The residual index and the dynamics of holomorphic maps tangent to the identity

Marco Abate?

Dipartimento di Matematica, Universita di Roma “Tor Vergata”
Via della Ricerca Scientifica, 00133 Roma, Italy
E-mail: abate@mat.uniroma?2.it

September 1999

ABSTRACT. Let f be a (germ of) holomorphic self-map of C? such that the origin is an isolated
fixed point, and such that dfp = id. Let v(f) be the degree of the first non-vanishing term in the
homogeneous expansion of f —id. We generalize to C? the classical Leau-Fatou Flower Theorem
proving that there exist v(f) — 1 holomorphic curves f-invariant, with the origin in their boundary,
and attracted by O under the action of f.

0. Introduction

One of the most famous theorems in one-dimensional holomorphic dynamics is

Theorem 0.1: (Leau-Fatou Flower Theorem [L, F]) Let g(¢) = ¢ +ar¢* +O(¢*+1), with k > 2 and ay, # 0,

be a holomorphic function fixing the origin. Then there are k — 1 disjoint domains D1, ..., Dy_1 with the
origin in their boundary, invariant under g (that is, g(D;) C D;) and such that (g|p,)" — 0 as n — oo,
for j=1,...,k —1, where g™ denotes the composition of g with itself n times.

Any such domain is called a parabolic domain for f at the origin, and they are (together with attracting
basins, Siegel disks and Hermann rings) among the building blocks of Fatou sets of rational functions (see,
e.g., [CG] for a modern exposition).

A natural problem in higher dimensional holomorphic dynamics is to find a generalization of this result,
where the function g is replaced by a germ f of self-map of C" fixing the origin and tangent to the identity,
that is such that dfo = id. After preliminary results in C? obtained by Ueda [U] and Weickert [W], a very
important step in this direction has been made by Hakim [H1, 2] (inspired by previous works by Ecalle [E]).

To describe her results, we need a couple of definitions. Let f be a germ of holomorphic self-map of C"
fixing the origin and tangent to the identity. A parabolic curve for f at the origin is a injective holomorphic
map p: A — C" satisfying the following properties:

(i) A is a simply connected domain in C with 0 € 9A;
(ii) ¢ is continuous at the origin, and ¢(0) = O;
(iii) (A) is invariant under f, and (f|,(a))" — O as n — oo.

Furthermore, if [p(¢)] — [v] € P"~! as ¢ — 0 (where [-] denotes the canonical projection of C™ \ {O}
onto P"™1) we say that ¢ is tangent to [v] at the origin.

Writing f = (f1,..., fn), let fj = z; + P, + Pj,, 41+ - be the homogeneous expansion of f in series
of homogeneous polynomial, where deg Pj, = k (or Pj, = 0), and P;,, # 0. The order v(f) is defined
by v(f) = min{w1,...,vn}. A characteristic direction for f is a vector [v] = [v1 : --- : v,] € P"! such
that there is A € C so that P, s (v1,...,vn) = Av; for j = 1,...,n. If X # 0 we shall say that [v] is
non-degenerate; otherwise it is degenerate.

Then Hakim’s result is:

Theorem 0.2: (Hakim [H1, 2]) Let f be a (germ of) holomorphic self-map of C" fixing the origin and
tangent to the identity. Then for every non-degenerate characteristic direction [v] of f there are v(f) — 1
parabolic curves tangent to [v] at the origin.

This is a very good generalization of Theorem 0.1, but applies only to generic maps: if f has no
non-degenerate characteristic directions, this theorem gives no informations about the dynamics of f.
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A similar situation occurred for continuous holomorphic dynamics. It was known since the end of the
last century, thanks, e.g., to Poincaré [P], that a generic holomorphic vector field with an isolated singularity
at the origin in C" admits invariant submanifolds passing through the singularity; but it remained unknown
for more than one hundred years, even replacing “submanifold” by “complex analytic subvariety”, whether
this was true for any holomorphic vector field with an isolated singularity. At last, in 1982 Camacho and
Sad proved the following

Theorem 0.3: (Camacho and Sad [CS]) Let F' be a (germ of) holomorphic vector field with an isolated
singularity at O € C?. Then there exists a complex analytic subvariety invariant by F passing through the
origin.

See [T] for a different proof of part of this result. It should also be mentioned that Theorem 0.3 is
not true in C*: Gémez-Mont and Luengo [GL] found a family of holomorphic vector fields with an isolated
singularity at the origin in C? and no invariant complex analytic subvariety passing through the singularity.

Our main result is an exact discrete analogue of Theorem 0.3 (and thus a complete generalization of
the Leau-Fatou Flower Theorem), namely:

Theorem 0.4: Let f be a (germ of) holomorphic self-map of C? tangent to the identity and such that the
origin is an isolated fixed point. Then there exist (at least) v(f) — 1 parabolic curves for f at the origin.

We shall also be able to prove the existence of parabolic curves for germs with dfo = J2, the canonical
Jordan matrix associated to the eigenvalue 1; see Corollary 3.4.

The proof of Theorem 0.3 was based on three main ingredients: Poincaré’s (and others’) results on generic
vector fields; a canonical reduction (developed by Briot and Bouquet [BB|, Dumortier [D], Seidenberg [S]
and Ven den Essen [V]) via blow-ups of the singularity to simpler, irreducible cases (see [MM] for a good
account); and an index, introduced by Camacho and Sad, associated to a singularity of the vector field on
an invariant 1-dimensional submanifold.

In our situation, Theorem 0.2 (or better, a simplified version we shall discuss in Section 3) is the natural
replacement of Poincaré’s results; the bulk of this paper is devoted to the construction of the remaining two
ingredients in the discrete case.

In Section 1 we define a residual index t,(f,S) € C, where f is a holomorphic self-map of a complex
2-manifold which is the identity on a compact 1-dimensional submanifold S, and p € S. It turns out that this
index is either not defined anywhere on S (and we say that f is degenerate along S) or everywhere defined.
Furthermore, though the definition and the context are definitely different, it formally behaves exactly as
Camacho-Sad’s index. In particular we recover an Index Theorem:

Theorem 0.5: Let S be a 1-dimensional compact submanifold of a complex 2-manifold M, and let f be a
germ about S of a holomorphic self-map of M such that f|s = idg. Assume that df acts as the identity on
the normal bundle vg of S in M, and that f is non-degenerate along S. Then

> (], 8) = alvs),

peS

where ¢1(vg) is the first Chern class of vg.

We also have a similar result, without assumptions on the action of df on the normal bundle, if M is
the total space of a holomorphic line bundle over S: see Theorem 1.2.

Section 2 is devoted to the proof of a Reduction Theorem. Let f be tangent to the identity at the
origin in C?, and write f = (z+ £g°, w + £h°), for suitable functions ¢, g° and h°, with g° and h° relatively
prime. The first main observation is that, loosely speaking (see Proposition 2.1 for a precise statement),
the origin is dinamically relevant only if g° and h° vanish there — we shall say that O is singular for f.
Applying this observation to the blow-up of f we get the notion of singular directions, which turn out to
be the dynamically correct generalization of non-degenerate characteristic directions. Then the first step
of the reduction consists in showing that after a finite number of blow-ups we can lift f to a map whose
singularities are dicritical (roughly speaking, this means that all tangent directions are singular) or such that
the linear part of (¢°, h°) is not vanishing.
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In the latter case, it is easy to check that the eigenvalues {1, A2} of the linear part of (¢°, h°) are
independent of the coordinates. Then the second step of the reduction is to show that after a finite number
of blow-ups we can control the eigenvalues: to be precise, after a finite number of blow-ups we can assume
that at each singular point which is not dicritical we have either Aj Ay # 0, A\1/A2, Aa/\1 ¢ N, or Ay # 0,
A2 = 0. The third and last step of the reduction, yielding the Reduction Theorem 2.10, consists in showing
that possibly after some other blow-ups we can control the residual indeces of the blown-up map at all
singularities.

Finally, in Section 3 we prove a simplified version of Theorem 0.2 which is enough for our aims. In this
way we have recovered all the ingredients needed to follow Camacho-Sad’s argument, and we obtain at last
Theorem 0.4 (see Theorem 3.2 and Corollary 3.3).

I would like to thank Francesca Tovena for a couple of illuminating conversations, and César Camacho
and Paulo Sad for explaining me the content of their paper.

1. The Residual Index Theorem

We begin by fixing a number of notations and definitions that we shall freely use in the paper. O, will
denote the ring of germs of holomorphic functions defined in a neighbourhood of the origin O of C". Any
g € O, has a homogeneous expansion as infinite sum of homogeneous polynomials, g = Py + Py + - - -, with
deg P; = j (or P; = 0); the least j > 0 such that P; is not identically zero is the order v(g) of g.

If S is a subset of a complex 2-dimensional manifold M, we denote by End(M,S) the set of germs
about S of holomorphic self-maps of M sending S into itself. If S is a 1-dimensional submanifold of M, a
chart (U, o) of M about p € S is adapted to S if UNS = ¢~ ({(z,w) | w = 0}); in particular, (UNS, ¢1|vns)
is a chart of S about p.

Let f € End(C%0). We shall always write f = (fy, f2); furthermore, fi = P; + P, + --- and
fo = Q1+ Q2 + -+ will be the homogeneous expansions of f; and fo (in most cases, Pi(z,w) = z
and Q1(z,w) = w). We shall consistently write f1 = P, + g and fo = Q1 + h; furthermore, by defini-
tion, the order of f is v(f) = min{v(g),v(h)}. We shall always assume v(f) < +oo, that is f # idce.

Borrowing a word from continuous dynamics, we shall say that the origin is dicritical if we have
wP,(5)(z,w) = 2Q,5)(z,w). Following Hakim [H1, 2], we shall say that [ug : vo] € P! is a characteris-
tic direction for f at the origin if there exists A € C such that P,f)(uo,vo) = Aug and Q,5)(uo, vo) = Avo;
it is non-degenerate if A # 0, and degenerate otherwise.

We now recall some basic definitions and results on blowing up maps, referring to [A] for details. Let
M be a complex 2-manifold, and p € M. The blow-up of M at p is the set M = (M \ {p}) UP(T,M),
endowed with the manifold structure we shall presently describe, together with the projection 7: M— M
given by 7|an (py = idan gpy and 7lp(z,ar) = p. The set S = P(T,M) = 7~ '(p) is the exceptional divisor of
the blow-up.

Fix a chart ¢ = (21,22): U — C? of M centered at p. Set U; = (U \ {z; = 0}) U (S \ Ker(dz;|)), and
let x;:U; — C™ be given by

zj((q))/ W iij;handqusizj:O{,

‘ ) zn(q)/z(q ifj#hand qeU\{z =0},

XM= ), (0)/d()p(a) 35 # hoand g € S\ Ker(dz],), b
0 if j =h and ¢ € S\ Ker(dz|,).

Then the charts (Uj, x;), together with an atlas of M \ {p}, endow M with a structure of 2-dimensional
complex manifold such that the projection 7 is holomorphic everywhere and given by

wy lf]:h7

wiwy, if 5 # h. (1.2)

[pomox; wlh = {

Let f € End(M, p) be such that df, is invertible. Then ([A]) there exists a unique map f € End(M, S),
the blow-up of f at p, such that wo f = fonw. The action of f on S is induced by the action of df,, on P(T,M);
in particular, if df, = id then f|s =idg.
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We can finally start working. Let S be a 1-dimensional submanifold of a complex 2-manifold M.
If (Uy, pa) and (Ug, @) are two adapted charts with U, N Us # &, then pg, = ((péa, Lp%a) =g op,! has
the form

g = SD%&('ZOH wOL) = Ipﬁa(za) + wq Héa(za,wa),
2 2 (1.3)
wg = <pﬁa(za7wa) = Wq gﬁa(zouwa)'
Notice that {€ap(25) == 92[3(%7 0)} is the cocycle representing the normal bundle vg = (TM|s)/TS.

REMARK 1.1: As a particular case we can consider the total space M of a line bundle F over S
(identifying .S with the zero section of E). Using as charts only trivializations of the bundle, (1.3) simplifies

to
@éa(zaa ’Ll}a) = wﬁa(za),
@%a (Zom wa) = Wq fﬂa (Za)'
In this case vg is canonically isomorphic to F/, and thus the notation is consistent.

Now let f € End(M, S) be a (germ about S of) holomorphic self-map of M such that f|s = idg. Setting
fo = a0 fop,l, we can write

alZa, Wa :ZaerZ“H (.)4 Zoy Wer )
[ et 08 ) "

J2,0(Zas Wa) = ba(2a) Wa + WET2RE (20, W)
for suitable g8, he, € O, by € O1 and pq, Vo € NU{oo}, where u,, = oo (respectively, v, = 00) means g5 =
(respectively, h® = 0), and w, does not divide either g® or h?,.

Lemma 1.1: If S is compact, then the function b, is constant and independent of the adapted chart chosen.

Proof: Since f|s = idg, the normal bundle vg is invariant under the action of the differential of f; in
particular, being vg of rank 1, there should exist a holomorphic function A: S — C such that df,(v) = A(p)v
for all p € S and v € (vg),. But S is compact; therefore X is necessarily constant. Finally, an easy
computation in local coordinates shows that A(p) = ba (¢a(p)), and we are done. O

Denoting by b = b(f) € C this constant, we introduce the (locally defined) meromorphic function

0 if pe < Ve

. f2 a(zfmwa) —bw, h?
ko (2) = 1 ’ ={ Mo i =y
(2a) wirgo o, (fl,a(za,wa) — Za) m (20,0)  if po = vg;

00 if po > Vg

We shall say that p € S is a strictly fixed point if @, (p) is a pole of k. If ky, = 0o, we shall say that f is
degenerate along S.

REMARK 1.2: We shall momentarily show that these definitions are well-posed (i.e., they do not depend
on the adapted chart chosen); for the time being let us justify the name. The first non-linear term in the
power series expansion of f, at the origin is (g8 (0,0)(wa )T, b8 (0,0)(we)">"2); thus if po < vq the first
non-linear term is of order p, + 1 unless the origin is a strictly fixed point. Therefore, in a loose sense,
strictly fixed points are “more fixed” than other points of S.

We need to know the behavior of g3, h, and k. under change of coordinates. Since fg = ¢34 0 fo © Pags;
recalling (1.3) we get

{ zp + (wg)ret 95 = Vga(fa © Pap) + (f2 0 Pap) - oglia(fa ° Pag); (1.5)

bwg + (wﬁ)yﬁ-ﬂhé = (f2 0 Pap) G%a(foz ° Pag)-

Plugging (1.4) in the second equation we find

(wﬁ)yﬁhb = + 9%(1 (fa(zavwa)) “(wa)"*hg, (205 Wa)

[Hga (Zas We Wa

1 |f7 9?3& (fa(zaa wa)) - 9%04(2047 W)
)2
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Expressing f, as (za, Ws) plus a remainder we can write

Q%Oé(fo‘(zo"wa)) B gga(zllvwa) —_ agza

(2as Wa) (wa)" g5

We 0za
005 [ fo = (zas wa)ll
B _ vatlye o = (Za, Wa ) ||
+ D, (za,wa)((b 1)+ (wa) ha) +o0 ( 0. ) .

In particular, if b =1 or if Gﬂéa/awa =0 (e.g., in the line bundle situation) we get

Géa (fa(za,wa)) — H%Q(za,wa) _ 89,%04 89%

(2o Wa) (W ) g+ =22 (20, wa ) (Wa) =T hl +0( (w ) M {Hevat1})

Owyg,

We 024

On the other hand,
9,%0‘ (fa(zavwa)) : (wa)uah;(zaawa) = an(za,wa)(wa)uah;(za,wa) + O((wa)ua)~

Assuming b =1 or 89,42304 /0w, = 0 we can then distinguish three cases:
(a) pta > V. In this case we get

1

(wp)"* hz (2, wp) = W(wa)”“h;(zmwa) +o((wa)");

Zo, Wer)
in particular, vg = v,, because wg = £ga(2a)Wa + 0(Wa ).

(b) pto = Vo In this case we get

(wa)¥e b 003,

ey = hy ay Wo
()" (25, wp) 030 (2as Wa) &(Zar wa) + 030 (20s Wa) 0za

(2 Wa)g5(%a, Wa) | + 0(("”&)”&);

in particular, vg > v,.

(¢) fta < Vo. In this case we get

b 062, . )
(wp)"" hy(z5) = [Q%Q(zmwa)}z(wa)““%(za,wa)ga(zmwa) + o((wa)**);

in particular, vg > pq.

Let us now study g°. The first equation in (1.5) yields

. 1 'l/} alZa + (wa)m‘Jrlg;(zavwa) _'l/} a(za)
(wp)"? g5 = 62, (20r ) ol We, =

+(b + (wa)uaJrlh;(Zaywa)) : 0[130[ (fa(zaawa)) - eéa(zomwa) .

Arguing as before we find

YBa (Zoz + (wa )"t g8 (2a, wa)) — ¥galza)
We

= wlﬁa(za)(wa)““g;(z’a, wa) + 0((wa)ua)v
and

(b + (wa)ua+1h;(za»wa)) : 9}3& (fa(zmwa)) - eéa(za»woz)
= [eéa (fa(zavwa)) - Géa(za,wa)] + (b -1+ (wa)yaJrlh(.x(Zaa wa))oglia (fa(zavwa))-
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In particular, if b =1 or if %a (2o, Wo) = 0 (e.g., in the line bundle situation) we get

(b + (wa)"* T he (24, wa)) . %Q (fa(zmwa)) — Géa(za,wa)
B o0},
T 0za

(za, wa)(wa)#a+1g(;(zm wa) + aéa(zm wa)(wa)ya+1h;(2a, wa) + 0((wa)min{#mv@}+1).

This time we have two possibilities:
(a) pa > Vo in this case we have pug > v, + 1.
(b) pta < vg4: in this case we find

1

KB L® - -
(wp)"? g5 (2, ws) % (oo )

wlﬁa(za)(wa)#ag;(zwwa) +0((wa)#a)a (1.6)

and thus pg = pq.

In particular, we have shown that p, > v, iff ug > vg; this means that the degeneracy of f is independent
of the coordinates, as claimed.
Finally, assume that f is not degenerate, and that b(f) = 1 or we are in the line bundle situation. Then

Slﬁa (Za)
€pal(za) |

1
k@(Zﬁ) = W ka(za) +b

In particular, kg and k, have the same poles, and thus the definition of strictly fixed points is independent
of the coordinates. Furthermore, if we set

Na = ko dza,

we have
ng = Na + d(b log&pa). (1.7)

So the family of meromorphic forms {n,} behaves exactly as the forms by the same name defined in [CS]
— and thus we can draw the same consequences. First of all, since d(b log &g, ) is a holomorphic (1,0)-form,
the residue of 7, at a point is independent of the coordinates. We shall then call residual index of f at p
along S the number

tp(f,5) = Res(na; ¢a(p));

it might be non-zero only at the strictly fixed points of f.
Secondly, arguing as in the Appendix of [CS] we get

Theorem 1.2: (Residual Index Theorem) Let S be a 1-dimensional compact submanifold of a complex
2-manifold M, and take f € End(M, S) such that f|s = idg. Assume that b(f) = 1 or that M is the total
space of a line bundle E over S. Assume moreover that f is non-degenerate along S. Then

> wlf.8) = b(f) er(vs),

pES

where ¢ (vg) is the first Chern class of vg (which is equal to ¢ (F) in the line bundle situation).

In the sequel we shall need to know how the residual index changes under blow-ups. So take p € S, and
let ]\;Ip be the blow-up of M at p, and S the proper transform of S. If df, is invertible (that is, if b(f) # 0),
then f lifts to a (germ of ) holomorphic map f € End(M,, S); furthermore, since f on the exceptional divisor
is induced by the differential of f, we still have f |g =idg.
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Proposition 1.3: Let g € Mp be the intersection between S and the exceptional divisor. Assume b(f) # 0.
Then:

(i) b(f) = b(f);

(ii) f is non-degenerate along S iff f is non-degenerate along S;

(i) 14(f,5) = 1(£. S) = b():

Proof: Choose an adapted chart (U, ) in M centered at p. Then the corresponding chart (Uy,x1) in J\pr
centered at g is such that the relation between the coordinates of f and f is given by

fl(Z,Z’U)) = fl(sz)a
fQ(Zv Z’LU) = fl(sz)fQ(va)'
Putting (1.4) into the first equation we immediately find g = p and

9*(z,w) = 27 g% (2, zw). (1.8)
Applying (1.4) to the second equation and dividing by zw we get
(14 201G (2, 20)) (b(F) + e (2,w)) = b(f) + (20)FTh*(2, z20), (1.9)

and thus (i) follows setting w = 0.
Now, (1.8) and (1.9) yield

2T wvh®(z, zw) — b(f)zFwhg® (2, zw)

1+ zHwktlge(z, zw) ’

w”h*(z,w) =

in particular, (ii) holds. Furthermore,

and we are done. O

As already remarked, S will often be the exceptional divisor of a blow-up; it turns out that in this case
we have an important relationship between dicriticality downstairs and degeneracy upstairs.

Proposition 1.4: Let f € End((Cz, O) be such that dfo = id. Let M be the blow-up of C? at the origin,
S C M the exceptional divisor, and f € End(M, S) the blow-up of f. Then:

(i) non degenerate characteristic directions for f are strictly fixed points for f ;
(ii) strictly fixed points for f are characteristic directions for f;
(iii) f is degenerate along S iff the origin is dicritical for f.

Proof: First of all notice that [z : 1] € P* = S is a characteristic direction iff P,5)(20,1)=20Qy(f)(20,1) = 0,
and it is degenerate iff Q,(f)(20,1) = 0.
In the canonical chart of M containing [z : 1], the blow-up f is given by

(Poip)(2:1) = 2Quipy (2, 1) + w(Pugp+1(2,1) = 2Qupa(z, 1) + -+
1+ wy(h)ilQu(h)(Zv 1) + wy(h)Qu(h)—i-l(Zv 1) +oee

fg(z, ”LU) =w + U)V(h)QV(h)(Z, 1) + ”UJV(h)+1QV(h)+1(Z, 1) + e

Clearly, 7 = v(h) — 2 and h*(z,w) = Quny (2,1) + wQyn)41(2,1) + ---. On the other hand, i = v(f) — 2
if the origin is not dicritical; i > v(f) — 2 if the origin is dicritical. In particular, since dicriticality implies
v(g) = v(h) = v(f), if the origin is dicritical we have & > ©, and f is degenerate; conversely, if the origin is
not dicritical we have g < v, and f is not degenerate.

If the origin is dicritical, all directions are characteristic, and all points of S are strictly fixed; therefore
the Proposition is proved in this case. If the origin is not dicritical, there are two possibilities to consider.
If v(h) > v(f), there are no strictly fixed points in this chart, but (being @, sy = 0) all possible characteristic
directions are degenerate. On the other hand, if v(h) = v(f) we get

Qu(f) (Zv 1)
k(z) = . 1.1
2) Pyip(2,1) = 2Qu(5)(2,1) (1.10)
So if zp is a strictly fixed point then P, )(20,1) — 20Qu(f)(20,1) = 0, and thus [zo : 1] is a character-
istic direction. Conversely, if [z : 1] is a non-degenerate characteristic direction, then Q,f)(z0,1) # 0,
P, (5)(20,1) = 20Qu(5)(20, 1) = 0, and so zg is a strictly fixed point. O

f~1(27w) =z+ wu(f)—l

)
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REMARK 1.3: Hakim [H1, 2] associated to every non-degenerate characteristic direction [z : 1] the
number R'(20)/Q.(s)(20,1), where R(z) = P,(5)(2,1) — 2Q,(5)(2,1). It turns out that, when not zero, this
number is exactly the reciprocal of the residual index of f at [z9 : 1]. In fact, in this case we should have
v(h) = v(f) and R'(z0) # 0; therefore k(z) is given by (1.10), R(z) = R'(20)(z — 20) + 0o(z — 20), and so
L[m:l](fv S) = Qu(f) (ZO> 1)/R/(20)

2. The Reduction Theorem

Let f € End(C? 0) be such that dfo = id. The aim of this section is to show that a finite sequence of
blow-ups can substantially simplify the local expression of f — at the expense of changing the geometry of
the underlying space.

But first we need another set of definitions and notations. We shall consistently write f; = z + g and
fo = w+h, as before. We denote by ¢ € Oy the greatest common divisor (g, k) of g and h (which is defined up
to units in O5), and write g = £g° and h = ¢h°. The homogeneous expansion of g° (respectively, of h°, ¢) will
be g° = P§ + P+ - - - (respectively, h° = Q3+ QS+ -, { = Ro+ Ry + - - -), and we shall denote by x = v(¥)
the order of £. The pure order of f is v,(f) = min{v(g°),v(h°)}. Obviously, v,(f) +x =v(f) > 2.

It is clear that £(z,w) = 0 is a (not necessarily reduced) local equation of the germ at the origin of the
fixed point set Fix(f) of f. If Fix(f) has (at least) two smooth (local) components intersecting transversally
at the origin, we shall say that the origin is a corner.

We shall say that the origin is a singular point for f if the pure order of f is at least 1 (and we shall
prove in a moment that the pure order — as well as being dicritical — is independent of the coordinates).
Notice that if the origin is dicritical then wPy f)(z, w) = 2Q7, T (z,w), and thus it is necessarily singular.

There is a dynamical reason for singleing out singular points:

Proposition 2.1: Let S be a compact 1-dimensional submanifold of a 2-dimensional complex manifold M,
and f € End(M, S) such that f|s = ids. Assume that b(f) = 1 and that f is not degenerate along S. Let
po € S be not singular and not a corner. Then no infinite orbit of f can stay arbitrarily close to pg, that is
there exists a neighbourhood U of py such that for all ¢ € U either the orbit of ¢ lands on S or f™(q) ¢ U
for some ny € N. In particular, no infinite orbit is converging to pg.

Proof: We shall work in a chart adapted to S and centered in pg. Since pg is not a corner, we have
£(z,w) = w? for a suitable o > 1; then we can write

{21 = fi(z,w) = 2 + w”(ao + Al(z,w)),
wy = fo(z,w) = w+ w? (b + Bi(z,w)),

with v(A;), v(By) > 1. Since f is not degenerate along S, we must have by = 0 and B; = wBy; since pq is
not singular, we must have ag # 0 — and after a linear change of coordinates we can actually assume ag = 1.
We then make the following change of variables:

Z =z,
W =w(l +A1(z,w))1/a.
Then

Zy=Z+W°,
Wy =W + Wt By(Z,W).

In particular,
1 1

—_— = Z)+Wo(Z,W
ng- Wo— + a( ) + ( ’ )7

for suitable holomorphic functions a(Z), b(Z,W). Thus we can find d > 0 such that |(1/W{)— (1/W?7)| < d

if (Z,W) belongs to a compact set of the form {|Z| < r, |[W| < p}. Following [U], we now choose

0 < rp < (2d)~tlog2, and set U = {|Z| < 7o, [W| < p}; we claim that no point in U \ S can have an

orbit completely contained in U \ S.
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Suppose, by contradiction, that (Zy, Wy) € U \ S is such that (Z,,W,,) = f"(Zy,Ws) € U\ S for
all n > 0. In particular, W,, # 0 for all n > 0 and so |(1/W) — (1/Wg)| < nd. Hence

‘ (%) — 1’ < nd|Wy|?

for all » > 0. This implies that if nd|Wy|” < 1 then (W, /Wy)? is in the disk which has the segment
[(1+ nd|Ws|?)~L, (1 — nd|Wp|)~1] as diameter, and thus

Re(Wo\"s L
Wo - 1—|—nd|WO|"'

Let ng > 1 be the integer such that (ng — 1)d|Wp|? < 1 < nod|Wp|?. Then

Re <%)a NS S
Wo) = (no+j)dWol|°

for 0 < j < ng— 1. But this implies

no—1 no—1 W o
0y~ 20l = | 32 W5 | = ol (—)

j=0 Wo
no—1 o
> |Wol” Z Re( )
= 1 log 2
> > 270,
- ;O (no+35)d = d 0
and so (Zp,, Wy, ) ¢ U, contradiction. O

Since we shall show in Remark 2.1 that all the corners we obtain blowing up are singular, and we
shall never blow-up a dicritical point, the upshot of this Proposition is that the only interesting dynamics is
concentrated nearby singular points.

The singular cone of f is given by

Cp={[u:v] €P" |vP? oo (u,v) = qu",D(f)(um):O}CIP’l;

clearly, Cy = P! iff the origin is dicritical, and it is otherwise a finite set containing Vo(f) + 1 points
(counted with multiplicities). Any [ug : vo] € Cy is said a singular direction for f at the origin. The
multiplicity of a singular direction is the multiplicity as root of vP? () uQV ) Since P, 5y = R P) )
and Q,(5) = R:Q vo(f)? it is clear that non-degenerate characterlstlc directions are singular directions, and
that singular directions are characteristic directions.

Now let 7m: M — C? be the blow-up of the origin, and S C M the exceptional divisor. Let s5j(z,w) =0 be
the equation of S, and 7; the expression of 7, in the canonical chart U;; see (1.1) and (1.2). For any g € O

and j =1, 2 we then set
R gom;
9G) = »(g)

When the context indicates clearly (or it does not matter) in which chart we are working in, we shall drop
the index j and simply write g.
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Lemma 2.2: Let f € End(C?, 0), and denote by f € End(M, S) its blow-up. Fix a canonical chart (Uj, x;)
on M. Then:

(i) we have (g,h) = (g,h);
ii) we have (g, h) = &0t g, h) if O is not dicritical, and (g, h) = s g, h) if O is dicritical.
J J

Proof: For the sake of definiteness, we shall work in the chart (Us, x2).

(i) The operation " preserves the multiplication; therefore it suffices to prove that (g,h) = 1 im-
plies (g, h) = 1.

Up to a linear change of coordinates, we can assume ([GR, p.13]) that g and h are regular with respect
to x, i.e., that g(x,0) vanishes of order v(g) and h(x,0) vanishes of order v(h). Then, up to units, by the
Weierstrass Preparation Theorem we can assume that they are Weierstrass polynomials with respect to x
whose order coincides with the degree. In particular, they belong to the subring W C O of germs of the
form

p(z,y) = ao(y)z” + ar1(y)z” " + -+ + ay(y),
where ag, . ..,a, € Oy satisty v(a;) > j. Now

ay(w
1( )ZV—1+._._~_

Pz, w) = ao(w)z" +
and thus : W — O [z] is bijective. This implies that (g, iz) = 1 in O4[z]; it remains to prove that (g, iz) =1
in OQ.

So let p1, p2 € O1]z] such that (p1,p2) = 1 in O1[z]. Up to a linear change of coordinates of the form
(z,w) = (aZ + W, W) — which is an automorphism of O;[z] —, we can assume that both p;’s are regular
with respect to z. Suppose, by contradiction, that there is £ € Oy, not a unit, such that p; = fq;. Being
p; regular with respect to z, both £ and ¢; must be so. Then we can write £ = ugrg and g; = u;7;, where
up, u; € Oq are units, and 1o, r; € O1[z] are Welerstrass polynomials. Therefore p; = (upu;)(ror;); the
Weierstrass Division Theorem then implies ugu; € Oq[z]. But this means that ro divides both p; and po
in O1[z], against the assumption.

(ii) We have

w9 =N go(z, w) — 2w’ M= he(z, w)
14+ wM=1h(z,w)

g(z w) = w7 (z, w)

)

(2.1)
h(z,w) = w’M iz, w)h(z, w);

in particular, w”(Y)=1¢ divides (§,h). Assume that s € Oy divides w”M—(H+1ho; since, by construction,
(w, h°) = 1, we should have either s|w or s|h°. In the latter case, if s divides §/(w”!)=1¢) it must also di-
vide §°, against (i). So (up to units) we have s = w”, with 0 < r < v(h)—v(f)+1; but w divides §/(w*(=17)
iff the origin is dicritical, as claimed. |

Corollary 2.3: Let f € End((C2, O) be tangent to the identity, and assume that the origin is not dicritical.
Let f € End(M, S) denote the blow-up of f at the origin. Then:

(i) the singular directions of f are exactly the singular points of finS;
(ii) strictly fixed points of f are singular directions of f.

Proof: (i) Up to a linear change of coordinates, it suffices to prove that [0 : 1] € S is singular for f iff it
belongs to C;. But by the previous Lemma and (2.1) we have h°(z,w) = w”M=(N+1ho(z w) and

9°(2,0) = P} (5)(2,1) = 2Q7_(4(2,1),
and the assertion follows.

(ii) We shall prove the slightly more general assertion that if f € End(M,S) with f|s = idg is non-
degenerate along S then every strictly fixed point is singular. Fix a chart adapted to S and centered in p € S.
Write g(z,w) = w41 (z,w)g°(z,w) and h(z,w) = w71 (z,w)h°(z,w), so that (g,h) = w7, (and w does
not divide ¢1). By Lemma 1.1 we know that either o > 2 or w divides h° (or both). If o > 2 but w does
not divide h°, then f is degenerate; therefore h® = wh!. But then w cannot divide ¢g°, v(h°) > 1 and
k(z) = h(2,0)/g°(z,0); therefore if p is a strictly fixed point we must have g°(0,0) = 0, that is v(¢g°) > 1
and p is singular. ]
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In particular, if O is non dicritical we have the following inclusions:

{Non-degenerate characteristic directions for f} C {Strictly fixed points for f}
C {Singular points for f} = Cy
C {Characteristic directions for f};

all inclusions might be proper. If O is dicritical, then strictly fixed points, C'; and characteristic directions
all agree with P!,

REMARK 2.1: Assume that f € End(M, S) with f|s = ids and b(f) = 1 is non degenerate along S, and
that pg € S is not dicritical. Fix a chart adapted to S centered in pg, and write

f=(z+w g w+wT2h®) = (2 + wlig®, w+ wlh°).

Arguing as in the proof of Corollary 2.3 we see that w must divide h°. Now let f be the blow-up of f,
and gg the intersection between the proper transform of S and the exceptional divisor; in the canonical
coordinates, go = [1 : 0], and it is a corner. Using Lemma 2.2.(ii) and (2.1), we see that v(g°) > 1 always,
and that v(h?) > 1 if v(h) > v(f). If v(h) = v(f), we have h°(0,0) = h°(0,0) = Qz(ho)(l,O); but w|h®
forces Qg(ho)(l, 0) = 0, and thus 1/(l~1°) > 1 in this case too. Summing up, we have proved that if f is non-
degenerate along S, and po € S is not dicritical, then the corner over py in the blow-up is always singular
for f.

Following ideas used by Ven den Essen [V] in the continuous case, we now introduce another technical
tool fundamental for the proof of the Reduction Theorem. If g, h € O, we denote by I(g, h; O) € NU {oco}
the intersection multiplicity of g and h at the origin (see [Fu, GH, C] for several equivalent definitions). It
has the following properties:

(o) (g, w; O) is the multiplicity of 0 as root of g(z,0) = 0;

if x is a germ of biholomorphism of C* with x(0O) = O, then I(go x, ho x;0) = I(g, h; O);

(ii) I(g,h 0)=0 1ff min{z/( ),v(h)} =0;

(iii) I(g,h;0) = oo iff (g, h) # 1, that is iff the origin is not isolated in g=1(0) N A=1(0);

(iv) I(g1 - gg,h 0) =1(g1,h;0) Jr[(gg,h 0);

(v) if M € GL(2,0,) and ih ‘ = Mih , then I(g1,h1;0) = I(g, h; O);

1
i)
(vii) let 7: M — C? be the blow-up of the origin, and S the exceptional divisor. Then [GH, pp. 475-476]
I(g,h;0) = v(g)v(h) + > 1(g, h; p),
pES

where to compute § and h nearby p we choose a canonical chart containing p (it does not matter which
one if p belongs to both).
The pure intersection index of f = (z + g, w + h) at the origin is then, by definition, Io(f) = I(g°, h°; O).
The main properties of the pure intersection index are contained in the following lemmas:

Lemma 2.4: The order, the pure order, the pure intersection index and the dicriticality are invariant under
change of coordinates.

Proof: Given a germ x of biholomorphism of C? fixing the origin, set (z,w) = x(%, %) and f=x"lofoy.
As already remarked, £ = 0 is an equation of the set of non-trivial irreducible components of Fix(f) at the
origin. Since x~! sends this set onto the corresponding set for f , whose equation is /= 0, we must have
= (£ o x)? for some p, ¢ € N*. But now

o

70X]) -t )

— ! (x@,w) L (toy)-

_ -1 19°0ox 2 (TTacc(v—1 g9°ox
= (Lox)(Jac(x 1) ox) ’h(,ox‘+(£ox) (Hess(x™ ") o x) ihOOXi>+ )
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which forces £ = £ o x and v(f) = v(¢). It moreover follows that
‘ P
QVo(f )

o A

o Al ’ (23)

— At ’ Pl s)
Qo (r)

where A; is the linear part of y; thus Vo(f) vo(f), V(f) =v(f), and O is dicritical for fif it is so for f.
Furthermore, (2.2) implies that

where M(2,) is a suitable matrix with M (0,0) = ATY. So M € GL(2,0,), and Io(f) = Io(f) follows
from properties (v) and (vi) of the intersection multiplicity. O

Lemma 2.5: Assume that the origin is non dicritical, and let f be the blow-up of f. Then

Io(f) = vo(F)2 = volf) 1+ S I, (F

pES

where S is the exceptional divisor.

Proof: First of all, by property (ii), Ip(f) # 0 iff p is a singular point of f, and hence Ip(f) #0iff p e Cy.
Up to a linear change of coordinates, we can assume v(g°) = v(h°) = vo(f) and [1 : 0] ¢ Cy. Set
R(u,v) =vP (u,v) —uQy s (u,v), so that Cy = {R = 0}. For pg = [s : 1] € Cf, let pp, € N denote its

multiplicity. Clearly,
Z Ipo = Vo(f) + 1.
Po€ES

Now,
3°(s,w) — sﬁo(s, w)
L+ 0" T4(s, w)

N R R
T wrig Wi | = oo

Then the properties of the intersection multiplicity, Lemma 2.2 and (2.1) yield

N §° — sh® - _ §° — she §° — she -
Ipy(f) =1 (m»lﬁl 7P0> =1 (Wﬂﬂ po) +1 (ku—(f)ngL ,p0>

= papo + 1(§%, 2% po).

= R(s,1) + O(w);

therefore property (o) yields

Thanks to Lemma 2.2.(i), the latter number is always finite. Therefore property (vii) yields

Io(f) = I(g® h*; 0) = vo(f ‘ + Z 1(g hoapO = Vo(f) —w(f)—1+ Z Ipo

Po€S PoES

We are then able to prove a first reduction theorem:
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Theorem 2.6: Let f € End((CQ, O) be tangent to the identity. Assume that O is an isolated singular point
of f. Then there exists a complex 2-manifold M, a holomorphic projection m: M — C?, and a holomorphic
map f € End(M, S), where S = 7=1(0), satisfying the following properties:
(i) mlans: M\ S — C?\ {O} is a biholomorphism;
(ii) S is either a point or the union of a finite number of projective lines intersecting each other transversally
and at most in one point;
(i) o f = for:
(iv) fls =ids; B
(v) the singular points of f on S are isolated, and dicritical or of pure order 1.

Proof: We construct the manifold M and the map f using a sequence of blow-ups proceeding by induction
on the pure intersection index of f at the origin. If Io(f) = 1 then, by Lemma 2.5, either O is dicritical or
has pure order 1 (because there is always at least one singular direction), and we are done.

Assume then Io(f) > 1. Again, if O is dicritical or has pure order 1 we are done. Otherwise, we blow
it up. By Lemma 2.5, all the singularities of the blow-up of f in the exceptional divisor must have pure
intersection index strictly less than Io(f); therefore the inductive asssumption ensures us that after a finite
number of blow-ups we remain only with singularities which are dicritical or of pure order one, as desired. ]

The next step consists in a further reduction of the singularities of pure order one — but we need one
more definition. Assume that the origin is a singularity of pure order one; by (2.3), once £ is chosen the

eigenvalues of the linear map are independent of the coordinates; we shall call them the eigenvalues of

Py
Q9
the singularity. Since ¢ is defined up to units of Os, they are uniquely determined up to a non-zero scalar
multiple.

Lemma 2.7: Let O be a non-dicritical singularity. Then every singular direction py € Cy of multiplicity
one is a singularity of the blow-up of f of pure order one and with at least one non-zero eigenvalue.

Proof: Up to a linear change of coordinates, we can assume py = [0 : 1]. This means that

k
R(u,v) = vP} () (u,0) = uQy, 5 (u,0) = u [ (aju+ gju),

Jj=1
with 31 - B # 0. Since

go(z’ w) = R(Z’ 1) + O(w)a
he(z,w) = w”(h)_”(f)HQﬁo(f)(Z, 1) + O(w”M=r()+2),

it follows immediately that v(g°) = 1 and that []; 6;” # 0 is an eigenvalue of po. O

Let O be singular. We shall say that O is irreducible if:
(a) vo(f)=1,v() > 1, and
(b) the eigenvalues A1, A2 of O satisfy either:
(*1) )\1, )\2 75 0 and )\1/)\2, /\2/)\1 ¢ N; or
(*2) )\1 7é 0, )\2 =0.
The second reduction theorem says that every non dicritical singularity of pure order one can be reduced to
an irreducible singularity:

Theorem 2.8: Let f € End(C?, O) be tangent to the identity. Assume that O is an isolated singular point
of f. Then there exists a complex 2-manifold M, a holomorphic projection w: M — C?, and a holomorphic
map f € End(M, S), where S = n~1(0), satisfying the following properties:
(i) 7|ans: M\ S — C*\ {O} is a biholomorphism;
(ii) S is either a point or the union of a finite number of projective lines intersecting each other transversally
and at most in one point;

(iii) wof:fOﬂ';
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(iv) fls =ids; 3
(v) the singular points of f on S are isolated, and dicritical or irreducible.

Proof: By Theorem 2.6, we can assume that all singularities are dicritical or of pure order one; to get the
assertion we must show that by blowing up we may reduce all non-dicritical reducible singularities of pure
order one to irreducible ones.

Assume p is such a singularity, and choose coordinates centered in p and adapted to the exceptional
divisor (it can always be done because, by construction, the worst singularities in the exceptional divisor are
normal crossings). We have three cases to consider:

(a) 0 is the only eigenvalue. Since the singularity has pure order one, up to a linear change of coordinates
we can assume ¢°(z,y) = Aq(x,y) and h°(x,y) = x + Ba(x,y), with v(A4sz), v(B2) > 2. In particular,
Cy = {[0 : 1]}, and pjp.1) = 2; moreover, necessarily x = v(£) > 1 (because the singularity belongs to the
exceptional divisor). Blowing-up we get

005 ) = wAp(z,w) — z(z +wBO(z,w))
‘i] (zyw) = 1+ w“g(z7w)(z + wBy(z,w))
h(z,w) = w(z + wBy(z,w)),

= 22 + wCy(z,w),

where Ag(z,w) = Ag(zw,w)/w?, By(z,w) = By(zw,w)/w? and v(Cy) > 0. Notice that the pure order of f
at [0 : 1] can well be greater than one; we claim that blowing-up we can reduce all singularities to pure order
one with at least one non-zero eigenvalue.

We shall prove the claim in the following more general situation:

{go(z7w) = —nz? + wAo(z,w),
he(z,w) = w(z + wBo(z, w)),

where n € N*.
(a.1) Ap(0,0) = ag # 0. In this case we have only one singular direction, [1 : 0], of multiplicity two.
Blowing up again we find
{g"(z, t) = —nz? + agzt + O(2%t),
ho(z,t) = (n + 1)zt — agt® + O(2t?, 22t);

in particular, the equation of Cf is zt[2agt — (2n + 1)z] = 0. This means that all singular directions have
multiplicity one; by Lemma 2.7, another blow-up provides then singularities of pure order one with at least
one non-zero eigenvalue — and thus we are outside case (a).

(a.2) Ap(0,0) = 0. Let us write Ao(z,w) = a1z + asw + Az(z,w) and By(z,w) = by + Bi(z,w), with
v(Asz) > 2 and v(By) > 1. Then

Cr = {v(—(n+1)u* + (a1 — by)uv + azv?) = 0}.

Write —(n + 1)u? + (a1 — bo)uv + agv? = —(n + 1)(u — c1v)(u — cav). We have two subcases:

(a.2.i) ¢; # ¢o. Then we have three singular directions of multiplicity one; by Lemma 2.7 blowing up
we end up with three singularities of pure order one and outside case (a).

(a.2.i) ¢; = co. Lemma 2.7 already says that after blowing up [1 : 0] will become a singularity of pure
order one and not in case (a); we should check what happens to [¢; : 1]. Since ¢; = (a1 — bg)/2(n + 1) and
—ay = (a1 — bo)?/4(n + 1), blowing up and then setting s’ = s — ¢; we get

g:]"(s',w) =—(n+1)(s"?+ w/ig(s’,w),
he(s',w) = w(q + by + s + wBo(s’,w)).

If ¢y +bo # 0 we have a singularity of pure order one with a non-zero eigenvalue, and we are outside case (a).
If ¢; + bp = 0, and Ap(0,0) # 0, we are back in case (a.1). Finally, if ¢; + byp = Ag(0,0) = 0, we have a
singularity of pure order two and of the same kind we are studying; but we already know that after a finite
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number of blow-ups every singularity must become of pure order one, and thus we shall eventually be outside
of this case.

(b) A # 0 is the only eigenvalue. Since the singularity has pure order one and it is non-dicritical, up to

a linear change of coordinates we can assume ¢°(z,y) = Az +y+ As(x,y) and h°(z,y) = Ay + Ba(x,y), with
v(As), v(Bg) > 2. Then there is only one singular direction, [1 : 0], of multiplicity two. Blowing up we find

3%(z,w) = Az + 2w + 22 Ag(z, w),
ho(z,w) = —w? + zBy(z, w);

therefore we are in case (xz2).

(¢) There are two distinct eigenvalues A\ # Ao. If one eigenvalue is zero we are in case (%2); if both
are non-zero and A1/Ag, A2/A\1 ¢ N, we are in case (x1). Suppose instead that A\;/Ay € N or Ao/N\ € N|
with \yA2 # 0; up to a linear change of coordinates, we can assume that ¢°(z,y) = Az + As(z,y) and
he(z,y) = n\y+DBa(z,y), with v(As), v(Bs) > 2, A # 0and n € N, n > 2; in particular, Cy = {[1: 0], [0 : 1]}.

After blowing-up, in [0 : 1] we have

go(z, U)) = (1 - n)/\z + U)/Nlo(z,’LU),
ho(z,w) = nAw 4+ w?By(z, w);

since (1 —n)/n < 0, we are then in case (%).
The situation is slightly more complicated in [1 : 0]. Blowing up we get

{go(z,w) =Xz + 22;10(2,102,
he(z,w) = (n — 1) \w + zBy(z, w).

This means that if n > 2 with n —2 blow-ups we can reduce n to 2 (producing n — 2 singularities of type (x1)
along the way). If n = 2, we end up either with a dicritical singularity (if Bo(0,0) = 0) or in case (b) — and
yet another blow-up lands us in case (x3). O

This is not enough; we need to control the residual indeces with respect to the various branches of the
exceptional divisor. The case (%) is relatively easy — but quite important:

Proposition 2.9: Let p be an irreducible singularity of type (1) produced by Theorem 2.8. Then:

(i) If S denotes a branch of the exceptional divisor containing p, then t,( 1, S) ¢ N.
(ii) If p is a corner, and Sy, So are the branches of the exceptional divisor meeting transversally at p, then

Lp(fa Sl) : Lp(f, 52) =1.

Proof: (i) Choose a chart centered in p and adapted to S. Then we can write

- 2.4
h(z,w) = whly (z,w)(az12 + azw + Ba(z,w)), 24

{ g(z,w) = whly(z,w) (allz + ajpw + As(z, w)),
with > 1, (w, 1) = 1, v(As),v(Bz) > 2, and sp((a;;)) = {A1, A2}. Since f is not degenerate along S (we
have never blown-up a dicritical singularity), we must have as; = 0 and By = wB; with v(B;) > 1. In
particular, then, a1, ase are the eigenvalues of the singularity, and to(f,S) = aze/a11 ¢ N.
(ii) Choose a chart centered in p and adapted to Sy and S2. Then in (2.4) we must have ¢; = 2743,
with ¢ > 1 and (z,¢3) = 1. Repeating the previous argument for both S; and Sy we find to(f, S1) = as2/a11
and to(f, S2) = a11/a22, and we are done. O

We are now ready to prove the final version of the Reduction Theorem:
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Theorem 2.10: (Reduction Theorem) Let f € End(C? O) be tangent to the identity. Assume that O
is an isolated singular point of f. Then there exists a complex 2-manifold M, a holomorphic projection
m: M — C?, and a holomorphic map f € End(M, S), where S = n=(0), satisfying the following properties:
(i) mlang: M\ S — C?\ {0} is a biholomorphism;
(ii) S is either a point or the union of a finite number of projective lines intersecting each other transversally
and at most in one point;

) mof=fom;
(iv) fls =ids; )

) the singular points of f on S are isolated, and dicritical or irreducible; B

) if p € S is a non-dicritical irreducible singular point of type (x2), then the residual index of f at p along
at least one of the branches of S containing p is zero.

Proof: Let p € S be a non-dicritical irreducible singularity of type (x2), and choose a chart centered at p
and adapted to a branch S; of S containing p. Then we can again write

{ G(z,w) = whly(z,w)(a112 + argw + As(z,w)),

h(z,w) = whly(z,w) (a212 + agow + Ba(z, w))7

with > 1, (w,61) = 1, v(Ag),v(Bz) > 2, and sp((a;;)) = {0} with A # 0. As in the proof of
Proposition 2.9, the non degeneracy of f implies as; = 0 and By = wB; with v(By) > 1; then we must
have either a1; = 0 or ass = 0 (but not both). We can tell apart these two cases in an intrinsic way as
follows: the matrix (a;;) has two distinct eigendirections, one for each eigenvalue. Then ags = 0 means that
the branch S; we singled out is tangent to the eigendirection associated to the non-zero eigenvalue, whereas
a1; = 0 means that Sy is transversal to it.

If S7 is tangent to the eigendirection associated to the non-zero eigenvalue, that is age = 0, we have

k() = lim wh (2, w) By (2, w) B 0(z) 00
Cw—0 wh L (2, w) (auz + ajpw + As(z, w)) a1z +0(22)  ap +0(2)]

and thus ,(f, S1) = 0.

On the other hand, if S; is transversal to the eigendirection associated to the non-zero eigenvalue, that
is a;; = 0, then a quick computation yields k(z) = (a2 4+ Bi(2,0))/A2(z,0), and thus in general we cannot
say anything on the residual index.

Now, if p is a corner we can choose coordinates adapted to both the branches of S intersecting at p;
this means that ¢; = 27/ for a suitable ¢ > 1, and thus there is always at least one branch of S tangent to
the eigendirection associated to the non-zero eigenvalue — and thus a branch such that the residual index
is zero.

Finally, assume that p is not a corner, and that S; is transversal to the eigendirection associated to the
non-zero eigenvalue; in particular, z does not divide ¢;. We have Cy = {[1 : 0], [-a12/a22 : 1]}. Blowing-up,
near [1: 0] we find
(z,t) = 2"tH0y (2, 2t)z (arat + A1 (2, 1)),
aggt + tBl (27 Zt) - (112?52 - tAl(Z, t)

1+ zPthl (2, 2t) ((llgt + Ai(z, t))

>u Qu

(z,t) = 2H*tH4 (2, 2t)

where Ay(z,t) = Ay(z, 2t)/z, and so we get a corner of type (x2).
Finally, near v; = [—aj2/ags : 1] we have
a12 — a8 + wAy(s, w) — sBy (sw, w)
1+ whly (sw, w)(agg + By (sw, w))

f:L(s,w) = wly (sw, w)w(age + Bi(sw,w)),

(s, w) = why (sw, w)

Qn

where wAp(s,w) = Az(sw,w)/w. Setting s = s’ + a12/aag, it is easy to see that vy is a (*1) point with
eigenvalues {—ag9, azs}, and not a corner. ]
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3. Dynamics
The next step in the continuous case would be to show the existence of invariant submanifolds passing
through the singularity in the dicritical or in the (%) case — and this is the point where the continuous
theory and the discrete theory actually differ. Indeed, although it is possible to find a formal power series
expression for a holomorphic curve passing through the singularity and invariant under f, it turns out that
this power series in general is not converging.

An example of this phenomenon is given by the following apparently tame (x1) singularity:

fi(z,w) = zexp(—aw) + w® = z + w(—az + w® + O(zw)),

folz,w) = H—Lw = w+w(7w +O(w2))’

with @, 1/a ¢ N*. Then it is not difficult to show that there is a power series 7(¢) such that the formal
curve ( +— (Cn((),g) is f-invariant; on the other hand, arguing as in [H1, p. 409] we see that any injective
f-invariant holomorphic curve passing through the origin must be contained in Fix(f) = {w = 0}, and thus
the power series 1(¢) cannot be converging.

It turns out that the problem lies in assuming that the origin is inside the invariant curve. The correct
replacement is the following: a parabolic curve for f is an injective holomorphic map ¢: A — C? such that:

(i) A is a simply connected domain with 0 € JA;

(ii) ¢ is holomorphic, injective, continuous at the origin and such that ¢(0) = O;
(ii)) f((A)) Ce(A);

(iv) f"(¢(¢)) — O as n — oo for any ¢ € A.

REMARK 3.1: It is not restrictive to assume that a parabolic curve is continuous up to the boundary.
Indeed, by (ii) and (iii) the map ® = ¢~ o f o ¢ is a holomorphic self-map of A; by (iv) the iterates
of ® converge to the origin. By Wolff’s lemma, this implies that the horocycles centered at the origin are
invariant under ®; therefore the restriction of ¢ to any horocycle satisfies (i)—(iv) and it is continuous up to
the boundary.

So we need to prove the existence of parabolic curves for dicritical or (%1) singularities:

Theorem 3.1: Let f € End(C?, O) be tangent to the identity. Then:

(i) if O is a singularity of type (%) such that Fix(f) is smooth at the origin, then there exist v(f) — 1
parabolic curves for f;
(ii) if O is dicritical then there exist infinitely many parabolic curves for f.

REMARK 3.2: If p is a (x1) singularity, not a corner, obtained in the Reduction Theorem 2.10 starting
from an isolated fixed point then p satisfies the conditions of Theorem 3.1.(3).

Proof: In case (i), after possibly a change of coordinates we can write

{ fiz,w) = z 4+ £(z,w)[A12 + A2(z,w)],
fo(z,w) = w + £(z,w)[Maw + Ba(z,w)],

with v(Asg), v(B2) > 2, AMiA2 # 0, Ai/A2, Aa/A € N, and £(z,w) = (az + bw)" with k = v(f) =1 > 1
and a # 0. Blowing up and focusing our attention to the chart containing [1: 0] we get

fi(z,9) = 24+ Aa"z5 T 4 02512, 2rtly),
fa(z,y) = y[1+ (2 = M)a"z" + O(z"H, 2y)] + O (2" H1).

Setting x = az, where o = —\1a”, we reduce to

fl(xa y) =T — '/Lﬁ+1 + O(xﬂ+27xn+1y),
fo(z,y) =y [1— Ao/ A1 — 1) 2% + O(a" 1, 2%y)] + O ).
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Notice that a parabolic curve for f cannot intersect the exceptional divisor, since all points of the curve
are attracted to the origin. Therefore the push-forward of a parabolic curve for f is a parabolic curve for f
(tangent to [1 : 0] at the origin), and (i) will follow if we prove the existence of x parabolic curves at the
origin for f.
In case (ii) we can write
{ f1(2’, w) =z+ g(z7 w)[PH(Z7 w) + AlH-l (Z7 w)]7
fZ(Z’ w) =w+ é(z’ ’LU)[QM(Z, w) + BH+1(Z7 w)]7

with p > 1, v(Auq1), v(Buy1) = p+ 1, and 2Q, — wP, = 0. Writing {(z,w) = R.(z, w) + Crt1(z,w)
with K + p=v(f) > 2 and v(C\y1) > K + 1, we are mterested to the directions [ug : vo] € P* such that

R,@(UQ, Uo)IDM(UO, Uo) 7é 0. (32)

Up to a linear change of coordinates we can assume [ug : vg] = [1 : 0], but what we are going to say applies
to the other directions too.
Blowing up and focusing our attention to the chart containing [1 : 0] we get

{ﬁ@w)Z+R4Lw&@wf+O®”%
Foz,y) = y[1+ O(z)] + O(2"),

where v = v(f). Setting z = az, with a¥~! = —R,(1,0)P,(1,0), we reduce to

{ fi(z,y) =z —2¥ + Ozt zvy), (3.3)

fala,y) = y[1 + O(=")] + O(a").

Again, the push-forward of any parabolic curve for f will be a parabolic curve for f tangent to [1 : 0];
therefore if we prove the existence of parabolic curves for f we have proved (ii), because we can repeat the
argument for the infinite number of directions satisfying (3.2).

Summing up, we must prove the existence of r parabolic curves at the origin for a map of the form

_ o r+1 r+2 . r+l1
{fl(z,w)z 2T+ O, 2 ), (3.4)

fo(z,w) = w(l = A2" + 0", 2"w)) + 2" T, (2),

where r > 1, A ¢ N* and ¢, € O7. This is a consequence of the general results of [H1], adapted as in [H2]
if » > 1. We describe here a slightly simplified approach, which is enough for our aims.

First of all, since A # 1, a linear change of coordinates allows to replace 1, (z) in (3.4) by zi,11(%).
Then blowing up and checking nearby [1 : 0] we see that f is still of the form (3.4) but with A—1 instead of .
This means that after a finite number of blow-ups and linear change of coordinates we can assume Re A < 0
and 1, = 29,41 in (3.4). Furthermore, the change of variables Z = z, W = w + (¢,4+1(0)/(A — 2)) 2* allows
to replace 21,41 by 22,12, and thus we have

{ 2= fi(zw) = 2 = 27+ O, 2 ), (3.5)

wy = fo(z,w) = w(l —Az" +O( THZTU) + 2" 40(2).

Now set Ds, = {( € C | |¢(" — 6| < §}. This set has r connected (and simply connected) components,
all of them with the origin in the boundary. Put £(8) = {u € Hol(Djs..,C?) | u(¢) = ¢*u°(C), ||u°leo < 00};
it is a Banach space with the norm |[ulgs) = [[u[|oo. For u € £(8) put f*(¢) = f1(¢,u(¢)). The classical
Fatou theory for maps of the form f(¢) = ¢ — ("1 4+ O(¢"?2) shows that there exists a 5o = 6o(||u°||s) > 0
such that if 0 < § < d then f* sends every component of D5, into itself, and |(f*)"(¢)| = O(1/n'/T).
Assume we have found u € £(§) such that

u(£1(6u(0)) = £2(Gu(€) (3.6)
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for all ¢ € Ds,,; then the restriction of p(() = ((, u(C)) to any component of Ds, is a parabolic curve for f.
So we must find a solution of (3.6). If f is given by (3.5), and z, z; belongs to the same component

of Ds,, we can define
A

H(z,w) =w— 5wy = Oz w, 2"w?, 2" 3); (3.7)

5y
21

then for u € £(§) we set

=Y G H (GrrulGn)),

n=0

where ¢, = (f*)"(¢o). If we choose u and 4 so that [|u°[| < ¢g and § < dg(co), then H ((y,u((n)) is well-defined
for any (o € Ds,,; furthermore, since Re A < 0, the series is normally convergent in D5, and Tu € £(9).
Furthermore, it is not difficult to see that u is a fixed point of T iff it satisfies (3.6); therefore we are left to
finding a fixed point for T

Take § < 6o(1) and u € £(5) with ||u°[|c < 1. Then ¢ = Co — ¢ — 5 %u(Co), where ||ty is

bounded independently of u. Then
1
— = — + 71+ (obu(Co), (3.8)
1 Co

with again [|6,]|ec bounded independently of u. Summing up from 1 to n we get

11 )
C_T:C_6(1+WCO) 1+1_’_n,’,<7” ZCJ

n

Since ¢; = O(1/4/7), the quantity in square brackets is uniformly (with respect to u and (o) close to 1 if §
is small enough; therefore we have
C1Gl”

ol < 2 g

(3.9)

as soon as J is small enough. From this it follows the existence for any s > r of a constant Cs = C,s(5) > 1
such that

> 1Gal® < CulGol* ™ (3.10)
n=0

Now assume that ||u°]|cc < 1 and |u/({)| < [¢] for all ¢ € Ds,; in particular, ||(u°) |l < 3, and ||0,,||co
too is bounded indipendently of u. Let K = ||(¢0.)’||co- Differentiating (3.8) with respect to ¢, we get

G gty G
dco ot

(0.(C0) + Co:,(C0))

In particular if § < r/(2KC,1) we have

‘ﬁ |Gt

ddo |Gol™+T

We can now argue by induction. Assume that
] G (3.11)
dGo |Gol ™1 .

forj=1,...,n— 1. Since

= +w+2@
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differentiating with respect to (o we get

o _ G| G R g o9
=g | RO |

where 0,,(¢) = ¢0,(¢). Now, (3.10) and (3.11) yield

n—1
aG;| _ 2KCrin
2065 < T

therefore again if § < r/(2KC,41) we get (3.11) for j = n too.
Fix then § small, and take u € £(§) with ||u°||s < 1. Then (3.7) and (3.10) yield
Tu(¢)] < K¢l

for a suitable Ky > 1; in particular, if 6 < 1/K; we get |[(Tu)°]|co < 1. Analogously, if moreover u satisfies
[v' ()] <[], then (3.7), (3.10) and (3.11) yield
dTu

—— ()] < Ks|¢)?%;
)] < KalcP

therefore if § < 1/Ko we get [(Tw) ()| < |¢]. This means that we can choose § > 0 so small that 7" sends
into itself the convex closed set

FO)={uec )| u’llw <1, (O] < <]}
Then it suffices to show that, for ¢ small enough, T is a contraction on F(4). And this can be done as
in [H1, Proposition 4.8], using (3.10) as before. O

We have finally collected all we need to prove our main theorem:

Theorem 3.2: Let f € End((Cz,O) be tangent to the identity, and assume that the origin is an isolated
fixed point. Then there exist (at least) v(f) — 1 parabolic curves at the origin for f.

Proof: First of all we apply the Reduction Theorem 2.10, and replace f by f € End(M, S). As already
remarked in the proof of Theorem 3.1, the push-forward of any parabolic curve for f will be a parabolic
curve for f. Notice furthermore that, by Lemma 2.2.(ii) and (2.1), the order of f at any singular point is at
least v(f).

If f has a dicritical singularity, by Theorem 3.1 we are done. If p € S is a singularity which is not a
corner and of type (x1), we are done again. The only possibility left is that no singularity is dicritical, and
that if p € S is a singularity which is not a corner, it is necessarily of type (%2), and thus its residual index
with respect to S is zero. Therefore to conclude we must prove that if no singularity of f is dicritical, then
there is at least a singularity p € S which is not a corner and with residual index different from zero.

Assume then, by contradiction, that the singularities of f are only non-dicritical corners or of type (x2).
We have proven the following formal properties of the residual index:

(i) the sum of the residual indeces over a branch S; of S is equal to the first Chern class of the normal
bundle of Sy in M (Theorem 1.2);
(ii) if p is a singularity belonging to a branch Si, then the residual index of the corner over p along the
proper transform of Sy is one less the residual index of p along S; (Proposition 1.3.(iii));
(iii) the product of the residual indeces along the two branches of a corner of type (x1) is one (Proposition 2.9);
(iv) at least one of the residual indeces along the two branches of a corner of type (x3) is zero (Theo-
rem 2.10.(vi)).

Exactly as in [CS], the main consequence of these properties (under the to-be-proven-contradictory assump-
tion) is that the residual indeces A1, ..., A\; of the singular directions py,...,px of the original map f with
respect to the exceptional divisor of the first blow-up of the origin are completely determined by the geomet-
rical combinatorics of the resolution S (where by geometrical combinatorics we mean the relative positions
of the branches of S, the Chern classes of their normal bundles, and the placement of the (x2) corners). In
particular, arguing as in [CS, Proposition 3.3] we see that Aq,. .., A must be non-negative rational numbers;
but A\; + -+ 4+ Ay = —1 by Theorem 1.2, and this is a contradiction. O
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Actually, the last part of the argument yields a generalization of Theorem 0.2 to singular directions
whose residual index is not a non-negative rational number:

Corollary 3.3: Let f € End(C?, 0) be tangent to the identity, and assume that the origin is an isolated fixed
point. Let [v] € P' be a singular direction of f such that L[U](f, P') ¢ QT (where here P' is the exceptional
divisor of the blow-up of the origin, and f is the blow-up of f). Then there are v(f) — 1 parabolic curves
tangent to [v] at the origin.

Proof: The point is that if applying the Reduction Theorem 2.10 to f at [v] we end up only with non-
dicritical corners or singularities of type (x3), then the argument quoted at the end of the previous proof
forces ¢, ( 1, P') € Q*. Therefore we must obtain a dicritical singularity or a non-corner of type (x1) — and
thus at least v(f) — 1 parabolic curves for f at [v]. Blowing down we then get at least v(f) — 1 parabolic
curves for f at the origin, as claimed. a

As a final application, we can prove the existence of parabolic curves even when dfo is not diagonalizable:

Corollary 3.4: Let f € End((Cz, O) be such that dfo = Ja, the canonical Jordan matrix associated to the
eigenvalue 1, and assume that the origin is an isolated fixed point. Then there is at least one parabolic curve
tangent to [1: 0] for f at the origin.

Proof: Write f = (f1, f2) and

fi(z,w) =z +w+ al 2 + 2al,2w + adow? + -+,

2 .2 2 2 2 2 .3
falz,w) = w + aj 2° + 2ais2w + azow® + ajy 2° + -

In [A] we proved the existence of (at least) one parabolic curve for f at the origin but for the case a3, = 0,
at,+aly = 0and (a}; —a?y)?+2a%,; = 0. In this case, blowing up the origin and looking at a neighbourhood
of [1: 0] (the only fixed point of the blow-up f of f) we find that f is of the form

f(zl, 29) = (21 +az? + 2120 + O(||2]]?), 22 — 20%2% — 3oz 29 — 22 + O(||z||3))7

for some o € C. This map has two singular directions, [1 : —a] and [0 : 1]. The latter is tangent to the
exceptional divisor (which is a parabolic curve for f) and thus it should be discarded, because it is killed
blowing down. But the former, even though as characteristic direction is degenerate, gives rise to a honest
parabolic curve. In fact, the residual index of f at [1 : —a] with respect to the exceptional divisor is —1/2,
and so we can apply Corollary 3.3. This parabolic curve is not tangent to the exceptional divisor, and thus
it can be blown down, producing the parabolic curve tangent to [1 : 0] we were looking for. ([l



22 Marco Abate

References

[A] M. Abate: Diagonalization of non-diagonalizable discrete holomorphic dynamical systems. To appear
in Amer. J. Math., 1999.

[BB] C.A. Briot, J.C. Bouquet: Propriétés des fonctions définies par des équations différentielles. J. Ec.
Polyt. 36 (1856), 133—-198.

[CG] L. Carleson, T.W. Gamelin: Complex dynamics. Springer-Verlag, Berlin, 1993.

[CS] C. Camacho, P. Sad: Invariant varieties through singularities of holomorphic vector fields. Ann.
Math. 115 (1982), 579-595.

[C] E. Chirka: Complex analytic sets. Kluwier, Dordrecht, 1989.

[D]  F. Dumortier: Singularities of vector fields on the plane. J. Diff. Eq. 23 (1977), 53-106.

[E] J. Ecalle: Les fonctions résurgentes, Tome II: L’équation du pont et la classification analytique des
objects locaux. Publ. Math. Orsay 85, Université de Paris-Sud, Orsay, 1985.

[F]  P. Fatou: Sur les équations fonctionnelles. Bull. Soc. Math. France 47 (1919), 161-271.

[Fu] W. Fulton: Algebraic curves. W.A. Benjamin Inc., New York, 1969.

[GH] P. Griffiths, J. Harris: Principles of algebraic geometry. Wyley, New York, 1978.

[GL] X. Gémez-Mont, I. Luengo: Germs of holomorphic vector fields in C? without a separatrix. Inv.
Math. 109 (1992), 211-219.

[GR] R.C. Gunning, H. Rossi: Analytic functions of several complex variables. Prentice-Hall, En-
glewood Cliffs, NJ, 1965.

[H1] M. Hakim: Analytic transformations of (C?,0) tangent to the identity. Duke Math. J. 92 (1998),
403-428.

[H2] M. Hakim: Stable pieces of manifolds in transformations tangent to the identity. Preprint, 1998.

[L] L. Leau: Etude sur les equations fonctionelles & une ou plusieurs variables. Ann. Fac. Sci. Toulouse
11 (1897), E1-E110.

[MM] J.F. Mattei, R. Moussu: Holonomie et intégrales premiéres. Ann. Scient. Ec. Norm. Sup. 13 (1980),
469-523.

[P] H. Poincaré: Sur les propriétés des fonctions définies par les équations aux différences partielles.
These, Paris, 1879.

[S] A. Seidenberg: Reduction of singularities of the differential equation Ady = B dzx. Amer. J. Math.
90 (1968), 248-269.

[T] M. Toma: A short proof of a theorem of Camacho and Sad. Enseign. Math. 45 (1999), 311-316.

[Ul T. Ueda: Analytic transformations of two complex variables with parabolic fixed points. Preprint,
1997.

[V]  A. Ven den Essen: Reduction of singularities of the differentiable equation Ady = B dx. Preprint,
1979.

[W]  B.J. Weickert: Attracting basins for automorphisms of C2. Inv. Math. 132 (1998), 581-605.



