the line bundle A"V corresponds to a divisor
> npP, and the degree is the sum of the coefficients np.

Fargues & Fontaine have classified vector bundles on X¥¥. They are completely de-
composable, and the indecomposable elements are indexed by the rational numbers: for
each r € Q, there is precisely one indecomposable vector bundle V, with u(V,) = r.

Corollary 7.9. The functor
V=V ®q, Oxrr

defines an equivalence of categories between finite-dimensional Q,-vector spaces and semistable

vector bundles of slope 0 on XY,

Corollary 7.10. Vector spaces with an action of a group G correspond to semistable
vector bundles of slope 0 with a G-action.
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We now use this corollary to construct Galois representations starting from filtered
w-modules: with a filter ¢p-module we associate a vector bundle. If this vector bundle is
semistable of rank 0, then it is essentially a vector space, which will be our representation.

Remark 7.11. Vector bundles on IP’(%: are described by:
1. a finitely-generated free C[z]-module M;
2. a finitely-generated free C[z~!]-module M ~;
3. an isomorphism M ®c(,) Clz, 271 = M~ @c[,-1; Clz, 27 1.

By flat descent, since C[[z7!]] is faithfully flat over C[z], these data can equivalently
be encoded by M and a finitely-generated free module M, over C[[z7!]] together with an
isomorphism

M ¢y C((271)) 2 Moo ®cpo-1 C(z71H).
The same techniques, applied in the context of XTF, give the following. Given:

1. a finitely-generated free B -module M;

cris

2. a finitely-generated free BCTR—module MyR;

3. an isomorphism M ® zo=1 Bqr = Myr ®Bd+R Bygr,

cris

we get a vector bundle on XFF.

Remark 7.12. Note that the completion of Frac Bfrizsl C Bgr with respect to the valu-
ation norm on Bgr is Bgr itself. This follows from the fundamental sequence , which
shows the density of Bé’;izsl in Byr.
Application. Suppose now that D is a filtered p-module over Ky that is finitely gener-
ated with bijective ¢. Recall that the filtration is naturally defined on D ® g, K. Consider
the pair

(M, Mar) = ((Bexis ®k, D)=, Fil'(Bii ®K (D ®k, K))).

One checks, using Lemma and , that the data of D also induces an isomorphism

M ® ge=1 Bar = Myr Bpt. Byr.

cris

We thus get a vector bundle Vp over X¥¥. This vector bundle has a G-action, coming from
the G-action on Bgis and on B(TR. Assume that Vp is semi-stable of slope 0. Corollary|7.10
then gives a Q,-representation of G, and one checks that, if D = Ds(V') for a crystalline
representation V', then the representation attached to Vp is the V we started with.

Remark 7.13. There is a way to express the condition that Vp is semi-stable of slope 0
purely in terms of D. These are the conditions that Fontaine called weak admissibility.
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