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Definition 1.1. We say that a graded Lie algebra g is non-degenerate if Vn > 0 the pairing

9-n X0n — C
(a,b) — A([a, b))

is nondegenerate for generic \, that is, a Zariski-open of g .

2 20.02.2018 - Universal enveloping algebra

2.1 The case of Lie algebras

Recall that a Lie algebra representation is a linear map
¢:g— End(V)

such that ¢([a,b]) = ¢(a)p(b) — ¢(b)¢(a).

The subrepresentation generated by v € V is

(v) = Span{v; av|a € g;abv|a,b € g} = Span{a;---a.v | ai1,...,as € g}

2.2 The case of associative algebras

Recall that for an associative (unitary) algebra A, a representation is an associative algebra homo-
morphism ¢ : A — End(V') such that ¢(ab) = ¢(a)¢(b). If v € V is a vector, the subrepresentation
generated by v is simply (v) = Awv.

2.3 The universal enveloping algebra

Since the situation with associative algebras is much easier, we’d like to reduce to this case. In
particular, we want an associative algebra U(g) such that

{representations of g} +— {representations of U(g)} .
Theorem 2.1. There exists a unique pair (U(g),i) such that:
1. U(g) is a unitary associative algebra;

2. i:g9— U(g) is a Lie algebra homomorphism (where U(g) has its natural Lie structure given
by [a,b] = ab — ba);

3. the following universal property holds: for every Lie algebra homomorphism ¢ : g — A, there
ezists a unique ¢ such that the following diagram commutes
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Such a pair is called the universal enveloping algebra of g.

Remark 2.2. The universal property of U(g) implies that any representation ¢ : g — End(V)
factors via U(g).

Proof. 1. Existence: we explicitly construct a pair (U(g),?) as in the statement.

Start with the tensor algebra T (g).
e Consider the bilateral ideal J = (a®b—b®a— [a,b] | a,b € g) and set U(g) = T (g)/J.
Define i via the natural map g — 7 (g) — U(g).

Let us prove that ¢ is a Lie algebra homomorphism. We have

i(a)i(b) — i(b)i(a) =ab—ba=a®b—b®a = [a,b] = i([a, b]).

We now show that (U(g),) satisfies the universal property. Let ¢ : g — A be a Lie
algbera homomorphism from g to a unitary associative algebra A. With reference to
the following diagram,

¢
£ ¢ .

oo

U (g')s

6 exists by the universal property of the tensor algebra, so (since U(g) = T (g)/J) it
suffices to show that ¢ factors via T(g)/J, i.e. that ¢p(a ®b—b® a — [a,b]) = 0; and
this is obvious, because by assumption ¢([a,b]) = ¢(a)p(b) — ¢(b)p(a), so

Pla®b—b®a—|a,b]) = ¢(a)p(b) — ¢(b)¢(a) — ¢([a,b]) =0
as desired.

2. Uniqueness: general nonsense.

3 Verma module

Definition 3.1. A highest weight representation V of weight X € g§ is a g-module such that
there exists vy € V such that:

1. avy =0 for every a € g-o;
2. hvy = A(h)vy Vh € go;
3. vy generates V.

The Verma module M) is the universal representation of highest weight \.

Construction of the Verma module. One sets

U(g)

M= Ul(g) (950 + Span {h — A(h) | h € go})’

and takes the universal vector vy to be 15 = 1. The universal property follows immediately from
the universal property of the universal enveloping algebra.



Remark 3.2. Notice that U(g) a g-module via 4 (that is: given B € U(g) and a € g, the action
is given by a - B = i(a)B, where the product is taken in U(g)).

Theorem 3.3 (Poincaré-Birkhoft-Witt). Let e1,...,e, be a basis of g. A basis of U(g) is given
by e;, - -ei., i1 <o < -+ <is. In particular, i : g — U(g) is injective.

Remark 3.4. Let aq,...,a,, be a basis of g—g, h1,...,h, be a basis of gg, and by,...,b, be a
basis of g¢. It follows from the PBW theorem that M) is generated by {[[,a;,} (terms with
b’s vanish in the quotient, while the h’s are scalars in the quotient); applying PBW again, this is
nothing but U(g<o).

Proof (of the PBW theorem). In order to establish that M = {]]e;;, | i1 <ig <...<i,}is a
basis, we need to prove:

1. M is a generating set. Clearly all monomials form a generating set, so it suffices to prove:
an arbitrary monomial ej, - - - e;, belongs to Span(Af). We prove this by induction on (¢, V),
where t is the number of factors in e;, ---e;, and N is #{(p,q) : p < ¢,ip > iq}. I N =0or
t =1 we're done. Suppose N > 1: then there must be a p such that i, > i,,11. Then

6j1 ...ejpejp+1 el = ejl ...ejp+1ejp ce € +ej1 [6jp76jp+1} ceeey

Both terms lie in Span(M): the first one because we’ve reduced N, the second one because
we’ve reduced ¢l

2. The elements of M are linearly independent. Let V' be a vector space with basis {v;, ;.
1 <4 < - <iy < n}. Wed like to define a linear map f : T(g) — V such that
fle, ® ---®e;,) = v, ... whenever iy < iy < --- < i, This implies what we want. We
require that f satisfies

f(ejl®"'®€jp®ejp+1®'“®ejt)
:f<€j1®"'®ejp+1®ejp®"'®ejt)+f(ej1®"'®[€jp7€jp+1]®"'®ejt)

It is quite clear that these conditions define f uniquely (if it exists), because (up to ex-
changing terms and replacing them with commutators) we can assume that the indices are
increasing, and f is defined on products with increasing indices. To show that f exists, we
prove by induction on (¢, N) as above that the value of f on a monomial does not depend
on the order of the exchange moves performed to reduce a monomial to one in increasing
order. This is true, but not exciting: consider two pairs j, > jp+1 and j; > je4+1 (for now
assume p < p+ 1 < g < ¢+ 1); omitting the ® symbol for brevity, we find

f(ejl T CipChpta T ChgChigyn 'ejt) =

= f(ejl €€l Chg1 Gl et) + f(ejl €1 Chp [ejq7€jq+1] t et)
= f(ejl €1 Chp € Gy er) + f<ej1 T [ejp’ ejp+1] BT PRI Pl 'et)
+f(ej1 e ejp+lejp T [ejq’ejq+l] e et) + f(ejl T [ejp’ejp+l] U [ejq’ejq+1] T et)

All the terms are well-defined by induction, so making similar transformations in reverse we
find that swapping the pair (p,p + 1) or the pair (q,q + 1) first leads to the same result.
This leaves us with the case p + 1 = ¢, which is left as an exercise for the dedicated reader.
Crucial remark: to prove this case one needs that [-, -] satisfies the Jacobi identity.

O

1To be precise, I guess one should write lep, ep+1] as a linear combination of basis vectors...



4 21.02.2018 — Applications of the PBW theorem

4.1 Character of the Verma module

Remark 4.1. Suppose g is equipped with a Z-grading, that is g = P, ¢, 9n With [gm, 9n] S Gmin-
Then U(g) admits a natural Z-grading, given by declaring that a monomial a; - - - as, where a; has
degree a; in g, has degree > n; in U(g). This works because the tensor algebra T (g) is naturally
graded, and the ideal we quotient by is generated by relations that are homogeneous in the degree.

Definition 4.2. Let V be a representation of highest weight X € g5, and write V.= U(g)vy =
U(g<o)vr. We obtain

V =P U(g)[nlvr = P Ulg<o)[—njox,

nez n>0
which we write as V = €P,,5o V[—n]. We then define

chy(V) = Z dim V[—n] - ¢".
n>0
Theorem 4.3. The character of the Verma module M)y is given by

1
g (I—gh)dimer

Proof. Fix bases eq,...,eny of g>o, h1,...,h: of go, f1,..., fn of g<o. We assume the grading to
be nondegenerate (so that the positive and negative parts of the algebra are dual to each other,
hence of the same dimension N), and we pick our bases to be homogeneous, that is e;, fi € g4s0:)
(e; is homogeneous of degree 6(7), f; is homogeneous of degree —d(7)). We obtain:

chy (M) = Z dim My[-n]¢" =
n>0

=Y dimU(g<o)[-n]q"

:Z#{n1;~..,nN>O|Zé(g)né:n}qn
0

n>0
_ Z qé(l)n1+~--+6(N)nN

ni,...,nn>0

ﬂ
(2
=1 q (z)
H
i dimgv
j_O ( qj) J

O

Remark 4.4. Recall that the PBW theorem implies that a basis of U(g) is given by the set of
monomials f;, -+« fi hg, -+ hg, €5, e, with iy <o <vig by <o < kp, g1 < -0 < g From this

one obtains
U(g) = U(g)g>0 © U(g<o)
= U(g)9>0 @ g<0U(g9<0) © U(go)
=U(9)g>0 @ g<oU(9<0) ® S(g0),

where U(go), since go is abelian, is nothing but the symmetric algebra S(go). Let now \ € g/
Extend XA to S(go) — C. The previous decomposition then allows us to extend A to U(g), by
declaring that it acts trivially on U(g)g>o @ g<oU(g<o) and as itself on S(go).



4.2 An invariant bilinear form

Remark 4.5. Let n > 0: then U(g)[n] C U(g)g>o (because I need at least one positive factor in
order to have positive degree). Similarly, U(g)[—n] C g<oU(g), and therefore A\ acts as zero on
U(g)[n] and on U(g)[—n]; in other words, \ is concentrated in degree 0.

Remark 4.6. We have defined

+= U(g) N N
MY =T (950 @ {h— A(h) [h € go}) U(g<o)13;

we called it M), but we now add a superscript + to remind ourselves that these are highest weight
representations. We could equally well have defined the lowest weight Verma module,

Ul(g)
U(g) (<o ®{h—A(h) | h € go}

Definition 4.7. For any A=a;...a, € U(g) we set

s(A) = (=1)*a - ay.

Proposition 4.8. There exists a unique g-invariant bilinear form ( | ) : M~y x M; — C
such that (17,,17) = 1. Here g-invariant means (au|v) + (u|lav) = 0, for all a € g and for
all w € M_yx,v € My. Furthermore, under this pairing, M_,[n] is orthogonal to everything but

Proof.

(ein e 1oy | fin F5 1) = (12, [ ew e fin - fi 13
using our previous decomposition of U(g), write e;, ---e;, fj, - f5, € U(g) as Aje; + f;B; +
p(hi,...,h.). A term Aje; kills 1j\r; a term f;B; can be taken back to the left hand side of the
scalar product, and it kills 1~,. Finally, p(h4,..., hr)lj\' = p(A(h1),..., /\(hr))lj. The bilinear
form is therefore given by (A1~ |B1Y) = A(s(4)B)(1~,|1}) = A(s(4)B). O

Exercise 4.9. Check that this bilinear pairing is well-defined, that is, independent of the repres-
entation of basis vectors as A1_,, Bl:{'.

Remark 4.10. A — (AlZ,, Bl;) is polynomial in \.

Theorem 4.11. Suppose g is nondegenerate. Then ¥n > 0 the pairing
(1) Moyln) x M [n] = C

is nondegenerate for A in a Zariski-open (which may depend on n).

Remark 4.12. By assumption, since ¥n > 0 the pairing g, x g—, — C is nondegenerate (for
generic ), we also obtain that (for generic A) the pairing

Jo<-<n X Y—n<-<0 —C

is nondegenerate. Hence we can fix dual bases ey, ...,ex and fi,..., fx, and the induced pairing
on symmetric algebras S®(go<.<n), S®*(g—n<.<0) = C is also nondegenerate. We normalize in such

a way that the sets
n1, L. £k
et e}, 2 Tk
{ ! k nil- - ng!
form dual bases; the pairing that achieves this duality is given by

((11 Tl | by--- bt) = 5S,t Z A([ah ba’(l)]) T A([asa ba(s)]);

€S,



the presence of ) s, explains the need for the factorials in the denominator. The pairing

(| )% 8%(g0)[n] x S*(g<0)[-n] = C
is nondegenerate for the same \ as before.

Proof. Fix n > 0 and consider
(-] ) : Ulgs0)[n] x U(g<o)[-n] = C,

where we have replaced M~ [n] with U(g=o)[n], and similarly for M} [—n] (i.e. "we omit the 1i/\’).
We want to show that it is nondegenerate; we do it the good old way of writing down the matrix
and computing the determinant. The generic entry of the matrix is (e, -+~ €;, 17 ’ five fi1d),
where Y (i) =nand Y, 6(j,,) = n. Now the determinant of this gigantic matrix is a polynomial
in the A(h;); to show that it’s generically nonzero, it suffices to show that it’s not identically zero.
In order to do this, we compute the term of highest degree and show that it doesn’t vanish. For
a single term

(1:)\ ! €i, - 'eilfjl cee fjtli) )
the number of \’s is the number of h’s that are obtained by swapping the e’s and the f’s. In
particular, there are at most min{s, ¢} factors A, and for s =t the term of degree s is

Z )\([eil7fja(1)]) T )‘([eisvfj”(s)])'

o€St

Permuting bases if necessary, we can assume that our matrix is organized in blocks, where the
block in position (s, t) is formed by those basis elements with given values of s and ¢. In block (s, t),
all the entries are polynomials in A of degree at most min{s,t}. It follows that the determinant
of the matrix is of the form

e 0
T det (- | Vsm
s=1

which is nonzero for generic A for what we’ve seen before. Notice that the term of maximal

degree essentially comes from the generalized diagonal, and has degree 1dim(s = 1) + 2dim(s =
2) + ... O

5 (g0)[1] X S* (g<0)[—n] 5 C + lower degree terms,

Remark 4.13. Consider again ( ‘ )
this form,

Vi MTyx M ;r — C. Consider the left- and right- kernels of

JrcoMmy, Jo M,
e Generically, Jf are zero, but for special A they could be nontrivial.

e As the form is invariant, J/\i is a submodule of M*, and in fact it is a proper submodule,
because 1 pairs nontrivially with 1 on the other side.

o J =@ J[n], that is, Ji is graded (because the form is of degree 0)

Theorem 4.14. 1. J;' C M;r is a proper maximal submodule, so V/\Jr = M:'/J;\Ir s an
irreducible representation of highest weight A

2. J; is the unique mazximal proper submodule that is graded. In general, there might well be
other maximal proper submodules that are not graded.

3. If there exists L € g such that [L,-] = degree (that is [L,a] = na for all a € g[n]), then Jy
is the unique maximal proper submodule of M;r More precisely, all submodules are graded.

Remark 4.15. Part (3) of the theorem applies to the Virasoro algebra; we shall show that (for
the Heisenberg algebra) there are in fact other maximal proper submodules.



5 27.02.2018 — The kernel of the natural pairing (- ‘ Ja

5.1 Previously...
1. A Lie algebra g is said to be graded if
1P
ne’

where gg is abelian and g,, is finite-dimensional for every n € Z. It is nondegenerate if the
pairing
gnxgn — C
(a,b) —  A([a, b))

is nondegenerate for A\ generic.

2. The Verma module of highest weight A is

U(g) ,
U(g) (g0 +{h —A(h) | A € go})’

M =

similarly, we have M~,.

3. We have seen that there exists a unique pairing (-|-) : M, x M)T — C that is g-invariant,
nondegenerate and normalized in such a way that (17,[13) = 1. It is defined by

(A1Z,|B1}) = A(s(4) - B),
where s is the antipode s(ay ...as) = (—as)(—as—1) - (—aq).

4. A can be extended to a map g — C by setting A(g=o) = 0 and A\(g<o) = 0; it can be further
extended to U(g) by writing

U(g) = (8<0U(g) + U(g)g>0) © U(go),

observing that U(go) = S(go), and setting A to be trivial on (g<oU(g) + U(g)g>0) and to be
the obvious polynomial map on S(go).

Remark 5.1. One can define a pairing on all of U(g) by the formula (A|B)x = A(s(A)B).
This pairing factors through

Iy =U(9) (950 + {h — A(h)|] € go})

on the right, and similarly it factors through the analogous Jy on the left.

5. We have also proven the following theorem:

Theorem 5.2. If g is nondegenerate, for every n > 0 the pairing M ~,[n] x My [n] — C is
nondegenerate for a Zariski-open set of As. This open set may depend on n.

Corollary 5.3. The pairing
M~ x Mjt = C

is nondegenerate for A\ sufficiently generic (i.e. lying in the intersection of all the previous
Zariski opens).
5.2 Properties of (- | I

Define
J := right kernel of (- | Jx C M



5.2.1 Basic observations

1

2

w

JY is a submodule of M} (because (- | -) is g-invariant)
Jy is graded: Ji = D..>0 J¥ [—n] (because (- | -)y is of degree 0)

J;f' is a proper submodule, because 13\" ¢ J;'

. As a consequence, Vi := M} /J{ is a (nonzero) graded g-module. This is still a highest-

weight representation; we shall show that it is irreducible.

5.2.2 Structure theorem

Theorem 5.4. The following hold:

1.
2.

J; 18 a maximal proper submodule, i.e. V; 18 irreducible.

J; s the unique mazximal proper graded submodule of Mj (In particular, since highest

weight representations are graded, V;‘ s the unique irreducible representation of highest
weight A).

In general, there can be other mazimal proper submodules of M;'

If there exists L € g such that [L, ] = degree, then all submodules U C M;‘ are graded,
hence J:\" is the unique maximal proper submodule of M;r

Corollary 5.5. For generic \, the Verma module M = V/\+ is trreducible.

Proof. We know that for generic A the natural pairing (- | -)» is nondegenerate, hence J;” = (0). O

Proof of Theorem 5.4. 1. Let W be a g-submodule of M;r such that J;f' cCwW g M:\" We

want to prove that W = J;r. Let w € W; we can write w = wg + w—1 + - -+ + w_y,, where
each w; belongs to M;'[fz] Suppose by contradiction that we can find a w in W'\ J:\"; we
choose such a w with m minimal. Notice that must have m > 1, for otherwise w would be
a (nonzero) multiple of 17, from which it would follow that W = M’ contradicting our
assumption that W is a proper submodule.

For every a € g;, where j > 0, we know that W contains aw = awy + aw_1 + -+ + aw_n,.
The term aw_; has degree j —1, so it is zero whenever j —i > 0; in particular, aw has degree
—(m — j), so by minimality of m we have aw € J;. As J;f is graded, we have in particular
aw_,, € Jy for every a € g~o. We now show that w_,, € J, that is,

(e, €, 17, ‘ W_p) =0 Viy,..., 0.

Indeed, if s = 0 the claim follows from the fact that w_,, is in degree —m while 1, is in
degree 0. But if there is at least one e; (which we can assume is in g~¢), then — using the
invariance and moving e; to the other side — we obtain

(ei2 e 17y ‘ eilw,m) =0

as desired (we have used e; w_,, € JY). Hence w_,, € Jy, and (since w_,, belongs to
J; C W) by difference we obtain that wo+w_14...4w_(m,_1) belongs to W. By minimality
of m again, this implies that wo +w_1 + ... + w_(;,—1) belongs to J5, and therefore that
w=(wo+wW_1+...+W_(_1)) + (W_p,) is also an element of J; .

Let W = @, W[—n] C M} be a proper graded submodule. We shall show that W C J} .
Notice that J; C J;r + W; since Jj and W are both graded and both trivial in degree 0,
their sum J)T + W is again a proper, graded submodule of M;\r By part 1, i.e. the maximality
of J; among all proper submodules, this implies J;' + W = J;\", that is W C JI.



4. The usual argument with Vandermonde determinants shows that every submodule is graded.
There is a subtlety: if ad L = [L,] is the degree, then (a) L is in degree 0, because
[L,L] =0, and (b) the action of L on a vector u = ug +u_1 + -+ u_p is

Lu= 0+ XL)ug + (=1 +AXL)u_q1+ -+ (=1 + ML) u_n,
because LA1Y = [L, A]1{ + ALAT = deg(A)A1] + A\(L)A17.

3. Let us oonsider the Heisenberg algebra and the Verma module Mo+, - We have seen in an
exercise? that
Mtio =Cla—1,a—2,a_3,...],

where a,, acts as 0 for all m > 0, while a_,, acts naturally on the polynomial algebra
(Vm > 0); K also acts trivially. One similarly obtains that M, = Cla1, a2, as, . . .] with trivial
action of a_, for n > 0 and of K. The pairing between P(aq,as,...) and Q(a_1,a_2,...)
is given by P(0)Q(0); it follows that Jgfo = (a_1,a_2,a_3,...) (polynomials that vanish at
0); for any value of the variables, we have another maximal subdmoule given by (a_; —
A_1,0_2 —Q_2, " >

O

5.3 Category O

Definition 5.6. A g-module M is an object of category O if:

1. it is graded (over C), that is:

(¢) M =@ yec Mld];
(b) for every n we have g, - M[d] C M[d + n|;

2. the degrees are bounded above, that is, there exists C € R such that M[d] # 0 = R(d) < C,
where N(d) denotes the real part of the complex number d;

3. the degrees d for which M[d] # 0 belong to a finite number of Zo-strings (where a Z<o-string
is a set of the form {d+n ’ n € Zeo}, where d is a fivred complex number)

Example 5.7. The following are objects in category O:
1. M ; ;
2. graded submodules of M;r;
3. Vi

Proposition 5.8. The irreducible modules in category O are precisely the V; for X ranging over
gy - Moreover, these modules are pairwise non-isomorphic.

Definition 5.9. Given M € |O|, a singular vector of M of weight u € g is an element
v eV \ {0} such that

1. a-v=0 Va € gso;
2. h-v=pu(h)v VhE gp.

Notice that these are precisely the first two conditions in the definition of a highest weight repres-
entation. We shall write M>° for the set of singular vectors of weight p in M.

2which I did not write down...



Remark 5.10. 1. If v € M is singular of weight u, writing v = Y vq with vq € M|[d] we have
that every v, is either zero or singular of weight u. Equivalently,

Mg = 5 Mg>o[d].
deC

2. There is a correspondence
Mji>° = Homg(M;}, M)

M+ — M
v — Iy
1M = v

3. In V)\+ the only singular vectors are the multiples of 1;\":
+)9>0 _ +
()% = 6r,C11.

Indeed, take a singular vector v of weight p in V/\Jr. By irreducibility, the submodule generated
by v is V)\Jr, hence v (which we might assume to be homogeneous) must be of degree 0
(otherwise it could not generate the weight-0 part of V)\+). It follows that v is a multiple of
11‘, which is singular of weight A (and of no other weight).

Definition 5.11. A degree of a module M € |O| is a complex number d such that M[d] # (0).

Proof of Proposition 5.8. 1. First we show that V; and V,j‘ are not isomorphic for A # u. A

putative isomorphism V/\Jr — V;' would carry singular vectors to singular vectors, hence lj\’
to (a scalar multiple of) 1:. Clearly this can only happen when \ = p.

2. Let M € |O| be any module. Let d be a degree such that R(d) is maximal (among the
degrees). The abelian Lie algebra go acts on M|[d], and (since we are over C and all the
operators in gg commute) this action admits a common eigenvector v. Let p : gg — C be
the weight of this action, that is, h - v = p(h)v for all h € go. We show that v is a singular
vector of weight u: condition (2) in the definition is satisfied by construction, and condition
(1) follows from the fact that for every a € g, with n > 0 we have a-v € M[d+a] = (0) (by
maximality of R(d)). By our previous remarks, this gives a nonzero graded homomorphism
oM lj’ — M. If M is irreducible, this homomorphism is surjective (otherwise we would
have found a nontrivial proper submodule), so ¢ factors through the quotient by the maximal
proper graded submodule, which is J;' . It follows that M = M ;‘ / J;' = V/\+ as desired.

O

Example 5.12. Let us take again g = slo = Ce @ Ch @ Cf, where [h,e] = 2e, [h, f] = =2,
[e, f] = h. The three direct summands are the graded pieces of degree 1,0, —1 respectively. Pick
a weight A € gj = C. What does M;r look like? We have

Ul(g)

M = Tlaeh =N

because if we eliminate e and A from all monomials all that is left are monomials in f. Likewise,
one finds M_, = Cle]1Z,. Let’s now describe the pairing (- | -)x : M x M-, — C:

(€12, [ fP1)a = ()™ (A2, | e 1Y)
= 5"%”(71)71(1:/\ | enfnli_)

By induction one shows ef"lir =nA—n+ 1)]‘"‘11;\r for all n > 0; from this, it follows easily
that e” f"17 = ([T, i(A —i + 1)) 17 =n!(A\)(A—1)... (A = n+1), from which we finally obtain

(™12, | f"10)A = mn(=1)"nl- AN =1)---(A=n+1)

Hence:

10



1. if A\ & Z>o, all these pairings are nonzero, and since the graded pieces M, [n] are 1-
dimensional this proves that the pairing is nondegenerate. In this case M ;‘ is irreducible.

N
2. if A € Zxo, then J{ = Span {f" | n > A+ 1}. It follows that V" = Aﬁ =(1,f, ..., f),
A

which is the (A 4 1)-dimensional representation of sly we had already considered in the first
lecture.

6 28.02.2018 — Unitary structures

6.1 Unitary structure on g

Idea (from physics). The vector space V is supposed to be the (Hilbert) space of states, and
therefore is equipped with a positive-definite Hermitian inner product. The elements a € g are the

physical observables; a good observable should be self-adjoint with respect to this inner product,
ie. AT = A.

Example 6.1. g = sl; comes into play because of the isomorphism sls = so3 and because we’re in-
terested in the observable ’angular momentum’. One takes as fundamental observables/generators
of the Lie algebra the three operators L, Ly, L, (components of angular momentum along the
three axes); in the unique 2-dimensional representation of sly (1/2-spin representation), one typ-
ically takes these to be represented by the Pauli matrices:

/01 A (1 0
92 =\1 0)°% =\ 0)°%7\o -1)°

Definition 6.2. A unitary structure on g is an operator t : g — g (usually denoted a +— a')
that satisfies:

1. (e =a
2. la,b)" = [bT,al]
3. (Aa)T = Aol
4. T induces an isomorphism g, — g_n
Example 6.3. All of our standard examples of Lie algebras possess such an anti-involution:
1. sly: one sets ef = f, ft =e, At = h;
2. gl,: one can take AT to be the conjugate transpose of A;
3. Heisenberg: af, =a_,, KT = K;
4. Virasoro: Lf =L_,, CT =C;
5. Kac-Moody g§: (at™)! = aft—"

Remark 6.4. The operator f satisfies 12 = 1, so g decomposes as the direct sum of two (real)
subspaces g*, g~ on which | acts as the identity (resp. as minus the identity). Multiplying by i
exchanges g©,g~. It follows that g = g~ © ig~ = g~ ®r C. Notice that g~ is a Lie subalgebra:

[a,0]" = b, al] = [<b, —a] = [b,a] = —[a, D).

11



6.2 Unitary structure on a representation V'
Let V be a g-module in category O.
Definition 6.5. A unitary structure on V is a Hermitian product
((]):VxV=cC
such that
1. (au | v) = (u| alv);
2. ( | ) is positive definite.

Remark 6.6. The (almost) universal convention in physics is that Hermitian products should be
linear in their right argument and anti-linear in their left one.

Problem 6.7. Given \ € g§, consider the g-module M;‘ (or any representation of highest weight
A, that is, a quotient of M;’ ; in particular, we’re interested in V;).

1. Does this g-module admit a Hermitian product for which t is the adjunction map>?
2. is this Hermitian product nondegenerate?
3. is it positive definite? That is, is it a unitary structure?

Remark 6.8. Part (3) is much harder; we’ll see a complete answer in the case of the Virasoro
algebra.

Definition 6.9. A weight \ € g is said to be real if, writing go = g4 ® go , one has A(gf) C R
(and therefore A(g, ) C iR).

Proposition 6.10. 1. A necessary condition for question (1) to have a positive answer is that
A be a real weight.

2. When X\ is real, there exists a contravariant Hermitian product on V, and it is unique up to
scalars. We normalize it by (13 | 1) =1

3. This Hermitian product is nondegenerate if and only if V is the unique irreducible repres-
entation of highest weight A (V = V).

Remark 6.11. The g™-eigenspace is the subspace of self-adjoint operators, which should cor-
respond to physical observables. Therefore it is reassuring that their weight should be a real
number!

Proof. 1. Consider
(v ] 13);
if v € V[—n], this vanishes because v € U(g<o)1y, hence (v | 1}) = (13 | u™1}) with
ut € U(gso), and this is zero because ut1] = 0. Moreover, if (1] | 1{) =0, then (- | -) =0
(proof: (u | v) = (A1} | v) = (1} | ATv). Now 1} is orthogonal to anything that does not
live in degree 0, so Afv can be replaced by some multiple of 1;() Hence we can assume that
(1f ’ 1§) = 1. Now pick any a € g:

(a1} [11) = (1 [ a"17) = (1 [ a1}) = (1 [ M@)1]) = A(a);

on the other hand, B
(a1 [ 11) = (@13 | 13) = Xa),

so (for every a € g¢) we must have A(a) = A(a), i.e. \ is real, as claimed.

3such a Hermitian product is said to be contravariant
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2. We start by considering the form (- | -) on all of U(g) given by (4 | B) = A(ATB). We prove
that this form is Hermitian. We have

(B | 4) = A(B4) = A(A"B)") = \(ATB) = (4] B),

which is what we need to show and where we have used the following lemma. Now we notice
that U(g)(g=0 + {h — A(h) ‘ h € go}) is in the kernel of this Hermitian product, which
therefore descends to a Hermitian product on M;r Uniqueness follows easily from the fact
that t is coincides with the adjunction map.

3. If A is in the kernel of this Hermitian product, then A(BfA) = 0 VB, which is equivalent
to A(s(B)A) =0 VB, so A1} is also in the kernel J5 of (- | -)x. It follows that the kernel
of (-|+) on MY is Ji, and the proof is complete.

O

Lemma 6.12. A\(XT) = \(X).

Proof. Write U(g) = (g<oU(g) + U(9)g>0) © S(go). Since t exchanges g<oU(g),U(g)g>0 and A is
zero on both of these, we only need to consider X € S(go). Write X = >, ... . arh!; since
we can choose the h; to be a basis of gar over R (recall that gar generates go over C), the claim
now follows easily:

AX) = ) an®)

I multi-index

and ;
AXD) = Y @) = AX).
I multi-index
In all these computations, h! := [[_, k" and A(h)" := [, \(hs)". O

Consider the Virasoro algebra. We have gg = (Lo, C), L}; = Ly, Ct = C, and a real weight \
is determined by its values (h,c¢) on Lo and on C. The questions are:

1. for which (¢, h) is M. j, # Ve 5?7 That is, for which weights is the Verma module degenerate?
2. For which (¢, h) is the Hermitian form induced on V., positive definite?

We show that there is at least one pair (¢, h) for which V., is positive definite; we start with an
analogous observation for the Heisenberg algebra. This is the Sugawara construction:

Example 6.13. The Heisenberg Lie algebra A admits an irreducible representation on the Fock
space B, = Clz1,xo,...], where:

1. the action of a, is %;
the action of a_,, is nz,;

the action of ag is through u;

L

the action of K is trivial.

The claim is that (for u real) B is a unitary representation. Let’s compute the Hermitian product
explicitly:

(m’inl P :Cms

" x?l ~~x?t) _ ((a_l/l)ml ~~~(a_s/s)m3 m?l ...xgt)

_ 1 1| i ml... 9 msxnl...znt
g 0z 0z ! ¢

= Os,t0my my = *Omym, (1 { milma!--- msll)

H gmi
_ Gut L !
= H m;
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This means that, up to rescaling, the monomial basis is orthonormal, and therefore B, is unitary.
Notice that the conditions s = t,m; = nq, etc, all come from the fact that if they are not satisfies,
then either one variable or one derivation is left, and since the adjoint of a variable is a derivation
in both cases we end up with an expression that involves the derivative of a constant, that is, zero.

We now try to find a unitary representation of the Virasoro algebra:

Example 6.14. A = C[t*! @ CK, where a, = t". Then W = C[t*'].2 which acts on A by
derivations. We then constructed W x A (the semi-direct product), with bracket

£(8) g1 0(0)] = F(2)9' (0.

Recall that we have a basis L, of W given by L, = —t”+1%7 with commutator [L,, L,] =
(m —n)Ly4pn. The commutators [Ly, a,,] are given by—ma, 1. K is central.

We have also defined the Virasoro algebra Vir = (C[tﬂ]% @ CC. Finally, one can construct
Vir x A, with commutation rules

3
1. [L'r‘r“u Ln] = (m - n)Lm-i-n + 5m+n,0%c;
2. [am, an] = MOpyn,0K;

3. [Ln,am] = —Mamin;

4. C, K central.

Question: can we extend the action of A on B, to an action of either W x A or Vir x A? That is:
we want to construct operators L,, : B, — B,,, for n € Z, such that:

1. [Lnaam] = —Mam+n;

2. [Ly, Ly] = (m—n)Lyin +6m+n707"3175m0 for some C (for C' = 0 we get an action of W x A,
for C' # 0 one of Vir x.A)

3. L;fl = L_,, where { is the adjoint with respect to the Hermitian product on B,, we constructed
above.

The first remark is that if L,, exists, then it is uniquely determined by condition (1) up to an
additive constant (that is, a constant times the identity). This follows from Schur’s lemma: if
L], L both satisfy condition (1), then (for all m)

[L;L - LZ7 am] =0,

so (since B, is an irreducible representation of the Heisenberg algebra), by Schur’s lemma we
obtain that L/ — L! is a scalar. We now construct the operators L,, as

1
Ln = 5 Za_jaj+n.
JEL
We have .
[@m, Ln] = 5 Z[amﬂa—jaj-ﬁ-n]
J

1 1
=5 Z[am, a—;la;4n + 3 Z G, Qjtn)
J J

1 1
=3 Y M jaj i + 3 D ajmbm—jn
i i

1 1
= §mam+n + §am+nm = Mbm+n,
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which is what we want. Similarly, one obtains [L,,, L] = (m — n)L.,4n. Notice that these would
be the commutation rules of the Witt algebra. In fact, we should have obtained the Virasoro
algebra:

Problem. These operators (at least, Ly) make no sense!l We should specify what the infinite
sums mean. If n # 0, a_; and aj4, commute, so we can assume that the terms with positive
index are on the right; these act as derivatives, and therefore only a finite number of them will
act on any given polynomial. Thus the operators L,, with n # 0 can be given a meaning, but

2
I 1 .0 1 .0
L = — —_ P —_ —_—
0= 7 +QZ‘]$]8$'+2Z‘78$4$]’
7>0 J 7>0 J

and the rightmost sum is divergent.
Solution. One introduces the normal ordered product:

aiaj, ZfZ S]
:aiaj = L .
aja;, if j <14

and re-defines L,, to be
1
Ln = 5 Z CA_jQjqn ¢
JEZ
Now these operators are well-defined (in the physics lingo, we’ve put all the destruction operators
on the right). But we need to recompute the commutators! The commutator [a,,, L] is the same
as before, because : a_ja;1, : differs from a_ja;4, by a commutator, which is a multiple of K.
As K is central, this poses no problem. Now, however, we need to recompute [L,,, L], which is

trickier. We do a regularization procedure: we truncate sums to j € [—N, N] for some large N,
and take the limit N — oo only at the end. Let’s do this*:

N | =
M=

(Lo, Ln] = [Lm,: a—jajin 3]
j=—N
1 X
=3 Z [Lim,a—jajin] (ta—jajin : and a_ja;y, differ at most by a central element)
j=—N

|
N | =
] =

([Lm,a—jlajsn + a—j[Lm,aj1n]) (by the Leibniz rule for the commutator)

j=—N
N
1 . . .
=3 Z (Jam—j@jtn + (—j —n)a—;jGjtntm) (by the commutation rule [L,,as] = —sa,4s)
j=—N
1 N—m 1 N
=3 Z (m+1i)aiaminti + 3 Z (—j —n)a—;Gj4ntm (setting j =m+1i).
i=—N—-m j=—N

We now make some remarks. If a, and as; commute, : a,as := a,as independently of what r, s are.
Furthermore, if » < s then : a,as := a,as, so if we want to replace normal products with ordered
products we only need to worry about expressions of the form a_,.a, with r negative (these being
the only operators that do not commute and for which the first index is larger than the second).
For these,

Q_p@r =: G_pay : Ha_r,a] = a_pa, : —1K,

and since K acts as 1 on B,, we can simply write a_.a, =: a_,a, : —r. Consider for example the

4from here on I redid the computations myself; any mistakes are entirely due to me
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first sum:

1 N—m
B Z (m =+ 19)a—i@min+ti
1=—N—m
1 —1 1 N—m
=3 ‘_721\,:7 (m+1)(: a—i@min+i © FOmanola—i,a;]) + 3 ZO (m+10)( a_iamanti:)
1 —1 1 N—m
= 50mno ’__EN:_ (m+i)a—iai] + 3 ‘__EN:_ (M +9)(: ai@minti 1)

Now, however, we know that the sum of normally ordered operators is well-defined and independent
of N for N large enough (indeed, the operators with positive indices act as derivations, so only
finitely many of them survive when applied to a given polynomial), so (in the limit N — co) the
previous sum can be further rewritten as

—1 00

1 . 1 )
§5m+n,0 4 Z (m +1d)a—i,a;] + B Z (m+1) 1 a—i@mynyi:
i=—N-—-m 1=—00
Similarly, the second sum we need to compute becomes®
1 —1 1 o)
§5m+n70 Z (=j— n)[a—jvaj] + 9 Z (=j—n): A—jAm+tn+j -
i=—N j=—0o0

The two infinite sums combine to give

1

(oo}
2 Z (m+3j—3j—n):a_jamintj = (m—n)Lpin,

Jj=—00
while the finite ones give

-1

-1
1 . 1 .
SOmano Y, (m+i)ai )+ 30m+n.0 > (=i —n)laj,a4]

2 _ )
i=—N-—m j=—N
1 —1 -1
= 50m+n0 Yo (mti) =)+ Y (=i —n)(—j)
i=—N—m j=—N
1 -1 -1
= 50m+no | ~ Yo m+i@)+ D> G-m)) |,
i=—N—m j=—N
where in the last line we have used that n = —m because of the d,,1,, 0 factor. Now this finally

involves only numbers (as opposed to operators), and a straightforward computation leads to

m3—m

12

-1 -1

1 ) 1 _

30mtn.0 > (mAiaal+ 30m+n0 > (=i =m)la—j,a5] = mino
i=—N—m j=—N

Putting everything together we have shown

m3 — m.

[Lm7 Ln] = (m - n)L7n+n + 5m+n,0Ta

thus, as desired, this is a representation of the Virasoro algebra, with central charge C equal to 1.

Sthis is not quite precise, of course: there is equality only when we apply the operators to any given polynomial,
and N is large enough
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Remark 6.15. The representation B, we constructed is not a quotient of a Verma module. How-

ever, 1 is a singular vector: L,sol =0, Lo(1) = "72 > 0, C(1) = 1. Hence the subrepresentation
generated by 1 is of highest weight and unitary: for all ;1 and for ¢ = 1 we have constructed the
unitary representation we wanted.

7 19.03.2018 — The Fermionic space and gl

Problem. Given h,c € R, is the irreducible representation of highest weight V}, . (of the Virasoro
algebra) unitary?

We've seen the Sugawara construction, to get a unitary representation of Vir on B,. 1 € B,
is a singular vector of weight (h = u?/2,c = 1).

Remark 7.1. 1. V unitary implies V' completely reducible (given a subrepresentation, one can
take the orthogonal complement).

2. V unitary and of highest weight is irreducible. Indeed, there is a surjective map V — Vj,
with kernel say K. Then V) is isomorphic to K+ (because V) = V/K = K%), hence
V = K @ V); since 1 (the highest weight vector) must lie in Vj, this implies V = V.

3. the tensor product of two unitary representations is unitary

4. A1, A2 € b* unitary weights (i.e. V), V), unitary); then A\; + A2 is unitary, because one can
just consider V), ® Vi,. More precisely, one can take the subrepresentation of V), ® Vi,
generated by vy, ® vy,: this is Vi, 4a,, which is then unitary since it is a subrepresentation
of a unitary representation. In fact, it is also of highest weight A\ + As.

5. As a consequence of the previous remark and of the Sugawara construction, all weights with
integral ¢ (and positive h) are unitary.

Exercise 7.2. (variant of Sugawara’s construction) Fizx A € R and define

1 .
Lg‘) = 5 %G_ja]q.n +ilna,, n 7& 0
J

2 2
A A+
L((J ) = Z A—jQj4n + 72
j>0
as operators on the Fock space B,,. Prove that the following hold:
o [L),am] = —Mmamin + iXMm3 0 ino
A A m3—m
o (LS LV = (m = n) Lo + G0 ™o52 (1 4+ 1202)
The conclusion is that this is a unitary representation with central charge 1+12)%, and the singular

)\2 2
vector 1 has weight (h,c) = (;M, 1+ 12)\2).

Remark 7.3. As a consequence of the previous exercise, we find that all pairs (h,c) such that

h > 02_41 ,c > 1 correspond to unitary representations. Taking tensor products we can then prove

that pairs with h > % are unitary.

Remark 7.4. All unitary pairs (h, ¢) lie in the quadrant A > 0,¢ > 0. Indeed, let V}, . be unitary.
Then Vn > 0 we have

0 < <L7nvhc ’ Lfnvhc> = <Uhc | LannUhc> = <Uhc | ([LnaLfn] + LfnLn)fUhc>
n®—n

12
which taking n = 1 implies & > 0, and taking n > 1 implies ¢ > 0.

= <Uhc | [LnaL—n]Uhc> = (271]1 +

¢)(Vhe | Vne),
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Remark 7.5. Combining the various remarks and constructions we’ve seen so far, we know which

weights are unitary with the exception of those pairs (¢, h) with 0 < ¢ < 1 and of those with ¢ > 1
. . . (e}

that do not satisfy the inequality h > 5.

7.1 Virasoro action on the free Fermion

Definition 7.6. The free Fermion algebra (or Clifford algebra) is Cs (where § € {0,1/2})
defined as follows:

e (s is the associative algebra generated by symbols 1, forn € § + 7.

e the (anti)commutation rules are given by
{wmv wn} = VYi¥n + Yntm = 6m+n,0

When 6 = 0 we say that we are in the Ramond sector; when § = 1/2 we say that we are in the

Neveau-Schwarz sector. Notice that for 6 = 0 we have an element 1y that satisfies 1/1(2) =

2
Definition 7.7. The fermionic Fock space is
F=Fs=/\(&.n€b+Zs),
that is, the algebra of polynomials on infinitely many anticommuting variables.
There is an action of the Clifford algebra on F' given as follows: ,, acts as 52— for n>0,9Y_,

acts as multiplication by &, for n > 0, and ¥y = ﬁ (ﬁo + T@)

Remark 7.8. The derivatives are defined in such a way that 3%2(5253) &3, but 5z (5152) —&1.
With this definition,

(Vn—n + Y _ntn)(p(&)) = (gnp) + gn =P fn

5 +§n

=D,

On 3§n afn

so that indeed {ty,,¥_,} = 1. Moreover,

1 0 0 1
Ui = <§0+ 9% ) (50"' 8§0> <508§0 9% 50) = {fo, 0&)} 3

2
where we have used &2 = 0 (which is certainly true in the exterior algebra) and ( 76 ) =0.

Remark 7.9. F' is a unitary representation with respect to the unique scalar product for which
{&, - &. | i1 <...<is} is an orthonormal basis. With this choice of scalar product, adjunction

is given by 1l = _,,.

Theorem 7.10. There is a representation of Vir on Fs given by

1—-26
16

Z Ji- j"/}j+n~+§n0

J€5+Z

where the ordered product is given by

. L YmPn,m < n
. wm¢n o {—%ﬂbm, m>n

The following commutation rules hold:
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i hbma Ln] = (m + %) wm—i-n;'

o (Lo, Ln) = (m = 1) Ly + ™5™ 0

Proof. Let’s check the first commutation rule.

[¢m,Ln] - 1,/)m7% Z j : ’lﬁ_]d)_]_;’_n :+

JESHZ

1-26
16 e

1
= | Ym, 3 Z JiY_ i because numbers commute with everything
jES+Z

1 .
= %5 Z J—jjn

JESHTZ

because an ordered product
and a product differ at most by a number

1
= B Z j(¢m¢—j¢j+n - w—jwj-i-"wm)

JES+Z

- % Z F{m, i }jin — Vi {itn, Ym})

JESHZ

1 .
= B} Z J((Sj,mwj-i-n - 1p—j(sj-‘rn,—m)

JES+Z

= % Z (mz/)m+n + (m + n)mern)

JEO+Z

- 3) b

The second commutation rule is left as an exercise (and is supposed to be harder, because it
involves the central charge — so one needs to regularize...). O

Remark 7.11. Notice that 1;—625 =0 when 6 =1/2.

7.1.1 Consequences of the theorem

One checks that the adjoint of L,, is

1 1-26
T = ;. ) .
Ln - ) Z] . w—j—’n,l;[)j . +5n,O 16
J

1 . 1—-26

= 5 zj:(_.]) : ¢jw—j—n : +5n,0176
1 . 1-26

- 5 ;’L . wfiwifn . +6n,0176 - L,n,

so the action is unitary (with respect to the scalar product defined in remark 7.9).

Remark 7.12. There is a well-defined notion of parity for the elements in F: one has Fs5 =
Ff @ Fy , where F; (resp. F; ) is the subspace of polynomials of even (resp. odd) degree. Notice
that the Virasoro operators are of even degree (they’re essentially quadratic, up to a constant
term), so F (Si are subrepresentations. Each of them contains a singular vector: 1 is a singular
vector in F(;r and s is a singular vector in Fj .
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Remark 7.13. What is the weight of these representations? The central charge is certainly %,
because that’s the coefficient of mj;mémmo. As for h, we find it as the eigenvalue of Ly acting

on 1 (resp. &, resp. {1/2): in the three cases, it is given by

1-26 1 1 1 1
Lo-1= 6 Lo-& = Efo, Lo-&p=2" 3 51#1/2%/251/2 = 551/2,
. _95 .
that is, h = %,h: %,h = % So:

|~

OFJFDV%’ﬁ,FoiDV%

01

o

« FyoVig Fiyo Vi

11
2°32

7.2 gl
Definition 7.14.

gl = {M matriz on Z X Z : M has a finite number of nonzero coefficients} = EB CE; ;.
i,jEL
gl has a defining representation on V = Ganez Cuvy,, where the action is E;jv,, = §;,v;. From
V', one obtains many representations of gl by considering V®™ S™(V), A"(V), etc. However,
we don’t like these representations very much, because they tend not to be highest weight repres-
entations. On the other hand, gl is an algebra of the kind we’ve considered in this course: for
example, gl is graded, gl = Gajezg[j], where

g[j] = {matrices with nonzero entries only on the j-th diagonal}

There is a corresponding triangular decomposition gl., = g=o ® g<o ® b, where g=o (resp. g<o)
is the subspace of upper- (resp lower-) triangular matrices, and b is the subspace of diagonal
matrices.

Definition 7.15. A representation of highest weight A € h* is a representation V' such that there
exists vy € V with the following properties:

® g>0Ux = 0;
o hvy = A(h)vx VYheb;
o V="U(g)vx.

Remark 7.16. The representation V' = P, .,
of highest weight (there is no singular vector).

Cu,, of gl introduced above is not a representation

To construct highest weight representations we introduce the following object:
Definition 7.17.
00/2
/\ V= Span {vi, Avi, Aviy -+ | dg > iy >y > e gy =ik — 1 for k> 0}

It is a representation of gl with the action given by
A(’Uio /\’Ui1 /\’Ui2 /\) :A(Uio)/\’l}il /\’Ui2 /\"'+1}i0 /\14(’[]7;1)/\’07;2 /\"'+Ui0 /\’Ui1 /\A(Uiz)/\"'

This action is well-defined, because A has only finitely many nonzero coefficients (hence it acts as
0 on vy, forn>>0).

Remark 7.18. There is a handy pictorial representation of the basis vectors: if we draw the line
Z in decreasing order, a basis vector is a choice of finitely many points on this line, plus a (right)
half-line. This looks very much like Dirac’s sea: all negative spots are filled, except for finitely
many exceptions, and all positive states are empty, except for finitely many. The action of Ej ;
moves a particle from state j to state ¢ if possible (i.e. if state j is nonempty and ¢ is empty), and
otherwise is zero.
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8 20.03.2018 — Bosonic-Fermionic correspondence

We decompose A\™/?V as D..cz A/*™ V| where

co/2,m

/\ V:{vio/\---/\vin/\--~’i0>i1>~-~,ik:m—ka>>O}

We define in particular ¥, = vm A Wpm—1 A Wy A -+ € /\00/2’7” V.
Finally, we define a hermitian scalar product on A%/2™ by declaring that the basis Vig A+ A
v; A --- is orthonormal.

n

Proposition 8.1. The natural action of gl,, on A°/?™ equips this space with the structure of a
unitary highest weight representation with highest weight vector 1, and highest weight

1, ifi<m

0, otherwise

wm(Eii) = {

Proof. Highest weight vector. To show that v, is a highest weight vector we need to show

that E;;¢,, = 0 for all i < j (in other words, that all upper-triangular matrices kill ,,). The

action of E;; tries to move particle in state j to state i; however, either there is no particle in state

j (hence E;; kills 1,,), or there is already a particle in state 4, hence again E;; kills 1,,.
Highest weight. A diagonal matrix E;;, applied to ¥,,, sends it to

{zpm, if i <m

0, otherwise

Irreducibility. Given any nonzero state, acting with E;; I can move particles to the lowest
empty state and produce (a multiple of) 4,,. Once I have ., acting with E;; I can get any other
state (moving particles to excited states).

Unitarity. Adjunction is given by Egj = Ej;; as already remarked, the scalar product is such
that the basis v;, A--- Awv;, A--- is orthonormal.

O

Corollary 8.2. All weights of the form
A= ("‘CL,CL,"' , A, @+ MN1,0+ N1 +Ng, -+ 7a+nl+n2+-~~+nkababa'” 7ba"')a
where a € R, n; € N and b = Zle n;, are unitary.

Proof. The weight in question can be written as

k
:(L( 7171317"')+Zniwmi3
=1

so it appears in the representation C, ® VJ‘;LI R ® Vﬁﬁk, where C, is the 1-dimensional repres-
entation on which A € gl acts as a Tr(A).
To realize a unitary representation of weight A one can then take

W=U(gly) mnCCo@V" @ - V¥

Wim g Wmy, ?

with highest weight vector vy =1 ® 18" @ - .. @ v®"*

Wmy Win g,
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Exercise 8.3. If V) is a unitary representation of gl.., then A= (--- ;a,a,a,--- ,b,b,b,b,---).

Definition 8.4. We let a. be the algebra of matrices on Z X Z that have nonzero elements only
on finitely many diagonals. Formally,

—_ n

O = A’A: E E i Ejjtn
nelCN jezZ
I finite

Remark 8.5. e One of the advantages of working with @, is that this new algebra contains
the identity matrix.

e In o everything works well except that it doesn’t make sense to take traces.

8.0.1 Construction of a.,
We now construct a central extension a. of G that acts on A%/2.

One checks without difficulty that, for n # 0, when a matrix A = ZjeZ ¢jEj j4+n acts on a
state we find a finite sum. Indeed, say that n < 0: then we try to act by moving particles from
state j to state j +mn (which, in our graphical representation, lies to the left of j). Then for j > 0
there is no particle to move, so the corresponding summand is zero, while for j < 0 there are
particles both in j and in j +n, so the corresponding summand is again zero. A similar argument
applies for n > 0.

Unfortunately, for n = 0, when A acts on a state v we find

J occupied

which is divergent in general. We modify the action of E;; as follows: we introduce a new repres-
entation p given by
Eij, ifi#j
p(Eij) = § Eii, ifi =35>0
E,;—1ifi=5<0

With this definition, when A is diagonal we have
A= D - DY elw
7>0 occupied 7<0 empty

which is at least finite. Of course there is the problem of deciding whether p is a Lie algebra
action. Unfortunately (or fortunately...) it isn’t! Let’s check this. It will be useful to notice that

p(Eij) = Eij — 6ijli<o,

where 1;<0 is 1 if ¢ < 0 and 0 otherwise. For simplicity we write §; j<o for the last term.
Since p(E;;) differs from E;; at most by a scalar (which is central), we obtain

[p(Eij); p(Enk)] = [Eij, Enk] = jnEik — ik Enj;
we should check that this is the same as p([E;j, Eni]). We compute

P([Eij, Enk]) = 0inEik — dinEnj + 65 k05,h<0 — 05,h0i k<0
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which is in general different from [5(E;;), 5(Enk)]. The error term is

1,ifi=k>0,7=h<0
a=¢-1,ifi=k<0,j=h>0
0, otherwise

However, this is not too bad: it differs from the correct expression by a central element, so this
can be repaired by taking a central extension of a,. We define

aoo:@@(c

with commutator

[A, B]N = AB — BA+ tf(Alngl - A21312)7

where Aj;, A1g, A21, Ao are the sub-matrices on indices Zwsg X Zso, Z<o X Zso, Z<o X Zxo,
Z<p X Z<p. There is a number of properties one should check: let me just list them.

o Aia, A21, Bia, Boy are in gl
e a(A, B) :=tr(A12B21 — A21B12) is a 2-cocycle (necessary to get a central extension)
e (A, B), evaluated on the elementary matrices E;j, gives back the expression 6; ;0 <0 —
0;.n0i k<o with the opposite sign (because it should cancel with our previous «)
8.0.2 Remarks on a,,

Let T" = 3 jez E; j4+n be the matrix whose only nonzero coefficients are on the n-th diagonal,
which is all filled with 1.

All matrices T? belong to as; in Gog, T°T7 = TIT? = T, but it is not clear that T, 17
should commute in a.,. Let’s check:

[T, 17" = >3 [Eiiem: Ejjaml™

i€Z jEL

E (—05,h+n>00i+m,h<0 + 0i,htn<00itm,h>0)
i,h€Z

Now 8; h+n>00i+m,h<o can be nonzero only if m +n = 0 (since h +n = i,h = i+ m), and the
previous expression becomes

6m+n,0 Z(_50<i§—m + 6—m<i§0) = m5m+n,0
i€EZ

As a consequence, the Heisenberg algebra A embeds in a.,, with a,, corresponding to 7™ (and
K corresponding to 1). We know that A acts on the bosonic Fock space B,,, in such a way that

00/2,m

ag acts as . On the other hand, 7° = id (which corresponds to ag) acts on A as a scalar
(because it’s central, even in a.,). How does id act on 9, ?

7>0 full 7<0 empty
In particular, if 4 = m is integral, ag <> id acts in the same way on B, and on A\°/>™ V.

Moreover, B,, is the unique irreducible representation of highest weight m (in fact, the Verma

module is irreducible: M,, = V,,). On the other hand we know that ¥, € A°/*™ is a singular
vector of weight (m, 1) (weights for ag, K). Even better:
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Proposition 8.6. A°°/2’m is irreducible as a representation of A C ao; it has a singular vector,
hence it is a representation of highest weight.

Proof. There is a map o : B,, — F,, induced by the universal property of the Verma module.
Since B, is irreducible, o is injective; we now show that it’s also surjective.
Define a degree:
e on By, = Clzy,x2,...] = @, Bn[k]: the degree of z7' --- a7 is 1-ny +2-ny+ ... + sn,.
The operator a,, = 8% is of degree —n, while a_,, is of degree +n.
e on Fy,: the basis vector v;, Avi, Av;, A- - - has degree (ig—m)+(ig—(m—1))+(ig—(m—2))+- - -
(this is a finite sum since i, = m — k for k > 0). The operator a,, is likewise of degree —n.

To check that o is surjective, it suffices to show that B,,[n] and F,[n] have the same dimension:
e dim B,,[k] ={n1 >0,...,ns >0 | ny+2ns+---+sns = k} = p(k), the number of partitions
of k

o (ip—m)+ (i1 —(m—1))+ ...+ (i2 — (m — 2)) = k: notice that ic —m >i; — (m—1) >
io — (m — 2) > ... (indeed, these are the ’distances of a particle from the lowest state it can
occupy’, and on a drawing it’s clear that these are decreasing). Hence we're writing k as
sum of non-increasing numbers, and these are again precisely the partitions of k.

O

Corollary 8.7. There is an isomorphism B,, = F,, = /\00/2’m, which s usually called the
boson-fermion correspondence.

8.0.3 Action of the Clifford algebra on the Fermionic space

Let
Cl = {ﬁi,’ﬁi ’ xS Z}

be the algebra defined by the relations

>
>
>
>

Y
)

)

503
+ + +
Q@(

Q@(

=«

(2

>

0

0
iU + 0j0; = 0y
This is essentially the algebra (' /5 from yesterday, up to renumbering.

There is a natural action of C¢ on /\OO/ 2, given by declaring ©; to be the creation operator for

particles in state ¢+ and ¥; to be the corresponding destruction operator. In symbols:
0i(Vig AUy AVig Ao+ ) =0 AUjg AUy Avjy A v --

(where in particular ;(...) = 0 if state i is already occupied), and

(=D)Fviy Avgyg Ao ANdg, Avee i d =g

0, if ¢ is empty

’lv}i(’l)io/\’()il/\"'):{

Exercise 8.8. Check that this is a representation of CX.

Remark 8.9. C/ does not act on /\OO/Q’m, because it does not preserve the number of particles.
It does, however, act on F = /\OO/2 V = @mGZ F,,. Since we have isomorphisms F;, = B,,, we
are tempted to introduce

B= @5

mEZ
which is isomorphic to F' as a representation of the Heisenberg algebra A.
One can easily represent the elementary matrices E;; via the creation/destruction operators
0;/0;: one has
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The last sentence in the previous remark leads to defining
Definition 8.10. The ordered product of two operators in Cl is
. ?A)i’l}j, ’Lf’L#]OTZ:]>O
VU = A . .
—0;04, if 1 =7 <0
Notice that {0;,0;} =1, so —0;0; is precisely 0;0; — 1.

Definition 8.11. In order to keep track of which B,, we are working with, since every B,, is
Clz1,...,Ts,...], we write B as

B= @um(C[xl,...7xs,...] :C[uil,xl,...7xs7...].
meZ

Here u is a dummy variable which keeps track of the number of particles/occupied states.

Remark 8.12. The fermionic-bosonic correspondence is such that i, on the fermionic side
corresponds to u™ on the bosonic side. Given this, there is a unique map (isomorphism) of
representations of the Heisenberg algebra from F' to B.

Question 8.13. The description of the previous remark is not completely satisfactory:
e can we write o in more explicit terms?

e on F we have an action of a number of algebras (aoo, CL...): how does C¢ act (via o) on B?
In formulas, we have
ct,0 ' :B—> B

and
U@jo_l : B — B.

These are linear operators on polynomials: there should be a concrete way of describing
them!

9 21.03.2018 — Vertex operators

9.1 From yesterday
We have constructed the total Bosonic space
B =C[z* 21, 29,.. ],

which admits an action of the Heisenberg algebra A defined by the rules

® a, = 8%”’ n>0

e a_, =nx,

e ag = z% (this acts as multiplication by the degree in z)

e K =1

On the other hand we also have the fermionic space

00 /2
F= AV

on which a.,,Cl, A all act. The action of C¢ is given by

0
_301-’

vy =N, U
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and it induces an action of a,, via T™ (n-th shift), or — explicitly in terms of 0;,9; —
ap = Z 20V
jez
Finally, we have constructed an isomorphism ¢ : F' — B, and we finished the lecture wondering
how to carry the action of C¢ over to B. Concretely, we asked:

1. Given ¢ = vy Av;, A... € F, what is o(¢p) € B?
2. What do 0d;0~! € End(B) look like? Same question for o9;0~! € End(B)

9.2 Vertex operators

We consider the generating function
X(u) = Z@iui € End(F)[[u,u™"]]
i€z
Definition 9.1. A quantum field is X (u) € End(F)[[u,u"!]] such that the evaluation X (u)(f)
lies in F((w)) (Laurent series in u) for every f € F.

We likewise introduce the generating function for the destruction operators,
X*(u) = Z vt
i€
which is also a quantum field.
Theorem 9.2. We have
cX(u)o~! =: el alwdu . 4
and
oX*(u)o t =271 e~ Ja(wdu
These two expressions are denoted by T'(u) (resp. T*(u)) and are known as vertex operators.
Remark 9.3. In the previous theorem, a(u) is the generating function of the operators a,:
a(u) = Zanu_"_l : B — B((u)),
nez

and the integral is the formal one,

/a(u)du =— Z an% + ag log(u).

neZ\{0}

Now we don’t quite know what log(u) means, but for sure exp(log(u)) = u. Finally, we need to
discuss the meaning of the ordered exponential: write

_ 10
/a(u)du = —Z %u‘” + Z aTnu" +aglogu = —Z ﬁaTu_" + anu" + ag log u.

n>0 n>0 n>0 n>0

The ordered exponential is then defined by putting the exponential of the destruction operators
on the right and the exponential of the creation operators on the left (and ag is central, so we can
put it wherever):

. ef a(u)du — uaoezn>0 wnu"e— Zn>0 %a%nufn’
Notice that when I hit a vector in B,, with the operator I'(u) the factor z shifts the vector to
Byni1, so that u® acts as u™*!. The generating series of the destruction operators is likewise

—n

n 1_9d
uiaoei Zn>0 TnU eZn>0 n Ban ¢

Since there are only finitely many derivatives that can act nontrivially on a given polynomial, I'
and I'* are themselves quantum fields.
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Lemma 9.4. We have the following commutation relations:

1.

(a) [T X(u)] = u" X (u)

(b) [T, X*(u)] = —u"X*(u)
(a) [an, T(w)] = u"T(u)

(b) lan, T (u)] = —u"T"(u)

Proof. Parts (1) and (2) are conceptually different, in that the former says something about the
Fermionic space while the latter concerns the Bosonic space. On the other hand, parts (a) and
(b) of (1) and of (2) are completely analogous.

mn AN . ~ i
[T X (u)] = g D0 0igm ¢ s E ;0!
| i€z jez
= E IA)ﬂv)H_n, E ’lA)j’U,]
i€Z jez
== E (@i6i+nﬁj — ﬁj@i6i+n)u]
i,j€EZL
= E (030i4n0f 4 V0§V 4 )
i,jE€Z
= E 0i{Vin, 05}
i,jEZ
= g 0i0itn,ju
i,jE€Z
= E Bt = X (u)u™
i€Z

where the first equality follows as usual from the fact that the ordered product differs from
the usual product by a central element.

(@, T(@)] = [an,: ef °% 2]
=: ¢J alwdu . z[an,/a(u)du]
Here we use two facts: one, [ay, | satisfies Leibniz’s rule, hence [a,,, exp(B)] = B[A,, B'].

Two, this is not (in general) true for non-commuting operators, but the advantage here is
that [a,,-] is a number, hence commutes with everything and can be pulled out from the
series and put on the right. Now, at least for n # 0,

u™? u~?
[an,/a(u)du] = Z[an, az]T = Zn(;n_;’_i,o: =u".
i#0 1#0
The only problem is with ag, which commutes with all a; but not with z. Hence

[ap, T'(u)] = [ao, : el a(w)du ., z] =: eJ alw)du [ag, 2] =: e alwdu . (apz — zap) =: el alwdu .,

because z sends By, to Bp,41, so (on an element v € By,) apz acts as (m + 1)z, while —zag
acts as —zm.

O
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Corollary 9.5. Conjugating with o we obtain
[an, 0 X ()0 = u"o X (u)o™;

since we also have

we deduce that
[an, 0 X (W) 'T(u)"' =0 V¥neZ,

where the inverse of T'(u) is not really defined, but we don’t care too much. In any case, what we
want to deduce is that o X (u)o~'T'(u)~! a scalar, and in fact equal to one; we do this below.

Exercise 9.6. Decide whether I'(u) is invertible as a formal power series.

More formally, X (u)o~! and I'(u) have the same commutation rules, so
o X (u)o™t = Cu)T(u)

with C that commutes with the Heisenberg algebra. In particular, C'(u) acts as a scalar, possibly
depending on u, on every B, (because each B,, is an irreducible .A-module of countable dimension,
so that Schur’s lemma applies). The claim is that C'(u) acts as 1 on every B,,, independently of
u. In order to show this, we compare

(™ o X(u)o™t2™)  with (2" | T(u)2™).
We have:

(" o X (w)o ™ 2™) = (Y | X (w)m)

= (Va1 A U A Wi—1 A Wip—o A ... | Zﬁiuivm AWm—1 A Wip—a A ...)

?

Since the standard basis is orthonormal, the only summand on the right that contributes to the
scalar product is the one corresponding to 7, 1; thus this scalar product evaluates to u™*?.
On the other hand,

(2™ T(u)2™) = (2™ |: el alwdu - my

1_08
= (zmT! ’ UM en>0 TnU" ¢ T Lnzo w e U 55

Zm—i—l

oz,

—n

. _ 10
Since =0,s0e 20w den W zzm = M+l On the other hand,

eXm>0Tnt” 1 4 polynomials in the x;,

and all polynomials in z; are orthogonal to z™*!, so they do not count®. Thus this scalar product
evaluates to

<Zm+1 | uaozm+1> <Zm+1 } um+1zm+1> _ um+1.
From the equality of these scalar products we deduce C(u) = 1, which is what we needed to

show.

Exercise 9.7. Let X (u),Y (u) be quantum fields such that [an, X (u)] = "X (u) and [ay,Y (u)] =
u"Y (u) for all n € Z. Prove or disprove: for all n € Z, there exists ¢y, (u) such that Y (u)|p,, =
cm(u) X (u)lB,,, or X(u)|B,, = cm(u)Y (u)ls,,

Sequivalently: replace this exponential with its adjoint on the left. The adjoint is a certain exp >
m—+1

1_0
n>0 n Oz’

which acts as 1 on 2z
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9.3 Schur polynomials

Definition 9.8. The elementary Schur polynomials are the polynomials Si(x1,x2,...) €
Q[z1,x2,...] defined by the generating series

oo

=ZSkxzk

k=0
In particular, Si(z) =0 for k < 0.
Example 9.9. It is useful to write the exponential as
1 1
1+ (x12+mgz2 +232° +..)+ §(x12+m222 +232° —|—...)2 + g(xlz—i—xgzz + 25323 —|—...)3 + -

From this expression one easily obtains

e So(x) =1 (evaluate the series at z = 0)
e Si(z) is the coefficient of z in the exponential, hence it is z;.
o Sy(z) = w2 + 5ai

(z)

e S3(x) =x3+x120 + xl

Definition 9.10. A partition A = (A1, A2, A3, ...) is a collection of non-increasing natural num-
bers such that A\; = 0 for all sufficiently large i. Given a partition A, the Schur polynomial Sy (x)
is the determinant of

Sx(@)  Sxg(x) Sat2(x)  Sy4s(w)
S>\2 1(%) S)\Q(x) S/\2+1(1’) S,\2+2(£C)
Sha— 2(95) Sxa—1(x)  Sxg(x)  Sxg41(z)

0 0 0 0 1

which makes sense because all but finitely many rows of this matriz have a 1 on the main diagonal
and 0 to the left of it. In other words, the determinant of this infinite matriz can be defined as
being the determinant of the topmost t x t block, where t = min{j : \; = 0}.

Lemma 9.11.
Sk(x) = hk?(yla cee 7yN)a

where z; = U{Jr%% and hi(y) is the sum of all monomials of degree k on N wvariables.

Proof. We compare the generating functions:

Shi) =Y >y yfet

k>0 k>0 k>0
kit +hn=k

— E E yfl ...yjfc\fwzk1+--~+kN

>0 k>0
ki+-+kn=k

=3 Gy) - ()Y
0

I
(=FF
;

~
I
~
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On the other hand, we have ‘
D Sk(w)h = ez ®

k>0
Jo. .. J
evaluating at z; = u we find
J
Y (yez)? al (yez)? al o1
exp (DY | =exp | D) | =exp | =) log(l—wer) | = [[———
= =151 7 =1 =1 Ye

O

Theorem 9.12. We study the bosonic-fermionic correspondence for Fy. Given a basis vector
Y = vy A vy, A iy, A ..., consider the partition A = (io,41 + 1,42 + 2,...): we have

o(¥) = Sa(x)
For the proof we need the following fact:
Exercise 9.13. For every n X n matriz A we have
(A"A)(ex Nea A+~ Ney) =det(A)er Aea A+ Aep

and
<€j1 N Nej, ‘ (AkA)((:’il /\---/\eik)) =det Ay,
where Ay is the k x k minor with rows ji,...,jr and columns iy,..., 1.

Proof. We compute the generating series (in the new variables y;)

<1|6XP > ajy; SA(I)>;

Jj=1

notice the fundantamental fact that exp(y9d/0x)p(z) = p(x +y) for every polynomial p(z) (Taylor
series expansion). Since a; = %, the scalar product is therefore given by
J

<1 | Sa(xr + Y1, T —|—yn,...)> = SA(y1,---)-
It now suffices to compute
<1\6Xp > ajy; U(¢)>7
jz1

which — in the fermionic space — reads

<v0/\v_1/\v_2/\-~-‘exp Zijj (vio/\vil/\viz/\~-~)>.

j=1

Now the exponential acts as a group element, so the previous scalar product is

<v0/\v_1/\v_2/\~~}exp Zijj Vi N\ €Xp Zijj v;, N\ exp Zijj vl-2/\~~>

Jj=1 Jj=1 Jj=1

and
So(y) Sily) Sa2(v)

. > 0 So(y) Si(y)
exp | Y Ty | => ST =] o 0 Soly)
§>1 k=0 ) . .
The claim now follows from the linear algebra exercise: the scalar product is the determinant
of the submatrix given by the first rows and by the columns indexed by ig,41,..., which is by
definition S (y). O
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10 26.03.2018 — Unitary representations of the Virasoro al-
gebra

10.1 Two questions
Given ¢, h € R>y,

o is M. = V.,? That is, is the Verma module irreducible? In this case, we shall say that
M., is nondegenerate

e is V5 unitary?
So far we have seen the following;:
e there exists a unique Hermitian form
(| Ve Mep X Mep = C
such that (L_,u | v) = (u ‘ L,v) and (1. | len) =1
e the kernel of (- | Jen 18 Jen € Me p, the unique maximal submodule of M.y,
o M, p[m] is orthogonal to M, j[n] for m # n
In particular:

e M. is nondegenerate iff for all n the determinant d,(c,h) = det ( | ) |M(~,,h[n]xMC,h[n] is
nonzero;

o if V., is unitary, then d,,(c,h) >0 Vn >0

10.2 Aims for today
1. Prove the Kac determinant formula, which computes d, (¢, h)

2. Construct all the unitary representations

10.3 An example: formulas for d, for small n

e n = 0. There is a unique vector, 1. 5, which by definition has norm 1. Hence dy(c, h) = (1 ’
1)=1.

e n=1 M[l]=(L_11), so
di(c,h) = (L_11 | L_41) = (| L1L_11) = (1| (2Lo + L—1L1)1) = (1| 2Lo1) = 2h

In particular, one can only have unitary representations for h > 0 (which is something we
already knew), and the determinant is zero iff h = 0.

e n=2 M,p[2] = (L_21,(L_1)%1). We need to compute the determinant of a 2 x 2 matrix
whose entries are

((L-1)*1| (L-1)?1) =2(1 | L1LoL—11)+(1 | L1L_1L1L_y) = 4h(h+1)+(2h)? = 4h(2h+1),

(Losl | L_o1) = (1| Lol 51) = (1| (4Lo + ¢/2)1) = 4h + g

and
(L_s \ (L_1)*1) =(1 y Ly(L_1)*1) = 6h.
4h+ & 6h
6h  4h(2h +1)

know h > 0, this gives a nontrivial condition on (¢, h) which corresponds to lying ‘outside’ a
certain hyperbola, which passes through (1/2,1/16), (1/2,1/2) and (0,5/8).

Thus da(c,h) = det < > = 4h (8h* + hc —5h + ). Since we already
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Remark 10.1. d, = 0 = d,1 = 0. Indeed, the Verma module is irreducible iff it contains a
nontrivial singular vector v, and the determinant d,, is zero iff M|[n| contains a vector which lies
in the representation generated by v. Acting with L_; on such vectors, we obtain vectors that lie
both in M[n + 1] and in the representation generated by v, therefore forcing d,,11 to be zero.

10.4 Kac’s formula

Theorem 10.2.
dn(c,h) = Ky [ (h = heo(c))?"7),

r,s>1
rs<n

where
n

K, = T (st2r))yme),

r,s=1

hrs(c) = % (13 —)(12 + 5%) + /(c — 1)(c — 25)(r® — s) — 24rs — 2 + 20}

p(n —rs) = #{partitions of n — rs}

m(r, s) = #{partitions of n in which r appears exactly s times}

10.4.1 Some consequences of Kac’s theorem

The first remark one might make is that the formula seems to involve some square root of a
polynomial in ¢, but they will have to somehow cancel out since d,, (¢, h) is (essentially by definition)
polynomial in ¢ and h.

Define
h—hp,, ifr=s

<P7',s(hac) = {(h _ hr’s)(h — hs,r)7 if r ?é S

and observe that
dn(c,h) = Ky, [ ] @rs(hy 0Pt =")

r<s

since p(n — rs) is symmetric in r, s. One has

orr(c,h) =h+ 2—14(6 — 1)(7“2 -1

and

r—s)2\> h 1 1

ors(h,c) = <h — (4)> +ﬂ(r2+5272)(cfl)+%(r2—l)(s2fl)(c—l)z+@(r75)2(rs+1)(cfl)
This expression is horrible, but clearly positive for A > 0 and ¢ > 1.

This implies, in particular, that for any such pair (¢, h) the determinant does not vanish. As
a consequence, all the M.} are nondegenerate for h > 0,c > 1, which in turn implies that all
these modules are unitary (all the eigenvalues are positive in at least one point, because we have
constructed at least one unitary representation. By continuity of the determinant, this implies
that all eigenvalues are positive for every M. ). In particular, this fills in’ the small triangles for
which we did not know whether M, ; was unitary or not.

Furthermore, since the set of unitarity is closed, this implies that all the representations with
h =0,c>1 and all those with ¢ =1,h > 0 are unitary.
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The discrete series In the strip h > 0,0 < ¢ < 1 the unitary representations are all degenerate,

and are given by
c=c *I—L m>0
S (m+2)(m+3) -

(m+3)r—(m+2)s)? -1

h = hys(c) = 4(m + 2)(m + 3)

forsome 1 <s<r<m-+1.

Example: representations in the discrete series
e m=1,¢=0. If m =0, the only possible choice for r, s is (0,0), which gives h =0

em = 1,¢c = 1/2. With m = 1, we must choose {r,s} in {(1,1),(1,2),(2,2)}, and the
corresponding values of h are 0, 1/2, 1/16.

10.4.2 Proof of Kac’s formula
Step 1. Asymptotic expansion of d, (¢, h). We study d,(c, h) as a polynomial in h; in particular,
we are interested in its leading term. We have

dy(c,h) =det ((L_s, -+ L_; 1| L_j ---L_;1)), .,

%)

where the matrix is indexed by ¢ = (i3 > is > -+ > i5) and Jj =01 2>j2>-2>3), both
partitions of n. Now a single scalar product is

(Loiy Lo 1| Ljy - Log 1) = (1| Ly, Liy L—j, -+~ L—j,1);

now we need to commute all the various L past each other, and every time we commute two
adjacent L the number of L’s go down by 1. In particular, the maximum number of A’s is produced
if every L; is commuted only once with its L_;”. The conclusion is that there is a maximal degree
M, that appears on the diagonal and (potentially) in some coefficients above the diagonal, but
certainly in no coefficient below it®. From this, we obtain that

dp(c,h) = H (L -+~ L1 ’ L_;, ---L_; 1)+ terms of lower degree in h
llégis
irdtis=n
Reparametrizing partitions as (nq,...,ng) with ny + 2ng + ... + kng = n, we have to compute
11 (L™ - L™ 1| L™ - L™ 1)

n12>0,...,n >0
ni+2ng+...+kng=n

up to terms of non-maximal order in h. As already observed, the only way for the maximal number
of h to appear is for every L; to commute with L_; (because [L,, L] produces Ly, ,, which acts
as h if m+n = 0, but which needs to be commuted past the other L otherwise). Hence the leading

term is
1 ()

n12>0,...,n >0 i
ni1+2ng+...+kng=n

so we want to study
(L2, 1| L2 1) = (1| Ly---LyL_p--- L_,1).

7’ci sono marito e moglie, e non vogliamo rapporti extraconiugali’ — ma se ci sono tante L; con lo stesso indice

posso farlo in tanti modi...” — ’certo, certo, si pud: quella si chiama poligamia, in certi paesi va bene...’
8one needs to think about the number of L that survive the commutation relation; an example where M is
realized outside the diagonal is (L_21 | L_1L_11)
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Now [L,,L*,] = sL*}[L,,L_,] + lower degree terms (because the commutator is a multiple of
h, which is central, plus something of lower degree in h; here we use the fact that [L,,-] is a
derivation). Hence (L% 1| L* 1) = s!(2rh)* + lower degree terms.

Combining everything we’ve proven so far,

k
dn(c,h) = H H(Lﬁrrl | L7m1) + terms of lower degree

n=ni+--+kny r=1

n n
H <L7zrrl ’ L:T1># partitions of n with exactly s parts equal to r 4 terms of lower degree
=1

r

»

»
3=

T

n
r=1

H (s1(2r)*)™(78) 2 rssm sm(5) 4 terms of lower degree
rs<n

Now let’s check that the degree of d,(c,h) is the one claimed in Kac’s formula. We have found
that the leading term in h has degree > sm(r, s), and

rs<m

m(r, s) = #{partitions of n in which r appears at least s times}
— #{partitions of n in which r appears at least s + 1 times}
— p(n— 1) — p(n — (s + 1)),

SO

Z sm(r,s) = Z [sp(n —rs) —sp(n —r(s+1))] = Z p(n —rs)

rs<n rs<n rs<n

as claimed in Kac’s theorem. For the remainder of the proof (tomorrow) we’ll show that the
hr,s(c) are roots of d,,(c, h) and that p(n — rs) is a lower bound for their multiplicity, which will
be enough to obtain the desired conclusion.

11 27.03.2018

12 28.03.2018 — Geddard-Kent-Olive, and the discrete series
of the Virasoro algebra

12.1 Unitary representations of ;[\2 of highest weight
V,, with
ha
w=mD + n? +rK,

where m >n > 0.

12.2 Sugawara’s construction

Theorem 12.1. Let g be a reductive Lie algebra. Fix
1. (- | -) a non-degenerate invariant symmetric bilinear form
2. a basis {u;}"™ and its dual basis {u'}
3. the Casimir operator Q0 (see below)

4. 2hY = Q|g, where we consider the adjoint action of Q (when g is simple, h¥ is a number,
called the dual Coxeter number)

5. k% —hY
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6. V representation of level k

Define
dim g

1 )
Lo = gy 2 2 (wt e

i=1 peZ

where the normal ordered product is

. (atp)(btq) — (atp)(btq)v ifq>p
(bt?)(at?), if ¢ <p
Note that LIL =L_,. Then:
1. [at™, Ly,) = mat™*"

2.

mgfm

[Lmy Ln] = (m - n)Lm-i-n + CT5m+n,0a

k

wanv dimg.

where ¢ =

Remark 12.2. Definition of the ordered product. What we are doing in the case p > ¢ is writing
(at?)(bt?) = (bt?)(atP) + [at?, bt?] = (bt?)(atP) + [a, b]tPT? + central element
and eliminating the central element. More precisely,
[at™, bt"] = [a, b]t"™ ™ + km(a|b)dm-n.0
Definition 12.3. The Casimir element Q of g is Y, u;u’, considered as an element of U(g).

Exercise 12.4. Q is independent from the choice of basis and is central in U(g).

Example 12.5. One can take g = sly or g = sly @ sly, with (4 ’ B) = tr(AB) or (A | B) =
tr @ tr. In the case of sly, we can take as basis {e, f,h} and as dual basis {f, e, %}, which leads to
Q=ef+ fe+ %hQ. Let us compute the adjoint action of the Casimir operator by looking at the

equation
ad(2)(e) = (number)e;

it gives

le,[f,e]]l + [f, e, e]] + [h, [h/2,€]] = [e, —h] + 0+ [h, [h/2,€]] = 2e + 2e = de,
which implies hY = 2.
Exercise 12.6. hY(sl,) = n.

Lemma 12.7. Let u;,u’ be dual bases. The element A := > [u;,u’] is independent of the choice
of basis, and is equal to zero.

Proof. One checks independence on the choice of basis. Observing that (u’,u;) are also dual bases

we get
A= Z[uz,uz] = Z[uivui]a

which implies A = 0. O
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Proof. We only show part (1). We proceed by regularization, truncating the sum on p to some
large (but finite) interval [-N, N]. We compute

dim g

"y Z (it 7Y (WP | = at™ ugt Pt 4 (uit TP [at™, wt P
i p

=1 p=—N

= Z Z (([a, w ™ PP 4 (ugt P [a, w T 4 km(alug)Om—p outtP T + km(a|ui)5m+n+puit_p)

where in order to remove the ordered product we have used the fact that the ordered product
and the normal product differ by a central element (which is irrelevant, since it appears inside
the commutator) and by (a multiple of) [u;, u!], which summed over i gives zero by the previous
lemma.

Now we

e use the d’s to simplify the sums;
e apply the obvious identity >, (alu;)u’ = a
e rename m — p — p to make the first two summands equal to each other

and obtain

2kmatm+”—|—z Z [a, u;]t P (u'tPTmT™) —|—Z Z (ust™P)[a, u'tPrmrn,

i p=—N-— i p=—N

We would now like to take the limit as N — oo; it is easier to do so if we work with the ordered
products. Therefore we rewrite the previous expression as

N—m
2kmat™ " + Z Z s a, ug)t TP (P +Z Z s (ugt™P)[a, ufJprmrn
i p=—N-—-m i p=—N

m+n)/2

+ Z Z [, wi], w' Tt + kp((a, wi]|u)m-n,0

—(M-i-n)/2
+ Z Z ’LLZ, a, u tm-i—n + kp(uz“a u Déern,O

Exercise 12.8.

Do u]@u' + Y u; @ [a,u] =0,

i i
that is, the Casimir element is central in the tensor algebra (and not just in the universal enveloping
algebra).

Now we can take the limit in N for the first two sums (when acting on a given vector, the finite
sum and the infinite one act in the same way when N > 0) and find 0 by the exercise. Moreover,

(s uilhu’) = 3 (allus ') = ( | Z[ui7ui1> ~o,

so the only terms that survive are [[a, u;], u!] and [u;, [a, u!]]. We compute these by observing that

Z[ui, [a,u']] = Z[uz, [u;,a]] = ad Q(a) = 2hVa

i %
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and likewise

Z[ui, [a,u']] = —2hYa.

i

Putting everything together, the commutator we’re trying to compute is

—(m+n)/2 —(m+n)/2
2kmat™ " + Z 2hY at™ " — Z 2nY at™ ™ = 2(k + hY)mat™ ™"
p=—N-—-m p=—N

O

Corollary 12.9. Let V be a unitary representation of;[; of highest weight w = mD + n% +rK.
Then 'V is a unitary representation of Vir (with the same Hermitian form and the same adjunction
map) with central charge ¢ = m’b -3 (which is either 0 or > 1, and therefore does not give anything
new with respect to our investigation of the discrete series).

12.3 Geddard-Kent-Olive

There is a general construction which we will only describe in the special case of ;[; We consider
two particular unitary representations of 5/[;, namely Vp and V,,, with w = mD +n% (i.e. 7 =0).
We look at the tensor product Vp ® V,,, which is a unitary representation of s/l\z This is a space
with three different ,;l\g—actions:

l.a-(u®v)=(a-u)®v+u® (a-v) (the diagonal action)
2. a-(u®v) = (a-u)®v (the action on the first factor)
3. a - (u®v) =u® (a-v) (the action on the second factor)

The levels (:= action of K) of these three representations are K = m+ 1, K = 1,K = m
respectively. The Sugawara construction gives us three actions of Vir on this same vector space:

IR A s (30 ...) ® 1, central charge ¢; =

2(1+2) 3=1

1
1+2

2 m m
2. LY =1w® ﬁ(z), central charge c; = %5 -3 = niim
A m
3. L = m(z ...), central charge ca = 321_:31)

Theorem 12.10 (Geddard-Kent-Olive). Defining
L,=L{ +L® - LW
we obtain a Virasoro action with the following properties:

—
1. [at™, L,] = 0, that is, Virasoro commutes with sly (the diagonal action)

6

(m+2)(m+3)’
which are precisely the admissible values of the central charge for the discrete series of Vi-
rasoro.

2. [Lm, Ly] = Virasoro relation, with central charge ¢ = ¢1 +c¢a —ca =1 —

Proof. Let’s start by computing [at™, L,], where by a we mean the diagonal action of g[\g, that is,
at™ ® 1+ 1® at™. We have

[at™, Lo] = [at" @1+ 10 at™, LY ®1+10 L — Lgﬂ

= [at™, L] @1 +1® [at™, L] + [(at™)>, L]

= mat™" @141 mat™™ — m(at™t™)A =0
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Now for part (2): we want to compute

[tV e1+10 L - 13,1,

—/
where we observe that L, (which is a sum of ordered products of things in sly ) commutes with
L£,? ). Hence we just need to compute

[L£§®1+1®L§,%>, L;1>®1+1®L;2>—L§] -

LW LW 014+19 L2, L) - [V o1 +10L® - L&) 4 L™ 12
m3 —m
=(m—n)Lyyn + (c1+c2 — CA)T5m+n,Oa

where we have used that L,,, L2 commute because again L2 is given by a combination of operators
that commute with L,, by part (1). O

12.4 Decomposition of Vp ® V,,

We shall use the following known result, which gives the decomposition of Vp ® V,, as a 5/[\2—
representation (with respect to the diagonal action):

_ LA
Vb @V, = D D VY(erl)DJr(ank)thij

keZ Jj>k?
—(m+1—n)/2<k<n/2

The multiplicities Aﬁn .k are all strictly positive.

12.5 The discrete series of the Virasoro algebra

—/
Remark 12.11. ° Since the Virasoro action commutes with the action of sly , then, if v is a
singular vector (ie (at™)v = 0 for all m > 0 and ev = 0), L,v is also a singular vector. It
follows that Virasoro acts on the subspace of singular vectors, which is given by the sum of the

1-dimensional lines of singular vectors in each V(m +1) D+ (n—2k) " K" The subspace of singular

U= @ @ Uil,n;k’

k j>k2

vectors in Vp ® V,, is

where dim Umm; P = Amm’k is the space of singular vectors in a single summand. Moreover, the

action on Uy, . is given by K =m+1,h; =n — 2k and D = —j.
Now Virasoro commutes with K and with h;, but not with D, so it preserves €P > k2 Ufnn &

(but not necessarily every ng,n,k taken separately). In any case, for every k we get a Virasoro

action on 4
Um,n,k = @ Urjn,mk'
j>k?

6
(m+2)(m+3)"
We still need to compute the action of h on Uy, 1, Where by definition h is the value of Lg
on the highest weight vector, or equivalently the smallest eigenvalue of Lg. Recall that Ly =
LM e1+1eLl) - L

as

These are unitary representations of the Virasoro algebra, with central charge ¢ = 1—

. To simplify the computation we use the following trick: we rewrite Ly

(LY + Dy @1+ 1@ (LY + D) — (L) + D®)

9¢scema ma cruciale’
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and notice that L3"8*™ 4 D is central!®. To see this, notice that [K, L{"8*"** 4 D] = 0 because
K is central. Moreover,

_ [D LSugawara]

—[D, L}

= [D,Z s (ugtTP) (W't

observe that [D, ] is a derivation and it gives the degree in ¢, so the previous sum becomes a sum
with coefficients (—p) + (p) = 0. Finally,

[at™, L™ 4 D] = mat™*° — degree(t™)at™ = 0.

It follows that L5"8**™ 4 D acts as a scalar on irreducible (or even just highest weight) repres-
entations. On the other hand, we can compute this scalar on a representation V; by looking at
the action on a highest weight vector vgy. Write @ = mD + n L + 7K. Then the action of D on
vy is 7 by definition; we then get

3
Lgugawara + D)vg = g " 2 E E (uit ) (u tp) Ve,
m
z=1 P

and we may observe that for p # 0 the ordered product hits vz with an operator that kills it, so

(7 + 2)

LSugawam D 5= ~ " o
(Ly + D)vg = Tvg + 4(7h+2)v

1 5 o
m(€f+f€+§h )UUJ—TUW‘F

Combined with the previous remark that Lo can be rewritten as a combination of Lé') + D, we
obtain that the action of Ly on a vector in Uil ek 18

nn+2) . (n—2k)(n—2k+2)
dn+2) 7T T Am+3)

where the three terms come from the action on a representation of weight D, w, (m +1)D + (n —
2]@)% — jK respectively. Now we want the lowest eigenvalue of Ly, so we have to take j = k2,

and we get

_n(n+2) (n—2k)(n—2k+2) 9
h_4(m+2) 4(m + 3) TR

Now the change of variables

r=n if k>0, rEmeon otherwise
s=n-+1-2k s=m-—n-+2+ 2k

shows that h = h, s, and completes the classification of the unitary representations of the Virasoro
algebra.

10that is, it commutes with 5/[;
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13 Exercises

13.1 Week 2

1. Let (- | ) : My x M, — C be a nonzero g-invariant bilinear form. Prove that u = —A.

7. Let U<, be the image of Y, _, ¢®" in U(g). Prove that U<, - U<y, C U<pin, and that
gr(U) = 5(g)- B
Solution. The first part is trivial: given o € U<, 8 € U<, we canfind a € Y, ., ¢®" and
g e > ren 8% such that a (resp. ) is the image of & (resp. B) in U(g). Now af is the
class of 053, which clearly belongs to Zr<m+n gor.

To prove that gr(U(g)) = S(g) we apply the PBW theorem. The i-th graded piece of
gr(U(g)) has a basis given by ordered monomials of exact degree i in a basis of g; to show
the desired isomorphism, therefore, it suffices to show that gr(U) is commutative. Since the
i-th graded piece is generated by monomials in the basis of the 1st graded piece, it suffices to
show the following: given x € g,y € g which are part of a basis for g, their images in gr(U)
commute. And this is true because ry — yr = zy — yx — [z, y] mod gr*(U), hence zy = yx
in gr? / gr!, and therefore 2y = yx in gr(U).
8. Let g be a Lie algebra. Prove that U(g) is a domain (i.e. ab=0=a=0or b =0)

Solution. This follows from the fact that (for any graded associative algebra U) if gr(U) is
a domain, then so is U. Let me write a proof of this lemma:

Proof. An element x of U is said to have degree d if it belongs to Uy \ Ug—1; the leading
term of x is T = x + Uy_1. By definition of the multiplication in gr(U), one has Ty = T - ¥
provided that the latter is nonzero.

Now suppose that gr(U) is a domain, and take z,y € U \ {0}. Since T,7 are nonzero and
gr(U) is a domain, T -y is nonzero, so it is equal to Ty, which is therefore also nonzero; it
follows that xy cannot be zero. O

9. Let g = sly. Prove that C =ef + fe+ %hQ is central, and compute its action on M.

Solution. One has 1 1
=e(ef + fe+ §h2) —(ef + fe+ §h2)e

1
=ele, f]+ e, fle + §[e,h2]
1
=eh+ he+ 5(6]12 — heh + heh — h%e)

1
=eh+ he + 5([6, hlh + hle, h])
=eh+ he —eh — he =0,
and similarly for [f, C]. As for [h,C], we get

= [h,ef + fe] = hef —ehf +ehf —efh+ hfe— fhe+ fhe — feh
= [h,elf +elh, f] + [h, fle + f[h,¢]
=2ef +e(—-2f)+ (—2f)e+ f(2¢) =0.

Being central, C acts as a scalar. Thus it suffices to see how it acts on 1:

Clx=(ef + %hQ)h = (le, f]+ fe+ éhz)h = (h+ %hz)h = (A(h) + ;A(h)2> 1y.

40



13.2 Week 3
1. The following hold:

(a)
(b)

VI CVIA—2]
e VIN C VIA+2]

Solution. This is obvious: if v € V[A], then
h(f-v) = (b f1+fh)-v==2f v+ f (h-v)==2(f-v)+f - ()= (A=2)(fv),

so f - v belongs to V[A — 2]. The computation for e - v is completely analogous.

2. Let V be a module in our category. Then:

(a)
(b)
()

V is finitely generated as a g-module
dim V[ < +o0o VA€ C
31, ..., A € C such that

Py={AeC:V[\#(0)}C A\ —2N)U---UAn —2N)

Solution.

(a)
(b)

True by assumption.

Let vy,...,v, be generators of V' as a g-module. Since V is graded, we can (and will)
assume that the v;’s are homogeneous, that is, that each of them belongs to a weight
space. By the PBW theorem, a set of generators of V' as vector space is given by

{faebhcvi | 1=1,...,ma,b,c € N},
and since h acts as a scalar on every v; we can reduce this to the set
{faebvi | 1= 1,...,r;a,b€N}.

Let \; be the weight of v;; by the previous exercise, f®e’v; has weight \; +2(b—a). As
V is graded and the f®e’v; are homogeneous, we can extract from

{f’lebvi ‘izl,...,r;a,beN}

a generating set for V[\]. However, an element fe’v; belongs to V[})] if and only if
Ai +2(b — a) = A, which means that b — a = 2. Thus for every i the difference
a — b is fixed; on the other hand, for b sufficiently large (depending on i), we know by
assumption that e®v; = 0, so there are only finitely many vectors of the form f®ebv;
(withb—a = %) that are nonzero. In particular, we have found a generating set of
V[A] that contains only finitely many elements, so dim V[A] < co as desired.

Consider generators vy,...,v, of V as a g-module. Since V' = @ V[A], each v; has
components only along finitely many weight spaces. Let Aq,..., A, be the complete
list of weights such that at least one of the v; has a nontrivial component in V[A;].
Then by the previous exercise it is clear that @.", @, oy V[\i — 2n] is a submodule
of V, and since by construction it contains all the generators it is in fact equal to V,
which proves the claim.

3. M), Ly are objects in O and {L) | A € C} is a complete list of the irreducible representations
in O.
Solution. All the necessary properties are trivially true by construction. That the list is
complete has been proven in class; in any case, it follows easily from the following argument.
Take any eigenvector v for h. Then for a suitable n € N the vector e"v is a (nonzero)
eigenvector for h killed by e (this uses the hypothesis that for N > 0 we have eNv = 0); by
irreducibility, vy := e™v generates V. Hence V is a highest weight representation, so it is a
quotient of the Verma module, and from here the conclusion follows immediately.

4. Every V € O admits a Jordan-Holder composition series of finite length.
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