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Abstract Horizontal points of smooth submanifolds in stratified groups play the role
of singular points with respect to the Carnot-Carathéodory distance. When we con-
sider hypersurfaces, they coincide with the well known characteristic points. In two
step groups, we obtain pointwise estimates for the Riemannian surface measure at
all horizontal points of C!! smooth submanifolds. As an application, we establish
an integral formula to compute the spherical Hausdorff measure of any C!! sub-
manifold. Our technique also shows that C? smooth submanifolds everywhere admit
an intrinsic blow-up and that the limit set is an intrinsically homogeneous algebraic
variety.
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1 Introduction

The geometric properties of one-codimensional sets in stratified groups have been
investigated under different perspectives, [3, 6, 7, 9-11, 13-16, 19, 31, 32]. This is
an attractive area of research, where several important issues still deserve further in-
vestigations. Along with this research stream, some works on the geometry of higher
codimensional sets also have started to appear, [4, 5, 20, 25, 27-29].

This paper can be thought of as a continuation of the project started in [27-29],
related to the intrinsic measure of arbitrary submanifolds in stratified groups. Higher
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codimensional submanifolds somehow possess an elusive nature, due to the higher
degree of freedom of their tangent spaces. The classical Frobenius theorem implies
that a smooth hypersurface must have points that are transversal to the horizontal
subbundle of the group and this implies in turn a precise Hausdorff dimension of the
submanifold, along with an area type formula, [27]. However, this theorem does not
suffice to tackle higher codimensional surfaces, whose Hausdorff dimension depends
on an interesting interaction between their tangent bundle and the grading of the
group, according to Gromov’s formula in 0.6 B of [22].

Using the notion of “degree”, this interaction has been made more suitable for
computations in [29], where the density of their spherical Hausdorff measure has been
computed under a “negligibility condition”. In broad terms, the degree of a submani-
fold ¥ at a fixed point x is a certain weight dx, (x) assigned to the tangent space T, X,
which depends on its intersections with the flag generated by the grading; see Sect. 2
and Remark 4.2. The maximum over all pointwise degrees is the degree d(X) of
the submanifold. If d is the degree of a submanifold, then the negligibility condition
amounts to the S?-negligibility of points of degree lower than d. Here S¢ is the spher-
ical Hausdorff measure constructed with respect to a fixed homogeneous distance of
the group, which is equivalent to and generalizes the so-called Carnot-Carathéodory
distance. This negligibility condition holds for C' non-horizontal k-codimensional
submanifolds, along with an area-type formula for their S¢~*-measure, where Q is
the group’s Hausdorff dimension; see [27, 28]. One of the main results of this pa-
per is the negligibility condition for all submanifolds in two step groups. This is a
consequence of a more general result, namely, the following blow-up estimates.

Theorem 1.1 Let G be a two step stratified group and let ¥ C G be a p-dimensional
CL smooth submanifold. Then for every x € S there exist a neighborhood U of x
and positive constants c1, c3 and ro depending on U N X such that

ar™® < 3, (ENB,,) < cpr®®™ (1
forevery z € ¥ NU with ds (z) =dx (x) and every 0 <r <ry.

We have denoted by fi, the Riemannian surface measure induced on the
p-dimensional submanifold ¥ by a fixed Riemannian metric g on the group. No-
tice that g here has an auxiliary role and need not be left invariant. Before presenting
some applications of (1), we wish to discuss these estimates in more detail.

First of all, the degree of x in Theorem 1.1 plays an important role. In fact, in
the special case x is non-horizontal, namely, it has degree equal to Q —k, where k
is the codimension of X, then from results of [28], adopting the same approach of
this paper, one achieves (1) with C! smoothness of ¥. Similarly, if x has maximum
degree, then results of [29] apply and lead to (1). The point of Theorem 1.1 is that
we do not assume any restriction on x. Thus, our estimates also hold at horizontal
points, which play the role of characteristic points in higher codimension and actually
coincide with them in codimension one, as discussed in [28].

To compare these estimates with the existing literature in codimension one, we
first notice that the degree of characteristic points in two step groups is exactly Q—2;
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see Remark 2.9. Then our blow-up estimates include (20) of [26] and extend it to ar-
bitrary submanifolds. Other interesting estimates have been recently obtained in [9],
especially for the perimeter measure, in connection with boundary regularity of do-
mains for the Dirichlet problem in CC-spaces. Next, we discuss a series of applica-
tions of (1).

Corollary 1.2 Let X be a p-dimensional C1' smooth submanifold of degree d in a
two step stratified group. Then we have

Sl(fxe T ds(x) <d})=0 )

and the following formula holds
/E B(xd (1))d S (x) = /E 172 (Ol p (). 3)

The area-type formula (3) is an immediate consequence of (2), after the blow-up at
points of maximum degree. For a proof and a discussion of this formula, we address
the reader to [29], where the negligibility condition (2) was announced. Furthermore,
Theorem 1.1 allows us to distinguish different types of horizontal points, to get esti-
mates on their Hausdorff dimension depending on their degree.

Corollary 1.3 Let X be a C'! submanifold of degree d in a two step stratified group
and let § be a positive integer. Then the subset Zs = {x € ¥ | ds (x) < 8} is countably
H3-finite. In particular, its Hausdorff dimension is less than or equal to §.

Remark 4.1 shows how Corollary 1.2 easily implies that the degree of a C!
submanifold coincides with its Hausdorff dimension. Then Corollary 1.3 gives new
information if § < d(X). Again, taking into account Remark 2.9, this extends (26) of
[26] to arbitrary submanifolds. Our observation on the Hausdorff dimension of sub-
manifolds in two step groups fits into Gromov’s formula pertaining to the Hausdorff
dimension of a smooth submanifold in equiregular Carnot-Carathéodory spaces, pro-
vided that the functions D’(x) and Dg (%) introduced in 0.6 B of [22] coincide with
the pointwise degree dx (x) and the degree d(X), respectively. Although this is not
difficult to check, in Remark 4.2 we show this fact.

It is then natural to search all possible Hausdorff dimensions of submanifolds
whose topological dimension is fixed. This is the so-called “Gromov’s dimension
comparison problem”, recently raised in [5], where the authors solve an interesting
variant of this problem, replacing the topological dimension of a submanifold with
the Euclidean Hausdorff dimension of a set. Finding the Hausdorff dimension of a
submanifold can be turned to the problem of finding its degree. On the other hand,
this is not necessarily a simpler problem. Since finding a submanifold of given de-
gree corresponds to solving a system of partial differential equations, and could be
tackled with Partial Differential Relations techniques, as it is mentioned in 0.5 C and
0.6 B of [22]. Some computations in this vein can be found in Sect. 4 of [29], to
find submanifolds of given degree in the Engel group. The extension of (2) to higher
step groups is an intriguing open question, where also regularity of the submanifold



V. Magnani

is expected to play a role. In the Engel group, using some ad hoc arguments, this
negligibility condition has been recently achieved for arbitrary submanifolds, solving
Gromov’s dimension comparison problem in this group, [25]. It is worth stressing
that also in this case C! regularity of submanifolds suffices, hence it would be in-
teresting to understand whether this regularity suffices for all higher step groups. If
we strengthen our regularity assumptions to C2 smoothness, then we also get the
existence of the blow-up set, which corresponds to the limit of the rescaled manifold.

Theorem 1.4 Let G be a two step stratified group and let © C G be a C* smooth
submanifold. Then for every x € X the rescaled set §1;,1,-1 X locally converges with
respect to the Hausdorff distance of sets to an algebraic variety, which is the graph
of a homogeneous polynomial function.

Notice that at points of maximum degree the intrinsic blow-up set is precisely a
subgroup and C ! regularity suffices, [29]. On the other hand, it is easy to find simple
cases where this limit set is not a linear subspace; see for instance Example 4.3. It is
rather surprising that Theorem 1.4 holds only in two step groups. In fact, in the Engel
group it is already possible to find a point of low degree in a 2-dimensional submani-
fold whose blow-up is a half plane with boundary; see Remark 4.5 of [29]. This case
marks how even smooth submanifolds, when embedded in higher step groups, allow
for points with more intricate intrinsic singularities.

This naturally leads us to discuss our assumptions on the step of the ambient space.
In fact, the previous example is not the only case that shows the significant dichotomy
between the geometry in step less than or equal to two and that in higher step. For
instance, in two step groups, C!! domains satisfy the Sobolev-Poincaré inequality
and are furthermore NTA domains with respect to the Carnot-Carathéodory distance,
but this does not hold in higher step groups; see [8, 9, 13, 21, 23, 24, 30] and the
references therein. In two step stratified groups the classical De Giorgi rectifiability
theorem holds, [1, 19], but the fine technology of its proof does not apply in higher
step, [19]. Substantial progress has been recently obtained in [3], where the difficulty
arising in higher step is also emphasized.

Finally, we point out that Theorem 1.1 precisely holds in the larger class of two
step graded groups. In fact, our proofs do not use the Lie bracket generating condition
of the first layer. Then one can extend our results to all nilpotent groups of step two,
since they admit infinitely many gradings that make them graded groups, according
to Remark 2.1.

2 Basic Notions

We begin this section by defining the class of groups with which we shall be dealing
in this paper. These are connected, simply connected, real Lie groups of finite dimen-
sion. If one of these groups G has a graded Lie algebra G, then we will say that G is
a graded group. The algebra G is said to be graded if it can be written as direct sum
of subspaces G = V| @ --- @ V|, with the property [V;, V;] C V;4;, forany i, j > 1
and V; = {0} iff i > ¢.
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Remark 2.1 Let g be a two step nilpotent algebra and let g> = [g, g], which is a non-
null subspace. Let h be a subspace of g such that b @ g> = g. Then setting V| = b and
V» = g” makes g a graded group. There are infinitely many h’s that are complemen-
tary to g2.

The stronger assumption on the subspaces [V1, V;] = V;;1 implies that the
group G is stratified, see [18] for more information. The subspace V| of G defines at
any point x € G the horizontal subspace

H.G={Xx)| X e Vi}.

Left translations of the group are denoted by I, : G — G, [, (y) = xy. The graded
structure defines a one-parameter group of dilations §, : G — G, where r > 0. Pre-
cisely, we have

[4 [4
8,(Zvj> :ervj,
j=1

j=l1

where Zﬁ.:l vj=vandv; € V; foreach j =1,..., (. To any element of V; we as-
sociate the integer j, which is called the degree of the vector. Under our assumptions
we have that exp : G — G is an analytic diffeomorphism, hence there is a canoni-
cal way to transpose dilations from G to G. We will use the same symbol to denote
dilations of the group. We have the standard properties

(1) 6,(x-y)=46x-6,yforany x,y e Gandr >0,
(2) 8,(83x) =8y5x forany r,s >0 and x € G.

To provide a metric structure on the group, we will fix a graded metric on G, namely
a left invariant metric such that all the subspaces V; of the Lie algebra G are orthog-
onal to each other. The sub-Riemannian structure of graded groups is given by any
homogeneous distance, which is a continuous distance p : G x G — R that satisfies
the properties

(1) p(x,y)=p(ux,uy) forevery u,x,y € G,
2) p(;x,8;y)=rp(x,y) forevery r > 0.

In fact, if the group is stratified, then the well known Carnot-Carathéodory distance
provides the foremost example of homogeneous distance. When the group is graded
it is still possible to introduce a homogeneous distance; see the appendix of [19].
However, the group equipped with this distance might not be connected by rectifiable
curves.

Example 2.2 We consider the Heisenberg group H! expressed in coordinates
(x, y, 1), satisfying the group law (x, y,)(x", y/, ) =(x +x',y+y ., t +t +xy —
yx') and having dilations acting as 8, (x, y,?) = (rx, ry,r’t). Then we define the
vertical subgroup IT of H!' corresponding to the subspace {(0, y,7) | y,t € R}. It is
immediately realized that d(y, 1) = |y| + |¢t|'/? is a homogeneous distance on the
graded group IT € H'. In fact, the group law restricted to IT is the commutative sum
of vectors.
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On the other hand, all homogeneous distances are bi-Lipschitz equivalent and in-
duce the topology of G. This is an easy consequence of properties (1) and (2), fol-
lowing the classical argument for norms of finite dimensional vector spaces.

Definition 2.3 We define the subsets B, , and Dy , of G as the open and closed ball,
respectively, of center x and radius r > 0 with respect to a homogeneous distance.
We will omit the center of the ball if it coincides with the unit element of the group.

Definition 2.4 (Adapted bases, graded bases and graded coordinates) Letussetm =
dimV; forany j=1,...,t,n9g=0and n; =le=1mj foranyi=1,...,(. We say
that (Wy, ..., W) is an adapted basis of G if

(an,1+l3 an,1+27 R an)

isabasisof V; forany j =1, ..., t. Let us consider the mapping F : R? — G defined
by

q
F(y) =exp (Z i W,->.
i=1
If (Wi, ..., Wy) is also orthonormal, then we say that it is a graded basis and that F

is a system of graded coordinates. The degree of y; issetas d; = j if W; e V;.

Definition 2.5 (Degree of p-vectors) Let (W, Wa, ..., W,) be an adapted basis of G.
The degree of the simple p-vector

W, I=Wj1/\~~/\ij

in A,G, with J = (j1, jo, ..., jp) and 1 < jj < jo <.+ < j, < q is the sum d;, +
-+ +dj,. We denote this integer by d;. Now, let T € A, (G) be a simple p-vector
and let 1 <r < Q be an integer. Let t =), t; Wy, t; € R, be represented with
respect to the fixed adapted basis. The projection of T with degree r is defined as
(1), = Zd(]):r 77 W, and the degree of t is defined as the integer

d(t) = max{dy | such that t; #£ 0}.

Definition 2.6 (Degree of manifolds) Let ¥ bea C !'smooth p-dimensional subman-
ifold and let s (x) be a tangent p-vector of X at x € X. All of them are proportional.
Then the degree of ¥ at x is the positive integer

ds(x) =d(tz(x)).
The degree of X is the number d(X) = maxyey dx (X).

Example 2.7 Consider the two step stratified group H' x H!, which we represent by
graded coordinates (x, y, t) = (x1, Y1, X2, Y2, t1,12) € R6, satisfying the group law

ey, Y )y = +x y+ Yt +1) + (0,0, x1y] — yix], X2)5 — y2x5).
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Let X be a 3-dimensional submanifold of H! x H! passing through the origin, which
is given by the zero level set of f :R® — R3,

fey, 0= +1 —xf —yi —x3,x1 +x5 — 10, x2 — x7).
It is easy to see that ¥ can be globally parameterized by
D(x1, ¥, y2) = (X1, y1. X7, y2. 0(xf + ¥f 4+ 1)) 27 4 x17),
where ¢ : R — R is the inverse function of  — ¢ + 3. Let
X1 =05, —y10;, Y1 =0y, +x10, X7 =0y, — ¥204,, Yy =0y, +x20,

be the left invariant vector fields spanning the first layer V; of H! x H!. Then
they all have degree equal to one and the tangent space of X at the origin TpX =
{(x1,¥1,0,y2,0,0) | x1, ¥1, y2 € R} is spanned by X1(0), Y;(0) and Y>(0). Thus, by
the definition of degree, we have dx(0) = 3. Fix p = (1,0,1,0,1,2) € ¥ and ob-
serve that T, ¥ = span{®,, (¢), ®y, (¢), Py,(¢q)}, where ¢ = (1,0, 0) and ®(q) = p.
We define T1 = 9;, and T, = 9;,, which are constant left invariant vector fields span-
ning the second layer of H' x H!. Then one can check that

., (q) = X1(p) +3X2(p) + 119/ () Ti (p) + 14T (p),
Dy, (@) =Y1(p)—Ti(p) and Py,(q) =Ya2(p) — T2(p).

Taking into account that ¢’(2) = 1/4 and expanding the wedge product

11
(Xl(p) +3Xa2(p)+ - T1(p) + 14T2(p)) A(Y1(p) = Ti(p) A (Y2(p) — Ta(p)),
we get that all addends with maximum degree are the following:

X1(p) ANTi(p) A T2(p), 3X2(p) ATi(p) A Ta(p),

11
_ZTI(P)/\YI(P)/\TZ(P)v —14T2(p) ATi(p) A Ya(p).

Taking into account that d(77) = d(T3) = 2, along with Definition 2.5 and Defini-
tion 2.6, one easily realizes that dx (p) =d(¥) =5.

Remark 2.8 Let us consider the class of smooth horizontal submanifolds; see 0.7.C
and 3.1 of [22]. Then it is not difficult to check that in a stratified group the pointwise
degree of these submanifolds equals their topological dimension.

Remark 2.9 Let £ be a p-dimensional C' smooth submanifold and let & =
dim(7, X N H,G). If G is of step two, then the pointwise degree of ¥ at x is given
by

ds(x)=2p —h.
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In fact, one can take a horizontal basis X1, ..., X}, of T, X N H,G and linearly in-
dependent vectors T, ..., Tp—p such that (X1,..., X, T1,...,Tp—p) is a basis of
T, X. Then it is easy to observe that ds (x) = h + 2(p — h). In particular, if ¥ has
codimension one, then

ds (x) = 0—1 ifxis n'ot characteristic, @
0 —2 otherwise,

where Q = m| + 2m is the Hausdorff dimension of G, also called the homogeneous
dimension.

Definition 2.10 (Polynomial mappings) Let G be a connected and simply connected
nilpotent Lie group. A mapping of vector spaces is polynomial if it has polynomial
components when it is expressed with respect to some bases both in the domain and
in the range. A mapping P : G — R¥ is said to be polynomial if so is the composition
Poexp:G— RK,

Remark 2.11 The previous definitions make sense, since the exponential mapping
exp : G — G is an analytic diffeomorphism when G is connected, simply connected
and nilpotent. The notion of polynomial mapping of vector spaces does not depend
on the fixed bases to represent the mapping; see [12] for more details.

Definition 2.12 (Homogeneous algebraic varieties) Let G be a graded group. Then
the set of zeros of a polynomial mapping P : G — R¥ for some k > 1 defines an
algebraic variety in G. We say that an algebraic variety A is homogeneous if §, A C
A for every r > 0.

Notice that an algebraic variety defined by a homogeneous polynomial mapping
P : G — Ris clearly a homogeneous algebraic variety.

Example 2.13 Theset ¥ = {(x, y,xy) | x, y € R} is ahomogeneous algebraic variety
of the Heisenberg group H' equipped with the standard coordinates (x, y, ) of Exam-
ple 2.2. In these coordinates, the mapping P : H' — R is given by (x, y, 1) —  —xy.

Of course homogeneous algebraic varieties need not be regular. It suffices to con-
sider the zero level set of P(x,y,t) = x> — y? in the Heisenberg group with the
coordinates defined in Example 2.2.

3 Blow-Up Estimates and Blow-Ups
This section is devoted to the proof of all our main results.
Proof of Theorem 1.1 We first choose a neighborhood V of x and a function

f:V — RFsuch that ¥ NV = f~1(0), the differential df (s) is surjective when-
ever s € f ~1(0) and the kernel of d fO)aG : HG — R¥ has dimension & =
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dim(7, ¥ N H,G). Let k = m — h and notice that x is non-horizontal if and only
if kK =k, namely df (x)|g,c is surjective. In this case, the following proof holds
and becomes even simpler. Then it suffices to consider the interesting case k < k,
namely, the case when x is horizontal. Let (vc41, ..., Uy ) be an orthonormal basis of
T, = N H,G. We choose an orthonormal basis (v1, ..., v¢) of (T N H.G)* N H,G
and define the unique left invariant orthonormal vector fields (Y1, ..., Y¥;;) of Vi such
that Y;(x) = v; forevery j =1, ..., m. As a consequence, we get

Yif'(x)=0 whenever j=k+1,...,mandi=1,... k. (5)
Our hypothesis on the step of G implies that 7, G = H,G & HfG, where
H)G=(U(x)| U € Va}.

In view of the surjectivity of d f (p), there exist orthonormal vectors vy 41, . .., Um+i €
H?2G, with I = k — &, such that

dim(span{df (x)(v1), ..., df (X)(ve), df () Wmt1), ... df (X)(Wms)D) =k. (6)

As a consequence, we choose a graded basis (Y1, ..., Y, Yint1, ..., Yy) of G such
that

Yi(x)=v; forevery je{l,...,k}jU{m+1,...,m+1}.

We fix a system of graded coordinates F : R? — G defined by F(y) =
exp(z;i.zl ¥/Y;) and set Fy(y) = [,F(y). We introduce the function f(y) =
f(Fx(y)) and notice that

0y, [0 =Y, f(p).
Then in a neighborhood V' C V of x we get

ayl-f/\any/\.“A8YKfAaym+1f/\.“/\a)’m+[f¢0

on F, x_l (V') C R4. From the implicit function theorem there exists

YE) = (0 )y 0 E) Eetts e Ems @ E) @ TE), Bty 0 &)
7
such that

F@E), o 0 @) Eetts e Emy @™ THE) o @™ E), Eit1s - &) =0

Setting ®(§) = Fy (¥ (§)) with & = (§+1, -+ -5 &m» Em+i+1, - -+ &), we clearly have
f o ® = 0. We wish to compute the limit of r~"*2(P=Plyolz (£ N B, ,) as r — OF.

This quotient equals

Lo} Lo 0D
—[h+2(p—h)] .. .
’ A—](B”) 08k+1 @ nn &m @~ 0Em+1+1 @~
Aaﬁ(a‘ d ®)
o5, |,
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We restrict dilations to the subspace
N={§cRl & =b= =& =&up1 ==& =0
and perform the change of variable
&= Z rnje; + Z rn]ej_b‘,n ©)]
j=r+1 j=m4+1
Observing that the Jacobian of 8, restricted to IT is
m—k—+2(q—m—-0)=h+2(p—h),

the quotient (8) becomes

/ Srm) A - aq)(é YA 9P (61 A /\acb(S ) d
n e OrMA —————0rM Ao A =07 UB
51/r 01 (By ) 3E/«+1 ' AT TR 05, U,
where Sl/rcb_l (By,r) equals the set of points & € R? such that
0'(58) ¢ @8 e"HGE) et
g ooy 7$K+1""’$m’ 2 g ety 2 9§m+l+17"'7§q
r r r r
(10)

belongs to F~YB)). Differentiating the equality f(®(§)) = f(w(é)) =0, we get

m+1

(w> + Z aé—,(w) aé__l - > @m aé, =0,
j=m+1
whenever i =« 4 1, ..., m. As a consequence of the previous equality, from (5) we

get

of af af of [a‘”] —0
1 e Bt et | L0 sy

hence (6) yields

jef{l,....,xc}U{m+1,... ., m+1},
85’ (O) 0 whenever {i cletl,....mh (11
As a consequence, Taylor expansion yields
I8 =r" Y —<0>sl +07(18:£1), (12)

d&i

m+l<i<gqg

where |O-/(|y|)| < L|y|2 and L is the Lipschitz constant of chj. Thus, there exists
M > 0, depending on L, such that

207 G6)| < Mgl
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for r > O sufficiently small. Let us choose a product of open intervals
J=h xhLhx--x1I,c F (B

such that 0 € J. Now we define the open set Ay formed by those points & € R? such
that

(M|§|,...,M|%’|,§K+1,...,ém,M|§|,...,M|§|,$m+1+1,...,éq)GJ and
(_M|é|9"'7_M|€|1§K+1"~~s'$;:ma_M|€:|v"'7_M|E|»ém+l+lv"'véq)e‘,'

Clearly, the size of A; depends on L and we have
AL C Sl/rq)_l(Bx,r)

for r sufficiently small. It follows that

1; (X N By, B
% = Hi) (AL FTBY) y @), (13)
where
: g 0&m y Em+1+1 Y as,, Y

and U is a suitable neighborhood of the origin. From Hadamard’s inequality we get

P
—— 14
‘Bém YA A g, I 8sm++ oA asq i (14
T | Z (e, s(y)> >l < pldOIP, (15)
iek\| jek ' 7! jek 1737

where K ={k+1,..., m}U{m+1+1,... S q} As a consequence, observing that we
can find a bounded set § C R” containing H 1r® (Bx ) for every r > 0, we obtain

volg (2 N By,)

- 2
PRSI R M) (S nr 1(Bl)> pPLy’. (16)

where L is the Lipschitz constant of the local parameterization @ of the submani-
fold, the estimate (1) follows, taking into account Remark 2.9. Now, we have to study
the dependence of our constants in (13) and (16) on the point x when it varies in the
subset of points having the same degree. Let U be a neighborhood of x such that (6)
holds, replacing x with any point of U. If U N{z € ¥ | dx(z) = dx(x)} coincides
with x there is nothing to prove, then assume that

UNfzeX|ds(z) =ds(0)}\ {x} #0.
Since the degree ¥ 5 7z — dx(z) is lower semicontinuous, then the set

Ay ={ze X |ds(2) >ds(x) — 1}
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is an open neighborhood of Sy = {z € ¥ | dx (z) = dx (x)}. Furthermore, Sy is closed
in Ay, since

Sy =AxN{ze X |ds(z) <ds(x)}.

Since the degree is constant on S, = S, N U, then we can find locally Lipschitz
continuous vector fields 71, ..., T, on S)’C such that

span{T((z),..., Th(2)} = H.GNT, X

for every z € S;; see Remark 3.1. Then one can repeat the proof of the estimates (13)
and (16), replacing x with z € S, and the basis (Ve41, ..., vy) of H.G N T X with
(T1(2), ..., Th(2)). It is not restrictive assuming that T (x) = Y (x). The key point is
that (5) is replaced by

Tif'(z)=0 whenever j=1,....h,i=1,....,k and zeS.. (17)
Furthermore, the vectors

M@, Y@, T1@)s oo Th(@), Y1 (2D, -, Yy (2))

are linearly independent and locally Lipschitz continuous on S,. Thus, the corre-
sponding local graph centered at z

V(€)= @) @E ) Bty By 0T ) M) Bt B
(18)
is a Lipschitz deformation of (7) and it coincides with it for z = x. Then the constants
appearing in (13) and (16) can be taken to be independent of z as it varies in a compact
neighborhood S C S/, of x in the relatively open set A,. This concludes the proof. (]

Remark 3.1 Let ¥ be a C! manifold with a countable basis for its topology and con-
sider a closed subset F of X. Let F 5 x — C(x) € M,,(R) be a Lipschitz continuous
matrix having constant rank equal to s < n on all points of F C R?. Then one can
find locally Lipschitz continuous vector fields 71, ..., Tj on F, with h =n — s, such
that

span{T1(x), ..., Tp(x)} =kerC(x) foreveryx e F.

Since ¥ admits a C! partition of unity that can be eventually restricted to F, it suffices
to prove that 7; can be found in any neighborhood of a point of F. Then it is not
restrictive assuming that for instance the first s columns C1, ..., C; of C are linearly
independent on a relatively open subset A of F. Then there exists a projection 7 :
R? — RS, such that C = [ Cy---mCs]is an invertible matrix of M, (IR) on a possibly
smaller open subset A" and for every x € A’ we have that

ne(x) = C) 7 [ Cyp1(x) - wCpy ()&

is locally Lipschitz continuous for every & € R". Taking & = e ; for every j =
1,...,h, where (e;) is the canonical basis of R" and identifying this basis with a
basis of {0} x R" c R”, we get

Tj(x) = (ne, (x), ..., m}, (), 0,...,0) +e¢;
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that are clearly linearly independent and locally Lipschitz continuous on A’.

Proof of Theorem 1.4 We will use the notation of the proof of Theorem 1.1. If x is
non-horizontal, namely, x = k, then the following proof holds and becomes simpler
and in this special case, our claim is already explicitly shown in [28]. Then we con-
sider the case k < k, namely, x is horizontal, and we argue exactly as in the proof of
Theorem 1.1, until we have obtained the local parameterization ® =[, o F oy of &
around x € X, where  is defined in (7).

As a consequence of C? regularity, forevery j e {1,...,k}U{m+1,...,m+1},
the expansion (12) can be written more precisely as follows

: ; 1 .
WO = Y b O+ Y el O +o(18E)

m+l<i<q K<i,j<m
=120 Emtitls - &) +0(18:E1), (19)

where dilations 8, are defined in (9) and Q ;j are homogeneous polynomials. Now we
consider the variables

m q q
E= ) &ej+ Y Eej and E'= ) fe;

Jj=k+1 Jj=m—+i+1 Jj=m+i+1

that vary in a p-dimensional subspace of R” and in a (¢—m—I)-dimensional sub-
space of RY, respectively. Then the polynomial mapping

T(é) = (Oa ey Os §K+1a ey SMv Qm+1(%—/)» ey Qm+l(é/)v $m+l+1’ ey Eq) (20)

defines the d-dimensional homogeneous algebraic variety
A=(FoT)R?)CG

that has no singular points, since it is the graph of a polynomial mapping. We recall
that F : R? — G is the system of graded coordinates defined in the proof of Theo-
rem 1.1.

The variety A is the zero set of the homogeneous polynomial mapping P : G —
R¥, where

POF(Y)Z(.Ylvw-v}’K,)’erl _Qm+]()’m+l+lyu-7Yq),uw

Ym+t — Om+i Ym+i+1s -+ - yq))-

Notice that P o F has exactly kK components, since x + [ = k, by the definition of /,
according to the notation in the proof of Theorem 1.1.

To show that &1/,/,-1 % N Dg converges to AN D in the Kuratowski sense, as
r — 0T, we will use Proposition 4.5.5 of [2]. Then we fix an infinitesimal sequence
rn > 0 and show that

(i) if z =lim, ., z,, for some sequence {z,} such that z,, € (81/,,/,—1 %) N Dg and
rpn — 0, then z € AN Dg;
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(ii) if z € AN D, then there exist z, € (81/,,[,-1X) N Dg such that z, — z.
Consider the sequence
n € (61/fnlx—' Z) N Dg,

converging to z, we have that z, = (F 0 81/, 0o ¥ © S,n)(gn), for some &,. Due to
formula (10), which constitutes the explicit formula of (81, o ¥ o S,n)(é,,), the
boundedness of z, implies the boundedness of &,. Then we get a subsequence &,
of &, converging to £ € Dg. As a consequence of (19) and (10), it follows that
7y — F o T(§) =z € AN Dg. This shows the validity of (i).

Now, we set U = F o T and fix z € AN Dg, hence we have & such that U(§) = z.
Let us define ¥, = F 0 81/, 0 Y 0§y, and set Xy, = 81,,,/,—1 X. If we show that

dist (g, q:,;l(DR)) ~0, 1)

with respect to the Euclidean norm | - | on RY, then we get a sequence &, that is
bounded, due to (10), and such that

Dr>V, () = U@) =z,
since W, uniformly converges to U on compact sets. Taking into account that for n
large

¥, N Dg =1Im (¥,;) N Dg,
it follows that W, (§,) € X,, N Dg and (ii) follows. We are left with showing (21).

By contradiction, if this limit were not true, then possibly taking a subsequence, we
would get

dist (g, w;l(DR)) > g9 > 0.

We fix an arbitrary 0 < i < 1. Since W,, uniformly convergences to U on compact
sets, then

U~ (Dnr) c W, 1 (Dg)

whenever n > ng, for some ny depending on 4. In fact, U -1 (Dpr) is a compact set,
due to formula (20). Observing that (U (£)) € Dygr and taking into account the
homogeneity U o 8, = 6, o U, for v > ng, we achieve

o < dist (&, W, (D)) = dist (&, U™ (Dhn)) < I = B161.
The arbitrary choice of & yields a contradiction and concludes the proof of (21). [

Remark 3.2 According to the previous proof, formula (20) yields the limit set .4 as
the image of T in some system of graded coordinates. Since 7T is a homogeneous
polynomial mapping, then A is clearly a homogeneous algebraic variety. Further-
more, this variety is everywhere analytic, since it is the graph of a polynomial map-
ping with respect to some system of graded coordinates. In particular, .4 is an analytic
manifold without boundary.
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Proof of Corollary 1.3 Foreach j=1,...,85, we define the subsets
Y= {x € X | estimates (1) hold withdy (x) = j}.

Then Zs = |J]4 j<s Xj- Note that some %; might be empty. This is always true for
instance if § > Q — k, where k is the codimension of ¥ and Q is the Hausdorff
dimension of the group. From estimates (1) and standard differentiability theorems
for measures, see for instance 2.10.17(2) and 2.10.18(1) of [17], taking into account
that the Riemannian surface measure fi, is countably finite, then X; is countably
H -finite. In particular, Z; is H®-countably finite. g

Proof of Corollary 1.2 Letd = d(X) be the degree of X. In view of Corollary 1.3 the
subset Z;_; of points in ¥ with degree less than d is countably ¢~ !-finite. Then
in particular, (2) holds. At points of degree d the blow-up limit exists. Precisely,
Theorem 1.2 of [29] holds, along with the negligibility condition (2), hence formula
(1.4) of [29] also holds. This formula coincides with (3). O

4 Some Remarks
In this section we add remarks complementary to our main results.

Remark 4.1 The Hausdorff dimension of a C!-! submanifold ¥ in a two step strati-
fied group coincides with its degree d = d(X). In fact, from the lower semicontinuity
of x — dx (x) on X, it follows that the subset X, of degree d points is an open subset
of . Thus, formula (3) yields

[ 0(t5(x))dS (x) = / |75 ()1djip (x) > 0.
pY 24

From the definition of rg (x) given in (2.17) of [29], using the simple argument of
Remark 2.18 in [27], one easily finds two positive constants ¢; and c», such that

c1 <0(r) <cp foreveryt e A,(G).

This implies that S¢(X) > 0, taking into account that S is finite on compact
sets. In particular, the Hausdorff dimension of X is d.

Remark 4.2 Let X be a p-dimensional submanifold of a graded group. We consider
the flag
Hi(x)=(H!G+ -+ H{G)NT, %,
on T, X, where H{ G = {X (x) | X € V;}. Let (tfs. ..ol () be abasis of H(x) and
1

complete this basis with (tlz(x), e t’i/z(x)) to a basis (;11’ ot t]2, .

2
m'(x)’ ’ tm’z(x))
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of Hz/ (x). We iterate this procedure to construct bases

1 J J
(... tt, N R

/
Il ey j(x)) of subspaces H;(x).

One immediately observes that the dimensions dim(H j’ (x)/H ]’.7] (x)) coincide with
m/] (x).In 0.6 B of [22], Gromov defines the number

L
D'(x) = Z jm';(x).
j=1
Let us define the canonical projection ; : 7,G — H;C/ G and observe that
CIGONINE S (x)))

must be linearly independent. If this were not the case, then we could find a nontrivial
linear combination of ti] belonging to H ]’._1 (x), but that it cannot be a linear combi-

nation of elements of this space and this is a contradiction. Setting rl.j =7; (tl.j ) and
taking into account that 7; € H){ @G, it follows that

1

(1'11, s Ty ST (x)) are linearly independent. (22)
Since (t;) is a basis of T, X, we have
1
dz(x)=d(t] A- /\tm,(x)/\”-Atl AL (x)) (23)

It is understood that some m j, may vanish for some jo; this would mean that there
are no vectors tijo both in (22) and (23). We have

A /\tm,(x) A A Al =T A /\Tm'(x) AT ATy T
where the first addend is nonvanishing due to (22) and d(r) < d(t), where we have
set

AT AT

_ .1
'L'—‘L'l/\ /\'L'/ m!(x)"

1()

An immediate verification shows that d(t) = ZL]'II Jj m’] (x). This shows that
ds (x) = D'(x).

Notice that we have computed the degree dx (x) by choosing an arbitrary adapted
basis. Then the previous formula also shows that the degree does not depend on the
choice of the adapted basis. Since Dy (X) = max,ex D’(x), according to the defini-
tion given in 0.6 B of [22], then we obviously have Dy (X) = d(X).
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Example 4.3 Let ¥ and ¢ be as in Example 2.7. To determine the blow-up set of
3 at the origin, we consider a converging sequence (x", y",t") — (x, y,?) and an
infinitesimal sequence r,, — 0. Thus, taking into account that ¢’(0) = 1, the blow-up
sequence

Sl/rn (CD(V,,X?, rny?» Vnyg))
= (31 D8 e ( (0D + O +ra)?)). raa])?).
converges to (x1, y1, 0, y2, x12 + ylz, 0), which defines the blow-up set

{Geruy1,0, 32, %7 4+ y3,0) tx1, y1, 2 €R). (24)

This set is a homogeneous algebraic variety, according to Theorem 1.4. Recall from
Example 2.7 that the degree of X at zero is equal to three. Since the blow-up set at
maximum degree points is a subgroup and in particular a subspace, [29], it follows
that d(X) > 3. This agrees with the computations of Example 2.7, where it is shown
that d(X) = 5. Another reason for which the origin of ¥ cannot be a point of max-
imum degree is that there are no smooth 3-dimensional horizontal submanifolds in
H' x H', namely, submanifolds of degree equal to three.

Acknowledgements It is a pleasure to thank Roberto Monti for an interesting discussion on the con-
stants of the blow-up estimates.
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