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Preliminaries in Hopf–Galois theory
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Hopf–Galois structures

Let L/K be a finite Galois extension with Galois group G .

A Hopf–Galois structure on L/K consists of a K -Hopf algebra H
together with an action ∗ of H on L such that

• L is an H-module algebra;
• the following K -linear map is bijective:

L⊗K H → EndK (L), x ⊗ h $→ (y $→ x(h ∗ y)).

Example
The classical structure consists of K [G ] with the usual Galois
action.
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Regular subgroups

Recall that a subgroup N of Perm(G ) is regular if |N| = |G | and N
acts transitively on G .

Example

• N = λ(G ), where λ(g)[h] = gh;
• N = ρ(G ), where ρ(g)[h] = hg−1.
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Describing Hopf–Galois structures

Theorem ([Greither and Pareigis, 1987])
Hopf–Galois structures on L/K correspond bijectively to regular
subgroups of Perm(G ) normalised by λ(G ).
Explicitly, N ↔ L[N]G , where G acts on L via Galois action and on
N via conjugation by λ(G ). Moreover, L[N]G acts on L as follows:
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First examples

Example

• N = ρ(G ) yields the classical structure.
• N = λ(G ) yields the canonical nonclassical structure.

The type of the structure is the isomorphism class of N.
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The Hopf–Galois correspondence

Let H = L[N]G give a Hopf–Galois structure on L/K . For all K -sub
Hopf algebras H ′ of H, we can consider an intermediate field

LH
′
= {x ∈ L | h′ ∗ x = ε(h′)x for all h′ ∈ H ′}.

We obtain in this way the Hopf–Galois correspondence, which is
injective but not necessarily surjective.

• For N = ρ(G ), we find the classical Galois correspondence,
which is surjective.

• For N = λ(G ), exactly the normal intermediate fields are in
the image of the correspondence [Greither and Pareigis, 1987].

Problem
Study when the Hopf–Galois correspondence is surjective.
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Rewrite the correspondence

Theorem ([Crespo et al., 2016])
K -sub Hopf algebras of L[N]G correspond bijectively to subgroups
of N normalised by λ(G ).
Explicitly, N ′ ↔ L[N ′]G .

This provides a correspondence between subgroups of N normalised
by λ(G ) and subgroups of G [Koch et al., 2019], which is
“mysterious” but can be shown “quantitatively” to be surjective in
some examples.
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The known connection between HG and SB
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Skew braces

Definition ([Guarnieri and Vendramin, 2017])
A skew brace (A,+, %) consists of two groups (A,+) and (A, %)
related by the following property: for all a, b, c ∈ A,

a % (b + c) = (a % b)− a+ (a % c).

Each skew brace is associated with a gamma function

γ : (A, %) → Aut(A,+), a $→ (b $→ −a+ (a % b)).
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Examples

Example

• (A,+,+) is the trivial skew brace.
• (A,+op,+) is the almost trivial skew brace.

More in general, if (A,+, %) is a skew brace, then (A,+op, %) is a
skew brace [Koch and Truman, 2020], called the opposite skew
brace.

Definition ([Childs, 2019])
A bi-skew brace is a skew brace (A,+, %) such that also (A, %,+) is
a skew brace.
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Substructures

Definition
Let (A,+, %) be a skew brace.

• A left ideal A′ is a subgroup of A with respect to both
operations such that for all a ∈ A and a′ ∈ A′,

γ(a)(a′) = −a+ (a % a′) ∈ A′.

• An ideal is a left ideal with (A′,+) normal in (A,+) and
(A′, %) normal in (A, %).
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The known connection

Let L/K be a finite Galois extension with Galois group (G , ·).
• Let H = L[N]G give a Hopf–Galois structure on L/K . Then N

is a regular subgroup of Perm(G ) normalised by λ(G ).
Transport the structure of N to G to find (G , ◦).
Then (G , ◦, ·) is a skew brace.

• Let (A,+, %) be a skew brace with (A, %) ∼= (G , ·). Use this
isomorphism to obtain a skew brace (G , ◦, ·). Take
N = λ◦(G ).
Then L[N]G gives a Hopf–Galois structure on L/K .
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Examples

Example

• The classical structure given by N = ρ(G ) yields the almost
trivial skew brace (G , ·op, ·).

• The canonical nonclassical structure given by N = λ(G ) yields
the trivial skew brace (G , ·, ·).
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Rewriting the correspondence (again)

Let H = L[N]G give a Hopf–Galois structure on L/K , and let
(G , ◦, ·) be the corresponding skew brace.

Theorem ([Childs, 2018])
Subgroups of N normalised by λ(G ) correspond bijectively to
subgroups of (G , ◦) which are ·-stable.
Here a subgroup G ′ of (G , ◦) is ·-stable if for all g ∈ G and g ′ ∈ G ′,

g · (g ′ ◦ g−1) ∈ G ′.

Example
Suppose that (G , ·) is cyclic of order pn, where p is an odd prime.
Then N is cyclic [Kohl, 1998] and the Hopf–Galois correspondence
is surjective [Childs, 2017].
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New insights

Problem ([Childs, 2021])
Study the ratio

GC (L/K ,H) =
|{fields in the image of the HG correspondence}|

|{intermediate fields}|

=
|{·-stable subgroups of (G , ◦)}|

|{subgroups of (G , ·)}| .

Proposition ([Koch and Truman, 2020])
·-stable ideals of (G , ◦, ·) coincide with left ideals of (G , ◦op, ·).
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A new connection between HG and SB
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The idea

1. Use the opposite skew brace.
2. Make the connection a bijection.
3. Forget about the regular subgroup.
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The new connection

Let L/K be a finite Galois extension with Galois group (G , ·).

Theorem
The following data are equivalent:

• a Hopf–Galois structure on L/K ;
• an operation ◦ such that (G , ◦, ·) is a skew brace.

Explicitly, (G , ◦, ·) ↔ L[G , ◦](G ,·), where (G , ·) acts on L via Galois
action and on (G , ◦) via the gamma function γ of (G , ◦, ·).
Moreover, L[G , ◦](G ,·) acts on L as follows:
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Examples

Example

• The classical structure is associated with the trivial skew brace.
• The canonical nonclassical structure is associated with the

almost trivial skew brace.

The type of the structure is the isomorphism class of (G , ◦).
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Describing the new Hopf algebra

Consider the Hopf–Galois structure associated with a skew brace
(G , ◦, ·).

Proposition
Left ideals of (G , ◦, ·) correspond bijectively to K -sub Hopf algebras
of L[G , ◦](G ,·).
Explicitly, (G ′, ◦, ·) ↔ L[G ′, ◦](G ,·).

Fact
Let (G ′, ◦, ·) be a left ideal of (G , ◦, ·), and consider
H ′ = L[G ′, ◦](G ,·). Then

LG
′
= LH

′
.
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Ideals

Let (G ′, ◦, ·) be an ideal of (G , ◦, ·), and take F = LG
′
. We find a

short exact sequence of K -Hopf algebras

K → L[G ′, ◦](G ,·) → L[G , ◦](G ,·) → L[G/G ′, ◦](G ,·) → K .

• L/F is Galois with Galois group (G ′, ·), the skew brace
(G ′, ◦, ·) gives a Hopf–Galois structure on L/F , and

L[G ′, ◦](G ′,·) = F ⊗K L[G ′, ◦](G ,·).

• F/K is Galois with Galois group (G/G ′, ·), (G/G ′, ◦, ·) gives a
Hopf–Galois structure on F/K , and

L[G/G ′, ◦](G/G ′,·) = L[G/G ′, ◦](G ,·).
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What more?

We can translate in setting of Hopf–Galois theory
• strong left ideals;
• direct product of skew braces;
• semidirect product of skew braces;
• short exact sequence of skew braces;
• right nilpotency of skew braces.
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New examples of surjective correspondences
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Rewriting the correspondence (for the last time!)

Let L/K be a finite Galois extension with Galois group (G , ·).

Corollary
Consider the Hopf–Galois structure associated with a skew brace
(G , ◦, ·).

• The Hopf–Galois correspondence is surjective if and only if
every subgroup of (G , ·) is a left ideal of (G , ◦, ·).

• An intermediate field K ≤ LG
′ ≤ L, for G ′ subgroup of (G , ·),

is in the image of the Hopf–Galois correspondence if and only
if G ′ is a left ideal of (G , ◦, ·).

Finally,

GC (L/K , L[G , ◦](G ,·)) =
|{left ideals of (G , ◦, ·)}|
|{subgroups of (G , ·)}| .
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Bi-skew braces

Let L/K be a finite Galois extension with Galois group (G , ·), and
consider a Hopf–Galois structure such that the corresponding skew
brace (G , ◦, ·) is a bi-skew brace with gamma function γ.

Fact
For all g ∈ G , γ(g) ∈ Aut(G , ·).
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Qualitative results

Proposition
All the intermediate fields F = LG

′
with G ′ characteristic in (G , ·)

are in the image of the Hopf–Galois correspondence.

Corollary
Suppose that (G , ·) is cyclic. Then the Hopf–Galois correspondence
is surjective.

Example
Suppose that (G , ·) is cyclic of order 8. By [Rump, 2007] and easy
considerations, there exists a bi-skew brace (G , ◦, ·) with
(G , ◦) ∼= Q8. In particular, the Hopf–Galois correspondence in the
associated Hopf–Galois structure is surjective.
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More examples

Suppose that γ : G → Inn(G , ·) is surjective.

Proposition
The image of the Hopf–Galois correspondence consists precisely of
the normal intermediate fields.
Write ι(g) for the conjugation by g .

Example

• The gamma function of (G , ·op, ·) is γ(g) = ι(g).
• Suppose that (G , ·) has nilpotency class two, and take

g ◦ h = g · h · [g , h].

By [Caranti and LS, 2022], (G , ◦, ·) is a bi-skew brace with
gamma function γ(g) = ι(g−1).
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Power automorphisms

Recall that ψ ∈ Aut(G , ·) is a power automorphism if ψ(G ′) ≤ G ′

for all subgroups G ′ of (G , ·).

Proposition
The Hopf–Galois correspondence is surjective if and only if for all
g ∈ G , γ(g) ∈ Aut(G , ·) is a power automorphism.
Recall that the norm N(G ) of (G , ·) is the intersection of the
normalisers of the subgroups of (G , ·).

Fact
ι(g) is a power automorphism if and only if g ∈ N(G ).
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An explicit construction

Let L/K be a finite Galois extension with Galois group (G , ·).

Theorem ([Schenkman, 1960])
N(G ) is contained in the second center Z2(G ) of (G , ·).
In particular, we can apply [LS and Trappeniers, 2022] to deduce
that each different homomorphism ψ : (G , ·) → N(G )/Z (G ) yields
a different operation

g ◦ψ h = g · ψ(g) · h · ψ(g)−1

such that (G , ◦ψ, ·) is a bi-skew brace, and for the associated
Hopf–Galois structure the Hopf–Galois correspondence is surjective.
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Examples with the norm

Let L/K be a Galois extension with Galois group (G , ·) = Q8. Here
N(G ) = G , and the 16 different homomorphisms

G → G/Z (G ) ∼= C2 × C2

yield 16 different Hopf–Galois structures on L/K for which the
Hopf–Galois correspondence is surjective.
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Bi-skew braces

Let (G , ◦, ·) be a finite bi-skew brace, let L/K be a Galois extension
with Galois group (G , ·), and let M/F be a Galois extension with
Galois group (G , ◦).

Fact
Left ideals of (G , ◦, ·) and (G , ·, ◦) coincide.
Thus, the Hopf algebras L[G , ◦](G ,·) and M[G , ·](G ,◦) have the
“same” lattice of sub Hopf algebras, and the same number of
intermediate fields is in the image of the two Hopf–Galois
structures.
Finally,

GC (L/K , L[G , ◦](G ,·))

GC (M/F ,M[G , ·](G ,◦))
=

|{subgroups of (G , ◦)}|
|{subgroups of (G , ·)}| .
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