A CHARGED LIQUID DROP MODEL WITH WILLMORE ENERGY

MICHAEL GOLDMAN, MATTEO NOVAGA, AND BERARDO RUFFINI

ABSTRACT. We consider a variational model of electrified liquid drops, involving competition
between surface tension and charge repulsion. Since the natural model happens to be ill-posed,
we show that by adding to the perimeter a Willmore-type energy, the problem turns back to be
well-posed. We also prove that for small charge the droplets is spherical.
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1. INTRODUCTION

The model proposed in 1882 by Lord Rayleigh [33] is widely used to describe the equilibrium
shapes of charged liquid droplets in presence of an electrical charge, see e.g. [9, 11,26,36]. The
underlining energy is given by

Q2
+ .

Cap,(E)

Here E is a subset of R?, P is a perimeter term modeling surface tension, Q > 0 is the amount of
charge and Cap, is the standard capacity. The observed droplets should be (at least for small Q)
stable volume-constrained critical points of this energy. Quite surprisingly we showed in [1(] that
this model is ill-posed in the sense that no local minimizers for the natural L' topology exist at
any charge. To reconcile this with the experimental and numerical observation of stable charged
liquid drops, substential effort has been made to understand possible regularizing mechanisms.
One possibility is to restrict a priori the class of candidates as in [16,17]. Another possibility is
to add regularizing terms to the energy. See also [30] where both aspects are present. One way of
regularizing the energy is to penalize strong concentration of charges (which amounts to regularize
the capacity term) as in [5,27,30] and to some extent [18,28,29]. A second very natural way to
regularize the energy is instead to take into account higher order effects in the term modelling
surface tension. It is for instance suggested in [19] that penalizing the curvature through the
Willmore energy could be enough to restore well-posedness. The aim of this paper is to answer
this question affirmatively.
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1.1. Notation and main results. We will use the notation A < B to indicate that there exists
a constant C' > 0, typically depending on the dimension d and on « € (0,d) such that A < CB
(we will specify when C' depends on other quantities). We write A ~ Bif A B< A and A< B
to indicate that there exists a (typically small) universal constant e > 0 such that A < eB.

For d=2,3, « € (0,d), @ >0, A > 0 and FE a smooth set we consider the energy
Faq(E) =AP(E) + W(E) + Q*Z.(E).

When X = 0 we simply write Fg(F) = Fo,o(E) = W(E) + Q*Z,(F). The various terms of the
energy are:

e the perimeter P (see [24]), which satisfies for smooth sets
P(E) = HY(OF),
where #?~! denotes the (d — 1)-dimensional Hausdorff measure in R

e the elastic or Willmore energy W, defined as

H? at for d = 2,
oOF
1
4 oF

where H denotes the mean curvature of OF, i.e. the curvature in dimension two and the
sum of the principal curvatures in dimension three (see Section 3.1);

H? dH? for d = 3,

e the Riesz interaction energy Z, defined, for o € (0,d), as

Zo(E) = min I,(p)

n(E)=1 ~ Cap,(E)
with
L(y) = / dp(x)du(y)
RixRd |T — Yy
Given a volume constant m > 0, we consider then the following problem
min {Fy g(E) : |E| =m}. (1.1)
A first step in the study of (1.1) was taken in [15]. There, the capacitary term was replaced by

dxdy
Va(E) :/ =
ExE Y

This corresponds to the assumption that the charge distribution w is uniform on E. The functional
is then a perturbation of the Gamow type models studied for instance in [10,12,20]. The main
results of [15] may be summarized as follows. First if we consider the case d = 2, disks are
the unique minimizers among simply connected sets for @) small enough and A = 0 (and thus
also for any A > 0 by the isoperimetric inequality). Dropping the assumption that the sets are
simply connected we lose existence for A = 0. For A > 0 there is now a dichotomy. There exists
A = A(m) > 0 such that for Q = 0, minimizers are disks if A > X\ while they are annuli if A < \.
This picture remains valid if @ > 0 is small enough. When d = 3 and A = 0 (and thus again for
every A > 0 by isoperimetric inequality), it was proven that for small enough @ and « € (1, 3)
the corresponding energy is uniquely minimized by balls. In this paper we prove that to a large
extent the same results hold for (1.1).

In the two-dimensional case we strongly rely on the analysis from [15]. Let us define
in  FrolE), 1.2
poin  FralE) (1.2)
min  F o(E), (1.3)

EeM(m)



A LIQUID DROP MODEL WITH WILLMORE ENERGY 3

where M(m) is the family of measurable sets of measure m in R? and M,.(m) is the subset of
M(m) of simply connected sets.

Proposition 1.1. For every a € (0,2), there exists Qo = Qo) such that for every X > 0 and
every Q < Qom~(“~V/2 the only minimizers of (1.2) are balls.

For (1.3) we are only able here to treat the case A > A when we expect minimizers to be disks
when they exist. We set here A = A\(|By]) to be the constant given by [15, Theorem 2.7].

Proposition 1.2. For every a € (0,2) and \g > X, there exists Qo = Qo(Mo, ) > 0 such that for
every X > Aom ™~ and every Q < Qom~*~V/2 the only minimizers of (1.3) are balls.

Remark 1.3. When XA < X we expect to see instead annuli. However this seems to be a difficult
problem as the analysis in [15] heavily relies on the fact that Vo, (E) is an explicit function of E.

We now turn to the case d = 3. Our main result is the following.

Theorem 1.4. For every o € [2,3), there exists a constant Q = Q(a) > 0 such that for every
A >0 and m > 0 with Q < QmB~*/S the only minimizers of (1.1) are the balls of measure m.

As above we prove the result for A = 0. Moreover, by scaling we may assume that m = |By|.
The main difference between d = 2 and d = 3 is that in the former, having finite energy implies a
C™1/2 control on the sets implying in particular that sets of small energy must be nearly spherical.
In the latter, we can still obtain from [3] that they are W22 N Lip parameterizations of the sphere.
While a stability inequality for W is given by [34], as opposed to [15], this does not seem to
be enough to perform the Fuglede type computations from [16, 18, 32] for Z,. Our strategy is
thus to first prove (uniform in Q) C'# regularity for minimizers. A first issue is the existence of
minimizers. If we work with the non-parametric approach of Simon, see [39], we naturally end
up in the class of varifolds with square integrable mean curvature. As in [16] a major problem
is then the semi-continuity of Z,. We solve this issue by relying on [3,4] to obtain that in the
small charge regime, sets of small energy must be parameterizations of the sphere with controlled
W22 norm. This yields convergence in the Hausdorff sense from which we obtain existence of
minimizers. In order to prove regularity of these minimizers, a natural idea would be to follow
the parametric approach [35] of Riviére. However, this does not seem to be easily compatible with
our capacitary term. We go back instead to the non-parametric approach viewing the volume
penalization and Z, as lower order perturbations of W. Our proof departs in a substantial point
from [39] (see also [31]). Indeed, a central difficulty in the theory of varifolds is that it is in general
not known that smooth sets are dense in energy. Since the construction of competitors in [39] has
to be made for smooth sets, [39] does it at the level of minimizing sequences. The main drawback
is that one has to distinguish the ’good points’ where there is no energy concentration from the
'bad points’ where there is energy concentration. In our case we leverage on the fact that sets
with small energy are parametrized to prove density in energy of smooth sets (see Lemma 3.2).
Using this approximation result we can avoid altogether the presence of the 'bad points’. Not only
this simplifies significantly the proof from [39], but it also allows to obtain bounds which do not
depend on @. Indeed, the analysis of the bad points is based on a compactness argument which
does not seem to yield uniform regularity estimates. We believe that one of the original aspects
of this work is the combined use of the parametric and non-parametric approaches together.

The restriction a € [2,3) in Theorem 1.4 comes from the fact that we use the Fuglede type
estimates from [16, 18, 32] which are not known for @ < 2. Indeed, in this case the underlying
operator is a fractional Laplacian of order larger than one. Not much seems to be known for this
type of harmonic measures.

Remark 1.5. Our proof of existence and C*# regularity for minimizers of (1.1) would also apply
(and would actually be easier) for the functional from [15] (replacing T, by V). In particular,
this proves that for small Q, the corresponding minimizers are nearly-spherical. Using the Fuglede
computations from [10, 20] we can extend [15, Theorem 4.6] to the whole range o € (0,3).

Acknowledgments. The authors thank M. Pozzetta for useful discussions about Lemma 3.2. We
thank F. Rupp for pointing out [37] to us. M. Goldman and B. Ruffini were partially supported by
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2. THE TWO-DIMENSIONAL CASE
We first prove Proposition 1.1.

Proof of Proposition 1.1. By the isoperimetric inequality it is enough to prove the statement for
A = 0. By scaling we may further assume that m = |By|. If E € M. (|B1]) is such that
.7:07Q(E) < .F()’Q(Bl), then
W(E) < W (B1) + Q*(Za(B1) — Za(E)).
In particular, if @ is small enough, we can apply [15, Theorem 2.3] to obtain
Q*(Za(B1) = Za(E)) > W(E) = W(B1) 2 (P(E) — P(B1)) + min |[EAB (z)]. (2.1)

Since OF = ([0, P(F)]) where v is a unit-speed parametrization with

P(E)
W)= [
0

from the embedding of W?22([0, P(E)]) in C*'/2([0, P(E)]) we see that for every 8 < 1/2 and
every Q small enough, up to translation, every such set is C*? close to B; and thus a nearly
spherical set. By [18, Proposition 4.5] we then get

Zo(B1) = La(E) S P(E) — P(By).
Combining this and (2.1) yields a contradiction if @ is small enough. (]

We now prove Proposition 1.2.

Proof of Proposition 1.2. By the isoperimetric inequality it is enough to prove that for every A > X
there exists Qo > 0 such that balls are the unique volume-constrained minimizers of F ¢ for every
@ < Q. For this we notice as before that if Fy g(E) < Fx,q(B1), then

Fao(E) < Fao(B1) + Q*(Zo(B1) — o (E))

we may thus apply [15, Lemma 2.9] and conclude that for @ small enough (depending on \), such
sets must be simply connected. By Proposition 1.1, this concludes the proof. O

3. THE THREE-DIMENSIONAL CASE

3.1. Preliminaries on Riemannian geometry and weak immersions. In this section we
first collect some notation and well-known facts from Riemannian geometry, see e.g. [6,7]. We
then prove in Lemma 3.2 an approximation result for weak immersions. For r > 0 we write
S2 = 8B, and simply S? for S%.

We denote by D the flat connection on R3 i.e. if X = Z?Zl X,e; then DxY = Z?Zl X,;0;Y. Let
¥ C R3 be a smooth compact 2—dimensional manifold oriented by its normal v. For X,Y tangent
vectorfields to ¥ we define the action of the second fundamental form A on them as

A(@)[X (z), Y (z)] = —(DxY) - v. (3.1)
Notice that witht this convention, if ¥ is the boundary of a convex set oriented with the outward
normal then A is positive. If (71, 72) is a local orthogonal frame we have for i = 1,2,
D, m; = — A, T]v. (3.2)
Moreover, if ¥ = S?, we have A[r;,7;] = &;;. When considering A as a (symmetric) linear map
from T,> to T,> we write

H =Tr(A) and A°=A—- %(TrA) Id
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to be the mean curvature and the traceless part of A. If (k1, ko) are the eigenvalues of A, we have
1
HP = (s +r2)%, AP =#T4+s3 and AP = S(m — )

If we denote by g(X) the genus of &, we have by the Gauss-Bonnet formula,
1 1
7/ |H|?dH?* = 7/ |APdH? 4+ 27(1 — g(£))  and
4 Js 4 Js

0|2 2_1 2 2_71— _
/E|A|d7{ —2/Z|A| A2 — 4n(1—g(¥). (3.3)

In particular we have as consequence of the Li-Yau inequality (and g(X) > 0) that for any smooth
compact surface X,

: /Z AP > 2n(1 + (%)) = 2. (3.4)

For v a smooth real-valued function defined on a neighborhood of ¥ we define Vi(z) € T,.X as
the line vector

V¢ = 11,2 (DY)
where 7,5 is the projection on T,%. If (r,72) is a local orthonormal frame, we often write
0;¢ = V1 - ;. We then define

V2 (@)[X (2),Y (2)] = D*(2)[X (2),Y (2)] — AIX, Y](x) Dy(z) - v(z). (3.5)

We similarly denote 9;;4 = V2¢[r;, 7;]. If ¥ = (¢1,---9) € R then we still write V) for the
matrix whose k—th line is given by V.. In local coordinates we have Vi) = (914, d21)). For a (k x
3)-array M = (My,--- , My)T we write 7wr, (M) for the (k x 3)-array (77,5 (M), 71, 5(My))T.
Let us point out that if ¥ is connected and % is a smooth embedding then by the theorem of
Jordan-Brouwer, see [2, Proposition 12.2], there exists E such that 0F = ¢(X%).

For ¢ € W22(S2) N Lip(S?) such that for some ¢y > 0 and H? a.e. on S2,

|01 A 01| > co

we set
O ANy
v (o oyl
We consider N, as a function from S? to S?. Notice that such 1 are weak immersions in the sense
of [35]. For ¥ = ¢(S2), we see that Ny, is a normal vectorfield to . Let then g be the pullback

metric on S? of the standard Euclidean metric on ¥ through % i.e.
g(v,w) = Vop(v) - Vip(w)  V(v,w) € TS? x TS?.
We then write dvol, for the volume form induced by the metric g, that is

dvoly = \/|019]2|020|2 — (D19 - D21))2dH> = |019) A Dot)|dH>.
We then have (see [7, Section 3.3])

/|A|2cm2=/ |AG™|? dvol,
by s2

Aij = —(09i0) - Ny = =(V? - Ny )y

where by (3.1),

and
Gl — 1 ( |021] —01 - 32¢>
‘81’(#/\821M2 = - Oap |81’(/}|2

Notice that by the Weingarten equations, see [7, Section 3.3],
—1)2 _ 2
|AG = |VNyly-
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Therefore,
/ |A|2dH? = / [V Ny|2 dvol,
b s2

2
dH?.

_ 3|02, |020]2 —81¢'32¢>
= /Sﬁ |81¢/\821/J| (V (0 Nw) (_alw X |3177/1‘2

When 1 € W22(S?) is conformal, we let h? = |V1|?/2 = |19 A O29| be the conformal factor.
Notice that for ¢ conformal if h? = |V4|?/2 is bounded then ¢ € Lip(S2). For such conformal

maps we have
/|A|2dH2:/ |V Ny|? dH2.
> s2

We will need an approximation result. As suggested in [21, page 316] we follow the strategy
of [38, Section 4].

Lemma 3.1. Assume ¢ € W22(S2 R3) N Lip(S?, R3) is conformal and such that

| =

[h = 1| poes2) <
Then there exists a sequence of smooth maps 1, such that ), converges strongly in W22(S?,R3)
to v with
1
\81wn A\ 82'@[1n| Z § and ||V’l/)n||Loo(§2) S 2. (36)

Proof. Let us define the subset of R? x R3
M = {h(vi,v2) : (h,v1,v2) € A},

where A is the family of triples (h,v1,v2) € RxS? xS? such that |h—1] < 1/2, (v1,v2) = 0. Notice
that for a.e. € S?, Vap(x) € M as it is a conformal map. We extend 9 to R by 0—homogeneity.
Notice that if mg2 (x) = x/|z| is the projection on S?, this means that we identify ¢ and (mg2(1)).
For further use let us point out that if ¢ is 0—homogeneous then D((z) = ﬁVC(ﬂ'y (x)). Writing
in coordinates that

V(= Z 0, (i
and using (3.2), we find l
D*¢(z) = # (V?((ms2 () — 52 (2) @ V{(ms2 () + V{(ms2(2)) ® mg2 () . (3.7)

Let now p be a standard convolution kernel with Sptp C B;. For € € (0,1) we set p.(z) =
e 3p(z/e) and then

vele) = [ pelo—u)wt)dn
Fix 2 € S%. Using that
/ pe(y)dy =1
R3

and for a.e. y with |y — x| < e, DY(y) = |y|~'Vi(rg2(y)) € M provided € is small enough, we
have

distrs (Vape (), M)? = /3 pe(z — y)distgs (Vibe (), M)? dy

R
< / pe( — )| Dily) — Vibe ()| dy

]RS
2 (3.8)

< [Lote=|pot) - [ ot D01 ay

2
+

/RS pe(x — 2)DY(2)dz — V()
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We now bound separately the two right-hand side terms. For the first one, let ((y) = Dy (y) so
that with obvious notation

/ pe(z — y) | Du(y) - / pe(a — 2)Dip(2)d
R3 R3
2 r— 2
<2 [ e =) DC) Py

by the weighted Poincaré inequality. Since D¢ = D2y we have by (3.7),

2

dy= [ oo =)o) = )P dy

[ pela =0l = @ dy <2 [ peta =) [0l 2193 0tme ()| + V(o) )] dy

$e [ I )+ Ve )
B.(x
Letting
Gl = [ [Vl 4 [TuPan?
B.(z)NS2
we thus have
[ pela =)o) = @ dy 5 Gfo). (39)

Let us now turn to the second right-hand side term in (3.8). Writing that

vele) = [ peleyita = )iz

we compute by linearity of the projection,
Viile) = [ penre (Do - 2)ds= [ puo=Drne (Du)ds (310)
R R
Before proceeding further let us point out that for every z,z € S? and v € T,;S?, since v-y = 0 we
have by writing z =y + (z — y),
|z vl =[(z —y) vl < |z —yll|. (3.11)
We then have,

/RS pe(x — 2)DY(2)dz — Vipe ()

< / pe(a = 2) IDY(z) = 7,0 (DY(2))] dz

= /RS pe(a—2)|2| 7 [V (g2 (2)) — w52 (Vi (ms2 ()] dz = /RS pe(w—2)|2| 7 [V (ms2(2)) - x| dz
(3.11)
< 5/ pe(x — 2) |Vip(ms2(2))| dz.
R3
Since v € Lip(S?) with |V¢| = v/2, we conclude that

el = 2)DU(E)dz — V()
R
Plugging (3.9) and (3.12) into (3.8) we find

distrs (Vipe(x), M) S Gg(x)% +e.
Now since |V2|?2 € L1(S?), we get that Ge(x) — 0 as ¢ — 0 uniformly in z, and so
lim sup distgs (V). (x), M) = 0.

E— reS?

<e. (3.12)

~

Thus for e small enough, there exists for every z € S? an element A = A(x) = (a1,a2) € M such

that )
() — Al < —.
Vee(e) - Al < o
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By bilinearity and the triangular inequality we conclude that

|01 A\ O2tpe| > |ay A az| — [(O1e — az) A ar| — (02t — a1) A ar| — [(O19e — a1) A (02t — az)|

> 1 101 — aallon] ~ 1032 — anllaa| — |Ore — 020 — al

1

6

This proves the first part of (3.6). For the second part of (3.6), we simply observe that by (3.10),

>

V@) < [ pelo =)Vt @)ldy+ [ pea=le = sl Dvw)ldy
SNVl Lo s2) (1 + Ce).

Let us now prove that 1. converges in W22(S?) to ¢ in L?(S?). By Poincaré inequality it is
enough to prove that V2. converges to V21. Fix z € S? and write for simplicity 7; = 7;(z). By
(3.5) and the definition of 1., we have

V@)l = [ oo =9) [P0 7] - 6,D0() o] dy
(3.7)

X /R pel@ = y)ly| V(e (9) I 71y

—/RB pe(x—y) [yl (Ve(ms2 () - 73)(y - 75) + |y| > (Vb (2 (1)) - 75) (y - ) + 03, D (y) - x] dy.

Using (3.11) and recalling that Dy(x) - & = 0 we have
| V2 (2)[75, 73] = V() [73, 73] | S ‘/RS pe(z —y) (ly17>VP(me2 ()7, 73] — V() [73, 75]) dy’
te [ pela— ) ITo(ms 0))ldy
RS
N ‘/}Rg pe(x —y) (V(ms2 () [7i(ms2 (y)), 75 (72 ()] — V20 (2) 73, 75]) dy‘

te / el = ) (V952 ()] + V2952 () Dy
Thus

[V2e(2) = V20 ()] S

[, pea = X720 ) - Ty

be / el = )V (mea ()] + V3032 (9) ).

Since V2 € L*(S?) implies as in the Euclidean case that

2
dH?(x) =0,

lim
e—0 S2

[, pela = )Tt (v) = T0@))y

the L? convergence of V2. to V21 follows from

/Sz (/RS p=(x — ) (|Ve(ms2 ()| + | V24 (s (y)))dy) M2 (z)

2
5/ (51/ |v¢|+|v2¢cm2> dH?(z)
2 B, (z)NS?

< 62/ VI + [V22aH2.
S‘Z

O
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Lemma 3.2. Assume that E is such that OE = (S?) for some conformal embedding 1 €
W22(S2,R3) N Lip(S2,R3) such that

r
h—r| g < —.
| 7o (s2) < 1

Then, there exists a sequence of smooth maps ¥y, : S2 — R3 such that setting OF,, = 1, (S?),

Y — b in W2 and lim |A|2dH? :/ |A|2dH2.
OF

n—oo fop,

Moreover for all z € R®, p > 0 such that H?* (OE N OB,(z)) = 0 there holds

lim |A|2dH? = / |A|2dH?. (3.13)
=0 JOE,NB,(z) OENB,(x)

Proof. By scaling we may assume that » = 1. Let then 1, be the sequence given by Lemma 3.1.

Up to extraction, we may further assume that V2, and V1), converge a.e.. Recall also that since

1, are smooth embeddings, by Jordan-Brouwer Theorem, 1, (S?) = OE, for some compact set
FE,. Thus

_ O n2 ) na N 2
= |01n A Dathy| 3 |02y | 1Un - Ot )

2
(V ’(/Jn . N'L/)n) <—81¢n . 82¢n |81¢n|2

converges a.e. to

= |019 A Dop| 3

By (3.6) of Lemma 3.1 we get that

2. |Dp1p? —81¢'32¢) ’
(V- Ny) (—alwagw EOE

2 _ . 2
b, = |811/}n A 82wn‘_3 |82¢n| 81¢n 82¢n)

2
(V=4 - Ny, ) (311/,” - Oathy |01 |?

which allows us to conclude by dominate convergence that

/ |A|2d7-l2=/ <I>nd’H2—>/ <I>d7-[2:/ |A|2dH?.
oE, S2 S2 oFE

Assume finally that H? (OE N dB,(z)) = 0. The measures u, = |A4,[*H?L_0E, weakly* con-
verge to u = |A|*H?|_ E,. Indeed, for every f € C°(R?), we have by dominated convergence

SV [

[ i [ saee@arte > [ o@e@aiate = [

R3 52 R3

Since p,, are Radon measures, and u(9B,(x)) = 0 we have that p,(B,(x)) converges to u(B,(z)),
see e.g. [1, Proposition 1.62]. This concludes the proof of (3.13). O

Remark 3.3. After this work was completed, we were informed by the authors of [37] that a result
analogous to the one in Lemma 3.2 has been recently proved in [97, Lemma 5.6/, with a similar
strategy. Indeed, in [37] it is proved that also (curvature) varifolds with Willmore energy below 8m
can be smoothly approximated. For the reader’s convenience, we decided to keep our proof of this
result.

3.2. The regularized capacitary functional. Because of issues related to the continuity of Z,,
(see Remark 3.5 below), it will be easier to work as in [18,27] with a regularized version. For n > 0
and p € L*(R?), we set

X
1) =1+ [ Pwye= [ POED iy [ e
R3 R3 xXRR3 |$* | R3
and then

71(5) = min {120) + [ ute) o =1}

The following continuity result is implicitely contained in [16, 18]. For the reader’s convenience we
provide a proof.
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Lemma 3.4. For n > 0 let E, be a sequence of smooth compact sets converging in Hausdorff
distance to a compact set E. Then I1(E,) — I1(E). If n =0, the same conclusion holds provided
E has interior density bounds i.e. there exists ro and ¢ > 0 such that for every 0 < r < ry and
everyx € F,

|EN B, (x)] > crt.

Proof. We start with the easier case n > 0. We first prove lower-semicontinuity. Let pu, be
the optimal charge distribution for F,. Notice that the existence and uniqueness of p, is a
consequence of [23, (1.4.5)]. Since F,, and E are compact, up subsequence p, weakly converges
as measure to some measure p. By semi-continuity of I, under weak convergence, see [23] as well
as semi-continuity of the L? norm we have

Lt eTn Y _ e I > T,
lim inf 7 (Ey,) = liminf I7 (pin) > 15(12)

Since p,, also converges weakly in L? to p and g, converges strongly in L? to xg we get [ g h=
1 thus p is admissible for Z7(E). This proves the lower-semicontinuity. For the upper semi-
continuity, let ;1 be an optimal measure for Z7(E), let

cn:/ uw—1 as n — +00,
ENE,

and then
fin = €y HXENE,
The measure pu,, is admissible for Z'1(E, ) and we have
TU(En) < I(pn) < ¢ 13(n) = ¢ *TU(E).

Sending n — oo concludes the proof of the upper-semicontinuity.

If n = 0, the semi-continuity argument works exactly as in the case n > noticing as in [10,
Theorem 4.2] that by the Hausdorff convergence of E,, to E, we have Spty C E. For the upper-
semicontinuity, we use' [16, Proposition 2.16] (see also [13, Theorem 3.11]) to infer that for every
d > 0, there exists us € L>°(E) such that

Io(ps) < Zo(E) + 6.

We can now proceed as in the case n > 0 by setting
Cn,s :/ Hs,y
ENE,

—1
[n.s = €, sH6XENE,-

and then

Since

11— cnsl < lpsllLee|E\En]
we have lim,,_,o ¢;,,s = 1. Arguing as above in combination with a diagonal argument concludes
the proof. O

Remark 3.5. Let 1, be a sequence of weak immersions of S? converging in W22 to an embedding
. It is tempting to conjecture but seemingly not so easy to prove, that T, (1, (S?)) converges to
To(¢(S?)). If we had this statement at hand we could avoid the introduction of I and directly
work in the proof below with Z,,.

We close this section with a simple scaling property of Z7.
Lemma 3.6. For every a € (0,3), n >0, E C R? compact and X > 0,
TNAE) < max(A\* 3 A3 Z1(E). (3.14)

LWhile [16, Proposition 2.16] is stated for smooth sets, a quick inspection of the proof reveals that interior
density bounds are sufficent.
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Proof. Let u be the optimal measure for Z7(E) and let py = Thiu where Ty (z) = Az. The measure
oy is admissible for Z7(AE). We have I, (uy) = A*~3I,(u) and for n > 0, since p is absolutely
continuous with respect to Lebesgue, ux(z) = A2u(x/\) so that

/ py =" / (.
R3 R3
We thus find

TIOE) < La(ua) + 1 [ 12 <0 L)+ [ < max( 0 )Z(E).
R3 R3
This concludes the proof of (3.14). O

3.3. Existence of minimizers. For 1 > 0 we introduce the functionals
FO(B) = W(E) + Q°T!(E)

so that Fg = .7-"5 and

Fi(E) = i/aE |ARdH? + QTN (E). (3.15)

When 1 = 0 we simply write ]T'Q = ]?82 Let us first prove that for @ small enough, in order to
prove that balls are the only volume-constrained minimizers of Fg, it is enough to prove that they
are the only volume-constrained minimizers of Fg.

Lemma 3.7. There exists Qo > 0 such that for every Q < Qo and every n € [0,1], every smooth
compact set E with FA(E) < FA(B1) or FO(E) < F¢(B1) must have a connected boundary with
g(OF) = 0. In particular,

FY(E) = FA(E) + 2.
Proof. Assume first that F¢)(E) < F¢(Bi) so that if @ is small enough
W(E) < W(By) + Q*I1(B,) < W(By) + Q*ZL(B;) < 272 < 8r.

By Li-Yau inequality this implies that OF is connected and by [25, Theorem A] that E is of sphere
type i.e. g(OF) = 0.
If instead, F¢)(E) < F;5(B1) we may assume that Q < 1 is such that

Fo(By) = 21 + Q*T1(By) < Am.

Then, (3.4) implies that OF is connected with g(0F) = 0. The final claim is a consequence of
(3.3). O

We relax now the volume constraint. This type of relaxation is fairly common in isoperimetric
type problem, see e.g. [3,14,18]. For A,n > 0 we set

FENE) = FO(E) + Al B| - | Bl
and, for n = 0, we set with a slight abuse of notation with respect to (3.15),
~ ~0.A ~
Fo(B) = Fy (E) = Fo(B) + Al|E| — |Bil.
We begin by observing that minimizing .7?272/\ with or without volume constraint is equivalent.

Proposition 3.8. For every Qo > 0, there exists 0 < A < Q3 such that for every Q < Qo and
every n € [0,1],

inf{FGN(E) : |E| =|Bi|, E smooth} = inf{F}™(E) : E smooth}. (3.16)

Moreover, if E is a minimizer for the right-hand side then |E| = |B1]|.
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Proof. Since in (3.16) the left-hand side is always larger than the right-hand side we only need to
prove that provided A = AgQ3 for some A large enough, for every Q < Qo,

inf{ 74N (E) : |E| = |Bi|, E smooth} < inf{F}"(E) : E smooth}. (3.17)
Let us assume that there exists F smooth with |E| # |B;| and for which
Zn,A Zn,A .
Fo (B) < FHH(F) for all smooth F' with |F| = |By]. (3.18)

We first notice that since ng(E) < fg’A(Bl) and [, |APdH? > [, [APdH? (vecall (3.4)),
Q*ZU(E) + Al|E| - |Bi|| < Q°ZI(B1) < Q*Z,(By).
Recalling that A = AgQ32, we find
MollEl = |Bif[ 1 and  Z(E) <Z5(B1) S 1. (3.19)
In particular, we may assume that ||E| — |B;1|| < 1 provided Ag is chosen large enough. Let now

t =1 — (|Bi|/|E)"/® be such that |(1 — t)E| = |By|. Since F§*(A\E) < Fy™(E) for A > 1 by
(3.14), we have t > 0. Moreover, since ||E| — |B1|| < 1, we also have t < 1. By assumption,

FNE) < FRMN-0)E).

Since

~ 1

FyME) =4 [ 1APOC + QT + A - 1B

OFE
1
_ 1/ APAH? + Q*T(E) + AlBi| (1 — 1)~ — 1)
oE

and

~ 1 (3.14) 1 .
FsNa-0B) = [ AP+ @i -0B) < ¢ [ aPa+ @m0

we find after rearranging the terms
ABi| (1= =1) <QTUE) (1-t)°—1).
Since 0 < ¢t < 1 we can simplify and conclude (since ¢ # 0)
(3.19)
MQF=A S QITUE) S Q.
This proves that if Ag is large enough then (3.18) cannot hold with |E| # |B;| and we indeed have

(3.17).
O

We now prove that for @) small enough ng admits minimizers and that they are W22 embed-
dings of the sphere.

Proposition 3.9. There exists Qo > 0 such that for every Q < Qo and every 0 < n < 1, there
exist 7 > 0 and ¢ € W22(S2) N Lip(S2) a conformal embedding such that (the implicit constants
do not depend on n)

= 1]+ [[¢ = 1d[[f2ie g2y + 1B = 1| (s2) S Q (3.20)
and such that OF = 1(S?) satisfies |E| = |B1| and
FEMNE) = inf{FENF) : F smooth}. (3.21)

Moreover, there exists E,, smooth with OF,, converging to OF in the Hausdorff sense and such that
Zn,A ZFn,A .
FoH(En) = FHH(E) with

/ |A2dH? — |A|?dH?  provided H?*(OENOB,(z)) =0. (3.22)
AE,NB,(x) AENB,(z)

Finally, if E is a (smooth) minimizer of (3.21) for some n € [0, 1], then up to translation, OF =
W(S2) for some r and 9 satisfying (3.20).
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Proof. Let Qg be given by Lemma 3.7. If E is smooth set with |E| = |B;| and such that .7?8 (B) <
fg(Bl), since OF is connected with g(0F) = 0, using (3.3) we find

1 1

1
7/ |A|PdH? — 7/ |APPdH? = W(E) — W (By) = 7/ |A°|2dH>.
4 Jor 4 Jop, 2 Jor

Moreover, by [15, Proposition 4.3], H2(9FE) is universally bounded so that by [34], if r is such that
HE(S2) = HE(DE),

r— 1] < (H(OF) — 4m) < / A°P < Q2T(BY) < QT (By) < Q2.
OF

Notice that by the isoperimetric inequality, H2(OE) > H?(0B;) and thus r > 1. Appealing
to [3,4], and up to translation, we find the existence of a conformal embedding ¢ € W?22(S?)
satisfying

Il — Id”%v%asg) b= rllreE) S /aE A% £ Q%

By triangle inequality, this proves the last part of the statement.

If now E,, is a minimizing sequence then by the previous discussion, we find after possible trans-
lation, a sequence 7, uniformly bounded from above and below and a sequence of conformal
b, € W22(B,, ) satisfying (3.20) and such that OFE,, = 1,,(0B,.,). After extraction we find that
T — 1 >0, 1, — 1 weakly in W22 with (r,1) satisfying (3.20). By Sobolev embedding, 1, also
converges strongly in W2 and in C%# for every 8 € (0,1) so that ¢ is conformal. By the strong
W2 convergence and (3.20) we have

[ = 1| pe(s2) S Q7
In particular, ¢ € Lip(S?) and up to decreasing the value of )y we may assume that h € (1/2,2).

By the C%# convergence of 1),,, we have that OF, converges in the Hausdorff topology to OF =
¥(S2). By lower semicontinuity of the Willmore energy we have

W(E) <liminf W(E,) < 87
n—oo

and thus by Li-Yau inequality [22, (A.17)] ¢ is an embedding. By the Hausdorff convergence of
OE,, to OF, we find |E| = |B;| and lim,, Z(E,) = Z](E), see Lemma 3.4, so that

FAME) < liminf F3M(E,) = inf{F§™(F) : F smooth}. (3.23)

To conclude the proof we use that since h € (1/2,2), we can apply Lemma 3.2 and find a new
sequence ¢, of smooth embeddings of S? converging strongly in W22 to 1. Setting OE, = 1, (S2)
we find that dE,, converges in the Hausdorff topology to dE with Jop, [APdAH? — [, |A]PdH?
and |E,| — |E|. Moreover, the second part of (3.22) holds. Finally, by Lemma 3.4 we have
I7(E,) — T7(E) which yields ﬁgA(En) — ng(E) This proves the first part of (3.22) as well
as

=n,A . AT ep A
Fo (E) = nh_}n;o Fo (Ep) > inf{FH7(E) : E smooth}.
Combined with (3.23) and (3.16), this concludes the proof of (3.21).

4. REGULARITY

We prove now an elementary but useful decay estimate (see e.g. [13, Lemma 5.13] for a variant
of this result).

Lemma 4.1. Let A,§ >0, 70 <1, 6 € (0,1) and v € (0,1). Let ¢ be a positive and increasing
function such that

Y(Or) < y(r) + Ar® Vr € (0,r9). (4.1)
Then, there exists 8 = 3(6,7,d) € (0,6) and C = C(0,v,0) > 0 such that

r

B
bir) < C () ($(ro) + ArE). (1.2)

To
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Proof. We fix 8 € (0,9) such that

v < 6°. (4.3)
Notice that since v < 1 this is always possible by taking £ small enough. We now prove that there
exists C' = C(3,0) such that (4.2) holds. For k > 0 let r;, = 0¥ry. Since 4 is increasing, for every
r € (Tkt1,7k), Y(re+1) < ¥(r) < ¥(rg) so that it is enough to prove (4.2) for r = r,. We now
argue by induction. For k = 0 the statement clearly holds (with C' = 1). Assume that it holds for
rg. Then, using (4.1) we have

P(res1) < y(ry) + Ard

B
<~C (Tk) <¢(To) + Arg) + Ari

To

B 5
Tr41 s\ (v 1 m
Cﬁ( > 1/)(7’0)+A7“0 <+ )
To < ) 96 C7"£+1
B
B Tht1 8\ (7 1 5.8
_C< o ) (w(ro)—i—ArO) (W cap'o )

st (e ) s\ (o, L
= C( TO) (000 +478) {55 + 67 )

Since 6 and § are fixed, by (4.3) we can find C large enough such that

¥ 1
A
95 T Cop =

This concludes the proof of (4.2) for rj41. O

We are now in position to show the main regularity theorem we shall need in the sequel.

Definition 4.2. For n > 0, we say that E is a (volume constrained) approximable minimizer of
Fo if |E| = |Bil, and up to translation there exist, r > 0, ¢ € W22(S2) N Lip(S2) and E,, smooth
such that OF = 1(S?), OF,, converges to OF in Hausdorff distance, (3.22) holds and

T : A .

Fo(E) =inf{Fy"(F) : F smooth}.
Remark 4.3. As a consequence of Proposition 3.9, for every n > 0 there exists approrimable

L. A
minimizers of F¢y™.

We write every x € R? as = (2/,3) and denote B. = {|2/| < r} the two-dimensional ball of
radius r.

Theorem 4.4. Let n € [0,1] and let Qo > 0 be the constant provided by Proposition 3.9. Then
there exists € > 0, and B € (0,1) not depending on n such that for every Q < Qo, if E is an
approzimable minimizer of fg’A such that 0 € OF and for some rg € (0,1),

/ |APdH? < €2, (4.4)
OENB,,

then OE N B, /2 is a CYP surface in the sense that up to a rotation,
OE N Byy2 = {(«,u(@’)) : ue CY(B], )}
Moreover there holds
rollullers (s, . S 1- (4.5)

As a consequence every approximable minimizer has boundary of class C%P.

Proof. The proof follows closely the arguments from [39]. Let E, be a sequence of smooth sets
such that 9F,, converges to OF in Hausdorfl' distance and (3.22) holds. In particular, for every
1> p > 0 and every smooth set F,, such that F},AE, C B,, setting

O = FGMNEn) — F(E) = 0,
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we have N N N
FEMEn) = FAE) + 6, < FE(Fn) + 0.

Rearranging terms we get

[ apa < [ AP QUTUE.) - TUED) + MEAF 45, (16)
OE,NB, OF,NB,
We now claim that

TI(E.) - TI(F) S 0, (1.7)
where the implicit multiplicative constant is independent of 7. For this, we appeal to [18, Lemma
3.5] (see also [28, Lemma 2] or [29, Lemma 13]) to get that

IZ(En) - IZ(Fn) < IZ(En N Fn) - IZ(Fn)
@B F)?
= Za(Fy \ En)
On the one hand, by Hausdorff convergence there exists € R? such that B; ,2(Z) C B, N F, for

n large enough and thus Z7(E, N F,) < I](B1/2) < 1 (recall that n < 1). On the other hand,
since F, \ E,, C B,, we have

1 1 1
< <
Za(Fa \ En) ~ Za(By) ~ Za(B

This concludes the proof of (4.7). Combining this with (4.6), |E,AF,| < p® and the fact that
A < Q3%, we obtain the quasi-minimality property,

/BE . |A|2d7-[2§/aF N |APdH? + CQEp* ™ + 6, (4.8)
nMB), nNB,

(e

< 3=
~ p N
»)

for every p € (0, 1] and every smooth set F,, with E,AF,, C B,.

We now recall that sending p — oo in [39, (1.3)] we have for every p > 0,
H2(OE, N B,) < p*.

Therefore, there exists a universal € > 0 such that [39, Lemma 2.1] applies to E,, with 2. Assume
that (4.4) holds for 79 > 0 and let » < 7o (so that (4.4) also holds for r). Since H*(OENIB,) =0
for a.e. p, using the second part of (3.22), we see that (4.4) also holds for E,, with 2e provided n
is large enough. Moreover, there exists p € (r/2,r) for which

HY(OE, NdB,) < §H2(8En NB;) < p.

In particular there is a universal 6 € (0,1/2) such that by [39, Lemma 1.4], 0E,, N By, is connected.
By [39, Lemma 2.1], we can find o € (0p/2,0p) such that OFE, N B, is a topological disk Dg")
with OF, N 0B, coinciding with the graph of a function u,. Considering the surface in =
(8En\D§")) U graph w,, where w,, is the biharmonic function coinciding with u,, on 0B, we see

that 3,, = 0F,, for some C%! set F,, with F,,AE, C B,. Moreover, by [39, Lemma 2.2], we have
arguing exactly as in [39],

/ |A]2dH? < C |A]2dH?.
OF,NB, OEn,N(Bgy\Bop/2)

Combining this with (4.8) we find
/ AP < c/ |APdH? + CQ5p* ™ + 6.
OE,NB, OE,N(Byp\Bag,,/2)

Adding C' times the left-hand side to this inequality and dividing by 1+ C' we get

/ |APdH? < / |APdH? < 7/ |APdH? + CQ5p* + bn,
0EnNBg, /2 0En,NBo 0EnNBg,
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where v = C/(C +1) € (0,1). Setting
v = [ AP
dENB,
and sending n — oo in the previous inequality, thanks to (3.22) we find (recall that p € (r/2,7)
and that H*(OE N 0B,) = 0 for a.e. p)

V(Or/4) < $(0p/2) < 49 (0p) + CQGP° ™ < b(r) + CQGr* =",
Applying Lemma 4.1 with 6’ = 6/4, we get the existence of 5 € (0,3 — «) such that
B B
T r
605 (2) e+ 5 (Z)
Arguing as for [39, (3.5)], we find that up to a rotation,
OEN Br0/2 = {(m',u(ac/)),x/ € B;0/2}

and for every r < r(/2, there exists 7 = 7(r) such that

B/2
1
j/ |DUT|2§<T> .
T B; To

Repeating the argument for every x € dE' N B, /o we find by Campanato criterion that Du €
COPIN (B, ,) with

8
o ||U||017/3/4(BT0/2) <1

Up to renaming S this concludes the proof of (4.5).
O

Corollary 4.5. There exists Qo > 0 such that for Q < Qo and n € [0,1] any approximable
manimizer of }"(g’A is a CYP reqular nearly spherical set with uniformly bounded (with respect to
Q and n) CY8 norm.

Proof. Let us notice that for any £ > 0 one can find rq > 0 such that for every = € S?,
/ |A?dH? < £%)/2. (4.9)
S2MB,, ()

We claim that if @) is small enough then for every @ < Q¢ and every approximable E of fQ, up
to translation

OE = {(1 + ¢(x))z :x € S?}
for some function ¢ with ||@||c1.5(s2y S 1, where 8 > 0 is given by Theorem 4.4. Indeed, assume

this is not the case then by a covering argument and Theorem 4.4 there would exist = € S? and a
sequence Eg of approximable minimizers of .7-"5@ with @ — 0 and such that € 0Eg with

/ |A|?dH? > 2. (4.10)
8EQQB,,.0 (i)

However, by Proposition 3.9, for every @) there exist 7, g such that ¢ is conformal, 0Eg =
1/)Q (8BTQ) and

rq =1+ Yo —1d[[fy2298,,) + Ihe = Ul=(8,,) S Q™

Thus g converges W22 to Id and faEQ |A|?dH? — [ |A[*dH? which then implies that also

/ |APdH? — |A|2dH?.
OEQNB;, (%) S$2NB, (%)

In light of (4.9) and (4.10) this gives a contradiction if @ is small enough. O
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5. PROOF OF THE MAIN RESULT
We now prove the main result of the paper.

Proof of Theorem 1.4. Let Qo > 0 be the constant given in Proposition 3.9. Let E” be an approx-
imable minimizer for 5, for n > 0. Up to decrease further Q) we can suppose that the hypotheses
of Theorem 4.4 applies so that by Corollary 4.5 we know that
OE" = {(1 + ¢y(2))z : 2 € S?}

for some ¢, with ||¢;||c1.6(s2) uniformly bounded in 7 and Q.

By Arzela-Ascoli we can find, for any E < B, a sequence 7,, > 0 with 7, — 0 such that ¢,,,
converges to ¢ in C1#(S?). As a consequence, setting £, = E"™ and

OE = {(1 + ¢(x))x :x € S?}

we have that F,, — E in Hausdorff and in L'. Notice that since |E"| = |B;| we also have
|E| = |Bil. B

Let us prove that F is an approximable minimizer of . Since E,, are approximable minimizers,
there exists 7, and ¢, € W22(S?, ) N Lip(SZ ) with 0E,, = ¥,,(SZ ), such that (3.20) holds. Let
t be the limit of ¢, and r = lim,, 7,. By Proposition 3.2, Lemma 3.4 and the fact that E' is c8,
there exists a sequence of smooth sets E,, such that (3.22) holds with n = 0. In particular we have

Fo(E) > inf {fg(F) . F smooth} .
Let us prove the converse inequality. Since Z(E,) > Z,(E,) and Z,(E,) — Z,(E) by Lemma
3.4 again and the fact that E is C*#. By lower semicontinuity of faE |A|2dH? we find
Fo(E) < liminf F*(E,). (5.1)
n— oo

If now F' is a smooth compact set then using the fact that E,, are approximable minimizers and
(5.1) we have

= - -\

Fo(E) < hnrggéf}'gz (E,) < hnrggf}'g) (F).
Using [16, Proposition 2.16] and a diagonal argument we see that for smooth sets F' we have
limy, 0 fgg"’A(F) = F5(F). We conclude that

]?Q(E) = inf {]?é(F) . F smooth} .
By Lemma 3.7 and Proposition 3.8 we conclude that we also have
Fo(E) =inf {Fo(F) : |F|=|B]|, F smooth}.
This proves the existence of approximable (volume-constrained) minimizers of Fg. Moreover,
Corollary 4.5 implies that all such approximable minimizers are C''? regular nearly-spherical sets

with C'# norm uniformly converging to 0 as @ — 0. Let now E be any such approximable
minimizer. Testing the minimality against F' = B; we have after rearranging the terms

W(E) — W (B1) < Q*(Zo(B1) — To(E)). (5.2)
Let us bound the left-hand side from below. Since E is an approximable minimizer there exists a

sequence of smooth sets E,, with W(E,) - W(E) and P(E,) — P(E). Let r, — 1 be such that
|Br,,| = |Enl|. By [31],

P(En) - P(Brn) 5 (W(En) - W(BT")),
so that sending n — oo we find
P(E) — P(By) < (W(E) — W(By)). (5.3)

Using that E is a nearly spherical set, we have by [16, Proposition 5.5] in the case o = 2 (see
also [32, Lemma 2.2] for a stronger statement) and by [18, Proposition 4.5.] for a € (0,2) that the
right-hand side of (5.2) may be bounded from above by

Za(B1) = 1a(E) < (P(E) — P(By)). (5.4)

~
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Plugging (5.3) and (5.4) into (5.2) yields

(P(E) = P(B1)) £ Q*(P(E) — P(By))

which for @ small enough implies P(F) = P(B;) and thus up to translation, £ = Bj. O
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