Chapter 2.2
The ball

In the first part of this book, the unit disk A played quite a distinguished role: it was
the model space of the whole theory. It is natural then to conjecture that the euclidean
unit ball B™ of C™ will hold a similar position in this part of the book. Well; this is
partly true and partly false. On one side, the unit ball is the simplest example of strongly
pseudoconvex domain, and the theory on it is a good representative of the generic situation
(this is the spirit of Rudin [1980]). On the other side, every hyperbolic Riemann surface
was obtained by the unit disk following a fixed procedure, whereas nothing of this kind
is even vaguely true in several variables. The unit ball is more an ideal model to follow
than an effective tool for proving general theorems. Furthermore, the existence of a unique
universal covering space for all hyperbolic Riemann surfaces allowed us to avoid too many
topological considerations; in several variables, the absence of such a device will force us
to focus on domains without topological obstructions, like convex domains.

Nevertheless, the unit ball is both an instructive and useful example, and we decided
to devote a whole chapter to it. We shall deal with the main themes of this book —
iteration theory, angular derivatives and common fixed points —, and the rest of this work
will essentially be a description of how to extend the theorems proved for the ball to more
general domains.

We shall start with a thorough discussion of Aut(B™); then, after talking about
Schwarz’s lemma in B™ and horospheres (the multidimensional version of the horocy-
cles), we shall drive toward angular derivatives, passing through a discussion of Lindel6f’s
theorem in B™ and of several extensions of the non-tangential limit. Next, iteration theory:
we shall obtain a complete analogue of the Wolff-Denjoy theorem, anticipating the general
discussion of chapter 2.4. Finally, common fixed points: we shall both generalize Shields’
theorem and make up a fixed point for every compact group of automorphisms of B™.

Summing up, this chapter will give you a fair idea of what we shall do in the rest
of the book. How we shall do it, however, will be revealed only starting from the next
chapter. ..

2.2.1 The automorphism group

So we begin the study of our main example, the unit ball of C™

B"={zeC"[|z] <1},

n
where || - || is the usual euclidean norm |[|z|| = () \zj\Q)l/ 2, induced by the canonical
j=1

n
hermitian product (z,w) = ) z;w;. This section is devoted to the construction and an
j=1
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accurate examination of the automorphism group of B™. As usual, the focus is on the
fixed point sets.

First of all, we want to explicitely describe Aut(B™). For reasons we shall discuss in the
next section, this time Schwarz’s lemma is not the natural tool. The right replacement is
Corollary 2.1.23, whereby the isotropy group of the origin is U(n), the group of nxn unitary
matrices. So to compute Aut(B™) we need only a transitive subset of automorphisms.

Let a € C", a # 0, and define P,, ),: C" — C" by

P,(2) = Ez’ Zga and Qu(z) = z — P,(2).

P, is the orthogonal projection on the subspace generated by a, and @), is the projection
on the orthogonal complement. In particular, both P, and ), send B" into itself.
If a € B", put s, = (1 — ||a/|>)'/? and define v,: B® — C" by

a— Py(2) — $4Qa(2)

(2) = : 2.2.1
) = (221)
Note that if n = 1 then 7, is an automorphism of A; see (1.1.3).
Lemma 2.2.1: For every a € B™, a # 0, we have:
(i) 74(0) = a and 7,(a) = 0;
(11) d(’ya)O = _SZPCL - SaQa and d(’ya)a = - a/si - Qa/sa;
(iii) for all z, w € B™ we have
(1-(a,a)(1 - (z,w))
1= (Va(2),Ya(w)) = ; (2:2.2)
( )= =) (1= (@)
(iv) for all z € B"™ we have
1—lal*)(X — [|=[*)
1— || (2)]? = ( : 2.2.
a2 R e S (223)

(V) 74 Is an involution, that is v, © v, = idgn;
(vi) 7, extends to a homeomorphism of B™ onto B™, and is an automorphism of B".

Proof: (i) Obvious.
(ii) For any z € B™ (2.2.1) can be rewritten in the form
Ya(z) = [1 + (2z,a) + (2,a)* + - - } [a — (P, + saQa)(Z)]
=7a(0) + (2,a)a — (P + 3aQa) (2) + O(|12[|)
= 7(1(0) - (Sipa + SaQa)(Z) + O(HZHZ)a

and we get the first formula. The second one follows from

Pa(h) - SaQa(h)
s2 —(h,a) '

Yala +h) = —
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(iii) Since P, and @, are self-adjoint projections, we have

+ 52(Qa(2), Qa(w))
— (a, w))

— z w)) = _(G—Pa(z),a—Pa(w))
1= (7a(2);7a(w)) =1 e

(iv) By (iii), with z = w.

(v) Let ¢ =7, 07,. Then ¥(0) = 0 and dypg = dy,(a) - dv.(0) = P, + Q, = id, for
P?2=P,, Q> =Q, and P,Q, = Q,P, = 0. By Theorem 2.1.21, ¢ = idgn.

(vi) 74 sends B™ into B™ and 0B"™ into 0B"™, by (iv). It follows from (v) that 7, is
invertible, and we are done, q.e.d.

Hence the automorphism group is given by
Corollary 2.2.2: Every v € Aut(B") is of the form

Y= U/Yaa

where a = v~1(0) and U € U(n). In particular, Aut(B") acts transitively on B", and
every element of Aut(B™) extends continuously to a homeomorphism of B™ onto itself.

Proof: The map v o 7, is an automorphism of B™ that fixes the origin; hence, by Corol-
lary 2.1.23, it is linear. Therefore it should be unitary, and the assertion follows, q.e.d.

We shall see later that Aut(B™) acts doubly transitively on 0B™.
A consequence of (2.2.2) and Corollary 2.2.2 is that for every v € Aut(B™) we have

Vz, w € B 1— (v(2),7(w)) = (1~ (,0) (1~ (zw) (2.2.4)

(1 — (z,a)) (1 — (a,w)) ’

where a = y71(0).
Another consequence that we shall need in the next chapter is:

Corollary 2.2.3: Take v € Aut(B") and set a = y~1(0). Then

. 9 1—|la 2 n+1

Proof: Fix z € B", and set w = ~(z). Then 0 is a fixed point of 7, oy o, and so
v = YU~ for some U € U(n). In particular,

(d7)= = (dyw)oU(dvz)z-



126 2.2 The ball

By Lemma 2.2.1.(ii), (dvy,)o has a one-dimensional eigenspace of eigenvalue —s2,, and

a (n — 1)-dimensional eigenspace of eigenvalue —s,,, so that det(dv,)o = (—1)"s%HL.
Analogously, det(dy.). = (—1)"s;™"!; hence

I O
der(a).? = ( ,
T~ [l

and the assertion follows from (2.2.4), q.e.d.

Exactly as for n = 1, there is a different realization of B™ which is often useful, for
instance to study Aut(B"). It is the Siegel upper half-space H™ C C™ defined by

H" ={w e C" | Imw; > ||v'|?},

where for every w = (wy,ws,...,w,) € C" we set w’ = (wa,...,w,).
The Cayley transform V: B™ — H™ given by

A4z iz 12
) =
(Z) (21—21’1—217 ’1—Zl>

is, exactly as in the one dimensional case, a biholomorphism between B"™ and H™, with
inverse given by

\Il_l(w):(wl_z:v 2w2-7"'7 2wn>
w, +1 wy -+ w1 +1
We notice incidentally that ¥ = (Wq,...,¥,,) satisfies
n B S UNTO ot 1
Vz€B Im Wy (z) = > [¥;(2)] = TR (2.2.5)
- 2
7j=2

The boundary of H™ in C" is given by 0H" = {w € C" | Imw; = |[u'||*}. We
shall denote by H™ the one-point compactification of H™ U OH™; it is easily seen that
U extends to a homeomorphism between B and H” sending (1,0,...,0) in the point at
infinity of H™.

There are two subgroups of Aut(H"™) which are worth mentioning. The first one is
composed by the (non-isotropic) dilatations d;, where t > 0, given by

§¢(w) = (t*wy, tw').

Every d; fixes only 0 and oo; hence ¥~! 06, o ¥ is an automorphism of B™ fixing no points
of B™ and exactly two points of dB™. Moreover, (6;) ™ = 8y ;.
The second subgroup consists of the translations h,, where a € OH", given by

ho(w) = (w1 + ay + 2i(w’,a’),w’ + d’). (2.2.6)

Every h, fixes only co; hence ¥ ! oh, oV is an automorphism of B” fixing no points of B"
and exactly one point of 9B™. Moreover, (h,)~! = hz, where a = (—ay, —a’).
We can use dilations and translations to describe Aut(H"):
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Proposition 2.2.4: Every automorphism ~v of H" is of the form
Y =0t 0 hg o py,

for suitable U € U(n), t > 0 and a € 8H™, where py(w) = ¥(U¥~(w)) is an automor-
phism of H™ fixing (i,0,...,0).

Proof: Let b = (by,...,b,) = ~(i,0,...,0). Since b € H", we have Imb; > ||b']|?; set
t=(Imby — Hb’HZ)l/Q. Now define a = (ay,...,a,) € OH™ by

1 .
a] = t_2 [Rebl ‘|‘ZHbIH2},
a =b/t,

and set a = (—ar,—a’). Then hg o 6;,(b) = (4,0,...,0); hence, by Corollary 2.2.2,
hg 061/ 0y = py for a suitable U € U(n), and v = d; o hy o puy, q.e.d.

A first corollary is the promised

Corollary 2.2.5: Aut(B™) acts doubly transitively on OB™.

Proof: Since Aut(B") contains U(n), it suffices to show that for every z € OB, = # e,
there is v € Aut(B") such that y(e1) = e; and y(—e1) = x, where e; = (1,0,...,0). Using
the Cayley transform, we can rephrase the problem in the following terms: given a € 0H"
find v € Aut(H") such that y(co) = 0o and 7(0) = a. But then it suffices to take v = hy,
q.e.d.

Now we want to study the fixed point set of an automorphism of B". We saw
that an automorphism of B™ can have no fixed points in B™. On the other hand,
if U € U(n) C Aut(B") its fixed point set is the intersection of B™ with a complex
linear subspace of C™. To describe the general case, we need a couple of definitions.

An affine subspace of C™ is the translation of a linear subspace; an affine subset of B"
is the intersection of B™ with an affine subspace of C". If L is a linear subspace of C"
and ¢y € B™, then the affine subset E = (co + L) N B™ is said parallel to L and passing
through cy.

The idea is that the fixed point set in B™ of an automorphism of B™ is either empty
or an affine subset of B™. To prove this assertion, we need the following

Lemma 2.2.6: Every automorphism of B™ sends affine subsets into affine subsets.

Proof: Let v € Aut(B"), and set a = v~ 1(0). Let E be an affine subset of B", and
write E = (cop + L) N B™, where ¢y € B™ and L is a linear subspace of C". Fix a basis
{vi,...,vp} of L, and set ¢; = vj + ¢y € E, for j = 1,...,k; we can choose the basis so
that c1,...,cr € B. Then it is easy to see that

k
FE = { Z )\jcj
7=0

k
Aoy .- A € C, Z)\jzl}ﬂBn

J=0
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k
Take z = > Ajc; € E. Then
j=0

k
Y(2) =D mv(ey),
=0

where ( )
1—(cj,a .
,Ug—)\gma (j=0,...,k).

k
Then > p; = 1 and y(E) = (v(co) + L1) N B™, where L, is the linear subspace of C"
j=0

generated by {7(c1) — (o), -, 7(ex) = 7(co) }, ae-d,
Then

Theorem 2.2.7: Let v € Aut(B™). Then the fixed point set of v in B™ is either empty
or an affine subset. Conversely, every affine subset of B™ is the fixed point set of some
automorphism of B".

Proof: Suppose v(zp) = zo for some 2y € B. Then ~,,0707,, is an unitary transformation,
and its fixed point set £ (in B™) is the intersection of B™ with a linear subspace of C".
Therefore the fixed point set of v is 7., (F) and hence affine, by Lemma 2.2.6.

For the converse, let E be an affine subset of B", and take zp € E. Then v, (F) is
the fixed point set (in B™) of an unitary transformation U, and F is the fixed point set of

Y= Y2U"z2, q.€.d.

It may happen that an automorphism « of B" has no fixed points in B"; on the other
hand, every v € Aut(B"™) has a fixed point in B™. This is a consequence of Brouwer’s
theorem:

Theorem 2.2.8: Let f: K — K be a continuous map of a compact convex subset K
of RY into itself. Then f has a fixed point.

A proof can be found in Massey [1967], or in Spanier [1966], for instance.
It turns out that an automorphism without fixed points in B™ can have at most two
fixed points in 0B™:

Proposition 2.2.9: Let v € Aut(B"™) be without fixed points in B™. Then « has at least
one and at most two fixed points in 0B".

Proof: By Brouwer’s theorem, v has at least one fixed point in dB™. Assume that there
exist three distinct fixed points z1, 29, 23 € OB™ of 7. (2.2.4) yields

oy U= (@a) (1 = (5 2))
1 ( 7 k:) (1 _ (zj,a)) (1 _ (CL,Z]C)),
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for j, k=1, 2, 3, where a = y~1(0). If j # k, then (2, 2;) # 1 and hence

1— (av CL)
1—(z:0)= —2"2
(Zjaa) 1—(G,Zk)
With k£ = 3 and j = 1 or 2 this implies that
(z1,a) = (22, 0). (2.2.7)

Put z = 5(21 + 22) € B™. Then (2.2.7) implies

Ya(2) = %(%(21) + Ya(22))-

Hence, if we write v = U~, for a suitable U € U(n), we obtain

(v(z1) +7(22)) = =,

N =

V(2) = Una(z) =
contradiction, q.e.d.

We end this section characterizing the automorphisms of B™ with just one or two fixed
points in AB™ and none in B™. For sake of simplicity, we transfer the problem to H", and
we ask for a description of the automorphisms of H" keeping fixed either only oo or only 0
and oo (there is no loss in generality thanks to Corollary 2.2.5).

Proposition 2.2.10: Let v € Aut(H"™). Then oo is the only fixed point of ~y iff
Yw e H" Y(w) = hg(wy, U'w') (2.2.8)

for some U’ € U(n — 1) and a € OH™, where U’ and a are such that for every solu-
tion w' € C" ! of (I,_1 — U')w’ = a’ we have Rea; # 2Im(w’, a’).

Proof: Write v = d; o hq o uy for some t > 0, a € 0H™ and U € U(n). Since oo is
a fixed point for both d; and h,, it follows that py(oo) = oo. In particular, setting
er1 = (1,0,...,0), Uey = e and so uy(w) = (wy,U'w’) for a suitable U’ € U(n — 1).

Now we claim that ¢ = 1. Indeed, assume by contradiction that ¢ # 1. Then
det(U" — t711,,_1) # 0; hence there is v € C""! such that +({U'v' + a') = v'. Set
v1 = a +i|[v’[|?, with a € R to be chosen; then v = (vy,v’) € 9H™, and we have

Y(v1,v) = (Pla+i||v'||* + a1 + 2i(v, )], ).
Now, v € Aut(H™); hence vy(v) € 0H™ and
Im[t? (o +i|[v/||* + a1 + 2i(v, @))] = ||| = Im ;.
On the other hand,

Re[t? (o +i|[v/||* + a1 + 2i(v),a’))] = t?a + t* Re(ar + 2i(v,d’));



130 2.2 The ball

since t # 1, we can choose a € R so that
t?a+t*Re(a; +2i(v',d")) = a,

and thus v(v) = v, contradiction.

It remains to show that an automorphism of the form (2.2.8) has a fixed point
different from oo iff the equation (I,_; — U’)w’ = o’ has a solution w’ € C"~! such
that Rea; = 2Im(w’, d’). Indeed, hy (w1, U'w') = (wy,w") iff

w/ — U/w/ _|_ a/,

a1 +2i(U'w',a’) = 0.
Recalling that |a’||> = Imay, if we plug the first equation in the second one we find that
ho(wy, U'w') = (wq,w') iff

w/ — U/w/ + a//7

Rea; = 2Im(w’, d’),

q.e.d.

Proposition 2.2.11: Let v € Aut(H™). Then 0 and co are the only fixed points of ~y iff
Yw e H™ y(w) = 64 (wr, U'w") (2.2.9)
for some U’ € U(n —1) and t > 0, with t # 1.

Proof: This time it is obvious that every « of the form (2.2.9) fixes only 0 and oo iff ¢ # 1.
For the converse, write v = d; o hy o 7, and assume 0 and oo are the only fixed points of ~.
Since both ¢; and h, have co as fixed point, it follows as before that py(w) = (wy, U'w’)
for a suitable U’ € U(n — 1). Finally, since both §; and py have 0 as fixed point, it follows
that a =0, q.e.d.

2.2.2 Schwarz’s lemma and horospheres
We start this section by introducing our staunch fellow, Schwarz’s lemma, in its grown-up
version:
Theorem 2.2.12: Let f: B™ — B™ be holomorphic and such that f(0) = 0. Then

Vze B" IF &I < =ll; (2.2.10)
and

Vv e C" ldfo ()] < ||v]l- (2.2.11)

Proof: Fix z, y € 0B™ and define p: A — A by ¢(() = (f({'x),y). Then the one variable
Schwarz lemma yields |¢’(0)] < 1 and |p(¢)| < [¢| for all { € A. Since x is an arbitrary
element of 9B™ this implies

| (dfo(v),y)| < vl
for all v € C™ and

[(f(2).9)] < ll=]

for all z € B™. Since also y is an arbitrary element of 0B", the assertion follows, q.e.d.
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It should be emphasized that the equality at one point in (2.2.10) or in (2.2.11) do
not imply either the linearity of f or its invertibility (this is the reason we could not use
Schwarz’s lemma in the computation of the automorphism group of B™). For instance,
define f: B> — B? by

f(z,w) = (2 + 2w?,0).

Then f(2,0) = (2,0) for all z € A and dfy(A,0) = (A, 0) for all A € C, but f is not linear,
and not even surjective or injective. The problem is similar to the one we discussed talking
about holomorphic retractions in the previous chapter: the behavior along a direction
cannot (at least not very strongly) control the behavior along orthogonal directions, and
so there are many new possibilities. Anyway, as for holomorphic retractions the image was
not exceedingly wild, so also in our case we have some sort of regularity:

Lemma 2.2.13: Let f € Hol(B™, B"™) be such that f(0) = 0, and take z € B", z # 0.
Then

@) If ) = =]l i (| dfo(2)]] = [|2]];

(ii) f(z) =z iff dfo(2) = =.
Proof: Let zy € B", zp # 0, be such that | f(z20)|] = ||z0]]. Take U € U(n) so that
Uf(z0) = zo0, set xg = z0/||20]|, and define ¢ € Hol(A, A) by

0(¢) = (Uf(Czo),x0). (2.2.12)

Then ¢(||z0ll) = |l20ll; by the classical Schwarz lemma, ¢ = ida and, in particular,
¢'(0) = 1. Then

lz0ll* = (Udfo(20), 20) < |Udfo(z0)ll - llz0]l < [lz0*

by (2.2.11), and this is possible iff Udfy(z0) = 20, that is iff ||dfo(z0)|] = ||20]|- In particular,
if f(z0) = 29 we can take U = I,, and thus infer dfy(z) = zo.

Conversely, assume ||dfo(z0)|| = [|20]. Again, take U € U(n) so that Udfy(z0) = 2o
— with U = I, in case (ii) —, set xg = z0/||20|| and define p € Hol(A, A) as in (2.2.12).
Then ¢’(0) =1 and, again by Schwarz’s lemma, ¢ = ida. Therefore ¢(]|zo]|) = ||z0]|, and

12011* = (U fo(20), 20) < 1U fo(z0)ll - 120l < [0
by (2.2.10), and again this is possible iff U f(z) = 20, q.e.d.

Proposition 2.2.14: Let f € Hol(B™, B") be such that f(0) = 0. Assume ||f(zo)| = ||20]|
for some zy € B™ with zg # 0 — or ||dfo(vo)|| = |lvo|| for some vy € C™ with vy # 0.
Then there is a linear subspace V of C" containing zo — respectively vg — such that
flvasr = dfo|lvnpn is the restriction of a suitable U € U(n).

Proof: By Lemma 2.2.13, the set of z € B™ such that || f(z)|| = ||z|| coincides with the set
of z € B™ such that ||dfy(2)|| = ||z||. Set

V ={veC"||dfo(v)ll = vll}-
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If ( € C and vy, v € V we have

Igvr + w2 = [CPJ1]|* + [lv2* + 2 Re(Cus, va),
ldfo(Cor + v2)lI* = [C1*[loal|® + [Joa]|* + 2Re(dfo(Cv1), dfo(vz)).

Since, by (2.2.11), ||dfo(Cv1 + v2)|| < ||Cv1 + v2l, it follows that
V(e C Re [g(dfo(vl),dfo(vg))] < Re[((v1, v2)],

which is possible iff (dfo(v1),dfo(v2)) = (v1,v2). In particular,
Vo, v €V [dfo(v1 +v2)|| = [[v1 4 v2]|.

So V is a linear subspace of C”, and dfy|y:V — dfy(V) is an isometry. Therefore there
is U € U(n) such that dfy|y = Uly, and it remains to show that f|ynp» = dfolvnpn-
Take zg € V. N B™. Then, setting g = f — dfy, for every ( € A we have

ISP Mlz0ll* = 11£(C20) I* = [¢ll20]1* + 2 Re(g(C20), dfo(C20)) + llg(C20) 7. (2.2.13)

Therefore ¢ — Re(g(Cz20),dfo(z0)) is a non-positive harmonic function in A vanishing
at 0; so it is identically zero and, by (2.2.13), f(20) = dfo(20), q.e.d.

So the equality in (2.2.10) or in (2.2.11) implies at least a partial linearity of f; it is
better than nothing.

Another consequence of Lemma 2.2.13 is the description of the fixed point sets of
holomorphic maps f: B™ — B™, and thus of the holomorphic retracts of B™:

Corollary 2.2.15: Let f € Hol(B™, B™). Then the fixed point set of f is either empty or
an affine subset of B™.

Proof: This follows from Lemma 2.2.13, Lemma 2.2.6 and Corollary 2.2.2, q.e.d.

Corollary 2.2.16: The holomorphic retracts of B™ are exactly the affine subsets of B™.

Proof: One direction is Corollary 2.2.15. Conversely, by Lemma 2.2.6 every affine subset
of B™ is, up to an automorphism, the image of B™ under an orthogonal projection of C”
onto a linear subspace, q.e.d.

In particular, then, every fixed point set in B is a holomorphic retract; in chapter 2.5
we shall generalize this fact to bounded convex domains.

Now, come back to Schwarz’s lemma. First of all, using Aut(B™) we can get an
invariant version of Theorem 2.2.12:
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Proposition 2.2.17: Let f € Hol(B™, B™). Then for every z, w € B™ we have

11— (f(2), f(w))]” 11— (z,w)[?

A= TP - 1F@)P) = A= [P = [wl?)’ (2.2.14)
and for every z € B™ and v € C" we have
] f1<z)||2>2 [ (dr-(0), F) [+ (1 - ||1f( SIRITAGIE .
< e I AP + (= 1= el

In particular, if f is an automorphism of B™ then both (2.2.14) and (2.2.15) are always
equalities.

Proof: (2.2.14) is just (2.2.10) applied to 7 ()0 f 0w and computed in v, (2). Analogously,
(2.2.15) is (2.2.11) applied to d(vf(s) © f ©7z)o and computed in d(v.).(v), q.e.d.

Exactly as happened in section 1.1.1, (2.2.15) invites us to introduce a differential
metric and a distance on B".

Let ds? denote the euclidean differential metric at 0. Then the Bergmann metric dr>
on B" is given setting dx3 = ds? and, for all a € B"™ and u, v € C"

1

d/ﬁi(u,v) = [(’Va)*d32] (u,v) = W

[(u, a)(a,v) + (1 — HCLHZ)(U,U”, (2.2.16)

where we are identifying the tangent space of B™ at a with C”. The distance kg~ associated
to dk? is the Bergmann distance on B™. Using these definitions, Proposition 2.2.17 becomes

Corollary 2.2.18: Let f € Hol(B™, B"™). Then

Vz, w € B" kpn (f(2), f(w)) < kpn(z,w), (2.2.17)
and

Vz € B", Yv e C" dk f () (df-(v)) < dk.(v). (2.2.18)

In particular, every automorphism of B™ is an isometry of the Bergmann metric.

Proof: (2.2.18) is just (2.2.15) in this fancier language, and (2.2.17) is an immediate con-
sequence, q.e.d.
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The Bergmann metric is the natural generalization of the Poincaré metric on A.
Indeed, it is easy to check that the restriction of the Bergmann metric to the intersection
of B™ with any one-dimensional linear subspace of C™ is exactly the Poincaré metric (1.1.7).
It should be remarked that, by Corollary 2.2.18 and Lemma 2.2.6, this is still true if we
consider the restriction of the Bergmann metric to any one-dimensional affine subset of B™.

Arguing as in the proof of Lemma 1.1.5 it is easy to see that the radii t — tx
for x € 0B™ are geodesics for the Bergmann metric. In particular,

1+ [z
1 —|lz]]

Vz € B" kg (0,2) = 5 log (2.2.19)

To visualize a bit the Bergmann metric, we shall now describe the open Bergmann
balls Bx(zg, R), that is the open balls for kg~ of center zy € B™ and radius R > 0. Clearly,

Bi(z0, R) = 7z (Br(0, R)).

Now, (2.2.19) shows that By(0, R) is the euclidean open ball B(0,tanh R) of center 0 and
radius tanh R. Therefore the Bergmann ball By(zo, R) is given by

n | 1P (2) —al® | 11Qz (2)I1?
By(z0, R) = {z €C 0T2p2 n ;QP <1}, (2.2.20)
where r = tanh R,
1—7r?2
a=—————=2
L—7r2z[2 ™
and ,
R e E0
p

R TR

Hence By (zp, R) is an ellipsoid; its intersection with the subspace Czy generated by z
is a disk of radius pr, which is of order R(1 — ||z0]|?) when R is small. On the other
hand, its intersection with the subspace orthogonal to Czy is a ball of the much larger
radius \/pr, which is roughly R(1 — ||20]|?)}/? when R is small. Note furthermore that,
being every By(zo, R) strictly contained in B™, the Bergmann metric is complete.

Now we are ready to introduce in this setting one of the most useful tools we used in
the one-variable theory. In analogy with the definition in the disk, the horosphere E(x, R)
of center x € 0B™ and radius R > 0 is

E(x,R) = {z € B"

11— (z,2)]
AR S R}. (2.2.21)

An easy computation shows that E(x, R) is the ellipsoid

1P2(2) —alP | Q)P _ 1}, (22.22)

r2 r

E(z,R) = {z eC"
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where r = R/(1+ R) < 1 and a = (1 — r)x. In particular,

Vz € 9B™ VR > 0 E(z,R) N0B" = {z} (2.2.23)

and given any two distinct points x, y € 9B™ it is always possible to find Ry > 0 so small
that
E(LIZ', Ro) N E(y, Ro) = @, (2.2.24)

and so that E(x, Ro) N E(y, Rp) contains exactly one point.

The horospheres are intended as a natural generalization of the horocycles; so they
must enjoy the main properties of the horocycles. First of all, they are limit of Bergmann
balls, exactly as in the disk:

Proposition 2.2.19: Let B, = B(z,, R,) be a sequence of Bergmann balls such that
z, — x € 0B™ and
1— |z

. RAO (2.2.25)

where r,, = tanh R,,. Then
(i) if z € B, for infinitely many v then z € E(z, R);
(ii) if z € E(x, R) then z € B, for all sufficiently large v.

Proof: We observe that z € B, iff v, (2) € Bi(0, R,) iff, by (2.2.3),

=Gzl 1=zl - 1+llzl 1=z

1—||z]|? 1—17r2 14+r, 1-—17,

Then (i) and (ii) follow taking the limit as ¥ — +o0 and using (2.2.25), q.e.d.

Proposition 2.2.20: Let x € 0B™ and R > 0. Then

E(z,R) = {z € B"

lim [kpn (2,w) — kpn (0,w)] < %logR}. (2.2.26)

w—T

Proof: We have, using (2.2.19)

kpn(z,w) — kpn(0,w) = kpn (O,Pyz(w)) — kpn(0,w)
_ 1o L@ 1~ ]
= b i)

Lol 1= [lyz(w

and the assertion follows from (2.2.3), q.e.d.

Clearly, horospheres are sent into horospheres by automorphisms of B". Indeed,
take v € Aut(B"), x € 9B™ and R > 0. Set 2o = v~ 1(0) and o = (1 —||20]|?)/|1 — (20, 7)|?.
Then using (2.2.4) it is easy to see that y(E(z, R)) = E(vy(z), aR).

The two main properties of horocycles were Julia’s lemma and Wolff’s lemma. Our
horospheres should deserve their name only if they enjoy a multidimensional version of
these results. This is indeed the case, for we have a Julia’s lemma:
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Theorem 2.2.21: Let f: B — B"™ be a holomorphic map and take x € 0B"™ such that
1 —
L

me 1|2

a < +00

Then there exists a unique y € OB™ such that for every z € B"

- (@] =@

<a , (2.2.27)
L=/ () 1 —{|z[
that is
VR >0 f(E(z,R)) C E(y,aR). (2.2.28)
Proof: Choose a sequence {z,} C B™ converging to x such that
G
v=oo 1=z

Up to a subsequence, we can assume that f(z,) — y € 0B™ as v — +oo. Then, by
Proposition 2.2.17 for every z € B™ and v € N we have

2
1= (@ FED] =GP 1+ 1E 1= G
=@ = 1=z 1+l 1=zl
and (2.2.27) follows letting v — +o0. Finally, if (2.2.28) holds for two distinct bound-

ary points y1, y2 € 0B", then we get a contradiction taking R > 0 so small that
E(y1,aR) N E(y2,aR) = @, as in (2.2.24), q.e.d.

And even a Wolff’s lemma:

Theorem 2.2.22: Let f: B — B" be a holomorphic map without fixed points. Then
there is a unique x € dB"™ such that for every z € B"

1= () -G

I/ = 1oz (2.2:29)

that is
VR >0 f(E(z,R)) C E(z, R). (2.2.30)

Proof: Choose a sequence {r,} C (0,1) increasing to 1, and set f, = r,f. Clearly,
f(B™) is relatively compact in B™, and hence, by Corollary 2.1.32, every f, has a fixed
point w, € B™. Up to a subsequence, we can assume w, — T € B"as v — +o0. Exactly as
in the proof of the one-dimensional Wolff lemma we see that x € B™ would imply f(x) = z,
impossible; hence x € 0B™.

Now (2.2.14) says that for all z € B" and v € N

L= (A w)] _ 1= ()
el P16 R E1
and (2.2.29) follows taking the limit as v — +oo.
Assume, by contradiction, there is another point ’ € B™ such that (2.2.30) holds.
Choose R and R’ so that the ellipsoids F(z, R) and E(z’, R’) are tangent to each other at
the point z € B™. Then (2.2.30) would imply f(z) = z, impossible, q.e.d.
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As we saw in chapter 1.2, Julia’s lemma will be used to study angular derivatives,
while Wolff’s lemma will become the cornerstone of iteration theory. But before probing
these questions, we should fit to our needs yet another tool.

2.2.3 Koranyi regions and the Lindelof theorem

When in chapter 1.2 we studied the boundary behavior of holomorphic functions in A,
the natural notion of limit was the non-tangential limit, as naturally expected. In 1967,
Koranyi and Stein (see Kordnyi and Stein [1968] and Kordnyi [1969]) made the amazing
discovery that in several variables the non-tangential limit can be replaced by a broader
notion: the approach regions may be tangent to the boundary along the complex tangential
directions. In this section we shall introduce Koranyi’s approach regions; however, we
shall not spend too much time describing the limit considered by Koranyi (a longer and
quite better exposition is Rudin [1980]), because the main goal of this section, the several
variables version of Lindel6f’s Theorem 1.3.23, involves another kind of limit, slightly
weaker than Koranyi’s.

But let’s be concrete. In section 1.2.1 we studied non-tangential limits using the Stolz
regions K2 (7, M) (we placed the exponent A to distinguish them from the Kordnyi regions
in B™ to be introduced momentarily) defined in (1.2.16). Their natural generalization in B"
are the Kordnyi regions K (x, M) of vertex x € 0B™ and amplitude M > 0 given by

11— (2,7)|
< M}. (2.2.31)

K(xz,M) is empty if M < 1; on the other hand, for any = € dB"™ the regions K(z, M)
fill B™ as M approaches +o0.

We now introduce the limit considered by Koranyi. Let f: B® — C be a function.
We shall say that f has K-limit (or admissible limit) A at z € 9B™ (possibly A\ = o0) if
f(z) = X\ as z — x within K(x, M) for any M > 1. If n = 1 we saw that this is exactly
the non-tangential limit; to understand its meaning in the present context, let us examine
more closely the shape of Koranyi regions.

First of all, note that every U € U(n) permutes the Kordnyi regions: in fact,

U(K(z, M)) = K(Uz, M).

So to sketch K(z, M) we can assume without loss of generality x = (1,0,...,0) = e;.
Then the intersection of K(e;, M) with the complex subspace generated by e; is

K(z, M) = {z € B"

]__
K51, M) = {21 en|llzal_ M},
1— [z

that is the usual Stolz region in A. On the other hand, the intersection with the copy
of R?"~! obtained by setting Im z; = 0 contains the ball

1?2 1\?
<R,621—M) +||Z/||2< (1—M> s

where 2’ = (29,...,2,), as usual, which is tangent to 9B™ in e;.
In chapter 2.7 we shall need a more precise description of the tangential shape of the
Koranyi regions:
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Lemma 2.2.23: Let x € 9B"; for every M > 1 and ¢ € K*(1, M) set
drr(¢) = inf{[Jv[| [ (v, z) = 0 and (z +v € OK (2, M)};

dr(Q) is the radius of the largest (n — 1)-dimensional ball centered at (x contained in the
affine (n—1)-dimensional subset of B™ passing through (x and parallel to TC(0B™). Then
for any 1 < M < M and all ¢ € K*(1, M) we have

(1 - %)(1 C1CDM2 < 640, (O) < VE(L — [,

Proof: Let v € C™ be any vector orthogonal to z; then {x +v € 0K (x, M) iff

1= ¢l = My (1= (I¢] + [[v]*)*?).

Therefore )
1—
o (02 = (1= ) e

o (€7 <1 —[¢* < 2(1 = [¢)).
On the other hand, ¢ € K*(1, M) means |1 — ¢| < M (1 — |¢]); hence

In particular,

51 (O)? 2 (1 El—!d))g—m?
= (13 ) a1+ (1 a5 )
2(1 %) (-1,

q.e.d.

So the Koranyi regions are tangent to 0B" along the complex tangential directions.
In particular, a function having K-limit always has non-tangential limit; in K-limits,
the approach is restricted to be non-tangential only in the radial direction. However, as
mentioned before, we shall need a slightly different notion of limit, still generalizing non-
tangential limit, and so we refer to Rudin [1980] for a more complete discussion of K-limits
in B™.

Our next goal is a several variables version of Lindel6f’s Theorem 1.3.23. The classical
statement in A says that, for a bounded holomorphic function, the limit along a curve
ending at a boundary point determines the behavior along any curve ending at the same
boundary point, and in particular determines the non-tangential limit. In B™ this is not
anymore true. Take, for instance, f € Hol(B2, A) given by

w?
1—22°

f(zw) = (2.2.32)
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Then for every A € A and t € (0,1) we have

FEAVT—12) = X2,

and so the limit of f along the curve o) (t) = (¢, \v/1 — t?) ending at (1,0) depends on the
parameter A\. Note, furthermore, that f has no K-limit at (1,0), because for every t € (0, 1)
and A € A we have o (t) € K((1,0),2/(1 — [A]?)).

The idea is that to extend Lindel6f’s theorem to B™ we need some kind of restriction
on the curves we want to consider. To describe the precise statement, we introduce some
definitions.

For x € 0B™, a x-curve is a curve 0: [0,1) — B"™ such that o(t) — z ast — 1. To every
x-curve we associate its orthogonal projection o, = (0, x)x into Cz. Then (0 — 0,) L oy,
so that

loll* = llo = oull* + llowl?,

and hence )
o — 0.l

- 1
1= o, 2 =

because ||o||? < 1.

A z-curve is special if
o) — o (@)

1 =0 2.2.33
M Ter (2:2:33)

and restricted if it is special and moreover there is A < oo such that for all ¢ € [0, 1)

low(t) — |
e A. (2.2.34)

In other words, a special curve o is restricted iff its projection o, is nontangential. Note
that a restricted z-curve can be tangent to 0B™ at x: take for instance n = 2, x = (1,0)

and
o(t) = (L2 —t),(1—t)¥?). (2.2.35)

Let f: B™ — C be any function, and x € dB™. We shall say that f has restricted K-
limit (or hypoadmissible limit) A at x if f(o(t)) — X as t — 1 for any restricted z-curve o.
As promised, this is an intermediate notion between non-tangential limit and K-limit, as
shown in

Lemma 2.2.24: Let 0:[0,1) — B™ be a z-curve, where x € 0B™. Then
(i) if o is non-tangential, then it is restricted;

(ii) assume o is special. If o satisfies (2.2.34) then it lies eventually in K(x,M) for
all M > A. Conversely, if o lies in K(x, M) then it satisfies (2.2.34) with A = M.

Proof: (i) We recall that a z-curve o is non-tangential iff there is C' > 1 such that

lo(t) — =

vt € [0,1) 1—Re(o(t), z)

< C < +o0. (2.2.36)
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Now note that for every curve o we have

vt €[0,1) lo(t) = o @) < llo(t) — ]|
and

vVt €[0,1) oz (t) — || < ||lo(t) — || (2.2.37)
Therefore if o satisfies (2.2.36) we find

vt e [0,1) IIm(o(t),z)| < (C —1)"2[1 —Re(o(t),z)].

It follows that since Re (a(t), a:) — last — 1, for every § < 1 we eventually have

L loel s T Re(o)] [2 - (1 - Re(o.2)]
> 5(1 — Re(o, x))

1—[lozfl =

In conclusion, we eventually have
lo =0zl _llo=0a]? lo—2l llo—z] _C
L—lloel*  llo==|* 1—lloafl 1+l = &
and so every non-tangential curve is special and, by (2.2.37), restricted.
(ii) Assume o satisfies (2.2.34). Then

1= (o,2)| = |low — 2] < AL = |loz[)),

11— (0,2)] ( o — o2 ) 1+ ||o]
T <Al - : : (2.2.38)
1— o] 1— [low |2 1+ [|og|]

Since o is special, the right-hand side of (2.2.38) tends to A as t — 1; therefore o lies
eventually in K (z, M) for all M > A.
Conversely, assume o lies in K (x, M). Then

loz — 2| = [1 = (o, 2)] < M(1 = [|of|) < M(1 = [lo|),

and the assertion follows, q.e.d.

lo = =[] =0,

and thus

So a function having K-limit has restricted K-limit, and a function having restricted
K-limit has non-tangential limit. The function f € Hol(B?,A) given in (2.2.32) is an
example of a bounded holomorphic function having restricted K-limit but no K-limit. On
the other hand, the function ¢g: B?> — C given by

(11— 2P + Jw?)*”

1—Rez
has non-tangential limit 0 at (1,0), whereas the curve o given in (2.2.35) is a restricted
(1,0)-curve such that g(o(t)) — 1.

The choice of a non-holomorphic (though real analytic) function for the latter coun-
terexample is not casual. In fact, the Lindel6f theorem we shall present in a moment states
that for a bounded holomorphic function f: B™ — C the existence of the limit along a spe-
cial z-curve implies that f has restricted K-limit at x; in particular, for bounded (and not
only bounded, as we shall see) holomorphic functions the non-tangential limit implies the
restricted K-limit. This is the content of Cirka’s theorem:

g(z,w) -
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Theorem 2.2.25: Let f € Hol(B",C) be a bounded holomorphic function such that
there are x € OB™ and a special z-curve ¢°:[0,1) — B™ such that

lim f(c°(t)) = X € C.

t—1
Then f has restricted K-limit A at x.

Proof: Clearly we can assume f(B™) C A. Let o be any special z-curve; we claim that
lim [f(o(t)) = f(02(t))] = 0. (2.2.39)
Take ¢ € C; then (1 — ()o,(t) + (o(t) € B™ iff
1 o ()2
lo(t) — o= ()]
Fix R > 1,set Agp = {( € C||¢| < R}, and define ¢y r: Ar — A by
pe,r(C) = f((1 = Qau(t) +Ca(t));

since o is special, for every R > 1 the function ¢; g is defined as soon as t is close enough
to 1. Then Schwarz’s lemma applied to ¢¢ r — ¢+ r(0) yields

limsup|f(o(t)) = f(0x(t))] < 2/R,

7 <

and (2.2.39) follows, for R is arbitrary.

In particular, (2.2.39) implies that f(c9(t)) — X as ¢ — 1. But then the classical
Lindel6f Theorem 1.3.23 implies that f|cznp» has non-tangential limit A at z; so, if o is
any restricted z-curve, f(0.(t)) — X as t — 1. Hence another application of (2.2.39)
implies that f(a(t)) — Xast — 1, and we are done, q.e.d.

So for bounded holomorphic functions, non-tangential limit, restricted K-limit and
limit along a special curve are one and the same thing. This in an instance of the so-called
Lindel6f principle: for bounded holomorphic functions, the existence of the limit along
one curve forces the existence of the limit along quite larger sets. We shall discuss other
examples of Lindel6f’s principles in chapter 2.7; for the moment we limit ourselves to the
following result, a Lindelof principle for not necessarily bounded holomorphic functions:

Proposition 2.2.26: Let f € Hol(B™,C) and x € OB™ be such that f is bounded in
every region K (x, M). Suppose furthermore that there is a restricted x-curve o° such that

%EH f(o°() =XeC.

Then f has restricted K-limit \ at x.

Proof: Arguing as in the proof of Theorem 2.2.25 we see that (by Lemma 2.2.24.(ii) and
Theorem 1.1.28) it suffices to prove that for every restricted xz-curve o we have

m|f(o(t)) — f(o(t))] = 0. (2.2.40)

li
t—1
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Since o is restricted, there is M > 1 such that o(t) € K(x, M) eventually (Lemma 2.2.24).
Choose M; > 2M, and take A € C. Then (1 — \)o,(t) + Ao (t) € K(x, M1) whenever

1 — ||o,|I? 2 11— (o,
A2 < o |!2__| (o 37)2\_
o —oul? M |lo— o
Ifo(t) € K(xz, M), then ‘1— (o*(t),x)| < M(1—|a(t)]]);so (1=A)o(t)+Ao(t) € K(x, M)
whenever
My —2M 1 —|lo. ()]
My lo(t) —oL(t)]?

AP <

Since f is bounded in K (z, M;) (and o is special), we can now apply the same Schwarz’s
lemma trick used in the proof of Theorem 2.2.25 to get (2.2.40), and we are done, q.e.d.

2.2.4 Angular derivatives

The aim of this section is to prove a generalization of the Julia-Wolff-Carathéodory The-
orem 1.2.7 to B™ using Theorem 2.2.21. The main difference compared with the one-
dimensional case is that if f € Hol(B™, B") is such that f(z) —y € B" as z — z € 0B",
then the behavior of the radial component (f,y) of f is quite different from the behavior
of the tangential component f — (f,y)y of f, and even more so for the various components
of the differential of f.

The theorem we are driving at will be expressed in terms of restricted K-limits. The
idea is to use Proposition 2.2.26, but to find suitable restricted curves we shall need two
lemmas, specifying even more the shape of Koranyi regions:

Lemma 2.2.27: Choose x € 0B™ and fix M > 1 and R > 0. Then:

(i) if r = (M? — R)/(M? + R) then every z € K(x, M) such that ||z|| > r is contained
in E(z, R);

(ii) if z € E(x, R) then ||z|| > (1 — R)/(1+ R).

Proof: (i) If z € K(xz, M) and ||z|| > r we have

L= (o) L= (@) 1|, L-r _
T P G P D | Tt

(ii) If z € E(z, R) we have

1=l o A=z _ 1— =

R > = )
L=z = 1=z 1+

and the assertion follows, q.e.d.



2.2.4 Angular derivatives 143

Lemma 2.2.28: Choose M1 > M > 1, and set

Let x € OB™, and take z € K(x,M). Then
(i) If X € A is such that |A| < |1 — (z,x)| then z + Az € K (z, M;);
(ii) If w € B™ is such that (w,z) = 0 and |w|| < 6|1 — (z,2)|"/?, then z +w € K(x, My).

Proof: First of all note that z € K(xz, M) implies |1 — (z,2)| < M. It is then easy to check
that ¢ is chosen in such a way that for every z € K(z, M)

2

1 2 1
— 1 = _ < — 1=
1 Mll (z,x)|] +54]1 — (z,2)| < [1 M1|1 (z,2)|

For every z € B" set 2/ = z — (z,2)x = Q(z). Then z € K(x, M) iff

< 1= -Gl ~ e

Now fix z € K(x, M). If A € A is such that |A\| < J|1 — (z,x)| we have

1P < 1= g7 = Gl — 1P < 1= 3= Gol| -5 - o)

1 2
< [1——|1—<z+xx,x>|] e+ A,
M

and (i) is proved. If w € B™ is such that (w,z) = 0 and ||w|| < 6|1 — (z,x)|'/2, we have
12"+ wll® < 12117 + 2112/ ] + [lw]®

< 1= 37— Gall| ~ el + @+ 801 - (0

2
1
o ]| I [ R

where we have used the fact that 2||2’||? < 3|1 — (z,x)|'/? for all z € B", and (ii) is proved,
q.e.d.

And now:
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Theorem 2.2.29: Let f € Hol(B", B") and x € 0B" be such that
L[/

liminf ————— = a < o0.
ame 1= lz]]

Then f has K-limit y € 0B™ at x, and the following functions are bounded in every
Koranyi region:

(1) (1= (f(2),9)/(1~ (2,2)),

(i) Qu(f(2))/(1 - (z,2)"”,
(iii) (df.z,y),

(iv) (1 (22)"°Qy(dfx).
(v) (df.at )/ (1= (z,2) ",
(i) Qy(df.b).

where z is any non-zero vector orthogonal to z, and Q,(z) = z — (z,y)y is the orthogonal
projection on the othogonal complement of Cy. Moreover, the functions (i) and (iii) have
restricted K-limit « at x, and the functions (ii), (iv) and (v) have restricted K-limit 0
at x.

1v

Proof: We shall divide the proof in five steps.

Step (a): The behavior of f. Let y € OB™ be given by Theorem 2.2.21; we claim
that f has K-limit y at . Let {w,} be a sequence contained in some K (x, M) converging
to x; we have to prove that f(w,) — y. Fix r < 1, and let R € (0,1) be such that
(1—aR)/(1+«aR) > r. Since w, — x, by Lemma 2.2.27.(i) we have w,, € E(x, R) for any v
large enough; therefore, by Theorem 2.2.21, f(w,) € E(y,«R) and, by Lemma 2.2.27.(ii),
| f(wy)|| > r for any v large enough. In other words, we have proved that || f(w,)| — 1
as v — +o0. This implies, by Theorem 2.2.21 and Lemma 2.2.27.(i), that every limit point
of {f(w,)} is contained in

E(y,aR)N9B" = {y},

by (2.2.23), and so f has K-limit y at z, as claimed.
Step (b): Radial behavior. Our next aim is to prove that

T €450 Y7) (2.2.41)

£-1 1-¢

and
A (S (f(&x),v)y

lim e =0, (2.2.42)

where £ varies in (0, 1).
Put 1 — ¢ = 2R/(1 + R). Then {x € OFE(x,R) and, by Theorem 2.2.21, we have
f(&z) € E(y,aR), that is

B e {0 e e (0]
B2 e = 1r i€
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In particular,

20R
- ()] < o
e () R+|fE)] - 1+R 2
1— x 1+ 1+ x +
< < —. 2.2.4
1-¢ —“%17aR 1+¢& ~““1t1aR1+ (2.2.43)
Since R - 0as & — 1,
: 1—||f(&2)]?
limsup —————— < a,
R
and so, by definition of o and by Step (a),
1 fE) L[l f ()]
Now, by Theorem 2.2.21 and (2.2.43),
2
1 - (f(&2).9)] L—|lfE2)l* _ , 1+R 2
< —. 2.2.4
1-¢2 ~“T1-e ~YT1yar1+ (2.2.45)

Since 1 — || f(&z)]| <1 — ‘(f(ﬁa:),y)‘ < ‘1 — (f(fx),y)|, (2.2.44) and (2.2.45) imply

Lo |(fEa)w)| _ 1= (fEn)y)] (2.2.46)

£—1 1-¢ £—1 1-¢

In particular, the ratio of the two numerators in (2.2.46) converges to 1 as { — 1. Now

2 2

=1+

1—a
1 —a|

2 Ima
la| + Rea |1 — |a

for every a € A with Rea > 0; therefore we have

lim - (f(fl‘),y)
=11 - ‘(f(ém)ay)‘

and (2.2.41) follows from (2.2.46).
Since (f(fx),y) — 1l as & — 1, (2.2.41) is the same as

=1,

1-(fen)y)|
§1LIH1 - = a. (2.2.47)

Now (2.2.42) follows from (2.2.44) and (2.2.47) because

A2 = 1CF P+ 11f = (. (2.2.48)
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Step (c): The functions (i) and (ii). Fix M > 1, and take z € K(x,M). Put
R = M|1—(z,z)|. Then

1= (z,2)] = %Il — (z,2)] < R(L—|l2]}) < R(1 — [|2*),

that is z € E(z, R). Then f(z) € E(y,aR), by Theorem 2.2.21; in particular, (f(z),y) be-
longs to the horocycle in A of center 1 and radius aR. Now, the euclidean diameter of
this horocycle is 2aR/(1 + aR), and thus

2aR

}1_ (f(z)ay” S 1+aR

<2aR =2aM|1 — (z,z)|.

Therefore (1 — (f(z),y))/(1 — (2,2)) is bounded in every Korényi region, and Proposi-
tion 2.2.26 and (2.2.41) imply that its restricted K-limit at = is .
Finally, if we write || f||? as in (2.2.48), f(z) € E(x,aR) implies, by (2.2.22)

HQy(f(z))H2 < aR=aM|l - (z,z)|.

Therefore Q, (f(z))/(l — (=, x)) 172 is bounded in every Koranyi region, and again Propo-
sition 2.2.26 and (2.2.42) imply that its restricted K-limit at z is 0.

Step (d): The functions (iii) and (iv). This time we should deal with differentiation
in the direction z. Let 1 < M < Mj, choose § as in Lemma 2.2.28, take z € K (z, M) and
put

r=r(z) =6|1 —(z,)|. (2.2.49)

Then z + Az € K(x, M) for all A € C with |A| <r. By the Cauchy formula,

z+ Ax
@)= 5 [ YEEAD)
[A|=r

dA. (2.2.50)

Replacing (f(z + Az),y) by (f(z + Az),y) — 1 (and the right-hand side of (2.2.50) is
unchanged), multiplying and dividing the integrand by (z+4 Az, ) — 1 and setting A = re®,

we get

T

1 1— (f(z+re?z),y) 1—(z,2)
(df.x,y) = o / I~ Gt {1 - W} do. (2.2.51)

The first factor in the integrand is bounded, by Step (c); the second one is at most 1+671,
by (2.2.49). Therefore (df,x,y) is bounded in every Koranyi region.

When z = £z in (2.2.51), the second factor in the integrand is 1 — §~te~% and the
first factor converges boundedly to o as & — 1 (for £ +r(£x)e? tends to 1 non-tangentially
for every § € R). Therefore (dfepx,y) — a as £ — 1, by the dominated convergence
theorem, and again Proposition 2.2.26 shows that (df,z,y) has restricted K-limit « at x.
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Another application of the Cauchy formula yields

Q,(df.x) do.

Qy(f(z +retz)) (1— (24 re’sz, x))l/2
277 /

(z + refz, x)) Hz ret

Then exactly as before we find that (1 — (z, :1:))1/ QQy(deZL‘) is bounded in every Koranyi
region, and that its restricted K-limit at x is 0.

Step (e): The functions (v) and (vi). This time we should deal with differentiation
in the direction z*. Clearly, we can assume || = 1. Let 1 < M < Mj, choose § as in
Lemma 2.2.28, take z € K(x, M) and put

p=p(z) =081 — (z,2)|2 (2.2.52)

Then z + Azt € K(x, M;) for all A € C with |[A\] < p. An application of the Cauchy
formula as in Step (d) yields

df .z, — (2, 12 [ 1= (f(z+ peifat —i
(1(—f(z a:)?;)l/z --L ;(z))) % : 1 —(JZ(Z :pZZOCE‘L,)fI?)?J)e de (2259

—Tr

and

(1-(2)" 1 [ Qf(z+pc’sh))
p(z) 27r (1—(z—|—pewac ’x))l/Q

Qy(dfa™) = e do. (2.2.54)

The integrands are bounded, by Step (c) applied in K (z, M7). Hence (2.2.52) implies that
the left-hand sides of (2.2.53) and (2.2.54) are bounded in every Korédnyi region.

To finish, we have to prove that the left-hand side of (2.2.53) has radial limit 0 at =
(again by Proposition 2.2.26). Note that the curve o(§) = &x + p(éx)e®xt is not special,
and thus a new argument is needed.

Let ¢: B" — A be given by ¢(z) = (f(2),y). Restricting the attention to the subspace
generated by z and 2+ we can assume n = 2, z = (1,0) and 2+ = (0, 1). In particular,

dfegx™, 0 _
(({6_ 6)1/y2) - 8—;’;(5’0) (1-9) 2,

We can expand ¢ in the form
p(21,22) = ¥(21) + 222(1 — 21)?g(21) + > _ g;(21) 21,

where
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Then we have to show that g(§) — 0 as £ — 1. Note that, by (2.2.41), ¥(§) - las & — 1
in such a way that (1 —(£))/(1 — &) — a. Set

h(z,w) = P(2) + w(l - 2)2g(2);

since h is the arithmetic mean of the first two partial sums of the power series expansion
of ¢, and |¢| < 1 on B?, we have |h| <1 on B?.
Now choose € > 0 and set ¢ = a?/e2. We wish to estimate

111;1 silp}g(é“ +ic(1 —¢)) |

Set (¢ = & +ic(l — &); it is easy to check that (¢ € A whenever 1 — ¢ < 2/(1 + ¢2).
Furthermore,

1- |C§‘2 >1-¢
if 1 —¢&<1/(1+c?). Hence if € is sufficiently close to 1 we can find ¢ € C such that
L—[Cel* > Inel* > 1 ¢ (2.2.55)
and

ne(1—Ce)?g(¢e) € R. (2.2.56)

Now (2.2.55) implies in particular that (¢, n¢) € B? assoon as 1 —& < 1/(1+¢?). By
definition,

1=Gl=0-VIi+c=c(l-9);
hence (2.2.55) yields, by (2.2.56),

Re[ne(1 — ¢e)2g(¢e)] > ¢ /2(1 = €)|g(e)l.- (2.2.57)
Now (¢ € K2(1,2v/1+¢2) if 1 — €& < 1/(1 + ¢?); hence
1o vite) If’(éf) — a+o(1)
as £ — 1, that is
¥(Ce) =1~ (a+o(1))(1 —ic)(1-¢). (2.2.58)

Putting together (2.2.56), (2.2.57) and (2.2.58) we get

1> Reh(Ce,me) > 1— (a+0(1))(1— &) + (1 —&)|g(¢)l,

that is )
o+ o
19(Ce)l < iz

Therefore
limsup|g(£ +ic(l — 5))! <acV?=¢,
£—1
Clearly the same estimate holds for ¢ = § —ic(1 —¢&). Since [g(¢)| is bounded in any
Stolz region, it follows that

limsup [g(¢)] < .
€1

But € > 0 is arbitrary; hence g(§) — 0 as £ — 1, and the theorem is proved, gq.e.d.
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We end this section with two examples showing that we cannot improve the statement
of Theorem 2.2.29; in other words, 1/2 is the best exponent, we cannot replace restricted
K-limits by K-limits, and the function (vi) may have no restricted K-limit at x.

Let ¥ € Hol(A, A) be given by

$(0) = exp(—g — i log(1 - <>>'

Note that .
7

V(0 = 75 (0

As ¢ — 1, ¥(¢) spirals around the origin without limit.
Define f € Hol(B?, B?) by

f(zw) = (2 + 3w?P(2),0).

Since f(z,0) = (z,0), the hypotheses of Theorem 2.2.29 are satisfied with = y = (1,0)
and a = 1. Now,

1- (f(z,w),y) . w?
=2~ lTag—vk)
2
(df(z,w)x7y) =1+ % ¢(Z),
(df(z,w)xj_7y) w

(1—2)1/2 = (1_2)1/2 @D(Z),

where z+ = (0,1). Therefore the functions (i), (iii) and (v) have restricted K-limit at =
but they need not have K-limit at = (consider for instance the curve o(t) = (¢, \W/1 — t2),
where A € A*). Furthermore, the boundedness assertion made about (v) becomes false

replacing 1/2 by a larger exponent.
For the second example, define f € Hol(B?, B?) by

f(zw) = (z,w(2)).

Again, the hypotheses of Theorem 2.2.29 are verified for x = y = (1,0) and « = 1. Now,
taking z+ = (0,1),

Qy(f(zaw)) w

(1 _ 2)1/2 = (1 — 2)1/2 w<z) xJ_7
(1 — z)l/QQy(df(sz).Z’) = ﬁ w(z) xJ-,

Qy(df 2wy z) = Y(2)zt.

Therefore the functions (ii) and (iv) need not have K-limit at =, and (vi) need not even
have radial limit at z. Furthermore, the boundedness assertion made about (iv) becomes
false replacing 1/2 by a smaller exponent, and the one made about (ii) becomes false
replacing 1/2 by a larger exponent.
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2.2.5 Iteration theory and common fixed points in the ball

In this section we shall study iteration theory in B™, using Wolff’s lemma and following
the guidelines provided by Theorem 2.1.29. We shall not be very detailed, because the
general theory for strongly convex domains we shall discuss in chapter 2.4 is very similar
to the one in the ball. The section will end with the generalization of Shields’ theorem to
the ball and the construction of a fixed point for any compact group of automorphisms
of B™.

So take f € Hol(B™, B™). The first step in the study of iterates is to decide whether
{f*} is compactly divergent. If f has a fixed point, clearly the sequence {f*} cannot be
compactly divergent. The interesting fact is that the converse is true too:

Proposition 2.2.30: Let f € Hol(B", B"). Then the sequence {f*} is not compactly
divergent iff f has a fixed point in B™.

Proof: One direction is obvious. Conversely, assume that { ¥} is not compactly divergent;
then, by Theorem 2.1.29, there is a subsequence {f**} converging toward a holomorphic
retraction p: B® — M. Since fop = po f, f sends M into itself. If M is a point, the
proof is finished; otherwise, M is an affine subset of B™ (by Corollary 2.2.16), and thus
biholomorphic to B™ for some 0 < m < n; since it suffices to show that f has a fixed
point in M, we can directly assume M = B™. In particular, by Lemma 2.1.20 f is a
pseudoperiodic automorphism of B™.

Assume, by contradiction, that f has no fixed points in B"™. Then using the Cayley
transform we can transfer everything to H” and assume f is either of the form (2.2.8) or of
the form (2.2.9). But in both cases it is easy to check that f*(i,0,...,0) — oo as k — +o0,
and so f cannot be pseudoperiodic, q.e.d.

So the main distinction is between maps with fixed points and maps without, exactly
as in the one-dimensional case. Again, Wolff’s lemma is the right tool to deal with the
fixed point free case:

Theorem 2.2.31: Let f € Hol(B", B™) be without fixed points. Then the sequence of
iterates of f converges to a point of 0B™.

Proof: By Proposition 2.2.30, the sequence {f*} is compactly divergent. Let z € 9B™ be
the point given by Theorem 2.2.22; if we show that x is the unique limit point of {f*} we
are done.

Let {f*} be a subsequence of {f*} converging to a holomorphic map h: B® — C".
Since {f*} is compactly divergent, h(B™) C OB". But then by Theorem 2.2.22

h(E(z,R)) C E(z,R)NOB" = {xz}
for any R > 0, by (2.2.23). Therefore h = x, and the assertion is proved, q.e.d.

Now let f € Hol(B™, B™) have a fixed point zy € B"; the idea is that in this case the
behavior of {f*} is completely described by the spectrum of df,,. Indeed
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Theorem 2.2.32: Let f € Hol(B™, B"), and assume f has a fixed point zg € B™. Then
the sequence of iterates { f¥} converges iff sp(df.,) C AU {1}.

Proof: Let p: B* — M be the limit retraction of f. Clearly, zo € M, and sp(dp.,) C {0,1}.
If the sequence { f¥} converges, necessarily to p, and if A € sp(df., ), then the sequence {\*}
of powers of A should converge to an eigenvalue of dp,,, and hence A € A U {1}.
Conversely, assume sp(df,,) C AU {1}, and let C* = Ly & Ly be the df,,-invariant
splitting of C™ = T, ,B" constructed in Theorem 2.1.21.(iv). Then df,,|r, = id and
(df.|ny)® — 0 as k — +4oo; in particular, every limit point h of {f*} fixes 2o and is
such that dh,, = dp.,. Hence d(h|y)., = id and, by Theorem 2.1.21.(iii), h|ps = idps.
Therefore Theorem 2.1.29 implies that p is the unique limit point of {f*}, q.e.d.

Summing up, we have proved that the sequence of iterates of a map f € Hol(B"™, B™)
converges iff either f has no fixed points or f has a fixed point zy5 € B"™ such that
sp(df.,) € AU{1}. In chapter 2.4 we shall show how to extend this result to strongly
convex domains; for the moment, we prefer spending our time describing the set of limit
points of the sequence of iterates when it does not converge.

Take f € Hol(B", B™) with a fixed point zy € B™; then the idea is that the limit
points of {f¥} are completely determined by sp(df.,) N OA:

Proposition 2.2.33: Take f € Hol(B", B™) with a fixed point zo € B™, and let \,..., A,
be the eigenvalues of modulus 1 of df,,, listed according to their multiplicity. Then:

(i) the limit manifold of f is the affine subset of B"™ passing through zo and parallel to
the unitary space of df ., ;

(ii) the limit manifold of f coincides with Fix(f) iff the sequence {f*} converges, and in
this case it is (zo + Fix(df,)) N B™;
(iii) the sequence {f*} converges to zq iff sp(df.,) C A;
(iv) the limit points of {f*} are in one-to-one correspondence with the limit points of
the sequence of powers of (\1,...,\,) € TT = 8! x ... x S!, the torus group of (real)
dimension r.

Proof: Up to an automorphism of B", we can assume 25 = 0. Let p: B” — B"™ be the limit
retraction of f. Then the unitary space of dfy coincides with the eigenspace associated to
the eigenvalue 1 of dpy and hence, by Lemma 2.2.13, we have (i) and (iii).

(ii) follows immediately from (i), Lemma 2.2.13 and Theorem 2.2.32.

Finally, by Theorem 2.1.29 and Corollary 2.1.22, any limit point of { f*} is completely
determined by its differential at 0, and (iv) follows from the decomposition given in The-
orem 2.1.21.(iv), q.e.d.

We have seen that, as in the one-dimensional situation, iteration theory is mingled
with fixed point sets. We shall now explore the reverse of the coin: how to construct fixed
points using iteration theory.

The first result is the generalization of Shields’ theorem to B™:
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Theorem 2.2.34: Let F be a family of continuous self-maps of B™ which are holomorphic
in B™ and commute with each other under composition. Then F has a fixed point in B™.

Proof: If there is f € F such that f(B")NOB™ # @, then f = xy € 0B™, and x is clearly
a fixed point of F. So we can suppose without loss of generality that F C Hol(B", B™).

Assume there is f € F without fixed points in B"™. By Theorem 2.2.31, the sequence
{f*} converges to a point x € dB™, and for any g € F

g(x) = lim go f* = lim ffog=u,
k—o0 k—o0

and we have found a fixed point of F.

Now assume that every f € F has a fixed point in B™, and denote by Fix(f) the fixed
point set of f in B". In particular, no sequence {f*(z)}, where f € F and z € B", can
have a limit point in dB", by Corollary 2.2.18.

Let E be any affine subset of B, and g € F be such that g(F) C E; then g has a
fixed point in E. In fact, otherwise {(g|g)*} should converge to a point of B™, and this
is prohibited by the previous observation.

Take f, g € F. Then g sends Fix(f) into itself: indeed, if z € Fix(f), then

Since Fix(f) is affine (by Corollary 2.2.15), ¢g has a fixed point in Fix(f), that is the
intersection Fix(f) N Fix(g) is not empty.

By induction it follows that, for any finite number of maps fi,..., f € F the inter-
section Fix(f1) N--- NFix(f,) is not empty. Let

d= min{dim(Fix(fl) - NFix(f,)) ( frooo freF. 1 e N} >0,

and choose f1,..., f, € F such that dim(Fix(f1) N--- NFix(f,)) = d. Set
E =Fix(f1)n---NnFix(f,);

then E is a non-empty affine subset of B™; we claim that E C Fix(g) for all g € F. In
fact, otherwise

0 < dim(Fix(g) N E) < dim E = d,

for some g € F, contradiction, q.e.d.

The second application is the construction of a fixed point for a compact group acting
on B™. The proof we present here is somehow involved, resting on a sort of uniform
convexity lemma and even on Zorn’s lemma. In chapter 2.5 we shall describe a simpler
proof in the setting of convex domains, but for the moment let’s begin with
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Lemma 2.2.35: Let F be a family of closed Bergmann balls in B"™ such that K = (| F
contains two distinct points. Then the interior part of K is non-empty.

Proof: Since a closed Bergmann ball is a compact convex subset of B™, K is a compact
convex subset of B™. Up to an automorphism of B", then, we can assume there is a
point zy € K, zg # 0, such that the whole segment from —zy to 2y is contained in K; in
particular, 0 € K. We shall show that there exists € > 0 such that By(0,¢) is contained in
every closed Bergmann ball By(a, R) containing zy and —zy, and the assertion will clearly
follow.

We recall — cf. (2.2.20) — that By (a, R) is given by

[Pa(z) —al® | 1Qu()IP _ 1},

7’2p2 T'2p

By(a,R) = {z eC”

where 7 = tanh R € (0, 1),

1 — 2
- B"
CTIo e
wnd Jalf?
1—lla
= —— —— € (0,1).

Let F = {Bk(a, R)

20, —20 € Bi(a, R)}; we need to show that

e =inf{||z| | 2 € 9B, B € F}

is strictly positive.
Now, By (a, R) contains the euclidean ball

Bla,r)={z€C" ||z — ol < r?p*};

hence it is enough to estimate the euclidean distance between 0 and 0B(«,r) for ev-

ery Bi(a,R) € F.
The point of 0B (a, 1) nearest to 0 is of the form ta, where ¢ € R satisfies

o
t—1] = 2. (2.2.59)
]

Since 0 € By(a, R) implies r > ||al|, (2.2.59) yields

r— ol r?—llaf*
L—rllal] = 2(1 = r2[|al?)

d((), 0B(«, T)) =

Therefore it suffices to show that there exists ¢ > 0 such that

(r® = llall*)/(1 = r*[lal*) > ¢ (2.2.60)
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for every By(a, R) € F.

Take By(a,R) € F; we can restrict our attention to the balls such that we have

both zp € Bk(a, R) and —zy € By(a, R). This is equivalent to requiring
Re(zp,a) <0, (2.2.61)

and
[Pa(z0) — | + pl|Qa(20) ]I = 72p?. (2.2.62)

Now, plugging the definitions of P,, QQ,, p and « in (2.2.62), we find
r? —lall* = (1 = [lal*)l|z0[I* + (1 = 7*)[|(20, @)|* — 2Re(z0, a)]-

Finding 72 in terms of ||a]|? and then computing the left-hand side of (2.2.60) we finally
obtain

r? —llal® _ 1z0]1* + [(20, @) |* — 2 Re(20, a) B
L—r2[lall* 14 1(20,0)]* = 2Re(20,0a) + [lal*(1 = [|z0f]?) — 4 °

since Re(zp, a) is nonpositive by (2.2.61), and the assertion follows, q.e.d.
Then:

Theorem 2.2.36: Let G C Hol(B", B™) be a group under composition. Then G has a
fixed point zo in B™ iff G is relatively compact in Hol(B™, B™). Moreover, in this case
there is a holomorphic retraction p: B™ — M such that every g € G is of the form g = vop,
where v belongs to a given subgroup of the isotropy group of zy in M; in particular, G is
isomorphic to a subgroup of U(m) for some 0 < m < n. Conversely, every subgroup
of U(m) with 0 < m < n can be realized as a group G C Hol(B", B™) with a fixed point.

Proof: Let e € G be the identity of G. Since e? = e, e is a holomorphic retraction of B"
onto an affine subset E of B”. Now goe = g =eog if g € G; hence g = yoe for a
suitable v € Hol(E, E). Moreover, since G is a group, v belongs to Aut(F), and we have
established an isomorphism between G and a subgroup of Aut(E). If E is a point, there
is nothing else to prove; otherwise, E is biholomorphic to B™ for some 0 < m < n (by
Corollary 2.2.16), and we can assume without loss of generality that £ = B"™, that is that
G is a subgroup of Aut(B").

If G has a fixed point, then it is relatively compact in Hol(B™, B™) by Corollary 2.1.27.
Conversely, assume G is relatively compact in Hol(B", B™); actually, we can directly as-
sume G compact (taking the closure, by Theorem 2.1.26). We want to show that G has a
fixed point.

Let K be a compact subset of B™. Put

R=N{BzR|-€B" R>0 K CBER) )
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clearly K is a compact subset of B", and v(K) = v(K) for all v € Aut(B™). We shall
(temporarily) say that K is B-convex if K = K. Note that a B-convex set is convex (but,
obviously, the converse is false).

Let K be a compact G-invariant subset of B™ (for instance, the G-orbit of a point).
Then K is compact, G-invariant and B-convex. The intersection of any descending chain of
compact, G-invariant, B-convex subsets of K is still compact, G-invariant and B-convex;
by Zorn’s lemma, there exists a minimal compact G-invariant B-convex subset H of K.

Suppose, by contradiction, that H contains more than one point. Then the interior
part H of H is not empty, by Lemma 2.2.35. Take z € H ; since H is clearly G-invariant,
K1 = G(2) is a compact G-invariant subset of H. In particular, K; NdH = ¢. Then there
exists a closed Bergmann ball B with center at 0 such that K3 C B and H ¢ B. But then
K 1 is strictly contained in H=H , and this contradicts the minimality of H. So H is a
G-invariant subset of B™ containing just one point, that is, a fixed point of G.

Finally, If G is a subgroup of U(m) for some m < n, take a m-dimensional affine
subset E of B™, and a point zg € E. Then we can realize G as a subgroup of the isotropy
group of zg in Aut(E), and thus as a subgroup of Hol(B"™, B™), using a holomorphic
retraction of B™ onto F, q.e.d.

NOTES

The study of B™ as a particularly meaningful example is relatively recent, and evolved
during the shift in complex analysis from the algebraic techniques of sheaf theory to the
analytic techniques linked to the J-equation; this caused a need for simple examples of
strongly pseudoconvex domains as gymnasium where testing conjectures should be easy.
The beatiful book Rudin [1980] is the best evidence of this situation, and indeed the
informed reader will easily recognize the debt we owe to that book for the first four sections
of this chapter.

The automorphisms of B? are first described by Poincaré [1907b]; the general case
appears in Sommer [1949] and Erwe and Peschl [1953]. Another realization of Aut(B")
can be found in Franzoni and Vesentini [1980].

The Siegel upper half-space is named after Siegel [1943], and it is the main example
of Siegel domain of second kind; see Piatetsky-Shapiro [1966].

The translations h, defined in (2.2.6) induce a group structure on the boundary 0H™ of
the Siegel upper half-space. 9H™ with this structure, which is homeomorphic to R x C"~1,
is called the Heisenberg group of order n — 1; see for instance Rothschild and Stein [1976].

Proposition 2.2.9 is in Hayden and Suffridge [1971]; our proof is due to D. Ullrich,
and is taken from Rudin [1980]. Proposition 2.2.10 is implicit in MacCluer [1983], where
it is ascribed to D. Ullrich.

Schwarz’s lemma in B" is an easy generalization of the classical Schwarz lemma in A;
see Reinhardt [1921]. Lemma 2.2.13, Proposition 2.2.14 and Corollaries 2.2.15 and 2.2.16
are due to Hervé [1963a], while Proposition 2.2.17 for B? appeared in Bergmann [1937];
cf. also Bureau [1952], Schieferdecker [1957], Suffridge [1974] and Rudin [1978].

The Bergmann metric of B™ is the concrete instance of three different general ob-
jects. The first two are the invariant Carathéodory and Kobayashi metrics, that we shall
thoroughly discuss in the next chapter. The third one is the Bergmann metric, introduced
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by Bergmann [1933, 1935] by means of the space of holomorphic square-integrable func-
tions, which is a Kéhler metric invariant under automorphisms that can be defined on a
large class of complex manifolds, including for instance bounded domains of C™. For more
details, see Kobayashi [1959], Lichnerowicz [1965] and Fefferman [1974].

The definition (2.2.21) of horospheres in the ball is in Hervé [1963a]; it is essentially
differential geometric in character, as we shall see in the notes to chapter 2.4. Proposi-
tion 2.2.20 is due to Yang [1978], and it will be very important in chapter 2.4.

Theorem 2.2.21 appears in Minialoff [1935] for B?; the general statement is due to
Hervé [1963a], where it is also discussed what happens in case of equality at one point
in (2.2.27).

Theorem 2.2.22 appears with a slightly different proof in MacCluer [1983], and with
a much more different proof in Chen [1984]. In MacCluer [1983] there is also a discussion
of the case of equality at one point in (2.2.29).

The Koranyi regions were introduced by Koranyi [1969] and Koranyi and Stein [1968|
in the study of boundary behavior of harmonic functions in B™. Later, Stein [1972] gen-
eralized Koranyi’s approach to a large class of domains, exploiting the asimmetry between
the radial direction and the complex tangential directions appearing in horospheres and
Koranyi regions; see also the notes to chapter 2.7.

The definition of restricted K-limit is an elaboration due to Rudin [1980] of a more
general notion introduced by Cirka [1973] in bounded C' domains of C™; Theorem 2.2.25
and Proposition 2.2.26 have the same origin.

Hervé [1963a] proved Theorem 2.2.29, but he dealt only with non-tangential limits and
considered only the functions (i) and (ii). The complete statement and the final examples
are due to Rudin [1980].

Theorem 2.2.31 was first proved by Hervé [1963a], and later rediscovered by Mac-
Cluer [1983]. Hervé’s proof relies on Julia’s lemma instead of Wolff’s lemma, with an
approach similar to the one used in the second proof of the Wolff-Denjoy theorem de-
scribed in section 1.3.2. Another paper dealing with the iterates in B™ is Kubota [1983].

Theorem 2.2.32 and Proposition 2.2.33 are in Hervé [1963a]; see also Vesentini [1985].

Suffridge [1974] proved Theorem 2.2.34 but only for two commuting maps, using a
different argument.

The proof we gave of Theorem 2.2.36 is modelled on Mitchell’s proof (Mitchell [1979])
of Theorem 1.3.28. Another proof, shorter but not self-contained, goes as follows: the
Bergmann metric has constant sectional curvature —4, and B" is simply connected. Then
we can end the proof quoting E. Cartan’s theorem, which assures that a compact group of
isometries of a simply connected Riemannian manifold of negative sectional curvature has
a fixed point. A proof of E. Cartan’s theorem can be found, for instance, in Kobayashi
and Nomizu [1968].

Finally, it should be mentioned that a large amount of the material described in this
chapter has been generalized to the unit ball of a complex Banach space; see Renaud [1973],
Franzoni and Vesentini [1980], Goebel and Reich [1984], Stachura [1985] and references
therein.



