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Chapter 1

Preliminary chapter.

1.1 Introduction

In this Chapter we shall introduce two basic tools for the study of partial differ-
ential equations (PDE). Namely, we start with the Fourier transform. We shall
avoid a complete and detailed representation of the theory of Fourier transform
and Sobolev spaces. Nevertheless, we shall underline only the points, which are
important for a further study of PDE.

The reader can use [46], [23], [45] [7] for more detailed information about
the space of distributions, Fourier transform and the convolution.

1.2 Gauss - Green formula for domains with smooth
boundaries in R”.

Our goal is to recall the classical Gauss Green formula valid for any open do-
main Q in R” with smooth (or C?) boundary 09). Given any n continuous func-
tion

F(x) = (f1(x),---, fu(x))
in the closure of Q such that all first derivatives of fi(x) are well defined and
continuos one has the formula

(1.2.1) f V.F(x)dx = N.F(x)dSy,
Q 0Q

where F(x) = (f1(x),---, fn(x)),
V.F=01fi(X)+ 02 fo(x) + -+ +0y fn(x).

Recall also that N(x) is the unit outern normal at x € 00, while d S, is the surface
element on 00.



Recall that for any surface 00 < R” defined (even locally) by
(1.2.2) 0Q: x, =y (x'),x = (x1,., Xp_1) ER™!

one can define the corresponding surface element

dS, =1\/1+|Vy(x)|2dx'.

Remarks on Riemannian metric associated with the surface
The Riemannian metric

(1.2.3) dl*> = (dx)? +dx’

induces on 0Q2 a Riemannian metric. More precisely, the metric induced by the
embedding 0Q2 c R" is

n-1 . .
(1.2.4) ds* = (dlpa)* = Y. gijdx'dx’,
i,j=1
where
oy oy
1.2.5 ii=0ii+——.
( ) g” Y ax,- ax]-

Problem 1.2.1. Prove that
g=det(g;;) =1+|Vy/|°.
The unit vector normal N(x) to 00 at the point (x, ¥ (x)) € Sis
(1, -Vy(x))

V1+|Vyl?

The second quadratic form on 00 is

N(x) =

n . .
Z b,-jdxldxf,
ij=1
where
Ox,; 0x, W (x)
bij(x) = — ihd

V1+|Vy|? '
Now the Gauss curvature K(x) is

_ detb;; det(VZy)
B detg;; 1+ |V|2)1+(n=D/2°

(1.2.6) K(x)



Example 1. (Model of sphere of radius 1.) A special case of a surface is the
sphere

Sy x, = /1 X2,
Then one can solve the following
Problem 1.2.2. Prove that
(1.2.7) K(x)=1.
The coefficients of the Riemannian metric (1.2.4) are
(1.2.8) gij=—06i;+1—Ix*)x;x;
according to (1.2.5) and (1.2.7). Using Problem 1.2.1. one can prove

Problem 1.2.3. Prove that

(129) g= det(gi]-) = m
and find the matrix inverse to g .

Applications: Set
E(u):f IVul®dx.
[Rﬂ

This functional is well defined for u € Cg°(R"). The critical points of the func-
tional are such that for any k € C;°(R") we have

d
— (E(u+¢€h)) |g=0=0.
de

Since
E(u+£h):E(u)+2£Ref f(Vu,Vh)dx+O(82),
[Rn

we see that u is a critical point, if and only if
Re fn@n f(Vu,Vh)dx =0,
Applying the Gauss - Green formula we get
Re fRanuhdx:O, Vhe CPR").

This relation implies
Au=0.



Problem 1.2.4. Show that if u € C° and Au =0, then u =0.

The functional E(u) defined above satisfies some invariance properties
(invariance by translation) E(u) = E(t,u), T,u(x) =u(x+v), ve R"

(invariance by rotation) E(u) = E(A*u), A*u(x) = u(Ax), A€ SO(n).
(rescaling properties) E(Syu) = A(Z_”)/ZE(LL), Spu(x) =uldx), A>0.

The closure of C3° functions with respect to the norm
1/2
( IVul®d x)
Rn

is called Dirichlet space H' (R"). he closure of Cy° functions with respect to the

norm
1/2
( |Vu|2dx+f |u|2)
Rn [R}’Z

is called Sobolev space space H'! (R").

1.3 Interpolation

1.3.1 Preliminary facts about holomorphic functions

Let C be the complex plane and let U < C be an open domain in this plane. Any
point z € U can be represented as

z=x+1),
where x, y are real numbers. A function
f:U—-C
is C1(U) if the partial derivatives
Oxf(x+iy),0,f(x+1iy)

exist and are continuous functions. Of special interest are the vector fields
1 .

and

1
0:= 0y +i0)y).



IffeC L), then f is called holomorphicin U, if satisfies the equation
0:f(2)=0, zeU.

One can see that a function f: U — Cis holomorphicin U if and only if

lim flz+h) - f(2)
h—0 h

exists forany z € U.

The mostimportant formula in the elementary theory of holomorphic func-
tions is the Cauchy theorem and the Cauchy formula.

Let I' be a closed path in U and let z € C be a point such that I does not pass
through z. Then the index of z with respect to I' is

1 d¢
Ind =— | —.
r(e 2niJr{—z

The Cauchy theorem states that if I' is closed path in U such that Indr(w) =0
for any w outside U, then

(1.3.1) fr f@Qdg=0
for any function holomorphic in C. The corresponding Cauchy formula is
1 (O
1.3.2 =— | =—dC.
( ) f(2) il =z ¢

The condition Indr(w) = 0 for w outside U is fulfilled for the case U is simply
connected.

Also in the case of a simply connected domain U with smooth boundary 0U
for any function holomorphic in U and continuos in the closure of U we have
the corresponding Cauchy formula

1,

:Zni aul—z

(1.3.3) f@) ¢.
Applying for example the above formula for {z,|z — zy| < 8} < U, we obtain
the estimate

MK!
(1.3.4) 105 f (20)| < o

where
M= sup |[f(2)l.

|z—z0|=0
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This estimate guarantees that the formal Taylor series

Y 0% f(z0) (2 z0)F 1 K!
k=0

converges absolutely and uniformly for |z — zy| sufficiently small and moreover
the series coincides with f(z) for z sufficiently close to zy. If k = 0 the inequality
in (1.3.4) gives the maximum principle

If(zo)l= sup [f(2)],

|z—z9|=0

so taking zj to vary in a fixed disc |z| < R and choosing suitably 6 > 0 one can
solve the following.

Problem 1.3.1. If f(z) is holomorphic in the disc |z| < R and continuous in the
closure of the disc, then

|gll;l;?clf(zn =|r§|13;§|f(Z)l.

1.3.2 1l teorema di Riesz-Thorin

Lemma 1.3.1 (delle tre rette). Siano date due rette parallele in C, siano esse [ e
Iy esia ) la striscia aperta di piano compresa tra le due rette. Sia f : Q) — C una
funzione continua tale che f|q sia olomorfa. Supponiamo che

co =suplfl<oo, ¢ =suplfl<oo
ll ll

e supponiamo che esistano due costanti reali positive a e C tali che
2 J—
If(2)] < Ce”™  (vzeQ).

Allora, per ognirettal parallela a ly el e tutta contenuta in (2, esiste un numero
0 €(0,1) tale che

1-6 .0
suplfl=<c, " c.
!

Dimostrazione. Osserviamo che, a meno di diffeomorfismo, possiamo sup-
porre
lp={Rez=0} e [j={Rez=1}.

Iniziamo col provare che, per ogni 0 € (0,1), posta lg = {Re z = 0},

co = sup|f| <max(cy, c1).
lg



Fissato a’ > a, si ponga
/1,2
g(@) = f(2)e"* .
Sez=x+iyconxe€[0,1] e|y| =2, possiamo usare le stime

2

Re (alz* +d'z") = a(x* +y) +d (x* -y ) < C—(d' - a)y*.

Prendendo |y| — oo, otteniamo

lim |g(2)| < lim Ce®® (alzl+a'z%) _ (.
|z|—o0 |z] =00

Si ponga
Qr={z€C:0< Rez<1,[Sz| <R}.

11

Denotiamo con I'g la frontiera di Qg. Poiché Qg € compatto, per il teorema di

Weierstral3, esiste un punto zy appartenente a Q tale che

|g(zp)] :néa;XIgI.

Supponiamo che zy non appartenga alla frontiera 'y di Qp, ossia zg € Qg. Al-
lora esiste una palla B = B(zj, o) massima possibile (ossia tale che BNI'r # @)

tale che B < Qp. Per ogni 7 < p,

g2) =) calz—20)"

n=0

e, detto z = zy + re'?,
g2 =Y cyr'e

n=0

e quindi, per I'identita di Parseval,

1 (" . 1 ("
Y lenlPr? = —f g (20 +€')1d0 < —f 18(20)17d0 = |g(20)I* = |col*.
27[ i /2

2 J-

n=0 -

Pertanto

2.2 2
> lenl®r?" < lcol
n=0

e, facendo il limite per r — p,

2 2 2
Y lenl“ 0™ < lcol

n=0

per cui deve necessariamente essere ¢, = 0 per ogni n = 1 e quindi g deve essere

costantemente ¢y su B cioe, essendo BN TI'g, deve esistere z; € I'y tale che

g(z1) :né%XIgI.
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Da cio0 segue che
Ig(2)| < max|g(w)|  (VzeQp)
wel'g

e, al limite per R — oo,

lg(2)| = maX(suplgI,supIgl)
Iy

I

ed in particolare

suplgl=suplg@+it)| smax(suplgl,suplgl).

Iy teR lo I
Ricordato, adesso, che g(z) = f (z)ea/zz, si ha
| £(0)] < max(co, ¢1)
e lo stesso argomento per ogni y € R ci da
|f(6+iy) <max(co,c1)
cosi abbiamo

sup|fl=supl|f(@+it) <max(co,c1).
lg teR

Consideriamo, adesso, per ognie >0 e ogni 1 € R,

f;"/l(z) — e€Z2+/12f(Z).

Allora

. 2 . . _ 2 .
ectr +’”mf(zt)‘ =supe M |f(iD)] < co

sup|fe,al =sup
lo teR

teR

ed inoltre,

L N2 . 2
ee(1+lt) +/1(1+lt)f(1 + it)‘ = sup ee—et +/1|f(+l't)| < e€+/161.

sup|fe,1l =sup
L teR

teR

Pertanto

|fer@+iD)] < max(co, o ee+/l)

ovvero 2
e€(0+lt) +/1(9+zt)f(9 + it)‘ < maX(Co, C1 e€+,1)

e, semplificando |'espressione,

) .
eV =0 £0 4+ ip)| smax(co,cle“’l)
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che equivale a
2_ 42
1f@+it) <e 0t )max(coe_’w, c1 e”’m_g)).
Facendo il limite per € — 0, otteniamo l’espressione,

If@+it)] =< max(coe_w, 6161(1—9)).

A0 A

segliamo A inmodo che cie™" = ¢, eM1-9) gyvero, detto p = e, vogliamo trovare
p in modo tale che cop™? = ¢;p'?, ossia p = i—(l’ cioe A = logﬁ—‘:. Per questo parti-
colare valore di A, il comune valore di cop ™0 e c;p'? & cé_e Cf e quindi

1-6 .0
suplfl<cy, ¢
lg

che prova il lemma. O

Osservazione 1.3.1. Lipotesi centrale del lemma precedente e il fatto che| f(z)| <
Ce®l” Questa ipotesi ¢ essenziale. in effetti, se consideriamo f(z) = e~ "z,
sulle rette {3z = 0} e {Sz = 27} la funzione e limitata ma sulla retta {Sz = n} la
funzione non e limitata.

Problem 1.3.2. If
T:LP°—R
N 2NN .7p ,p l_1-6_ 6
andT:LP* - R, thenT:L R,p p0+p1.
Hint Use Holder inequality and duality of L”.

Theorem 1.3.1 (di Riesz-Thorin). Siano (E,&,u) e (F,%,v) due spazi misurati e
siano py, p1, qo, q1 € [1,00]. Sia T un operatore lineare definito sia su L°(E) che
sue LP1(E) a valori nello spazio delle funzioni misurabili di F e tale che

ITfllgo=Mollfllp, e 1Tgllg =Mlglp,

perogni f € LP°(E) e ogni g € LP'(E). Siano p e q due numeri reali definiti come

segue:
1 1-60 0 1 1—9+6

p p p’ 4 d @
dove@ € (0,1). Allora T é definito sullo spazio di Lebesgue L” (E) e

ITflly<MEOMONFI.
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Dimostrazione. Supponiamo, inizialmente che p < co. Lo spazio delle fun-
zioni semplici su E € denso in L (E). Pertanto

ITflq (KTf, 8
ITlp,q= su , ITfllg= sup ————
pa= 0 T, e S ey
per cui
(Tf, &
”T”p,q: sup u

f,g semplici ”f”p”g”q’
Ne segue che basta dimostrare la disuguaglianza

(1.3.5) ‘ f TFWgwvidy)| <My "Ml flpligly
Y
quando f e g sono funzioni semplici su E e F rispettivamente, cioe

f) =3 ajlgx), gy =) bilg(y).
jes kex

Per 0 < Re z < 1 si definiscano p; e g, come segue:

1 1-z 2z 1 l1-z =z
+

/ /A

p: o p 4. a dq

Se, per ogni fissato indice j€ e ke X, a;j = Iajleigf e b= Ibklei"’k, si ponga

f0 =Y lajiP P eig (x), g =Y b7 % I, (y).
jeg kex

La funzione g, & ben definita finché g’ < co. Se g’ = co allora g = g; = c0
e quindi - = 0 per ogni z. In tal caso poniamo Z—,, =1 per ogni z. Si definisca,

infine, la funzione

F(Z)=foz(y)gz(y)V(dy)= Y cjklaj|P'Pe by 7%
Y je g kex

dove si € posto
Cjk:eiejeiqokfyT([Ej(y))IFk(y)v(dy).

Vogliamo provare che la funzione F verifica le ipotesi del lemma delle tre rette.
Anzitutto F € continua sulla striscia di piano Q = {0 < Re z < 1}. Inoltre,

1y
|F(z)| < Z |cjk|.|aj|Re(p/pz)|bk|Re(q/qz)
jeF kex
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per cui F ¢ limitata su Q. Se t € R, allora

IFG0| < Moll fiell poll Giel g5 -

Se py < 00, allora

Po

= (ILf11,)"""

I fitllpo = ( Y lajlPu(E))
jesg

altrimenti, se pg = oo, il primo e terzo membro sono eguali ad 1. Analogamente

l/ !
Igicllg = (Igllg)? .

Pertanto / "l
IEGOL< Mo(Il£11p)P P (llgllg) "

e, in maniera analoga,
. / 'l
IFL+inl=M(If1,)" " (Ighy)" ™.
Per il lemma delle tre rette, dunque,

1-0

_ 10,6 q|S+
FO1 < MM (1£1,)" U5 ) (g1l ) [+

EXS

) =My O MYIfFliplgly

Siccome fy = fegp=g,siha

FO) = fy Tfngv(dy)

che dimostrala (1.3.5) per p <ocoe g > 1. Nel caso in cui p = o0, allora pg = p; =
oo e, per la disuguaglianza di Hoélder,

-0 0 _
1Tl < (T flge) (1T fllg)" < MEOME Flloo
ovvero la tesi. O

Applicazione del teorema di Riesz - Torin implica la disequazione di Young
(see [45])

(1.3.6) If*glra < flipliglea

for1 < g <o0.Qui
f*g(x)=ff(x—y)g(y)dy.
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In fatti, la stima (1.3.12) é ovvia per g = oo e per g = 1 e dopo l'interpolazione si
ottiene (1.3.12). Si puo generealizzare la seguente versione di (1.3.12)

(1.3.7) If=glies<Ifllerligler

perl/p+1/r=1+1/s.Per r =1 lastima e stata dimostrata in (1.3.12). In parti-
colare, abbiamo

(1.3.8) If*glira=<Ifllpligliea

Per s = oo la disequazione di Holder ci da

If*gllzee < I fll o g1 La-

Interpolazione tra questa stima e (1.3.8) implica (1.3.8).

1.3.3 Density of continuous functions in L'

Let L7 denote the Lebesgue space L9(R").

In this subsection we’ll show that continuous functions with compact sup-
port are dense in L' = L' (R, m).

The support of a complex valued function f on R” is the closure of {x €
R™: f(x) # 0}. We'll denote by C.(R") the set of all complex valued continuous
functions on R” with compact support.

Osservazione 1.3.2. C.(R") c L!
Our goal is to prove

Theorem 1.3.2. For any f € L' and any € > 0 there is a g in C.(R") such that
JIf—gldm<e.

Thus integrable functions can be approximated by continuous functions.
We'll need a special case of Urysohn’s Lemma. The proof is deferred to Subsec-
tion 1.3.4.

Lemma 1.3.2. Let X be any locally compact metric space, and let Let K and U be
subsets of X with K compact, U open, and K < U. There is a function y € C.(X)
satisfying

1.0 y(x) <1 foreveryxe X

2. x(x) =1 foreveryx € K

3. The support of x is a subset of U.
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The proof of Theorem 1.3.2 begins with some elementary reductions to sim-
pler special cases. First, since L! functions can be approximated in L! by inte-
grable simple functions, it suffices to prove the theorem when f is a simple
function. Next, since an integrable simple function is a linear combination
of functions of the form yg, where E is a measurable set of finite measure, it
suffices to prove the theorem when f = yg. Therefore, Theorem 1.3.2 will be
proved by establishing

Proposition 1.3.1. Let E be a measurable subset of R" with finite measure. Then
foranye >0 thereisa g e C.R"™) with [ |xyg—g|ldm<e

Proof. By regularity properties of Lebesgue measure, there are a compact set
K and an open set U such that K ¢ E c U and m(U\K) < €. By Lemma 1.3.2,
thereis a g € C. (R") such that 0 < g < 1 everywhere, g =1 on K, and g vanishes
outside of U. It follows that |g — y g| vanishes outside of U\K, and that {g — yg| <
1 on U\K. Therefore

flg—XEldm:f |g—)(E|dmsm(U\K)<g
U\K

O

Let us recall Lusin’s Theorem: Let f : R — C be measurable, , and suppose
that f vanishes outside a set of finite measure. Then for any € > 0 there is a
measurable set E with m(E) < € such that f |R,,\ s continuous.

1.3.4 Proof of Urisohn lemma

In this subsection, we’ll prove the version of Urysohn’s Lemma that we used in
the proof of Theorem 1.3.2. We'll work in a locally compact metric space (X, d)
We'll use the notation B, (x) for the open ball in X with center x and radius r

Lemma 1.3.3. Letxo€ X andr > 0. Thereisa y € C.(X) with
1.0=sy(x) <1 foreveryxe X
2. x(x) =1 for every x € B, (xo)
3. The support of x is a subset of Bz, (xo).

Proof. Let ¢ be the continuous function on R defined by ¢(f) =1forO<t<r

) =1- %(t— rforr<t< 37’, and ¢(f) =0 for t > % Let y(x) = ¢ (d (x, xp))

(] O
Proof of Lemma 1.3.2. Cover K by finitely many balls B; = By, (x;) such that

By, (x j) is a compact subset of U. Let x ; be the function obtained from Lemma
1.3.3withxo=xjandr=r;.Let¢p =) y;. Then
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1. ¢ is continuous on X;

2. The support of ¢ is a compact subset of U;

3. ¢ =0 everywhere, and ¢ =1 on K

Let y = min{g, 1}. Then y has all the required properties. O

1.3.5 Basicinterpolation theorems

The firstimportant interpolation theorem is the Riesz-Thorin interpolation the-
orem. To state this theorem we start with some notations.

Given any positive real numbers py, p1 with 1 < pg < p; < 0o, we denote by
LPo(R™) + LP*(R") the linear space

f:f=fo+ fi, foe IP°RY), fi e L' R™)}.
The norm in this space we define as follows

I fllLpo+Lr :f i;l£f1 I follLro + 1l fill ey

=Jo

Here the infimum is taken over all representations f = fy+ fi, where fy € LP*(R")
and fi € LP1(R™).
It is easy to see that LP° + LP! is a Banach space.

Theorem 1.3.3. (Riesz - Torin) Suppose T is a linear bounded operator from
LPo + LPY into L9 + L9 satisfying the estimates

IT fllzao < Moll fllro, f € LP,
(1.3.9) IT fllgan < Moll fllpe, f€LP.

Then for any t € (0,1) we have
(1.3.10) || Tf”th < Mo”f”LPt,
where

(1.3.11) l/pt = [/pl +(1- [)/po , l/qt = t/ql +(1- t)/qo.

Applying this interpolation theorem, one can derive (see [45]) the Young
inequality

(1.3.12) If*gllra<Iflllglra
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for1 < g <oo. Here
frgt= [ - ngmady

It is not difficult to derive the following more general variant of (1.3.12)

(1.3.13) If*gles<Ifllrrligler

forl/p+1/r=1+1/s.

Further, we turn to a weighted variant of Young inequality. For simplicity,
we consider only the continuous case. Let w(x), w;(x) and w»(x) be smooth
positive functions satisfying the assumption

(1.3.14) wx+y) <Cwi(x)wy(y).
Then the argument of the proof of Young inequality leads to

(1.3.15) lw(f *&lra < Cllwr fllpllwaglia

Indeed, we have the inequality

lw(x)(f * g)(x)| < Clw fl*|wagl)(x)

and (1.3.15) follows from the classical Young inequality.

Two typical examples of weights satisfying the assumption (1.3.14) are con-
sidered below.

Example 1. let w(x) =< x >® with s > 0. Then we can choose w; = w, = w
and the assumption (1.3.14) is fulfilled.

Example 2. Let w(x) =< x >° with s < 0. Then we take w; (x) =< x >7* and
wo(x) =< x>°.Again (1.3.14) is fulfilled.

To prove the Sobolev inequality we need more fine interpolation theorems
concerning the weak L? spaces. To define these weak spaces we shall denote
by p the Lebesgue measure. Given any measurable function f we shall say that
f € L%, if the quantity

(1.3.16) sup (£P pfx: | f(x0)| > t})”p
t

is finite. Note that the quantity in (1.3.16) is not a norm. This quantity is equiv-
alent to

Ry 1 1
(13.17) Iflp = sup mm“ﬂfumm%_+_:L
YA p(A)<oo A p pl

Problem. Show that the quantities in (1.3.16) and (1.3.17) are equivalent.
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We have the inclusion LP c L?, in view of the inequality
IF17, zfl | tlf(x)l”dxz tPulx: 1 > 8~ 117, .
X|= w
Example. The function |x|7™P is in Lﬁ,, but notin LP.

The following two theorems play crucial role in the interpolation theory.

Theorem 1.3.4. (Marcinkiewicz interpolation theorem) Suppose T is a linear
operator satisfying the estimates

IT£1l a0 < Mol Fll o
(1.3.18) IT£1l 0y < Mol Fll

withpo#p1,1<po#p1<ocoandl < qy # g1 <oo.
Then we have

(1.3.19) ITfllLa = Moll fllLe,
provided
(1.3.20) Up=tipi+Q=0/py , 1/g=tigi+1-0/qo

forsomete(0,1) andp < q.

Theorem 1.3.5. (Hunt interpolation theorem) Suppose T is a linear operator
satisfying the inequalities

ITfllzao < Mol fllLro
(1.3.21) ITfllgan < Mol fllLm

withl < py<pg<ooandl < q; < qo <oo. Then for any t € (0,1) we have
where

(1.323)  1lUpi=tlpi+10=0Ipo , 1/q:=tlgi+1—1)/qo.

As an application of the above interpolation theorems one can prove (see
[45]) the following generalization of the Young inequality

(1.3.24) If*gles <N fllrligllzr,

forl/p+1/r=1+1/s,1<p,r,s<o0.
After this preparation we can turn to the proof of the following Sobolev es-
timate.
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Lemma 1.3.4. Suppose0<A<n, feLPR"),ge L"R"), wherel/p+1/r+Ain=
2and1 < p,r <oo. Then we have

(1.3.25) f f i (x)“g(y)'d xdy < Clflwlgly

lx—y

Proof of Lemma 1.3.4 We know that (1.3.24) is fulfilled. Then for the left
hand side of the Sobolev inequality (1.3.25) we can apply the Hélder inequality
so we get

(1.3.26 [ 'fl(;”_'%d xdy < Clflplg = hily

with h(x) = |x|~". Now the application of (1.3.24) yields

(1.3.27) lg*hlly <lglerihll
provided

1 1 1
(1.3.28) —+l==+-

p ro 1

The example considered after the definition of the weak L” spaces shows that
the quantity || a|| 1L s bounded when Al = n. From this relation and (1.3.28) we
see thatfor2=1/p+1/r + A/n we have the Sobolev inequality.

1.3.6 Idea of abstract interpolation: Interpolation couples

Let Ap and A; are Banach spaces. Set A = (Ag, Ay). We shall call Ay and A;
compatible if there exists separable topological vector space 4, such that Ay U
Ay c 4. We can define

(1.3.29) A(A) = Agn Ay,
while for any compatible couple A = (A, A1) we can define
(1.3.30) Y(A)= Ag+ Ay ={a=ap+ a1, ap € Ay, a € Ay}.
Lemma 1.3.5. We have the properties:

e A(A) is a Banach space with norm || al 4, + | all a;;

e Y(A) is a Banach space with norm

lallsz =inffllagll 4, + llarll ;@ = ao + ar, ap € Ag, a1 € Ar}.
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Definizione. Let Ay and A, are Banach spaces and A= (Ao, A1). The space F (A)
consists of all functions

f(z2):S={0<Rez=<1}— Z(A)
defined, continuous and bounded in the closed strip
S={0=<Rez=1}

analytic in the open strip
So={0<Rez< 1},

and satisfying
J}l_l:n f(Gj+iy)=0, j=0,1.

The interpolation space (Ay, A1)y for 8 € [0,1] consists of all a € >(A) such
that a = f(0) for some f € F(A). The corresponding norm is defined as follows

lalg =inf{ll fllF;a = f(@), f € F(A)}.

It is clear that (Ag, A1) is a Banach space.
One can show that

(1.3.31) AgnN Ay is dense in (Ag, A1)g.
Moreover, for f € Agn A; we have f € (Ap, A1)g and the following estimate

(1.3.32) 1 llcao,a05 < CIFILCIFIG,

is fulfilled.
The next Theorem gives an estimate of the norm of abounded operator with
respect to interpolation space.

Theorem 1.3.6. Let (A, A1) and (By, B) be interpolation couples and let T be a
bounded operator from Ay + Ay into By + By, such that T € L(A;, Bj) with norm
I TIIL(A].,B].) for j=0,1. Then forany 8,0 < 6 < 1 we have

T € L((Ag, A1)g, (By, B1)g))

with
1-6 0
1T f Ul Bo.Brs =< W pag, oy I TNz 4y, ) 1S Nl 0, A1 -
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Proof. Let f € (Ag, A1)g. Then there exists a function f(z) € F((Ap, A1)) so
that f = f(6). Consider the function

8@ =TI s I TN, Tf(2).

Then g(z) € F(By, By). Since

18D By < T 4 ) I TN, ) I T N Lict0,B0) I GG g

and
lgd+in)lg, = TIIL(AO BO)||TIIL(IXIHBI)||TIIL(AI,BI)IIf(it)IIAl,
we see that
I T fllBo,Br, = |l T||L(A0 BO)||Tllg(Al,Bl)||f||(A0,A1)9-

This completes the proof.
A trivial modification in the above proof shows that we have the following.

Theorem 1.3.7. Let (Ao, A1) and (By, By) be interpolation couples and let T (z) be
a holomorphicin Sy operator-valued function defined in the strip S and contin-
uous there. Suppose that for z € S we have that T (z) is a linear bounded operator
from Ay + Ay into By + By, such that T(j +it) € L(Aj, B;) with norm

sup I T(j +it)lrca;,B;) <00
teR

for j=0,1. Then for any 0,0 <0 < 1 we have

T(0) € L((Ao, A1)g, (Bo, B1)p))-
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1.4 Ideato define Distributions, why they are needed?

The purpose of this section is to recall some basic notions and properties of the
spaces , where the solutions of the PDE are defined.

The firstimportant space is C;°(R"). This space consists of all smooth func-
tions with compact support.

The space C{°(R") is nonempty linear vector space. Indeed, we can first
construct a smooth function f(x), such that f(x) =0 for x <0 and f(x) > 0 for
x > 0. For the purpose take

f( x) = e—l/x

for x > 0. Then f(x)f (1 — x) is a smooth function with support in the interval
[0,1].

Recall that the support of function f(x) defined for x € R" is the closure of
the set

{x: f(x) #0}.

Sometimes this space is called space of test functions and is denoted by D(R").
This space can be equipped with infinite number of semi norms. In fact, given
any integer N = 1 we define

(1.4.33) I fllny = max{|0% f(x)|;|a| < N},

where here and below 0% = 0%/ ---0y", @ = (a1,-++, @) is a multiindex and |a| =
ay+--+ap.

In order to work with a complete space, i.e. space where any Cauchy se-
quence converges to an element of the space, we have to define the topology
on Cg°(R") using all the collection of semi norms |.|| . To define a complete
topology the simplest way is to define the convergence of a sequence of func-
tions {f,}72, to zero. Recall that this sequence converges to zero if there exists
a compact set K such that supp fx < K for any integer k = 1 and || x|y tends
to 0 as k — oo for any integer N = 0. Applying the Arzela-Ascoli compactness
theorem one can check that the topology determined by this convergence is
complete.

We refer to [46] for a complete discussion of the topology on this space.

In a similar way one can consider the space C*°(R") consisting of all smooth
functions. Now we have the following family of semi norms.

I fllxy = max{|0” f(x)|;1x] < N, |a| < N},

The above family of semi norms enables one directly to introduce a complete
topology ( even one can introduce a complete metric).
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The weakest space, where we shall look for solutions of the nonlinear par-
tial differential equations, is the space of distributions D'(R") consisting of all
linear continuous functionals on C§°(R"). Given any distribution A we shall
denote by

<A f>

the action of the distribution (the linear functional) A on the test function f €
Cy°(R™). Itis clear that

Co°(R") < D'(R")
and

<A f >:fA(x)f(x)dx

for A € C°(R™).
A typical example of a distribution, which is not a test function, is the Dirac
delta function 6 defined by
<6, f>=f(0).

Since the space of distributions is the dual space to the space of test func-
tions, we choose the topology on the space of distributions to be the weak
topology on this dual space. This means that a sequence of distributions {A}77 |
tends to zero if for any test function f we have < Ay, f > tends to zero.

The space D' (R") equipped with this weak topology is a complete space.

Another useful characterization of the distributions is the following one. A
linear functional A on Cgo(R") is bounded if for any compact K < R” there exist
integer k = 0 and a positive real number C so that for any smooth function ¢(x)
with compact supportin K we have

|<A@>1<C > supld®p(x)l.

lal<k

Example. Let ¢(x) be smooth non-negative function such that ¢(0) > 0.
Given any € > 0, we can define the function

(1.4.34) @e(x) = "p(x/e).

Then it is easy to see that
limg, = co,
e—0

where
c= f(p(x)dx > 0.

Another fact for distributions is the meaning of the identity

A=0
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in the sense of distributions. This means
<AN,p>=0

for any test function ¢.
Anatural operation in the space of distribution is the differentiation defined

by
<A, f>=(-D'M<A0f>.

Then 0% A is a bounded linear functional on Cj°(R") provided A € D'(R™).
Problem 1.4.1. Given a distribution A on R with
A'=0
in the sense of distributions, find a constant ¢ such that
A=c
also in the sense of distributions.

A distribution u € S'(R") is called non negative ( u = 0) if < u, ¢ >= 0 for any
@ € S(R™).



Chapter 2

Equazioni del prim’ordine e metodo
delle caratteristiche

2.1 Trasporto lungo un campo vettoriale.

Sia x = (x1,..., X,) € R". Siamo interessati per ora alla seguente tipologia molto
particolare di E.D.P. del primo ordine:

n
(2.1.1) Y aj(x)0x,u(x) =0
j=1

detta anche E.D.P. del trasporto lungo il campo vettoriale (a; (x), ..., a,(x)).
Osserviamo che se I'operatore

u(x) — L) (x) = ) a;j (x) 0y, u(x)
j=1

é lineare rispetto u. Cio" implica che (2.1.1) é lineare come E.D.P, ossia
ZL (U + up) (x) = L (u1) (x) + £ (u2) (x) L (cu)(x) = c L (u)(X)
dove u, uy, up sono funzioni della variabile indipendente x € R”, c € RZ (u)(x) =
Z?zl a;(x)0y; u(x).
Possiamo effetuare cambiamento di variabili

x—y=F(x)

con matrice Jacobiana

1) = (05 Fe)

27
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invertibile e quindi localmente possiamo definire la funzione
y—x=Gy) =F .

Usando le relazioni

n
Ox; = Y Ox; Fi0y,.,
k=1
si puovedere che se u(x) e C! soluzione del problema (2.1.1),

v(y) = u(G(y)

e soluzione di

(2.1.2) Y be(y)0y,v(») =0,

dove

be(y) = Y. aj (G (0x, Fi) (Gy)).
=1

J

Definition 2.1.1. Curva caratteristica e ogni soluzione y(s) = (y1(s),..., yn(9))
del sistema E.D.O.

Ly1(s) = a1 (y109),-.., yn(s)
(2.1.3) | @8 = an (1109, yals)

yl (0) =aj,

Ponendo a(x) = (a1 (x),*-, an(x)), « = (a1, -+, @) possiamo rescrivere (2.1.5)
come
d

2.1.4 V() =a(y(s))
( ) { y0) =a,

Il problema e nonlineare e quindi in generale abbiamo solo soluzioni locali in
s. Useremo la notazione y(s; a) per la soluzione (locale) del problema (2.1.4).
Abbiamo la seguente proprietd
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Lemma 2.1.1. Sia y(s) = (yl(s), ) ..,yn(s)) € R" una soluzione del seguente sis-
tema di E.D.O.

d
(2.1.5) %y(s) =a(y(s))

ed u(x) € R soluzione di (2.1.1). Allora

i (y(s) =0
dsuy B

Quindi la soluzione u €'costante lungo la traiettoria descritta dall'immagine
di y(s) (e curve caratteristiche ). In generale si €’ interessati non solo a cer-
care soluzioni (osserviamo che ad esempio nel caso dell" E.D.P. (2.1.1) le fun-
zioni costanti sono certamente soluzioni), ma si studia il seguente problema di
Cauchy con dati su una superficie S in 2"

2 aj (x) 0y u(x) =0,

(2.1.6) { u(x) =@(x),x€S.

Possiamo rescrivere il problema come segue.

2.1.7) {<MﬂNMMﬁm,

uls=¢

Per avere unica soluzione del problema (2.1.7) si puo prendere ap € S e un
piccolo intorno U c R" di a. Per trovare una soluzione u € C L) del

2.1.8) { (a(x),Vu(x))=0,xeU
ulsnu=¢
possiamo usare le curve caratteristiche ponendo ipotesi
(H1) per V a € Sn U la superficie S e trasversale alla curva y(s; a)

Lipotesi (H1) é cruciale e significa che il vettore a(a) non é tangente alla S.
Visto che cerchiamo soluzioni locali (solo in U) possiamo supporre che S e
definita in U con I'’equazione

fx)=o.

Lemma 2.1.1 suggerisce a cercare la soluzione di (2.1.8) nella forma
u(y(s,a)) =¢@(a),a€Ss.

Usando il teorema della funzione inversa si puo vedere che
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Lemma 2.1.2. Lipotesi (H1) implica che la mappa
se(-ge,aeSNU — x=y(s,a)
sia localmente invertibile.

Proof. 1lfatto chel’equazione di trasporto rimane equazione di trasporto dopo
cambiamento di variabili (2.1.2) ci premette a supporre S definita localmente
con x, = 0. Lipotesi di trasversalita implica a,(a) #0 e

aeS <= a,=0.
Quindi dobbiamo vedere che la mappa
se(—ge),a = (@, -, an1) ER" = x=y(s;a/,0)
e invertibile. La sua matrice Jacobiana e
[ d@ aw)
a(a) an(a)

dove
/ n—1
a=(ay, - ,ap-1) €R

Ovviamente a,(a) # 0 implica invertibilita. O

2.2 Hamilton - Jacobi equation

L'equazione di Hamilton — Jacobi é un’equazione differenziale alle derivate parziali
non lineare del primo ordine che ha la forma

(2.2.9) H(x,V:8) =0,xeR".
We are trying to solve this equation imposing
(2.2.10) Sy =aly), yez,

where X is a surface inR”.
The Hamiltonian H : Ry x R{ — R, enables us to define the bicharacteristic
curves as solutions to the Hamiltonian equations

&(s) = =VxH((5),x(5))

(2.2.11) { x(s) = Ve H(E(5),x(5))
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since H is given, this is an system of 27 ordinary differential equations, with
¢(s) and x(s) as the unknowns. If initial data is given (for example, if £(0) = &g
and x(0) =Xy ), then the ODE can be solved and we can describe the motion of
the system. We shall denote by p = (x,¢) the points in T*(R") = R?*. Then

p (1) = p(s, po), po = (x0,$0)
is the solution to the system (2.2.11) of the bicharacteristics.

Example 2.2.1. If

1
Hx,§) = 216, &= €, én) €R" 22,
then
¢(8) =0, x(8) = X0 +SoS.
Example 2.2.2. If
H(tyxr‘[yf) = T_C|(f|27 6: (617"' yén) ERnynZZy
then
7(5) = 70,&(5) = &0, £(8) = Lo + 5, X(5) = X — 2o, To = cléol.

These bi characteristic shall be used to solve the propblem
0:S—c(0x8)*=0
S0,y) = ay).

Note that characteristics(t(s), x(s)) are usually the projection of the bicharac-
teristics on the t, x space.

(2.2.12)

Example 2.2.3. Ifwe use rectangular coordinates, the Hamiltonian for a particle
of mass m in a force field is

1
HEx) = —EP+ V()
2m

where V : RY — R is the potential energy. Then equations (2.2.11) reduce to
¢=-V,V(x) andx = %6 . The first equation is a statement of Newton's second
lawF = ma. The second equation relates the classical position and momentum
vectors.

Remark 2.2.1. Observe that in Example 2.2.3, the Hamiltonian is equal to the
total energy of the system. This is no coincidence. To see why, fix a Hamiltonian
H:RY xRY — R, and let (p(2),x(1)) be a solution to Hamilton's equations. Then
set E(t) = H(E(1),x(1)). We have

(2.2.13) E(1) = Ve H(E(1),x(1)) - € (1) + Vi H(E (1), x(1) - %(2) = 0

where the equality on therightis due to (2.2.11). Thus, the quantity E(t) is indeed
conserved, and the Hamiltonian admits an interpretation as energy.
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To be specific, if S is a solution of (2.2.9) then the graph of the gradient (or
differential) of the function S

I' = {(x, Sx(x))}
(where Sy =0S/0x) is invariant with respect to the flow defined by the system
(2.2.11), since if (x(1),é(2)) is a solution of (2.2.11) and £(0) = S, (x(0)) then
d .
T, (6(2) = Sx(x(1))) = (1) — Sxx (x(1) X (1)
= — Hy (x(8)) — Sxx (x(£)) He (x(1), Sx(x(1)))

d
= — — H(x,S,(x) =0.
dx x=x(t)
Lemma 2.2.1. IfS(x) is a solution to the Hamilton - Jacobi equation (2.2.9) and
p(t) = (x(1),¢(1)), te I isabicharacteristic in the interval I, then

i(é(n—s (x(1)=0,Vtel
dt o - '

Example 2.2.4. Turning to the example 2.2.2, we can apply the above Lemma
and deduce

(2.2.14) Eo=ViS(xg) = &o =V, S(xg—2céps), Vs.

We note that in the case of most importance for us, when the function H =
H(x,¢) is positive-homogeneous in ¢ (of any degree m ), the solution S = S(x)
of the Hamilton-Jacobi equation (3.33) is constant along the projections x(#) of
the trajectories (x(#),¢(¢)) of the Hamiltonian system (2.2.11) lying on the graph
of the gradient of the function S, since by Euler’s identity

d
ES(x(t)) = Sx(x(0) - %(8) = ¢(1) - He (x(2)) = mH(x(1),6(£)) =0

Lemma 2.2.2. If S(x) is a solution to the Hamilton - Jacobi equation (2.2.9),
H(x,¢) is homogeneous of order m in ¢ and p(s) = (x(s),¢(s)), t € I is a bi char-
acteristic in the interval I, then

iS(x(s)) =0, Vsel.
ds
Now we turn to the general solution of the Hamilton Jacobi equation, know-
ing the Hamltonian flow p = p(t, po).
First we consider the surface X c R” that is transversal to H(x,¢) at point
(x,&) € 2 xR™, such that

(2.2.15) H(x,¢) =0.
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Definition 2.2.1. We shall say that X c R" that is transversal to H at the point
(x,¢) € X x R" satisfying (2.2.17) if

(2.2.16) N(x).Ve¢H(x,8) #0
with N(x) being the unit normal vector at x € X.

One can easily see that if £ c R” that is transversal to H at the point (%,¢) €
2 x R" satisfying

(2.2.17) H(%,&) =0,
then the map defined through Hamiltonian flow
(2.2.18) te(-ge)xyeZnfly—-Xl<et—x=x(t,yn)eR”

is invertible for n € R" close to &.
Indeed, the proof is similar to the proof of Lemma 2.1.2 and we omit it.
Our next step is to choose appropriate initial data

x0) =y, ¢ =n

for the Hamiltonian flow (2.2.11) that is compatible with the data (2.2.10) on
the surface .
First we choose

(2.2.19) x(0)=yeZ.

Further, we note that for any y € £ and for any vector € R we may use de-
composition of i into tangential and normal parts respectively

(2.2.20) n=1"+nY'N(), 1 =n.N(y),

where N(y) being the unit normal vector at y € X. From the data (2.2.10) on the
surface we have

(2.2.21) SM=al), yeZ,

so taking into account Lemma 2.2.1 we can make the tangential projections of
§(1) = Vi S(x(1)

at the point x(0) = y € Z and find

(2.2.22) n™ -vya(y) =0.
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To define the normal part ) of  we impose the condition
(2.2.23) H(y,m) =0.

One can solve this equation locally near a point y, € X, 1o € R”, such that

(2.2.24) 1P —V,a(y) =0
and
(2.2.25) H(y(),no) =0.

imposing the transversality of X at (yp,n0) by using the implicit function theo-
rem.

Indeed, if X is defined locally by x, = 0, then we use y = (y1,-:+,¥n-1) as
parametrization of X. For any n € R" we see that its tangential part is

™ =, 1-1,0)
while the normal part is n,,. Let

(J/0,770)yJ/0 = Or Mo = (17(10)’ ’n(r(l)ll’n(nm)

are chosen so that (2.2.24) and (2.2.23) hold, i.e.

(2.2.26) N}’ =0y,@(0) =0, j=1,,n~1
and
(2.2.27) H(0,1m0) =0.

Then to solve (2.2.24) and (2.2.23) with (y,7) € Z xR” close to (0,71¢) we have
to find only 1, that solves
H(y; vyarnn) =0.

The transversality condition at (0,7¢) reads as
0¢, H(0,m0) #0,
so implicit function theorem guarantees local solvability of
H(y,Vya,n,) =0

with respect to 1.
Next, we define z(¢, y,7) to be the solution to

{ z' = &(1). He (x(1),&(2))

(2.2.28) z(0) = a(y).
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Lemma 2.2.3. If
X = X(t,y;n);f = f(t’J’rn)

is the Hamiltonian flow determined by (2.2.11) with initial data (x(0),¢(0)) =
(y,m), satisfying (2.2.22) and (2.2.23), then if S(x) = z(t(x), y(x)), where (y(x,n), t(x,n))
is the inverse of (2.2.18) and z is a solution of (7.0.43), then we have the proper-

ties

a)

(2.2.29) &t y,m) =VieSx(t, y,m).

b) the function S(x) is a solution to the Hamilton - Jacobi equation

H(x,V,S(x))=0.
Proof. We have the relations

d d /
ES(x(t, »n) = Ez(t’ V) =VeH(x(t, y,m),¢(t, y,m).E(t, y,m) = x (£, y,m) . (L, y,1m)

and since p
ES(x(t, M) = Vi S(x(t, y,m).X (£, y,m),

we conclude that
(2.2.30) (VS(x(t, y,m) = &(t, y,m) X (£, y,m) = 0.
Without loss of generality we can assume that X : x,, = 0 and then we shall show
(2.2.31) (VaS(x(t, y,m) =&t y,m) .0y, x(t, y,m) = 0, j1,---,(n—1)).
Indeed, we have the relations

0y, S(x(t, y,m) = 0y,2(t,y)

and
0y, S(x(t, y,m) = VS(x(t, y,m).0y,; x(2, y,m),

therefore we need to show that
(2.2.32) 0y, z2(t,y) = ¢(t, y,m.0y,; x(t, y, ).
For the purpose we use the relations

0y, (t,y) = Vi H(x(t, y,m), &2, y,m) @y, x(t, y,m)-£ (L, y, )+
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+V5 (H(x(, y,m), & (2, y,m) @y, (2, y,m) £ (2, y, )+
+Ve H(x (8, y,m), &, y,m).(0y,¢' (1, y,m).

Moreover, we have

d
T (f(t, Ym0y, x(t, y, 17)) ==V H(x(t,y,m),¢(t, y,m).0y; x(L, y, M+

+(8,y,m).0y, X' (£, y,m) = =V H(x(t, y,m),§ (£, y,m).0y, x(2, y, )+
+VE Hx(t, y,m),E(8, y,m) @y, X(8, y,m).E (8, y,m)+
+VE cHx(t, y,m), €8, y,m) Oy, & (8, y,m) £ (8, y,1)

and we arrive at

& (vt 0~ (et ym g xte,ym)) =

=VeH(x(1,y,1m),6(8,y,m).00y,; (8, y,m) + Ve H(x(t, y,m), E (8, y,m). 0y, x(2, y,m).
Since we are working on null bi characteristics H(x(t,y,n),¢(t,y,17)) =0 so

we have also

VxH(x(t, y,m),5(t, y,m).(0y; x(t, y,m) + Ve H(x(t, y,m), 6 (£, y,m). (0,6 (¢, y,m) =0

SO we arrive at

For t = 0 we have
0y,2(0,) —¢(0, y,m.0y,x(0,y,1m) =0
sowe arrive at (2.2.32). This relation implies (2.2.31) and combining with (2.2.30),

we find (2.2.29). Therefore we have the property a). The property b) follows
from a) and (2.2.13). O

Example 2.2.5. We continue to study the Example 2.2.2. Recall that the null bi
-characteristics are defined by

T(5) =70,&(s) = &, To = cléol?,
(2.2.33) t)=ty+s, x(s)=x9—2céps,
We want to solve the problem (2.2.12), i.e.

0;S—c(0,8)%=0
S@0,y) = a(y).
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so we take xo =y, to =0 with y € R.
Note that the relation (2.2.29) with t = 0 implies

(2.2.34) So=Vya(y).

As in (7.0.43) we define the function

(2.2.35)
{ Z'(8) = &(8,¥,€0). He (£(5), X(5), T(5),£(8)) + T(8) Hr (£(8), X(5), T(5),(8))
z(0)=a(y)

From (2.2.33) we find
(8,1, E0). He (£(5), x(5),T(8), () +T(8) Hy (£(5), x(8), 7(5), £(8)) = —2cl&pl*+Tg = —cl&ol*.

Hence
z2(s,1,&0) = a(y) — scléol.

Then
S(t(s,y,¢0), x(s,,¢0)) = 2(s, ¥, o)

shall be the solution to our problem so
S(s,y—2c&os) = a(y) - scl&ol”.
We have to make change of variables
t=s, x=y-2cVya(y)s

and we get
S(t,x) = aly(t,x)) — tc|Vya(y(t, x)I*.

Moreover, from (2.2.29) we have
Vi S(t(s,y,60), x(s, ¥,60)) = (5, ¥,0) = o = Vya(y(s, x)).
Therefore
(2.2.36) ViS(s,y—2csVya(y)) = Vyal(y).

Example 2.2.6. For given initial data g(x), we consider a classical solution to
the PDE

1
(2.2.37) o u+ > B w)?>=0 onRyx (0,00);

u=g onRyx{0};
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(By classical, we simply mean that u is differentiable, so that the PDE can be
satisfied everywhere on Ry x (0,00); (2.2.37). Characteristic lines. Suppose u is
a classical solution to (2.2.37). Furthermore, suppose u is twice differentiable in
the variable x. since u is differentiable, we can let v(x,t) = 0 u(x,t). Then v
satisfies the equation

(2.2.38) 0;v+v-0,v=0 onR,x(0,00);

with initial data
v=h onR,x{0};

where h(x) := g'(x) The PDE (2.2.38) is known as the inviscid Burgers’ equation
and plays an important role in fluid mechanics. We have the following property
for solutions of Burgers’ equation.

Lemma 2.2.4. If v is solution to (2.2.38), then v is a constant along the lines
X = X + th(xg) for each xy € R.

Example 2.2.7. Non-existence of a classical solution.
Suppose we have initial data g(x) = —|x| to the Hamilton-Jacobi equation
(2.2.37). Then v has initial data

1, ifx<0

hx) = { -1, ifx>0

However, we immediately see a problem with our given initial data. Take, for
example, the characteristic lines x =1 —t and x = —1 + t must be constant along
these two lines. This is fine for all t < 1, but the two characteristics intersect at
(x, 1) = (0,1). (This intersection is called a shock. since the values of v along the
two lines are different, there cannot be a differentiable solution).

2.3 Symplectic manifolds

Symplectic manifold is a smooth manifold, M , equipped with a closed nonde-
generate differential 2-form w called the symplectic form.

Example 2.3.1. Let{vy,..., v2,} be a basis for R*" We define our symplectic form
w on this basis as follows:

1 j-i=nwithl<isn

w;,vj))={-1 i-j=nwithl<j<n

0 otherwise
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In this case the symplectic form reduces to a simple quadratic form. If I,
denotes the n x n identity matrix then the matrix, Q of this quadratic form is
given by the2n x 2n block matrix:

(0 1,
o-(5 4)

Example 2.3.2. If (x,¢) are local coordinates, then one such form is
w=dxNd¢.

So if we have vector field

n n
_ M M _ @) @
V1= Z a; ax]. +bj 65]., Uy = Zlaj axj +b )]65].,
]:

j=1
then
w, o) =aV.b? —a® pW,
where
@ _ 0 0 )] @ _.,@ .2 2
a _(al ’az y Ay ))a _(al ’az )ty Ay )’

b = b, b0, ), b = (0P, b5, b,
and a.b denotes the scalar product of the vectors a, b.

The study of symplectic manifolds is called symplectic geometry or sym-
plectic topology. Symplectic manifolds arise naturally in abstract formulations
of classical mechanics and analytical mechanics as the cotangent bundles of
manifolds. For example, in the Hamiltonian formulation of classical mechan-
ics, which provides one of the major motivations for the field, the set of all pos-
sible configurations of a system is modeled as a manifold, and this manifold’s
cotangent bundle describes the phase space of the system.
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Chapter 3

1 - D Maximum principle

3.1 Introduction
Let the operator L is defined by
Lw)(x)=-u"+Vx)u' (x).
The we can consider the Sturm problem
(3.1.1) L(w)(x) = f(x),a<x<bh.
Here and below V (x) is C[a, b] function. Given any f € C(a, b) we look for clas-
sical solutions to (3.1.1) u € Cla, bl n C?(a, b).
3.2 Easy and weak maximum principles

Lemma 3.2.1. Ifu € Cla,b]n C?(a, b) is a solution of (3.1.1), then we have the
following properties

a) (EASY MIN principle) if f(x) is continuous POSITIVE function (f(x) > 0 for
any x € (a, b)), then

min(u(a), u(b)) = I[l’llbl’]l u(x).

b) (EASY MAX principle) if f (x) is continuous NEGATIVE function (f (x) > 0 for
any x € (a, b)), then

max(u(a), u(b)) = r[ne;))]m(x).

41
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Proof. We shall prove b) only. If

u(c) = maxu(x)
[a,b]

for some c € (a, b), then in the point ¢ we have
u'()=0,u"(c) <0.
O

Lemma 3.2.2. Ifu € Cla, bl N C?(a, b) is a solution of (3.1.1), then we have the
following properties

a) (WEAKMIN principle) if f (x) is continuous NON-NEGATIVE function (f (x) =
0 for any x € (a, b)), then

min(u(a), u(b)) = r[mbr]l u(x).

b) (WEAK MAX principle) if f (x) is continuous NON-POSITIVE function (f (x) <
0 for any x € (a, b)), then

max(u(a), u(b)) zr[n%)]cu(x).

Remark 3.2.1. A function satisfying L(u)(x) < 0 is called a subsolution. We are
thus asserting a subsolution attains its maximum on the boundary of [a, b]. Sim-
ilarly, if L(u)(x) < 0 holds, u is a supersolution and attains its minimum on the
boundary of [a, b].

Proof. We shall prove only the assertion a). We shall modify u(x) as follows
we (x) = u(x) — ez(x),

where
z(x) = e®*,

Then w, tends uniformly to u, so min(y, x,] We(x) tends to min(y, ) #(x) for any
interval [x1, x2] € [a, b].
Choose R > 0 so large that

L(w,) = —€Z" +eV(x)Z'(x) =e(R* -~ VR)e** >0
for any x € (a, b). Then the Easy MIN principle implies

min(we(a), we (b)) = r[nlbr]l We (X).

Taking the limit as € > 0 tends to zero we get

min(u(a), u(b)) = I[Illbl]l u(x).
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3.3 Hopflemma and strong maximum principle
In order to prepare strong maximum principle we shall start with Hopf Lemma

Lemma 3.3.1. (Hopf’s Lemma). Assume u € C*(a, b)) n C'([a, b)), and
Lu=f<0 in(a,Db).

Then we have

a) if
(3.3.2) u(b) > u(x) forallxe(a,b)
then
u'(b) > 0.
b) if
(3.3.3) u(a) > u(x) forallxe(a,b)
then
u'(a) <0.

Proof. We shall prove only a). Without loss of generality we can assume
a<0<bh.

Then we take
we(x) = u(x) +ez(x),

where
Rx* _ _-RP?

zZ(x)=e" e
Then z(b) =0 and
L(z)(x) = e *** (<4R%x® + 2R— VxR) <0
for R big enough and x € (b/2, b). In view of (3.3.3) we can find € > 0 so that
we(xg) = u(xg) > u(b/2)+ez(b/2) = w.(b/2).

We have also
We(xp) = u(xp) = u(b) + €z(b) = we(b).
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Applying the weak maximum principle for w,(x)—w, (b) and the interval [b/2, b]
and we find

max wy — we(b) <0
[b/2,b]

and hence
w,(b) = 0.

In this way we find
1/ (b) = —£2'(b) = eRbe 7" > 0.
O

Lemma 3.3.2. Ifu € Cla,bln C2%(a, b) is a solution of (3.1.1), then we have the
following properties

a) (STRONG MIN principle) if f (x) is continuous NON-NEGATIVE function (f (x) =
0 for any x € (a, b)) and f has minimum in internal point xy € (a, b), then
is a constant;

b) (STRONG MAX principle) if f (x) is continuous NON-POSITIVE function (f (x) <
0 for any x € (a, b))and [ has maximum in internal point xy € (a, b), then
is a constant.

Proof. We shall prove only b). Set

M :=maxu
[a,b]

and assuming u is not a constant we can decompose (a, b) as
(a,b)=CuUYV,
where
C:={xe€(ab) | ulx)=Mi,
Vi={xe(a,b)| ulx)< Mj}.

Since V is an open set, it is a union of open intervals and we can take such inter-
val (a, ) < V so that § € C. In this way we can apply Hopf lemma and deduce
u'(B) > 0 and this is a contradiction with the fact that § € (a, b) is maximum
point. The contradiction shows that V is empty. O

Problem 3.3.1. Ifu € Cla, bl nC?(a,b) is a solution of
(3.3.4) u +V(x)u'(x)+ Wx)u(x) = f(x),a<x<b,

V(x) and W (x) areC|a, b] functions, W(x) <0, f(x) isany bounded NON-NEGATIVE
function and if
u(c) =maxu(x)
[a,b]

is POSITIVE for some c € (a, b), then u(x) is a constant.
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Problem 3.3.2. Show that the condition W (x) < 0 in the Problem (3.3.1) can not
be removed.

Problem 3.3.3. Show that the condition u(c) is POSITIVE in the Problem (3.3.1)
can not be removed.

Problem 3.3.4. Ifu e Cla,bln C?(a, b) is a solution of (4.1.1) V(x) and W (x) are
bounded functions, W(x) < 0, f(x) is any bounded NON-NEGATIVE function
and if

u(a)=ulb) =0,

then u(x) <0in(a,b) oru(x) =0.
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Chapter 4

Maximum principle in domains

4.1 Introduction

Let QO < R” be an open domain with boundary 0Q.
Let the operator L be defined by

L) (x) = =Au(x) + 3 V;(x)0x; u(x).

j=1
Then we can consider the problem
(4.1.1) L(u)(x) = f(x),x € Q.

Here and below V;(x) are C (Q) function. Given any f € C(Q) we look for classi-
cal solutions to (4.1.1) u € C(Q) n C3(QY).
For simplicity we shall concentrate in this chapter to the case n = 3.

4.2 FEasy and weak maximum principles

Lemma 4.2.1. Ifu € C(Q) N C?(Q) is a solution of (4.1.1), then we have the fol-
lowing properties

a) (EASY MIN principle) if f(x) is continuous POSITIVE function (f(x) > 0 for
any x € Q), then
minu =minu.
00 aQ
b) (EASY MAX principle) if f (x) is continuous NEGATIVE function (f (x) > 0 for
any x € Q), then

max u = max u(x).
0Q a

47



48

Proof. We shall prove b) only. If
Uu(xp) = maxu(x)
Q
for some xj € Q, then in the point xy we have

Vu(xp) =0,Au(xp) =0.
O

Lemma 4.2.2. Ifue C(Q) N C%(Q) is a solution of (4.1.1), then we have the fol-
lowing properties

a) (WEAKMIN principle) if f (x) is continuous NON-NEGATIVE function (f (x) =
0 for any x € Q), then
min ¢ = min u.
0Q Q
b) (WEAK MAX principle) if f (x) is continuous NON-POSITIVE function (f (x) <
0 for any x € Q), then
max ¢ = max u.
0Q Q
Remark 4.2.1. A function satisfying L(u)(x) < 0 is called a subsolution. We are
thus asserting a subsolution attains its maximum on the boundary of Q. Simi-
larly, if L(u)(x) < 0 holds, u is a supersolution and attains its minimum on the
boundary of Q.

Proof. We shall prove only the assertion a). We shall modify u(x) as follows
we(x) = u(x) — £z(x),
where
z(x) = et

Then we tends uniformly to u, so ming; we(x) tends to ming; u(x) for any open
UucQ.
Choose R > 0 so large that

n
L(we) = —eAz+e Y Vj(x)8y,;2(x) = £(R* — VR)e™ >0
j=1

for any x € Q. Then the Easy MIN principle implies

min w, = min we(x).
Q. Q

Taking the limit as € > 0 tends to zero we get

min # = min u.
0Q o)
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4.3 Hopflemma and strong maximum principle

In order to prepare strong maximum principle we shall start with Hopf’s Lemma.
For this we shall assume the boundary of the domain Q satisfies the ball condi-
tion, i.e.

(H1)

for any x( € 02 there exists a ball B < Q
so that xp € 0B

Lemma 4.3.1. (Hopf’s Lemma). Assume (H1), u€ C*(Q)) n C'(Q), and
Lu=f<0 inQ.

If xp € 0 is such that

(4.3.2) u(xp) > u(x) forallxeQ

then

0y u(xp) >0,

wherev(x) is the exterior unit normal at x € 0.

Proof. Withoutloss of generality we can assume the ball in the assumption (H1)
is B(0, ), so that |xg| = r and
v(xg) = xo/ 1.

Then we take
We(x) = u(x) +ez(x),

where

_ D42 _ps2

Then z(xp) =0 and
Rx? ‘
L(2)(x) = e ®™ | -4R*x* +2nR- ) 2Vjx;R| <0
j=1

for R big enough and x € B(0,r)\ B(0,/2). In view of (4.3.2) we can find £ > 0 so
that
we (x0) = u(xo) > u(x) +€z(x) = we(x) x| =r/2.

We have also

We(x0) = u(xp) = u(x) +€z(x) = we(x), 1x|=r.
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Applyi ng the weak maximum principle for w.(x)—w, (b) and the domain B(0, r)\
B(0,r/2) we find

max we—we(b) <0
B(0,)\B(0,r/2)

and hence
av w(c: (.Xfo) = 0.

In this way we find
0y u(xg) = —€0,z(xp) = 2eRre R > 0.
]

Lemma 4.3.2. Ifue C(Q) N C%(Q) is a solution of (4.1.1), then we have the fol-
lowing properties

a) (STRONG MIN principle) if f (x) is continuous NON-NEGATIVE function (f (x) =
0 for any x € Q) and [ has minimum in internal point xo € Q, then it is a
constant;

b) (STRONG MAX principle) if f (x) is continuous NON-POSITIVE function (f (x) <
0 for any x € Q)and [ has maximum in internal point xy € Q, then itis a
constant.

Proof. We shall prove only b). Set

M :=maxu
Q

and assuming u is not a constant we can decompose 2 as
Q=CuV,

where
C:={xeQ|ulx) =M}

Vi={xeQ]|ulx) <Mj.

This means we can find two points P € C and Q € V and connect them with
an arc in Q. Let R be the closest point on the arc to Q such that u(R) = M and
u(x) < M for all x on the arc between Q and R. Since R is in Q, we can find y
sufficiently close to R on the arc QR so that

yeV,d(y,R) <d(y,0Q).

Then we can define the largest open ball B(y, r) < V so that dB(y, r) has a point
X, € C.In this way we can apply for B(y, r) the Hopf lemma and deduce 9, u(x.) >
0 and this is a contradiction with the fact ¥ has a maximum in x,. The contra-
diction shows that V is empty. O
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4.4 Maximum principle for Laplace operator with Coulomb
potential

A natural question is to ask if the linear operator

1
Pw:_A__+w,
| x|

satisfies the weak maximum principle in the sense that
(4.4.3) ue H* P,(u)=g=0,—= u=0.

The above maximum principle is incomplete, since additional behavior of u
and g at infinity has to be imposed, namely, we shall suppose that

(4.4.4) A+x) MeVelye B2, (1 +|x) MeVe Mg e H?,

for some real number M > 0.
Note, that the energy levels of the hydrogen atom are described by the eigen-
values w > 0 of the eigenvalue problem

Aert) + ZEX e, er(x) € H2.

| x|

One has .

T a(k+ 1)
and ey(x) = ce”™’2 ¢ > 0. The first observation is that all eigenfunctions ey (x),
k = 1, are expressed in terms of Laguerre polynomials of |x|, having exactly k
roots. This fact guarantees that the maximum principle is not valid for w = wy.
More precisely, we can show the following.

Wi kZO,l,...

Lemma 4.4.1. The weak maximum principle 4.4.3 is valid if an only if

1

w=-—.
4

4.5 Appendix: Maximum principle for subharmonic
functions.

4.5.1 Mean value theorem. Harmonic functions

The Gauss Green identity

f(Auv—uAv)dy:f (Onuv—udnv)dSy,
Q 00
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enables one to take v(y) = 1/|x — y|, where x € Q and modify the domain Q as
follows
Qs =1{y:yeQ,ly—x|=0}

provided 6 > 0 is small.
Taking the limit as 6 — 0 we get

Lemma 4.5.1. (integral representation) If u € C*>(R") then

1 0 1
u(x):—f ( N —u@N( ))dSy
ar Joa \lx -yl lx =yl

1 Au
4m Jo |x -yl

dy.
In the particular case Q = {|x — x| < R} we get

Lemma 4.5.2. (Gauss mean value theorem) If u € C? is a harmonic in {|x — x| <

R}, then )
u(y)ds,.
47TR2 \/|vx—x0|:R y y

Problem 4.5.1. (Strong Maximum principle) Let u € C(Q) n C?(Q) be a solution
of

(4.5.5) Au=0,x€Q.

If

u(xp) =

u(c) = maxu(x)
Q

for some c € Q, then u(x) is a constant.

4.5.2 Maximum principle for subharmonic functions

Let Q be an open subset of R” and u € L}OC(Q). Set
1
(4.5.6) MWw)(x,R) = ———— ulx+yd
r(yl=R) Jiy<r vy
and
(4.5.7) Ms(u)(x,R) = ———— u(x+ Rw)dw
s w1 Jiwi=1

Since u(lyl < R) = ,u(S”_l)R”/n, we have the relation

R Rn
f Ms(w)(x,r)r"" tdr = 7M(u)(x,R).
0



53

Definition 4.5.1. A function u € L}oc is called subharmonic if u(x) < M(u)(x, R)
forany R > 0 such that {y + x;|y| < R} c Q and for a.e. in x € Q.

Problem 4.5.2. Ifu € C*°(Q) then u is subharmonic if and only if Au = 0.

Hint. If Au = 0, then Gauss-Green gives

d
0< f lyl < RAu(x+y)dy = cR"_lﬁMs(u)(x,R),

so Ms(u)(x,R) = Mg(u)(x,0) = u(x) and
R R
M(u)(x,R) = nR‘”[ Ms(w) (x,r)r'" tdr = u(x)nR_”f r"ldr = u(x).
0 0

Problem 4.5.3. Ifuc L}OC (Q) then u is subharmonic if and only if Au = 0.

Problem 4.5.4. IfueC (Q) is subharmonic, then the condition u(c) = maxg u(x)
for some c € Q implies u = cost.

The function

1
(4.5.8) M(u)(x) =supM(u)(x,R) =sup——— ulx+y)d
R>Ig R>Ig p(yl<R) Jiy<r yay

is called Hardy - Littlewood MAXIMAL function.

Problem 4.5.5. Show that there exists a constant C > 0 so that for any u € C3°(R")

M2 < Cllull 2.
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Chapter 5

Fundamental solution of Laplace
operator in R” and applications

5.1 Laplace equation in R"

Among the most important of all partial differential equations are undoubtedly
Laplace’s equation

(5.1.1) Au=0
and Poisson’s equation
(5.1.2) -Au=f.

In both (5.1.1) and (5.1.2) , x € Q and the unknown is u: Q — R, u = u(x) where
Q c R" is a given open set. In (5.1.2) the function f: U — R is also given. Re-
member that the Laplacian of u is

n
Au= Z Ux;x; -
i=1

Definition 5.1.1. A C? function u satisfying (5.1.1) is called a harmonic func-
tion.

5.2 Decomposition of the Laplace operatore into ra-
dial and angular part

Start with the relation

(5.2.3) XA =L*+ (n—2)L+ Agn,

35
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where
n
(5.2.4) Agn-1 = Z Q?k,ﬂjk = Xj0 — X0
k=1
and

n
L=rd,=) x;0;.
=1

Per n = 2 we have
Asl = xlag - x201.

Introduce polar coordinates

X1 =T1Ccos¢, xp = rsing.

Then ing
X1 X2 sin
01 =—0,— 0y = CcospO, — 0
=0 X2+ x5 ¢ o ¢
and
8y =20, + -5, =singa, + °2%5
2T x2 + x2 ¢~ ' ¢
So we get
Q12 =0y
and we find
Asl :aé

For n = 3 we have
X1 =rcos¢sinb, x, = rsingsinf, x3 = cos6.

Then X Yax
0 2 0y — 3 5,=
' 2°¢ r2(x? + x5)1/2 0

X1
01 =—

)
r Xy + x5
sin¢ cos0
——0¢p — 0g.
rsin@ r
X2 X1 X3X2
0p=—0,+———0p———————0p
2Y¢ rz(xf+x§)”2

2
r X1 +x2

=cos¢sinfo, —

and

2, ,2\1/2

X3 (x5 +x5)

63:—6r+#69
r

2
Hence,

Q2 =0y, Q13 =sin¢cothdy +cospdy, 213 =—cos¢pcotfdy +sindag.
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Taking the sum of squares, we get

cosf 1 o

Age =02+ + .
§2= "% sinf 0 sin2g ¢

We have the following commutator properties

Problem 5.2.1. If[A, B] = AB — BA is the commutator of two operators then we

have
[0, xk] =6k,
[A,01=0,
A, xj1 =23,
(A, Q] =0,
(A, L] = 2A.

5.2.1 Spherical harmonics

If Y (w) is an eigenfunction of Ags-1, one can introduce

X

u(x) = IxIMY (—)

| x|

and see that u(x) is harmonic, i.e. Au(x) =0 if and only if
Agn1Y =-M(M+n-2)Y.

One can take u(x) to be a harmonic homogeneous POLYNOMIAL of order M
(M is a non negative integer) and see that Y (x/|x|) = lx|™ M u(x) is an eigenfunc-

tion of Agn-1 with eigenvalue M (M +n—2). The application of Liuoville theorem
shows that M is only integer and u(x) has to be a homogeneous polynomial.
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5.3 Laplace equation in R” and its fundamental so-
lution

One good strategy for investigating any partial differential equation is first to
identify some explicit solutions and then, provided the PDE is linear, to assem-
ble more complicated solutions out of the specific ones previously noted. Fur-
thermore, in looking for explicit solutions it is often wise to restrict attention to
classes of functions with certain symmetry properties. since Laplace’s equation
is invariant under rotations, it consequently seems advisable to search first for
radial solutions, that is, functions of r = |x| Let us therefore attempt to find a
solution u of Laplace’s equation in Q = R”, having the form

u(x) = v(r)

where r = |x| = (x? +--- + xfl)l/2 and v is to be selected (if possible) so that Au =
0 holds. First note for i =1,..., n that

or 1, , 2\—1/2 Xi
— == (x4 +x 2xi=— (x#0
0x; 2(1 ) or =0

We thus have
1y~ Xi " xl2 / 1 xl2
Uy =V (N — Uy =V (N +v ()| == =3 |
r r ror

fori=1,...,n,andso

o n-1,
Au=v'(r)+ ——v(r)
r

Hence Au = 0 if and only if

" n_ll
(5.3.5) v+ . =0
If v’ # 0, we deduce
vV 1-n
log(v) = —=
g(v) =—r=—

a

and hence v'(r) = T

for some constant a. Consequently if r > 0, we have

blogr+c (n=2)
”(”:{ boic  (n=3)

rn—2

where b and c are constants. These considerations motivate the following.
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Definition 5.3.1. The function

—élloglxl (n=2)

(5.3.6) E(x):= { (n=3)

n(n-2)|B| |x|"~2
defined for x e R", x # 0, is the fundamental solution of Laplace’s equation.
Remark 5.3.1. Recall that the volume of the ball B(0,R) inR" is

R R" gn—l
IBO,R)| = fo o Ldpusth = HET)

where w(S™ 1) is the surface area of the unit sphere in R".

The reason for the particular choices of the constants in (5.3.6) will be ap-
parent in a moment.

We will sometimes slightly abuse notation and write ®(x) = ®(|x|) to em-
phasize that the fundamental solution is radial. Observe also that we have the
estimates

C
(5.3.7) DO =

C
T -, | D*®(x)| < o G20

for some constant C >0

5.4 Poisson equation

By construction the function x — E(x) is harmonic for x # 0. If we shift the
origin to a new point y, the PDE (1) is unchanged; and so x — E(x — y) is also
harmonic as a function of x, x # y. Let us now take f :R” — R and note that the
mapping x — E(x—y) f(y)(x # y) is harmonic for each point y € R", and thus
so is the sum of finitely many such expressions built for different points y. This
reasoning might suggest that the convolution

ux) = fpn Ex—y) f(y)dy

_ﬁfn@logﬂx-yl)f(y)dy (n=2)
(y)
n(n—12)|B|f[R” L dy (n=3)

lx—y|"=2

(5.4.8) = {

will solve Laplace equation (5.1.1). However, this is wrong: we cannot just com-
pute

Au(x) = fR AEG - P f(dy =0
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Indeed, as intimated by estimate (5.3.7) D?>®(x — y) is not summable near the
singularity at y = x, and so the differentiation under the integral sign above is
unjustified (and incorrect). We must proceed more carefully in calculating Au
Let us for simplicity now assume f € Cg (R™); that is, f is twice continuously
differentiable, with compact support.

Theorem 5.4.1. (Solving Poisson's equation). Define u by (5.4.8) . Then

(i) ue C*[R")

and

(ii) —Au= f inR" We consequently see that (5.4.8) provides us with a for-
mula for a solution of Poisson’s equation (5.1.2) in R".

Proof. We have

uto = [ -y fdy= [ B - ndy

hence

hei-y) - flx-
f(x+he ;l/) flx—1y) dy

u(x+he;) —u(x) :f E)
h R7

where h #0 and e; = (0,...,1,...,0), the 1 in the it" _slot. But

f(x+hei—y)-flx-y) _of
h ax,-

(x=y)

uniformly on R" as h — 0, and thus

a—“(x)—f e - pdy =1,...n
axi B R~ yax,- ey I
Similarly

(5.4.9) Ou (x)—f -2t - pdy Gj=1..m
4. 300 = Jeo PO gy 94y G f =

As the expression on theright hand side of eq.PE10 is continuous in the variable
x, we see u € C*(R")

Since E blows up at 0, we will need for subsequent calculations to isolate
this singularity inside a small ball. So fix € > 0. Then

Au(x) zf E(y)Axf(x—y)dy+f E(WAcf(x-ydy
B(0,z) R 1)

m—B(0,

= I+
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Now

Ce?|loge| (n=2)
(5.4.10) |I€|sc||D2f||Lw(R_)fB(0€) IE(y)Idys{ Ce? 8 (1> 3)

An integration by parts yields

Jo= [ BwIAfx-pdy
(5.4.11) el

:—f DE(y)~Dyf(x—y)dy
R--B(0,2)

af
+ E(y)=—(x-y)dS
fa 0. 6% av(x »adS(y)
=:K¢+ L,

v denoting the inward pointing unit normal along 0B (0, €). We readily check

Celloge| (n=2)

412 Ll < IDfl foocn E <
(5.4.12) Ll < IDSIL (K)LB(Ml (y)|d5(y)<{ Ce (n=3)

We continue by integrating by parts once again in the term K, to discover

OE
K. = f AEG) f - y)dy - f %% ) fx-pdSw)
R-—B(0.¢) 0B(0,¢) OV

OE
=- — —y)dS
fa s av(y)f(x y)dS(y)

since E is harmonic away from the origin. Now DE(y) = #IIBI % (¥ #0) on0B(0,¢).

since n|Ble™! is the surface area of the sphere 0B(0, €), we have

(5.4.13) K. ——;f flx=y»)dS(y)
o ‘ n|Ble™ 1 Japo,e) Y Y

=—foBznfWAS(y) — —f(x) ase—0

(Remember that a slash through an integral denotes an average.) Combining
now (5.4.10)-(5.4.13)and letting € — 0, we find —Au(x) = f(x), as asserted. [
5.5 Weak solutions of Poisson equation

Typical example of application of the notion of distribution is the definition of
a weak solution of the Laplace equation.



62

Definition 5.5.1. Ifu, f are distributions in R", then u is a weak solution of the
equation

(5.5.14) —Au:f, A:a%+...a?—1’
if for any test function ¢(x) we have

<u,Ap>=—-<f,p>.

5.5.1 Casen=3

One can verify that

1
A (—) =—471d
| x|

in the sense of distributions in R3. Indeed taking any test function ¢ we apply
Gauss - Green formula for the domain {|x| = ¢} and using the fact that

1
A(—):O |x| #0,

| x|

we find

1 1
Al— dx— — | A dx =
\/|‘x|>£( (|x|)) pLdx ﬁx|>5(|x|) pLdx

—f 0y (i) (p(x)de+f (i) 0:@(x)dSy,
|x|=¢€ | x| Ix|=¢ \|X]

where here and below

Taking into account the fact that

1 1
0| —|=-—
’(|x|) |x|2

and introducing spherical coordinate x = ew, |w| = 1, we find

f 0y (i) Qx)dSy = —f pew)dS,,,
x|=¢ | x| lol=1

f (i) 0,p(x)dSy = ef 0,¢p(ew)dw
|x|=€

| x| lw|=1
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so taking the limit € — 0, we get

1
lim 0, (—) @(x)dSy =—4mp(0),
€—0J|x|=¢ | x|

1
lim (—) 0,p(x)dS, =0,
£=0Jjx|=¢ \ | x| it *

SO we arrive at

—f (i) Ap(x)dx =4mp(0)
R?’

| x|
and the identity
1 1
(5.5.15) ——A(—) =9.
47 | x|
5.5.2 Casen=3.
The function
E(x) € C*(R"\0)
satisfying
-AE=6

in the sense of distributions is called fundamental solutions of the Laplace op-
erator and they enable one to represent the solution of the Poisson equation

-Au=f, feCy,
as follows
u(x) :fRnE(x—y)f(y)dy.

To verify that

u(x) = cf &dy
R

n |x_y|n—2

is a weak solution of

Au=f,
we consider
Us(x) = cf —f(y) —dy=c fx __;/) d
|x—yl=¢ |x—y|" lyl=¢ lyI"

oo (x—rw) ,_
= cf Ja—rw) ——r""ldr.
€ lw|=1 r
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One can easily derive that if f € C? and has a compact support, then u, € C?

and A, f( )
x_
Aug(x) = c[ y—zyd
lyl=e I_V|n_

Applying the Gauss - Green formula, we find

Aug(x)=c f(x—y)A(;)dy+

lyl=ze |yln=2
OnNf(x—1y) ( 1 )
+c ——dy—-c (x—=y)0 dy,
f|y|=£ iz |y|=sf POz )Y
where Oy =—3.; y;/|yld; = —0r, so we get
) -
Aug(x) = cf we”_ldw—m—zn fx—ew)dw
lw|=1 & lw|=1

so taking the limit as € — 0, we obtain
Au(x) =—(n—-2)cu(S™ ) f(x).
So
1
(n—2)u(S" 1)’

5.6 Mean-value formulas.

Consider now an open set Q < R” and suppose u is a harmonic function within
Q. We next derive the important mean-value formulas, which declare that u(x)
equals both the average of u over the sphere 0B(x, r) and the average of u over
the entire ball B(x, r), provided B(x, r) c Q. These implicit formulas involving
u generate a remarkable number of consequences, as we will momentarily see.

Theorem 5.6.1. (Mean-value formulas for Laplace’s equation). If u € C*(Q) is
harmonic, then

(5.6.16) u(x) :f udS:f udy
0B(x,r) B(x,r)

foreach ball B(x,r) c Q.

Proof. Set

o(r) ::f u(y)dS(y) :f u(x+rz)dS(z)
0B(x,r) 0B(0,1)
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Then

¢' (1) :f Du(x+rz)-zdS(z)
0B(0,1)

and consequently, using Green’s formulas we compute
-X
¢'(r) = f Du(y)-L==ds(y)
0B(z,1) r

- f o 4s)

dB(x,r) OV

r
= —f Au(y)dy=0
nJ Bx,r)

Hence ¢ is constant, and so

¢(r) =lime(r) = limf u(y)dS(y) = u(x)
t—0 t—0 0B(x,1)

Observe next that our employing polar coordinates, gives

-
f udy:f (f udS)ds
B(x,1) 0 \JOB(x,s)

= u(x)f na(n)s" 'ds=am)r*ux
0

O

Theorem 5.6.2. THEOREM 3 (Converse to mean-value property). If u € C?(Q)
satisfies

u(x) = f udS
for each ball B(x,r) c U, then u is harmonic.

Proof. Proof. If Au # 0, there exists some ball B(x,r) < Q such that, say, Au>0
within B(x, r). But then for ¢ as above,

/ r
o:(p(r):—f Au(y)dy >0
nJ Bx,r)

a contradiction. O

5.7 Properties of harmonic functions.

We now present a sequence of interesting deductions about harmonic func-
tions, all based upon the mean-value formulas. Assume for the following that
Q c R" is open and bounded.
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5.7.1 Strong maximum principle, uniqueness.

Theorem 5.7.1. (Strong maximum principle). Suppose u € C2(Q) N C(O) is har-
monic within Q.
(i) Then

maxu =maxu
Q 00

(ii) Furthermore, if Q is connected and there exists a point xy € Q such that

u(xp) =maxu
Q

then u is constant within Q. Assertion (i) is the marimum principle for Laplace’s
equation and (ii) is the strong maximum principle. Replacing u by —u, we re-
cover also similar assertions with "min" replacing "max".

Proof. Suppose there exists a point xp € Q with u(x9) = M := maxq u Then for
0 < r < dist(xp,0Q), the mean-value property asserts

M:u(xo):]( udy<M
B(xo,1)

As equality holds only if u = M within B (xp,r), we see u(y) = M for all y €
B(x,r). Hence the set {x € Q | u(x) = M} is both open and relatively closed in Q,
and thus equals Q if Q is connected. This proves assertion (ii), from which (i)
follows. O

Remark 5.7.1. The strong maximum principle asserts in particular that if Q is
connected and u € C*>(Q) N C(Q) satisfies

Au=0inQ
u=gonoQ
where g = 0, then u is positive everywhere in Q) if g is positive somewhere on 012.

An important application of the maximum principle is establishing the unique-
ness of solutions to certain boundary-value problems for Poisson’s equation.

Theorem 5.7.2. (Uniqueness). Let g € C(0Q)), f € C(Q)). Then there exists at most
one solution u € C*(Q) N C(Q) of the boundary-value problem

{—Au:finU

5.7.17
( ) u=gonoU

Proof. 1f u and # both satisfy (5.7.17) one can apply apply Theorem 5.7.1 to the
harmonic functions w := +(u — i) O
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5.7.2 Regularity

Now we prove that if u € C? is harmonic, then necessarily u € C*®. Thus har-
monic functions are automatically infinitely differentiable. This sort of asser-
tion is called a regularity theorem. The interesting point is that the algebraic
structure of Laplace’s equation Au=Y."" | uy,y; = 0 leads to the analytic deduc-
tion that all the partial derivatives of u exist, even those which do not appear in
the PDE.

Theorem 5.7.3. THEOREM 6 (Smoothness). If u E C(U) satisfies the mean-tualue
property (16) for each ball B(x,r) c U, then

ueC*W)
Note carefully that u may not be smooth, or even continuous, up to 0U.

Proof. Proof. Let ) be a standard mollifier, as described in $C.4, and recall that
7 is a radial function. Set u :=n. * u in U = {x € U | dist(x,0U) > €} As shown
in $C.4,u" € C* (U,) We will prove u is smooth by demonstrating that in fact
u = u' on U, Indeed if x € U, then Thus u® = u in U, and so u € C* (U,) for
eache>0. O

5.8 Liouville’s Theorem.

Next we see that there are no nontrivial bounded harmonic functions on all of
Rn

THEOREM 8 (Liouville’s Theorem). Suppose u : R" — R is harmonic and
bounded. Then u is constant. Proof. Fix xo € R",r > 0, and apply Theorem 7 on
B (xp,1):

G
|[Du (xo)| < m | u”Ll(B(zO,r))

Cia(n)

=<

]l poo@ny — O

as r — oo. Thus Du = 0, and so u is constant. THEOREM 9 (Representation
formula). Let f € Cg (R™"), n = 3. Then any bounded solution of

-Au=f inR"

has the form
u(x):fROCD(x—y)f(y)dy+C (xeR")

for some constant C.
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5.9 Liouville theorem for harmonic functionsin R, n =

3.
The Laplace equation
Au=f, feCy,

has a solution o)

Y

ulx)=rc f —d
a lx -y 2
provided n = 3 and
1

C(n-2)p(S"Y’
We shall use this fundamental solution to derive the Liouville theorem. For
simplicity we consider only the case n = 3.

Lemma5.9.1. (Liouville) If u € C*(R") is a harmonic function, i.e. Au =0 inR",
then the condition

max|u(x)| = C

|x|=R
implies u = cost.

Idea of Proof: Take cut off function ¢(s) such that ¢(s) =1 for |s| < 1 and
@p(s) =0 for |s| = 2. Then setting ¢ r(x) = ¢(|x|/R) we have

Alpru) =2V(uVeRr) — uler,

since u is harmonic. Applying the formula for the fundamental solution, we get

1 2V \V4 — A
<PR(x)u(x):——f wVer(y)) —uy) (PR(J/)dy:
47 JR3 Ix_y|
L[ 2 V), L a0,
T JR3 lx =yl amJes |x—yl

Take |x| ~ R/2. Then |y| ~ R on the support of Vgg(y). So one can show that
C
Vu(x)| = —
| x|
provided |x| ~ R/2. Since Vu(x) is also harmonic, applying the maximum prin-

ciple of Lemma 5.9.1 we complete the proof that Vu = 0.

Problem 5.9.1. (Liouville) If u € C*(R") is a harmonic function, i.e. Au =0 in
R"™, then the condition

max|u(x)| < C(1+ IxI)M

|x|=R

implies u(x) is a polynomial.
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Harmonic functions in domains
(ball and semispace) and conformal
transform.

First step in this section is to make change of variables in the Laplace operator.
Indeed, let us take

y—x=F(y)

invertible change of variables in R”.
Our goal is the compute

Ay u(F(y)).

For the purpose we start with the representation

— L i<F(y).> »
u(F(y) = (2n)”fe a)ds.

Since
Aei<FWE> - (_ Y <OkE(y),§ ><0kF(y),§ > +i <AF(y),¢ >) ol <Fe>,
k

we can set
g™ (y) =) _0kF;(3)0kFm(y)
k

and obtain

Ae!<FW-<> (—Zgjm(y)(fjcfm +i<AF(y),& >) e <F¢>

jm

69
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Using i¢ri1($) = alzu(f), we

Ayu(Fy) =Y g™ (1) @;0mw) (F()+ < AF(y), (VW) (F(y)) > .

jm
In the particular case
F(y) = ly%
one can verify that we have
(gjm);l,mzl = Iy% AF(y) = Iif_lji*

Given any u(x) € C;° we define
(6.0.1) u* () = Iyl uy!1y1?)

Then we can assume 7 = 3 and derive
(6.0.2) Ayu* () =y Acuylyl®).

Idea of Proof: Introduce polar coordinates R = |x|, r = |y| and w = x/|x| =
y/1yl.Then the transform is given by

1
R=-.
r
We have
, 2. 1
Ax:6R+EOR+ﬁAw
2 1
2
Note that
2 \f 1
2 2
ROR:—rOr,(6r+;6r)?:;6rf,

S0 we obtain

2 \f 2
(ai + ;ar) - = R(R*0p)*f=R° (ai + EGR) f.

Problem 6.0.1. How can be generalized the conformal low (6.0.2) for dimensions
n=3.7?
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Turning to the Dirichlet problem, we study the boundary value problem

Au=0,xe2
u(x) = f(x), x € 0Q).

For the purpose we look for

1 1
G(x, y)= E (H - h(x, y))

so that h(x, y) is harmonic with respect to y and on the boundary 02 we have

1
h(x,y) = ——, y€dQ.
Y Ix—yly

The Gauss Green identity

f(Auv—uAv)dy:f (Onuv—udnv)dSy,
Q 0Q

enables one to take v(y) = 1/|x — y|, where x € Q and modify the domain Q as
follows
Qs=1{y:yeQ,|y—x| =8}

provided 4 > 0 is small.
As in Lemma 4.5.1 taking the limit as 6 — 0 we get

1 0 1
ulx) = —f (L“—ua,v( ))dSy
ar Joa \1x -yl |x =yl

1 Au
4 Jao [x -yl

dy.

If we take v(y) = h(x,y) we can use the fact that h(x, y) is more regular than
1/|x -yl and find

1
0=— h(x,y)Onu—uonh)dS
- [ (e yponu-woxh)ds,

1
- A ,
4Hfﬂh(x,y) udy

The above relations imply

u(x) = fag (G(x, y)Onu—udnG(x,y))dS,

—f G(x,y)Audy.
Q

Since G(x, y) = 0 on the boundary and since u is harmonic, we get
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Lemma 6.0.1. (Green function) Let u € C*(Q) be a harmonic function in the
domainQ, i.e. Au=0inQ. If

1 1
Gx,y) = in (H - h(x, J’))

where h(x,y) is harmonic with respect to y and on the boundary 02 we have

1
h(x, ) =—)))¢€ aQr
TN

then the solution to the problem

Au=0,xeQ
u(x) = f(x), x € 0Q.
is given by
u(x) = —fag (f(oNG(x,¥))dS,

Example 6.0.1. LetQ = {x,|x| < 1}. To construct h(x, y) we consider the exterior
of the domain Qey; = {x,|x| > 1} and use the conformal map

Y
yEQext—’WeQ.

Given any x, |x| <1 the function

1
lx—yl

is harmonic in Q. so following (6.0.1) we see that

h(x,y) = ———
Y = Iy

is harmonic in Q. Introduce polar coordinates y = rw. Then Lemma 6.0.1 implies
that

u(x) = —f (f(@)d,G(x,rw)) dw
lw|=1

Since

1 1
AnG(x, rw) = -
|x—rw| |rx-—w|

and since
1 <rw—Xx,w>

"lx-ro| |lx—rwl?
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1 <rx-—-w,x>
r = - 3
|rx—w| |[rx —w|
we obtain takingr =1
1-|x]?

4710,G(x, rw) = ———.
|x—w[3

Finally, we can write

()_l—lxlzf (() dw )
R TP lwl=1 fwlx—wl?"

and this is the unique solution to the Dirichlet problem

Au=0,xeQ
lim u(x) =0,
X—00

u(x) = f(x), x € 0Q.

To show that this is a solution really, we take into account the relation

1—|x|?
(2Lx+1) = ) |J/|:1; |x|¢17 Lx:x-vx

lx—yI3

lx =yl

as well as the commutator relations

[A, L] = 2A.

1
A4___):o
lx =yl
1 1—|x|?
Ac|@RLy+1) [ ——=]||=Ax|——3| =0
lx =yl lx—yl

()—Hx'zf ( ( )d—‘“)
YO0 = S VO ap

is a harmonic function!!!

So from

we can derive

SO

Example 6.0.2. Let Q) = {x,|x| > 1}. To construct h(x, y) we consider the interior
of the domain Q;y,; = {x,1x| < 1} and use the conformal map

y
yEQext_’WEQ
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Given any x, |x| > 1 the function
1
lx =yl
is harmonic in Q;,; so following (6.0.1) we see that

hxy) = —
V= = yiye

is harmonic with respect to y in Q. Introduce polar coordinates y = rw. Then
Lemma 6.0.1 implies that

u(x) = —f (f(@)0,G(x,rw)) dw
|lw|=1

Since )
AnG(x, rw) = -
|x—rw| |rx—ow|
and since
1 <rw-x,w>
|x — ro| lx—rowl®
1 <rx-—-w,x>
Irx—ow| [rx—owl?
we obtain takingr =1
1—|x?
470,G(x, rw) = —
|x —wl

Finally, we can write

()_l—lxlzf (() dw )
AT fwlx—wl?"

and this is the unique solution to the Dirichlet problem

Au=0,x€Q)
u(x) = f(x),x € 0Q.

Problem 6.0.2. Let u(x) be a solution to

Au=0,|x|>1
lim u(x)=0,
X—00

u(x) = f(x),lx|=1.

Show that
lu(x)| <

o |r)rcll«';ulclf(X)l.



Problem 6.0.3. Construct the Green function for the domains:

a)ix,|x| <R},
b){x,|x| > R},

Answer: a)

_ Rz— |X|2 dsy
u(x) = TinR fM:R (f(y) |x—y|3)'

Problem 6.0.4. Let u(x) be a solution to

Au=0,|x|>R
u(x) = f(x),lx| =R.

Show that
lu(x)| <

1+ x| ﬁllglf(x”'

Problem 6.0.5. Construct the Green function for the domain {x € R3, x3 > 0}.

Answer:

d /
u(x) = ﬂfz (f(y’) n Y x' = (x1, %2).

I_ 12 + x2)3/2 |’
2 Jr x' =y +x35)
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Chapter 7

Applications: a priori estimates

7.0.1 Laplace equation in the space R".

The equation
Au(x) = f(x),x e R"

has a unique solution provided

lim u(x)=0
X—00

Taking f(x) € C(R") with compact support one can represent the unique
solution as follows (for simplicity we take n = 3.)

A Ji |x =yl
where here and below K denotes the support of f.

Problem 7.0.1. (smoothing property) If f(x) € C(R") has a compact support,
then u(x) € C1(R™)

Problem 7.0.2. (smoothing property) If f(x) € L*(R") has a compact support,
then u(x) € C'(R™)

Problem 7.0.3. (smoothing property) If f(x) € CK(R™) has a compact support,
then u(x) € Ck+*1(R")

Problem 7.0.4. (convergence) If fi.(x) have a fixed compact support K and tend
uniformly in Ck(K), then

1 [ L),

R AP

converge uniformly in CK*1(R™).

77
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Problem 7.0.5. (smoothing and decay property) If f(x) € C(R"™) has a compact
support, then u(x) € C(R") and

Clfllcx

u(x)| <
lu(x)] 11

Problem 7.0.6. (decay property for f without compact support) If f(x) € C(R")
has the property

1+ 1D Fll foos) = sup [(1 + x> £(x)] < oo,
xeR3

then u(x) € CL(R"™) and

CIQ+ XD £l ooy
1+|x] '

lu(x)| <

Problem 7.0.7. (Coulomb behaviour property) If f(x) € C(R") is non-negative,
has a compact support and f(xy) > 0 for some point xy € R" , then there is a
positive constant Cy so that

Co

u(x)| = :
|ue(x)] Tt I

Hence u is not square integrable. More precisely, we have
f lu(x)*dx = CR
|x|=R

for R sufficiently large.

7.0.2 Laplace equation in bounded domain with Dirichlet bound-
ary condition.

The general problem

Au=Fxe
u(x) = f(x), x € 0Q.

can be solved extending F in R” and representing u as follows
u=up+uw,

where . F
Ug(x) = —— icl .
4 Jo |x -yl
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Then w solves

Aw=0,xeQ
w(x) = g(x),x € 0.

where
g=[—uo.
Applying the maximum principle we get
lwll o) < Cliglcom < C (I fllcoa + 1 Fllzew)-

This estimate guarantees the uniqueness of the solution. The existence is
delicate: needs or sub and supersolutions (Peron method) or methods from
Functional analysis (Friedrich’s extentions). For the concrete domains: interior
or exterior ball, half space we have concrete solutions.

7.0.3 Weak and strong solutions in R"
We shall define the meaning of solution to the Cauchy problem
(7.0.1) —~Au=f,

Definition 7.0.1. Let f € L2(R"). A function u(x) € L>(R") is a weak solution of
the Cauchy problem (7.0.1), if u solves —Au = f, in distributional sense inR", i.e.
forany ¢ € C°(R") we have

(7.0.2) —f u(x)Ax(p(x)dx:f f@ex)dx
R" R"

Definition 7.0.2. Let f € L?(R"). A function
u(x) € L*(R™)

is a strong solution of the Cauchy problem (7.0.1), if
u(x) € H*R")

and —Au = f in sense of L? functions.

Lemma7.0.1. (H! estimates) For any v > 0 the exists C, > 0 so that if f € L*(R")
and u(x) € L?(R") is a weak solution of the Cauchy problem (7.0.1), then we have
the estimates

(7.0.3) Ve, < 1 f 12 lluell .

(7.0.4) IVull 2 < Coll fll 2 + Vi ull 2.
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Proof with Fourier transform. Using the Fourier transform we easily deduce
uel? Auel? = djucl?
and we have the estimate

> loSulle SlAul 2 + lul 2.

lal<1
]

Proof with Yosida approximation. We shall use the Yosida approximation of u
defined for € € (0,1) as

(7.0.5) Ug(x) = (27:)‘”] e (L+elé)a)de.
Rn

To be more precise this integral is well - defined for f € Cj° and obeys the rela-
tion

(&) = A +eléP) ' a@).

Moreover, we have the estimates
— 2v—1~
luellz2 = clltgll 2 = cllQ +€l§|7) " Ul 2 < llull gz,

- 1 1
ltel e = 1A +EH Tl 2 < 1A +EH A+l all 2 < ~lulz.

These estimates show that the operator u — u, defined by (7.0.5) can be ex-
tended by density argument to an operator

(7.0.6) w:l?—>u,=(1-eAN) 'ue H?

so that
lim ||u, — ull;2 =0.
e—0

If u € L? is a weak solution to (7.0.1), then
us=1-eA)u
is also a weak solution to
(7.0.7) Aug = fe.

Since for fixed € > 0
ug € C([0, T); H?)
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due to (8.1.20), we can multiply the equation (7.0.7) by u, and after integrating
we get

IVue (D12, = (fe, ue) 2.

Taking the limit € — 0, we find (7.0.3). From this estimate and simple estimate
L 5 2.0
ab<—a +v°b
4v2
we get (7.0.8). O

Lemma 7.0.2. (H? estimates)There exists C > 0 so that if f € L*(R") and u(x) €
L2(R"™) is a weak solution of the Cauchy problem (7.0.1), then we have the esti-
mates

(7.0.8) Yo l0%ulz < C(Ifllz + lullz2).

|a|<2
Proof. Using the Fourier transform we easily deduce
1 2 2
ue H ,Aue L — 0;0rucl
and we have the estimate

> 0%ulle S IAul 2 + lulpz.

la|<2

O

A small modification in the above result can be done for the first order per-
turbation.
We can define the meaning of weak solution to the Cauchy problem

n
(7.0.9) —Au=f+) 0yF,
j=1

where Fj(x) are [? functions.

Lemma 7.0.3. (H' estimates) There exists a constant C > 0 so that if f,F; €
L2(R") and u(x) € L*(R") is a weak solution of the Cauchy problem (7.0.9), then
we have the estimates

n
(7.0.10) IVullz <ClIfIz+ Y IFll2+ lulgz|.
=1
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Proof. Again we use the Yosida approximation.
If u € I? is a weak solution to (7.0.9), then

u,=(1—-eN'u

is also a weak solution to

n
(7.0.11) Aue=fe+ ) 0x;Fje.
j=1

Then we can multiply the equation (7.0.11) by u, and after integrating we get

n
IVue (1) ||i2 = (fsy Ug)p2 + Z (aijj,gy Ug)p2 =

j=1

n 1 n

2 2 2 2 2

= (ferue)z= Y (FjenOxytte) 2 < W fel o el o+ 5 3 WFjele + VI Vaie (011
j:l ]21

so taking v sufficiently small we absorb the term
VA IVu ()17,

and get

n
2 2 2 2
IVue (12 SIfell2 + luel?+ Y IF 612,
j=1

Taking the limit € — 0, we find (7.0.10). O

7.0.4 Weak and strong solutions in domains

We shall define the meaning of solution to the Cauchy problem

(7.0.12) ~Au=f

in adomain U c R".

Definition 7.0.3. Let f € L?(U). A function u(x) € L>(U) is a weak solution of the

Cauchy problem (7.0.12), if u solves —Au = f, in distributional sense in U, i.e.
forany ¢ € C3°(U) we have

(7.0.13) —f u(x)qu)(x)dx:f fX)epx)dx.
u U
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Definition 7.0.4. Let f € L*(U). A function
u(x) € L*(U)

is a strong solution of the Cauchy problem (7.0.12), if
u(x) e H*(U)

and —Au = f in sense of L? functions.

Lemma 7.0.4. (H' interior estimates) There exists C > 0 so that if f € L*(U) and
u(x) € L2(U) is a weak solution of the Cauchy problem (7.0.12), then for any open
BOUNDED set V < U we have the estimate

lal=1

Proof. We shall use cut - of function ¢ € C;°(U), such that ¢ = 1 on U. The gu
is a solution to

—Apu)=@f -2VeVu—-(Ap)u=@f -2V (uVe)+ (Ap)u.

Using the fact that
Vo) +1Ap0)] S 1,

we apply (7.0.10) and find
IVl 720y SUV@UWIT2 gy Sz n el 2+l 2 gy S UF 2+l 200)
O

Lemma 7.0.5. (H? interior estimates) There exists C > 0 so that if f € L*(U) and
u(x) € L2(U) is a weak solution of the Cauchy problem (7.0.12), then for any open
BOUNDED set V < U we have the estimate

|a|<2

Proof. We shall use two cut - of function ¢ € C;°(U), such that ¢ =1 on U and
w € C3°(U), such that ¢ = 1 on the support of ¢. Then yu is a solution to

—Apu) = of -2V (uVy) + (Ap)u.

Using the fact that
IV ()| + Ay (0] S 1,
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we apply (7.0.10) and find
(7.0.16) IV W2 gy S 12w + 1l T2 -
Further the equation for ¢u is

—Apu) =@ f =2V (uVe) + (Ap)u
so the H? free estimate of Lemma 7.0.2 gives

Z 10% (pu) I z2(rm) S I f 2y + Nl 2oy + V@)l 2y

|la|<2

and applying (7.0.16), we complete the proof. O

7.0.5 Some elliptic estimates

We as always assume that U c R” is a bounded, open set. Suppose also u €
HO1 (U) is a weak solution of the PDE(1), where L has the divergence form (4)

Lu=-Au

We begin studying the local behaviour of (weak) solutions of the system of
equations
00 (A opul) = fi=0aFF i=1,...,m
ue H, (Q;R™)

with A7f € L®(Q), f; € L2 () and F{* € I2 (Q). From now on we shall use ||
for the Hilbert-Schmidt norm of matrices and tensors, even though some esti-
mates would still be valid with the (smaller) operator norm.

Theorem 4.1 (Caccioppoli-Leray inequality). If the Borel coefficients A?jﬁ
satisfy the Legendre condition (L) with A >0 and

sup | A7

xeQ)

f(x)( <A<oo

then there exists a positive constant ¢ = c¢(A, A) such that for any ball By (xg) ?
Q and any k € R it holds

cf IVul?dx < R_Zf Iu(x)—klzdx+R2f If(x)lzdx+f |F(x) > dx
Bgry2(xp) Br(xo) Br(x0) Br(x0)

THEOREM 1 (Interior H? -regularity). Assume (5) a'/ € C'(U), b’,c€ L°(U) (i,j =
1,...,n) and (6)
fel*U)
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Suppose furthermore that u € H' (U) is a weak solution of the elliptic PDE
Lu=f inU

Then (7)

2
uEI_IlOC

(0)

and for each open V cc U we have the estimate

(7.0.17) > 10%ull 2vy < C(IF 2y + 1wl 2@ »

|la|<2

the constant C depending only on V, U, and the coefficients of L.

Remarks. (i) Note carefully that we do not require u € H&(U) ; that is, we
are not necessarily assuming the boundary condition u = 0 on 0U in the trace
sense. (ii) Observe additionally that since u € leo C(U ), we have

Lu=f ae.inU

Thus u actually solves the PDE, at least for a.e. point within U. To see this, note
that for each v € C°(U), we have

Blu,v] = (f,v)

since u € H?

1oc(U), we can integrate by parts:

Blu,v] = (Lu,v)

Thus (Lu—- f,v)=0forall ve C°(U),and so Lu = f a.e.

7.0.6 Idea of Peron method

4.8. Metodo di Perron per il problema di Dirichlet su domini generici 2. Una
volta risolto il problema di Dirichlet su Bz(0) si puo’ risolvere il problema di
Dirichlet su una famiglia molto ampia di domini Q senza bisogno di costruire
la funzione di Green associata (come fatto su Br(0)). Introduciamo le funzioni
subarmoniche

Definition 7.0.5. Una funzione u:Q — R si dice subarmonica e diremo
ueSUB(Q)

seu e C(Q) (ossia e’ continua) ed inoltre

VxeQ 3r(x)>0tc ulx) sf udo, Vre(0,r(x))
Sr(x)
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Proposition 7.0.1. Per ogni funzione u € SUB(Q) si ha maxg u = maxsq U

Proof. Segue dallo stesso argomento usato per provare il principio del massimo
per funzioni armoniche (usando il teorema della media). O

Proposition 7.0.2. Siano u, v € SUB(Q) allora max{u, v} € SUB(Q)

Proof. E ben noto che max{u, v} €'continua se u e v sono continue. Abbiamo
inoltre per ipotesi

u(x) sf udo sf max{u, vido
Sr(x) Sr(x)
ev(x) < fg udo < fg ymax{u, vido quindi

maxiu, v}(x) sf maxiu, vido
Sr(x)

Proposition 7.0.3. Se u e’ armonica suQ allora u € SUB(Q).

Proof. Abbiamo provato che per ogni funzione armonica vale I'identita’ della
media. O

Proposition 7.0.4. Sia u, una successione di funzioni armoniche su Bg che siano
monotone crescenti ed uniformemente limitate. Allora la funzione u(x), definita
come il limite puntuale di u,(x) e’ armonica, ossia u € C%(Q) eAu=0.

Proof. Basta provare che u(x)e’ continua e u(x) = fs,udo. A tal fine osservi-
amo che per il principio della media (sia su Bg che su Sg ) si ha

Un(x) :)f up(y)do e uy(x) zf u,(y)dy
Sr(x)

Br(x)
Passando al limite abbiamo che u(x) = { Bpv W(¥)dy e da questa rappresen-
tazione e facile dedurre che u(x) €’ continua (basta applicare il teorema di Lebesgue

alla successione di funzioni u(y)yp, (x,) dove x, — x). Passando sempre al
limite (nell'integrale di superficie) si ha u(x) = {5, u(y)do O

Proposition 7.0.5. Proposizione 4.10. Sia Bg (xp) € Q e u € SUB(Q). Sia inoltre
v tale che Av =0 su Bg (xg) e v = u su0Bg (xy) . Allora si ha w € SUB(Q) dove

_J v(x), xe€Bgr(xo)
w(x)—{ u(x), xeQ\Bg(xp)
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Proof. Ovviamente w €’ continua. Per provare che e’ subarmonica consideri-
amo tre casi. Se x € Q\Bp (xp) allora essendo u subarmonica si ha

wx) =ulx) =< fSr(x) udo = fsr(x) wdo

per r abbastanza piccolo e per x € Q\Bg (xp).
Se x € Bg (xp) invece essendo v armonica su B (xg) concludiamo

w(x) = v(x) = fs,xvdo = fs,mywdo

per r abbastanza piccolo.

Resta il caso in cui x € 0Bp (xp). Allora osserviamo che u — v € SUB (Bg (xp))
ed inoltre

u—v = 0su Sg (xp). Quindi perla Proposizione 7.0.1 si ha u—v < 0 su By (xp).
Da cio’ deduciamo

f wdo = f vdo +f udo
Sr(x) Sr(x)NBr(x0) Sr(x)NBg, (x0)

2{ uda+)[ udo = u(x) = w(x)
Sr(x)NBr(xo) Sr(x)NBy, (x0)

dove abbiamo usato il fatto che u(x) = w(x) su 0Bg (xp). O

Possiamo ora introdurre la candidata soluzione al problema (24)

(7.0.18) { Au=0, yeQ

u()=gy), yeoQ
dove g(y) € €(09). Nel seguito assumeremo Q compatto. Definiamo (25)
(7.0.19) v(x) =sup{w(x) | w e SUB(Q)NEQ), w(y) <g(y) VyeoQ}.

Osserviamo che l'insieme di funzioni w € % 2(Q) N €(Q) tale che w(y) <
g(y) Vye 0Q € non vuoto. Infatti basta osservare che la funzione costante
w(x) = infaq g soddisfa questa proprieta’. Osserviamo anche che necessaria-
mente v(x) < oco. A tal fine osserviamo che per la Proposizione 4.6 necessari-
amente w(x) < sup ey §(y) per ogni w € S U%B(Q) NE(Q) tale che w(y) <
g(y) Vy € 09Q. Come primo passo provi- amo che Av = 0 in Q. Il secondo
passo consistera’ nell'individuare delle condizioni su Q che garantiscano v €
€ (Q),v(y) = g(y) per y € 0Q.

Theorem 7.0.1. Teorema 4.11. La funzione v(x) definita in (7.0.19) é armonica
inC.
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Proof. siaxp € Q e sia Bg(xp) < Q. Selezioniamo quindi wy 4, (x) tali che

Wi,x € SUBQ)NE(Q) e wry () <g1) VyedQ ed inoltre wy. y, (xo) kope
v (xp) . Allora os- serviamo che siccome v(x) e'definito come sup possiamo as-
sumere le funzioni w,, (x) crescenti (se non lo fossero basta lavorare con

SUp {wi,x, (%), ..., Wy x (X}
i=1,..,n
Inoltre possiamo anche assumere che wy, x,(x) sia armonica su Bp (xp) . Infatti
se cosi’ non fosse basterebbe considerare

Wk, x, (X),  x€Q\Bg(xo)
Vr(x), X€ Bgr(xo)

wk,xo (x) = {

dove Avg =0 e vi(y) = wi,x, (¥) per y € 0Bg (xp). Allora dalle proprieta’ delle
funzioni subarmoniche si vede che iy y,(x) € S% A (Q)NE(Q), inoltre W,x (¥) <
g(y) Vy e 0Q ed anche Wy, (x) = wg,x, (x). Questa disuguaglianza e ovvia
in Q\BR(0) ed e’ anche vera su Bp (x9) poiche’ —wy x, (X) + W x, (X) = —vi(x) +
Wk, x, (X) € subarmonica su Bg (xp) ed € nulla su dBg (xp). Quindi per Propo-
sizione 4.6 siha Wy, y,(x) = wy x, (x). Riassumendo abbiamo iy, y,(x) armoniche
su Bg (xo) ed inoltre Wy , (x) crescentirispetto a k. Come conseguenza del Teo-
rema della media e del Teorema di passaggio al limite sotto il segno di integrale
si puo’ provare che il limite puntuale di

funzioni armoniche, crescenti e uniformemente limitate € armonica. Per-
tanto abbiamo che detta wy, (x) = limy_.o Wk, x, (x) siha che 1y, (x) € armonica
su Bg (x9) ed inoltre wy, (xo) = v (xp) Dico che necessariamente (26)

V(X) = Wy (x), Vx€eBg(xp)

e questo ci permetterebbe di conclude che v(x) € armonica su Bg (xy) e quindi
su Q data I'arbitrarieta’ della palla Bg(xp). Se (26) non fosse vera avremmo
v(y) > wy, (y) per qualche y € Bg (x¢) e ragionando come sopra potremmo con-

. . . k—o0 . .
siderare una successione wy., tali che wy, ,(y) "— v(y). A meno di consider-
are max{ Wi, y, W, xo} possiamo assumere che wy, y(X) = Wy, 5, (x). Inoltre ragio-
nando come sopra possiamo costruire una ulteriore nuova successione

Wi,y(x), x€Q\Bg(xo)

wk’y(x):{ up(x), x€ Bg(xo)

dove Auy = 0suBg (xp) € Ur = Wi,y su 0Bg (xp) Usando il principio del massimo

ed il fatto che Wi,y (X) = Wy 5, (x) perogni x€ Q e quindi anche per x € 0Bg (xp)
avremo che iy, ,(x) = Wy, x, (x) per ogni x € Q Definendo quindi wy(x) = limg .o Wy, , (x)
avremo che w, €’ armonica su Bg (xp) ed inoltre (27)

v (xo) = Wy (Xo) = Wy, (x0) = v (xo)
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La disuguaglianza in (27) segue dal fatto che iy, y(X) = Wy, (x), per ogni x € O
invece la prima uguaglianza in (27) segue da

v (xg) = lim wy x, (x0) < lim W,y (Xo0) = v (x0)
k—o0 k—o0

dove nell’'ultima uguaglianza abbiamo usato che (data la definizione di v (xp)
come sup) v (Xg) = limg_.oo Wi,y (Xo) = limg_.oo W, x, (Xo) = v (Xp). Osserviamo
inoltre che sic- come wy, ,(x) = Wy, i, (x) su Bg (xp) € siccome entrambe sono
armoniche e monotone crescenti € facile dedurre che i loro limiti puntuali
saranno armonici su Bg (xp) ed inoltre wy(x) = Wy, (x) su Bg (xp) . Siccome da
(27) segue che wy (x9) = Wy, (xo) ne de- duciamo per il principio del massimo
che wy, = iy, suBg (xo) e quindi v(y) = wy(y) = Wy, (y), € quindi data I'arbitrarieta’
di y abbiamo

Resta solo da capire se v € €(Q) e se v(y) = g(y) su 0Q). Senza ipotesi ul-
teriori su (2 questa proprieta’ €’ falsa ma €’ vera per una ampia classe di aperti
come vedremo di seguito.

7.0.7 Eigenvalues of Laplace equation in bounded domain with
Dirichlet boundary condition.

The general eigenvalue problem
Au=Au,xeQ
u(x)=0,x€0Q.

for the case of bounded domain Q can have only negative eigenvalues. Indeed,
multiplying by u and integrating into Q we find

—f |Vu|2:ﬂtf ul?
Q Q

so if A = 0 we get u = cost = 0. The fact that A is real follows from this relation
too.
Any two eigenfunctions (j =1,2)

Auj :/Iju]-,xEQ
uj(x) =0,x€0Q.

we have the orthogonality relation

f u (xX)us(x)dx = 0.
Q

The set of all eigenfunctions is complete, i.e. if f(x) is orthogonal to all
eigenfunctions, then f = 0. This property needs more details from functional
analysis and we shall stop here this argument.
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7.0.8 Application: Nonlinear problem for Laplace equation with
Dirichlet data

Let Q = {|x| < R} be a bounded domain with smooth boundary 0Q2 = {|x| = R}.
Consider the problem

(7.0.20) Au=F(u),xeQ
u(x) = f(x), x € 0Q.

where F(u) is a C! function, such that
F(w) = O(lul”)
near u =0.
Lemma 7.0.6. (small data solutions) Let
p>1.
There exists € > 0 such that for any f (x) € C(0Q) with

rrggle(x)l <g,

there exists a unique solution u(x) € C Q)N CLQ) to the problem

Au=F(u),xe
u(x) = f(x), x € 0Q.

Idea of the proof. Let u; be the sequence defined as follows 1y = 0, and

Aupyr = Fug), x€Q
Up+1(x) = f(x), x € 0Q.

Set
X = sup |ug(x)|.
[x|=R
The the apriori estimates imply
X <Ce+CX]} .

Show that this inequality implies that there exists a constant Cy > C so that

X = Cpe.
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Apply the contraction principle for the sequence u; showing that

Yi= Hllaxluk(x) Ugs1 (X)]

satisfies
Yi=qYk-1

with some g € (0,1). So uy(x) tends uniformly to a function u(x) Using the Pois-
son formula one can show that d; uy(x) tends uniformly to a function d; u(x) for
x € K, where K is any compact set in Q.

7.0.9 Laplace equation in exterior domain with Dirichlet bound-
ary condition.

Let Q <R3 be the exterior of a compact K with smooth boundary Q. The gen-
eral problem

Au=Fxe
u(x) = f(x), x € 0Q).

has to be considered together with a condition that guarantees the uniqueness
of the solution, i.e.
u(x) =o(1)

as x — oo. As before the problem can be solved extending F in R® and repre-
senting u as follows

U= uy+ w,
where F )
up(x) Y
Qlx— yI
Then w solves
Aw=0,xeQ

w(x) = g(x), x € 0.

where
g=f—uo.

Applying the estimates of the previous sections, we get
I+ xDwllreo < Cliglcoo < C I fllcea + 1A +1xDuoll 1oy <

< C(Ifllcaay + 11 +1xD> € ugll o) -
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Problem 7.0.8. Generalize the above argument for n = 3.

This estimate guarantees the uniqueness of the solution. The existence is
delicate: needs or sub and supersolutions (Peron method) or methods from
Functional analysis (Friedrich’s extentions). For the concrete domains: interior
or exterior ball, half space we have concrete solutions.

7.0.10 Exterior nonlinear problem for Laplace equation with
Dirichlet data

Let Q = {|x| > R} be an exterior domain with smooth boundary 0Q = {|x| = R}.
Consider the problem

(7.0.21) Au=F(u),xe
u(x) = f(x), x € 0Q.

where F(u) is a C! function, such that
F(u) = O(lul”)
near u =0.
Lemma 7.0.7. (small data solutions) Let
p>3.
There exists € > 0 such that for any f(x) € C(0Q) with

n(;SXIf(x)Ise,

there exists a unique solution u(x) € C (Q) N CHQ) to the problem

Au=F(u),xe
u(x) = f(x),x € 0Q.

Idea of the proof. Let u; be the sequence defined as follows uy =0, and

Aupyr = Fug), x€Q
Up+1(x) = f(x), x € 0Q.

Set

X = sup [(1+|xDur(x)].
|x|=R
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The the apriori estimates and the assumption p > 3 imply
P

X <Ce+ CXk+1'

Show that this inequality implies that there exists a constant C > C so that
X < Cpe.
Apply the contraction principle for the sequence u; showing that
Yie = max|ug(x) — tg1 (X))

|x|<R

satisfies

Y= qYia

with some g € (0, 1). So uy(x) tends uniformly to a function u(x) Using the Pois-
son formula one can show that d; uy(x) tends uniformly to a function d; u(x) for
x € K, where K is any compact set in Q. Hence F(uy) tends uniformly in C LK
and we conclude that u € C2(Q).

Problem 7.0.9. Generalize the above argument for n = 3.

7.0.11 Bessel functions and Stoke’s phenomena

The standard Bessel functions J, (z) are solutions to the differential equation

2

(7.0.22) zzd—w(z) +zi w(z) + (zz—vz)w(z) =0
h dz? dz

More precisely, we have the definition of J, (z) given by
00 (-1 mZZm

(7.0.23) @) =z")

m=0

Aammir(m+1+v))’

where z¥ = €"198% with log z = log|z| + iarg z being the branch of the logarithm
defined via the choice of arg z. For example the principle branch is with argz €
(—m, ). Therefore, J,(z) is well defined and analytic for |argz| < & and has sin-
gularity at z = 0 when v is not an integer. The equation (7.0.22) has two linearly
independent solutions J, (z) and J_,(z).

Near the origin we have the asymptotic expansion

(7.0.24) Jv(2)=2"(1+0(zl*), z—0.

The fact that a solution of an ODE, near an irregular singularity, in different
sectors of the complex plane in general shows different asymptotic behavior
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was observed and studied by Stokes [?] and is, therefore, named Stokes’ phe-
nomenon.

More precisely, the asymptotic expansion for the J,(x) can be found from
section 7.2 in [?]

2 1/2 ) )
(7.0-25) ]v(z) =¢ (;) e—(log|z|+1argz)/2el(z—nV/Z—n/4) (1 + O(lzl—l)) +

2\1/2 . ,
+0o (_) e—(log|z|+1argz)/26—z(z—nv/2—n/4) (1 +0 (lzl—l)) ’
b4
where the constants cj, ¢, depend on the choice of the sector in the complex
plane.

Indeed, for any integer p we have

1.
(7.0.26) c=c= 5el"@“”” ifargze (2p— 1), 2p+1)7)
and
1 ilp+)2v+D) 7 1 in@v+Drm -
(7.0.27) c = Ee P ,Co = Ee P ifargze 2pm, 2p +2)7)

due to the Stokes phenomenon (see [?] or section 7.2 in [?]).
The proof of these asymptotic expansions can be deduced via the relation

(7.0.28) Jy(ze™") = ™V ] (2)

valid for any integer m. The Neumann function is defined as a linear combina-
tion of /4

(7.0.29) Y,(2) = (cos(vm) Jy(2) — J-v(2)).

sin(vm)

The Hankel functions are given by

(7.0.30) HP (2) = Jy(2) +iYy(2),
H?(2) = ], (2) —iY, (2).

Their integral representation (see 7.3.6 (28) in [?]) provided argz € (0, )

(7.0.31) ﬂH‘(/l) (2) = _ie—ivn/2 j'fgo eizcoshte—vtdt —

— _ie—ivn/2 fOOO eiz(s+1/s)/28—v—1ds

Some partial values of v = +£1/2 give the following result

H_y/2(w) =iHyp2(w)
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o 12
Hypp(w) = —i(—) e'".
Tw
In particular we shall need for w = iy with y > 0 the following
, 0 \1/2
(7.0.32) Hyjo(iy) = —ie ™/ (—) eV,
Ty
. 0 \1/2
(7.0.33) H_i;5(iy) = e (—) eV,
Ty

The modified Bessel functions are combinations of J, (iz), J_, (iz) and there-
fore they are solutions to the differential equation

2

» d d 2 2
(7.0.34) Z—w@)+z—w(z) - (z°+v)w(z) =0.
dz? dz

The modified Bessel function I, (z) is defined by

(7.0.35) I(2) = e ™2], (iz).

For v = 0 we have the expansion near the origin

(7.0.36) In(2) = 1+ 0(|z[*).
The relation (7.0.28) implies

(7.0.37) I,(ze™™) = ™™V [, (2)

valid for any integer m.

Then two linearly independent solutions to (7.0.34) are I,(z) and I_,(z), for
v #0.

The asymptotics expansion of I,(z) for |z] — co depends where is Argz,
therefore we have to be careful for Stokes phenomena. If argz € (—n/2,37/2),
then we have the asymptotics

e’ i 2 -1
(7.0.38) I,(2) = —=e~ loglelHia82)/2 (1, o(1271)) +
Vo
e % . .
+ e—(log|z|+1argz)/261(v+1/2)n (1 + O(lzl—l)) )

V2
From this we take argz € (—n/2+ mmn,37/2 + mnm) we get

(-D"z
e B . . B
(7.0.39) IV(Z) -5 (log|z|+1argz)/2elm(v+1/2)n (1 + O(lzl 1)) +
27
e (-2 . .
+ e—(loglzl+1argz)/261(m+l)(v+l/2)7r (1 + O(Izl—l)) )

V2n
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In this way we conclude

(7.0.40) argz € (-m/2+ mn,3n/2+ mn) = 1,(z) =
e_iargZ)/z (-1D"z im(v+1/2) (-D"z i(m+1)(v+1/2) 1
= ———— |7V FMVIUAT 4 on EUTZImEDVELAT (14 0121 7).
V2r|z|

If argz € (-3n/2+2pm,n/2+ 2pm), p integer, then we take m = 2p —1 and
then we get

—iargz)/2 . .
(7.041) IL,(2) = o [e—zel(Zp—l)(vH/Z)n " ezelzp(v+1/2)n] (1 " O(|Z|_l))-
The modified Bessel function K, (z) is defined by
/4
(7.0.42) Ky(2) = ——— U-v(2) - I,(2)) =
2sin(vr)
/4

_ ivm/2 s\ a2 :
= Seine) (e"° Ty (i2) — e (i2).

Obviously, we have
(7.0.43) K, (z) = K_(2).

We have the following relation between K, (z) and Hankel functions (see
10.27.8in [?] ) with —7 <argz < 7/2

i,
(7.0.44) Ky(2) = Ee“’” HV(iz).

The differential equation satisfied by K, (z) is again (7.0.34).
Similarly to (7.0.49) , we have the relations

sin(mvrr)

(7.0.45) Ky(ze"™) = e "MTVEK (2) — in——— I, (2).
sin(v)
valid for any integer m.
Near the origin we have the expansion
(7.0.46) Ko(2) = —Io(2) log(g) +0(1) = ~log(z) + 0(1), z— 0.

We have the following asymptotic expansion valid if |z] — co and argz €
(—=3m/2,37m/2) (see relation (20), section 7.23 in [?])

7T\1/2 .
(7.0.47) K, (z) = (5) e—(10g|z|+1argz)/2e—Z(1+O(|Z|_1))'
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For argw € (n/2,5m/2) we can take w = 2" z so that

argw € (w/2,5m/2) = Argz € (—-3n/2,3n/2)
use (7.0.49), so we can write

_ 21 _\ U 2im oy 2im —
Ky(w) =Ky (e z)——ZSm(m) (I_v(e""2) - I, ("7 2))

_L —2inv _ J2inv
~ 2sin(vn) (e vz —e IV(Z))

and using the asymptotic expansions (7.0.41) for z we arrive at

T e—i(argw)/Z [ w w] ( Ol 1))
(7.0.48) K, (w)=y/=——— |2icos(vm)e™ + e~ 1+O0(lw|™
2 Viwl
(7.0.49) I,(ze™) = ™V [, (2)
For v =1/4 we get
b4
(7.0.50) Ki/4(2) = —=(1-1/4(2) — I1/4(2)) =
V2
b4

— (e8] _1/4(i2) — e8]y 4(i2)).

V2

The modified Bessel function K, (z) has the integral representation ( see Eq. (16)
in section 7.3.4 in [2])

T i v-1r2
(7.0.51) T'(v+1/2)K,(z) = 2—e Zf e 'tv
V4 0

provided Re(v) > —1/2, |arg(z)| < . If z > 0, the a change of variable implies

¢ v—1/2
1+—) dt
2z

e—Z o0
(7.0.52) T(v+1/2)K,(z) = \/ﬁz—vzv e v 1200 4 nv124y,
0
In equivalent way, we can write
(e 0]
(7.0.53) \/Ee‘zf e P20+ 0V 1201 =27V2" T (v + 1/2)K, (2).
0
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7.0.12 Foundamental solution of the Helmholtz equation

The Helmholtz equation
A-A)G=6

with A > — has a fundamental solution

. . dé ~ . dé
_ n ixg %S _ n e
Gunta=@n " [ e i~ r Re(fu@ne A+|€|2)'

Here and below A > 0. Setting

da¢

— — -n —ix¢
Gn(x) = G1,n(x) = (27) fwe PRI

we see that
(7.0.54) Gan(x) = A" D26, (VAlx).
The main result of the section is the following

Lemma 7.0.8. We have the relation

ni2 § (n-2)/4 Kn-2)/2(VAlx])

(7.0.55) Grn(xX) = 2m) x| (2172

Proof. Case: n=1
In this case, the right side of (7.0.55) is given by

@m) Y2 xY2 K15 (VAL x])

Since
me
Kia(Ixl) = K-q/2(1x)) = > N
we see that (7.0.55) becomes
1
(7.0.56) Gp1(x) = VAl

2V

We have the relation

Gi(x) = 2m)~! f - e X ﬁ =

oo 1+&2
_ 1 ds_ _ —1f°° x4
_nfo cos(x€)1+§2—(2n) 5 e Tre
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The function Kj(x) is even and hence it is sufficient to consider the case x > 0.
A simple application of the Cauchy theorem implies that for any x > 0 we have
the identities

1 fo's) eixz i—l

(7.0.57) — dz=—e*
271 J oo 1 + 22 2

and more generally for any A > 0 we have

0o pixz % cos(xz) T3
0. dz= dz= 5 oVl
(7.0.58) By z TAr 2 z \/Ze
e
—|x
(7.0.59) Gi(x)=

and hence we have (7.0.56).
Case: n=2.
We assume x = (0, |x|) and then

00 0o —ilxlfzd(f
Go(x) = (2 —Zf f € T2 e,
2(x) = 2m) _Oo( - 1+f§+f§ &

So applying (7.0.58) with A = 1 + &2, we find

oo 1 _
Go(x) = f L VIR g
O 2m\/1+&
Now we make change of variables ¢; € (0,00) — t € (0,00) defined by
1+ =1+0% = & =V1(t+2), &dé = (t+1)drt

and get
Ga(x) = (Zn)_le_lxlf ot =120 | 112,
0

Using (7.0.53), we find

Ga(x) = L'(1/2)Ko(lx]).

27[3/2

Using the identity
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we find

(7.0.60) Ga(x) = (2m) ™' Ko (Ix]).
Further, (7.0.54) implies

(7.0.61) Ga2(x) = (2m) " Ko(VAlx)).

Case: n=13.
We have the relations

Oo(fﬂ e_i|X|pCOSGSin9d6) fzdp —
0

Gs(x) = 2m)~? f .
+p

0

_ 1 ®( ixlp _ —ilxp) PAp _ 1 foo. pdp
_(2ﬂ)2iIXIf0 (e e )1+p2—2ﬂ2|x| ; s1n(|x|p)1+p2.

A simple application of the Cauchy theorem implies that for any R > 0 we
have the identities

1 e’} eiRz ik—l
(7.0.62) — ZXdz = e

-R
271 J oo 1 + 22

Hence, we have the relations

iRz k+2 ,—iRz
_ e + (—1) e dez

0 1+ 22 )
Now we can use the fact that

oiR% | (L1yk+2 iRz _ 2cos(Rz), ifkiseven,z>0,R>0;
2isin(Rz), ifkisodd, z>0,R >0.

Thus for k even we have

©2
f Zcos(Rz) ZXdz = nike R
0 1+ 22
and we deduce
© R
(7.0.63) f COSRD) prgz = Z (—1ykize k.
o 1l+p 2

For k odd we have

®©sin(Rp) 7 (k-1)/2 R
7.0.64 dz=2(-1 '
( ) fo T o prdz=3 (-1 e




Applying now (7.0.64) with k = 1, we find

—|x]

(7.0.65) G3(x) = e
47| x|
Then (7.0.54) implies
1
(7.0.66) Gis(x) = —— e~ VA,
’ 47| x|

Generalcase n =3
Since G, (x) is a radial function, we can take x = (0,---,0, x;,) = (0,
We have to compute

- Lixg_ 4S8
— n ix¢ —
Gia(x) = 2m) f R

_ ®© da¢
=(2 n ilx|&n n
em fw—l (f—ooe 1+ (&2 +&2

Applying the identity (7.0.58), we find

fooe—ilxm dln T /TP
o0 1+ [E'P+& 1+[ER

and introducing polar coordinates p = |¢’| in R™ 1 we get

e~V 1+|p|2|x|pn—2dp

dé'.

Gy (%) = @m) " u(S" %) fo

T
V1+lpl?

Now we make change of variables p € (0,00) — ¢ € (0,00) defined by

1+p°=(1+0°% = p=+1(t+2), pdp=(t+1)dr¢

and get

Gl,n(x) — (Zn)—nu(sn—Z)ne—lxlfoo e—tlxl t(n—Z)/Z—l/Z (2+ t)(n—Z)IZ—l
0

Using (7.0.53), we find

(7.0.67) G (%) = @m) (ST H VA2 T(v+1/2) FIRA
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yOrlxl)-

/Zdt

Ky (1x1) _ n-2

Comparing the relation (7.0.65) with (7.0.67) and using the relations

me

Kipp(x) = E\/ﬁ’

r (%) =vm, psh =2m,
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we see that (7.0.67) with n = 3 coincides with (7.0.65).
Since u(S"2) = 2m) " V'2/T((n-1)/2), we find

w12 Kmn—2)2(1x])

(7.0.68) Gnl0) = GLa(¥) = 2m) = 557

Further, (7.0.54) implies (7.0.55).

Now we turn to the case of Helmholtz equation
(-2 -NB=6

with z = iV/A. Its fundamental solution is

¢

—z2—+|§|2 = G_Zz,n(lxl).

B = G, = (21)" f ¢ix¢

First we consider the case n = 1. Then for any z with Imz > 0 we have

0o elxw iT .
(7.0.69) f —  dw="—¢"M
—oo —Z% + W? z

and therefore
i .
(7.0.70) B, (x) = — e
2z

From Lemma 7.0.8 we have the relation

Kin—2)/2(VAlx])

Gﬂyn(x) — (Zn)—nIZA(n—Z)M

|x|(n—2)/2
% Kin-zys2(~izlx)
_ _ —ni2) _(n=2)72 {n-2)/2\—12|X
Gon() =G_z2 p(1x) = 27) 77| P
Now we use the relation (7.0.44) and find
. 1
meﬂﬂMW—z e Al 1, (2lx])
SO
W, (zlx)
—n2Y (n-2)12 (n-2)in/4 " (n=2)/2
(7.0.71) B, n(x) = (2m) |z| e —|x|(" 72

For n =1 we use

G, 1(x) = (271)_”2 Izl‘l/2 —in/4) 12 gV

172(21x0)
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and (7.0.33) and find

i . . 2 1/2 .
®z,l(x) — (271_)—1/2_|Z|—1/2e—m/4|x|1/26—m/4( ) elzlxl —
2 7|zl x|

iz|x|

2

and this relation is compatible with (7.0.70). For n = 2 we have

—e

z 2z

62200 = @) T H" (z1x)) = < H{" (21x).

This result is compatible with (5.15) Chapter L.5 in [1].

7.0.13 Helmholz equation in the space R>.

The equation
Au(x)+A%u=f(x),xeR®

is called Helmholz equation Taking f(x) € C(R®) with compact support one can
represent the unique solution as follows

1 eii)llx—ylf(y)

ulx)=——
A Jx |x -yl

where here and below K denotes the support of f.
One can verify that

eii/llx—yl

e

(A+A?)
| x|

in the sense of distributions in R3. Indeed taking any test function ¢ we apply
Gauss - Green formula for the domain {|x| = €} and using the fact that

+idlx]|

| x|

(A+A%( ):0|M¢0,

we find

+il|x| +ild|x|
f ((A+/12)(e )) (p(x)dx—f (e
|x|>€ | x| |x|>€ | x|

eii/llxl eii/llxl
—f ar( ) (p(x)de+f ( ) 0:@p(x)dSy,
|x|=¢ | x| |x|=¢€ | x|

A+ A p(x)dx =
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where here and below

Taking into account the fact that

1 1
0, |—|=-——
r(|x|) |x|2

and introducing spherical coordinate x = ew, |w| = 1, we find

f ar(i) P(x)dSy = —f p(ew)dSy,
Ixl=e  \|X] lwl=1

f (i) 0,p(x)dSy = Ef 0,¢p(ew)dw
Ix|=¢ \|X] lwl=1

so taking the limit € — 0, we get

+idlx|

| x|

lim 0, (
|x|=€

e—0

) @(x)dSyx = -4np(0),

eiiﬂtlxl
lim ( ) 0,p(x)dS, =0,
e=0J|x|=¢ | x| r¢ g

SO we arrive at

eiiﬂtlxl
_fs( ) (A+ A% (x)dx = 4m¢(0)
R

| x|
and the identity
1 o tiAlx]
——(A+)L2)( ):6.
47w | x|
The function
E.(x) € C®(R3\0)
satisfying
(A+A*)Ey =6

in the sense of distributions is called fundamental solutions of the Helmholz
operator and they enable one to represent the solution of the Laplace equation

Au=f, feCy,
as follows

Uy (X) :fRnEi(x—y)f(y)dy.

The uniqueness of the solution is guaranteed by the radiation condition

eii/'llxl X 1
= —|+0|—
= “(|x|) (|x|2)

at infinity.
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Problem 7.0.10. (smoothing property) If f(x) € C(R"™) has a compact support,
then u(x) € C1(R™)

Problem 7.0.11. (smoothing property) If f(x) € L°(R") has a compact support,
then u(x) € C'(R")

Problem 7.0.12. (smoothing property) If f (x) € CK(R™) has a compact support,
then u(x) € CKLR™)

Problem 7.0.13. (smoothing and decay property) If f (x) € C(R™) has a compact
support, then u(x) € C1(R"™) and

Clfllcw
1+x|

lu(x)| <
Problem 7.0.14. (representation) If f (x) € C(R3) satisfies the estimate
|f(x0)] < ce™™
and u(x) € C*(R3) is a bounded function that is a solution to
—Au(x)+ A%u= f(x), xR’
then

1 e"”x_ylf(y)d
am Jrs X -y

u(x) =-
Hint: Apply the max principle of Problem ?? and derive the uniqueness.
Problem 7.0.15. (a priori estimate) If f (x) € C(R3) satisfies the estimate
|f(x)] < ce 4
and u(x) € C*(R3) is a bounded function that is a solution to

—Au(x)+A%u= f(x), xR’

with0< A < A then
e—/’llxl

| x|

Problem 7.0.16. (some integrals for radial functions)

lu(x)| <

|x|+7

fl«“(|x+rw|)dw:L FO)AdA
§2 |7 Jyjx1—r|
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Problem 7.0.17. (representation for radial solutions) If f (x) = f(|x|) e C (R3) sat-
isfies the estimate
| (x)] < ce™™

and u(x) = u(|x|) € C*(R3) is a bounded radial function that is a solution to
—Au(x)+A%u= f(x), xR’

then
c o) |x|+r
u(x) = ——f e_rf fMAdAdr =
lx| Jo llx|-7]

(e ¢]

x|
:f e sinh(/l)f(ﬂt)/ld/1+f sinh(lxl)e_ﬂf(/l)ﬂtdﬂt.
0

| x|



Chapter 8

Heat equations

8.1 Heat equation in R".

8.1.1 Fundamental solution

The heat equation has the form
o;u=Au,teR,xeR”.
The corresponding Cauchy problem has initial data
u(0,x) = f(x).
Applying a Fourier transform, we find
a(,&) = e~ Fo).
So the inverse Fourier transform gives
u(t,x) = cf[Rn E(t,x-y) f(ydy,
where E(t, x) is the Fourier transform of
o lEPt
We start with the Fourier transform of the function
e e SR,

i.e. our goal is to compute
foo= f e 4 qg,

107
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We shall consider only the case n = 1, since the case n = 2 can be treated in a
similar manner.
Using the identity

—ixE—E =—(ix/2+ &2 —x%14,
we get
Flo = e—x2/4fe—(5+ix/2)2d§.
Let x > 0 for determinacy. Since the function
z=¢+ix/2eC—e
is an entire function and for z in the strip {z;Imz € [0, x/2]} we have the estimate
e |<C@E)er ",

we can change the path of integration Imz = x/2 in

~ 2 2
f(x):ex/4f e “dz.
Imz=x/2
intoImz=0so

f(x) — e—x2/4f

Imz=0

2
c:fe”dv,
R

42 42
czzfe xldxlfe 2dx,.
R R

Introducing polar coordinates in R?

) 2 2
ezdz:eX/4fe”dv.
R

To determine the constant

we use the fact that

x = (x1,%2) = p(cos,sine),

where p > 0,¢ € [0,27), we get
= 27[[0 e_pzpdp =7I.

So ¢ = /7 and -
e (&) = Ve 4

provided the space dimension is = 1.



For n—dimensional case the Fourier transform F(f)(x) of

fO=eF ter”

is
2 2 2

for any space dimension n = 1 and any R > 0.

Hence, with
—x%/4t A
_ _ —-n
(8.1.1) E(t,x)—c—tn/2 , c=(4m) ,
we have

—lx—yl?/4t

u(t,x):E(t)*f(x):cf Tf(y)dy.
rr "

8.1.2 Smoothing properties of the convolution E(¢) * f

Using the simple property

—|x|?/4t

— r n
E(t,x) = c— = e L' ®Y)
we see that

_ —rlxl2
”E(t")”b(ﬂ@”) =c't nr/Zf e rlx| /4tdx:

_ _| 7|2 _ _
:Cr(4/r)n/2t nr/2+n/2f e |z] dZZCr(4/r)n/2t nr/2+n/27_£n/2~ t nr/2+n/2

[R}’Z
and hence

(8.1.2) ”E(t, ) ”Zr(Rn) - (47[)—1’1/2(1—1/1’) r—n/2 t—n/2(l—l/r)'
Using the Young inequality we find
(8.1.3) IE() * fllzpgm < C(p, @)t ">V I7VPY) £l 1q@n

where

and
C(p,q) = @m)~"2MWaVP (141/p-1/g)"",

This implies

(8.1.4) IE®) * fllrwny < I fllLe @

109
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Lemma8.1.1. The operator

fECPR™) —E(t)* f
can be extended to an operator on LP such that
a) E(t)* f e L1R"), g = p with norm bounded by

Clp, )t "2Ma-1P)  c(p, q) = (4m) 2VVP 1 4 1/ p—1/q)

b) E(2) * f € C([0, T]; LP (R"™);
) ifp=2, then E(t) = f € C((0, T); H*R") for any k > 0 integer;
d) ifp=2,then E(t) * f € C*((0, T); H*(R™) for any ¢, k > 0 integers.

Proof. The property a) follows from (8.1.4). b) follows from (8.1.4) with p = oo
and the Lebesgue convergence theorem. Indeed, we have

—|x—y[2/4(t+h)

E(t+h)* f(x) = cf fydy = cf e"z|2/4f(x—\/t+ hz)dz

rr (4 h)? R"

and
E(t+h) * f(x)— E(t) * f(x) = c[ e fx-ViTha) - flavi2) dz.
[Rn

So

LE(t+R) * F(x)—E(0) * FOOllr < cf o114 Hf(x— Vitha) - f/iz)| ,dz
R” X

To show the smallness of this L”P norm, when £ is small and ¢ > 0 is fixed it is

sufficient to show the smallness of

f o 1214 H fe-Vitha) - fovie||  dz
|z|<R

Ly

but this follows from

lim Hf(x— Vi+ha) - feviz| =0

Ly
for z bounded, ¢ > 0 fixed. We turn to the proof of c). First, we shall show that

(8.1.5) u(t,x) = E(t) = f(x) € C((0, T); H*R™))
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Indeed, for any fixed ¢ > 0 we have 0% E(¢, x) is continuous in ¢ > 0 and
(8.1.6) 09E(t, %) < c(£)(L+|x]) e~ /40,
Hence its L' norm is bounded by some c; () > 0 and by Young inequality we get
(8.1.5).
Finally, we prove d). Using the relation
d’E=00""'E
and (8.1.6), we deduce by induction in ¢ that

(8.1.7) u(t,x) = E(t)  f(x) € C((0, T); H*®R™).

8.1.3 Weak and strong solution for ODE

Consider the Cauchy problem for ODE
(8.1.8) Y =g®), y0)=yeR.

Definition 8.1.1. Let g(t) € C(0, T). A function y(t) € C([0, T)) is a weak solution
of the Cauchy problem (8.1.8), if

1. li — ol =
(8.1.9) lim [y () = yol =0

and y solves 0y = g, in distributional sense in (0, T) i.e. for any ¢ € C5°((0,T))
we have

T T
(8.1.10) —fo y(t)6t<p(t)dt:f0 gp(ndt.

Definition 8.1.2. Let g(t) € C(0,T). A function y(t) € C([0, T) is a strong solution
of the Cauchy problem (8.1.8), if, (8.1.9) is satisfied ,

Y@ eC©, 1)
and y'(t) = g(t) forany t € (0, T).

Lemma 8.1.2. If g € C(0,T) and y(t) € C([0,T)) is a weak solution of (8.1.8),
then it is a strong solution.
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Proof. Assume y(t) € C([0, T)) is a weak solution of (8.1.8). Take approximation
of unity, i.e. take a non - negative function ¢ € C3°(R) with supportin (-1,1) so
that fR(p =1 and for fixed ¢j € (0, T) consider the function

o S—1p
pe(s)=¢ (p( - )

Then for any continuous function h(f) we can write

T 1
(8.1.11) f h(t)(pg(t)dt:f @(2)h(ty+ez)dz — h(ty)
0 -1

as € — 0. Our goal is to show that y is differentiable in f,. Therefore, using
(8.1.11), we need the limitas h — 0 of

y(to+h)—y(to)
- =

1 T
lim—f (y(t+h) — y(O))pe(Ddt =
e—0 N 0

1 T
zlim—f y(©) (pe(t—h)— (1) dt
e—0h Jo
We have further
T h pT
foy(t)(<pg(t—h)—<pg(t)):—f0 fo y(0)0rpe(t—T)dtdT.

Applying the identity (8.1.10), we find
T T
- [ yworpute-ndi= | gopt-ndr— g+

as € — 0 dueto (8.1.11). Taking the limit as € — 0, we deduce

fo+h)—y(ty) 1 "
y(to })l J’(o):EfO gty +1)dr.

Since
1 h
Ef gto+1)dt = g(tH) + 0(h)
0
due to the mean value theorem, we arrive at

to+ h) — y(t,
y(to ;L y(O):g(t0)+0(h)

Hence /(1) exists in (0, T) and coincides with the continuous function g(). O
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Further , we can consider the case, when y(#) is a function with image in
Banach space 2.
Given an interval I < R we define the space of continuous functions

CULB)={f(0): 1~ lim 1f(5)~f(Dlz=0, Vrel.

The Frechet derivative of a function f : I — 28 is defined for interior points
t € I as the standard limit

limf(t+h)_fm

!
= t
h—0 h rm
in 2. Then assuming I is open interval, we define
CH(I; B) = (f(t) e CI; B); f'(t)exists for any ¢ € I and belongs to C(I; %A)}.

Then we can define for any ¢ = 2 the space C ‘(I; B) inductively in ¢ as fol-

lows
Cl(I;B) = {f(t) e C*NI; B); f(1) € CU71(T; B}

Consider the Cauchy problem for ODE in the Banach space 8
(8.1.12) V() =g, y(0)=yo€AB.

Definition 8.1.3. Let g(t) € C((0, T); B). A function y(t) € C([0, T); AB) is a weak
solution of the Cauchy problem (8.1.12), if

.1.13 li t)— =
8 ) ;{%ll)’() Yollg =0

and y solves 0y = g, in distributional sense in (0, T) i.e. for any ¢ € C3°((0,T))
we have

T T
(8.1.14) —f y(t)@gp(t)dtzf gp(ndt.
0 0
where the last identity is in sense that in the left and right side we have of ele-
ments in 2.

Definition 8.1.4. Let g(t) € C((0, T); AB). A function y(t) € C([0, T); %) is a strong
solution of the Cauchy problem (8.1.12), if, (8.1.13) is satisfied ,

y(1) € C1((0, T); B)

andy'(t) = g(t) forany t € (0, T). Again the last identity is in sense that in the left
and right side we have of elements in 8.

We can prove the following statement in the same way as we have estab-
lished Lemma 8.1.2.

Lemma 8.1.3. If g€ C(0,T) and y(t) € C([0,T)) is a weak solution of (8.1.12),
then it is a strong solution.
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8.1.4 Weak and strong solutions in Sobolev spaces

We shall define the meaning of solution to the Cauchy problem

(8.1.15) o0ru=Au,
u(0,x) = f(x).

Definition 8.1.5. Let f € L*(R"). A function u(t,x) € C([0, T]; L*(R™)) is a weak
solution of the Cauchy problem (8.1.15), if

8.1.16 li t,)— =0
( ) L}{%”“( )= flzwn

and u solves 0;u = Au, in distributional sense in (0,T) x R", i.e. for any ¢ €
Cy°((0, T) x R™) we have

T T
(8.1.17) —f f u(t,x)at(p(t,x)dxdt:f f u(t,x)Axp(t,x)dxdt.
0 n 0 n

Definition 8.1.6. Let f € L?(R"). A function
u(t, x) € C([0, TT; L*(R™))
is a strong solution of the Cauchy problem (8.1.15), if (8.1.16) is satisfied ,
u(t,x) € C((0, T); H*®™) N C' (0, T); L*(R™))
and 0,u = Au in sense of L? functions.

Lemma 8.1.4. If f € L*(R") and u(t, x) € C([0, T1; L*(R")) is a weak solution of
the Cauchy problem (8.1.15), then we have the estimate

(8.1.18) Il 2 < 11 fll 2
foranyte|0,T).

Proof. We shall use the Yosida approximation of f defined for € € (0,1) as
(8.1.19) fe(x) = (Zn)‘”f e (1 +e|€|2)_1f(€)d€.
[Rn

To be more precise this integral is well - defined for f € C;° and obeys the rela-
tion

F@O=0+elEP)f©).

Moreover, we have the estimates

I fellz = cl fellz = el A+ €lEP) 7 Fllz < 1Ll 2
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— ~ 1
I fell gz = 1A +E fell 2 < 1A+ EHA+elEP)  fll 2 < ;nfan

These estimates show that the operator f — f; defined by (8.1.19) can be ex-
tended by density argument to an operator

(8.1.20) fil?=f.=1-eN'feH?

so that
lim| f; — fl;2 =0.
e—0

If u e C([0, T]; L?) is a weak solution to (8.1.15), then
ue(t) = (1—eN) ™ u(r)
is also a weak solution to

(8.1.21) Orue = Ay,
ug(0,x) = fe(x).

Since for fixed e > 0
ue € C([0, T); H?)

due to (8.1.20), we can interpret the right side of the equation
(8.1.22) Orue = Au,

as element in L? and then this equation has the meaning of weak solution of
ODE of type (8.1.12). Applying Lemma 8.1.3 we see that

ug € C'((0, T); L*)
and therefore we can multiply the equation (8.1.22) by u, and after integrating
we get

Eallug(t)lle +IVue (D17, = 0.

This estimate implies

d 2
eI}, <0,Y1e©,1).

So
e (Ol 2 < Nl fell 2.

Taking the limit € — 0, we deduce (8.1.18). O
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8.1.5 Weak solutions are strong, uniqueness in R"

We study the Cauchy problem
o,u(t,x) =Acu(t,x), xeR*, 0<t<T.
u(0,x) = f(x).
Lemma 8.1.5. (uniqueness) If
ue C([0, T); L*(R")
is a weak solution (in the sense of Definition 8.1.5) of
0,u(t,x)=Acu(t,x), xeR*, 0<t<T,
u(0,x) = f(x),
then the condition f(x) =0 implies u(t,x) =0,0<t< T.
Proof. Follows from Lemma 8.1.4. O

Now we can show that weak solution in sense of Definition 8.1.5 is also a
strong one (in the sense of Definition 8.1.6).

Lemma 8.1.6. (weak implies strong) If
ue C([0, T); L*R")
is a weak solution (in the sense of Definition 8.1.5) of
(8.1.23) 0,u(t,x)=Acu(t,x), xeR", 0<t<T,
u(0,x) = f(x),
then u is also strong one

Proof. Let U(t,x) = E(t) * f(x) be the solution to the equation constructed via
fundamental solution. We use Lemma 8.1.1 and see that U is a strong solution
to (8.1.6). The uniqueness from Lemma 8.1.5 gives u = U and hence we have
strong solution u. O

8.1.6 Decay estimates for heat semigroup
Problem 8.1.1. Using the representation of the fundamental solution for
0;u=Au, u(,x) = feCR"

verify the estimates
lut, ) ee < Cll fll oo

and

C
It Mo < =5l
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8.1.7 Appendix: Generalizations of Fourier transform of the Gauss
density

It is easy to extend the previous result
saying that the Fourier transform F(f)(¢) of

fx)= e_szz, xeR"”
is
F(e—R2x2)(‘f) _ R—n/znn/26—52/(4R)

to the case, when R € C and ReR > 0.

In fact, we can use the fact that z'/? is a well - defined analytic function for
Rez > 0.

Using the formula

F(e—R2x2) @) = R—n/znn/26—52/(4R)

with ReR > 0, we set
R=i+e¢

and taking the limit as ¢ — 0, we can establish the following property: the
Fourier transform of the distribution

eix2 € S/(Rn)
is

) s 2
e mn/4n_n/ze i /4.

Using a diagonalization for any symmetric matrix Q we obtain on the basis
of the last argument the following.

Lemma 8.1.7. IfQ is a symmetric n x n matrix with determinant
detQ #0,
then the Fourier transform of the distribution
e'(Q9 e 'R,
where (.,.) is the scalar product in R", is

» _ _0-1
e msgnQ/4nn/2|detQ| 1/2e i(Q E,é)/4-

HeresgnQ is the signature of the symmetric matrix Q.

Problem 8.1.2. (dualita’ della luce, ottica geometrica) Find the Fourier trans-

form of
el Rx?
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8.2 Maximum principle for the heat equaiton

8.2.1 1 - D Maximum principle for the heat equation
Consider 1-D heat equation
aiu(t,x) —o:u(t,x)=f(t,x),a<x<b 0<t<T.
Here and below the rectangular E = {a < x < b, 0 < t < T} has sides
Sa=1{(a,t),0<st=<T},Sp,={(b1),0<st=<T}, Sg={(x,0), a<x<b}.
Given any f € C[E] we look for solutions to (3.1.1) u € C[E] n C?(E).
Lemma 8.2.1. (EASY MAX principle) If u € C[E] n C?(E) is a solution of
02 u(t, x) — 0, u(t, x) = f(t,x)
f(x) is any bounded POSITIVE function then

max u(t,x) =maxu(t, x).
Sa:SpSo E

Proof: If
u(c) = mEax u(t,x)

for some c € E, then in the point ¢ we have
0xu(c) =0;u(c) = 0,0ixu(c) <0.
Similar argument works if ¢ = (xo, T), a < xo < b.
Lemma 8.2.2. (weak MAX principle) If u € C[E] n C?(E) is a solution of
02 u(t,x) — 0, u(t,x) = f(t,x)
f(x) is any bounded NON-NEGATIVE function then

max u(t,x) =maxu(t,x).
Sa,Sp,S0 E

Idea of Proof: If
u(c) = mEax u(t,x)
for some ¢ = (xy, tp) € E, then we shall modify u(z, x) as follows
we(t, x) = u(t, x) + €z(x),
where
2(x) = (x — x0)°.

Then the Easy MAX principle can be applied.
Complete the proof.
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Lemma 8.2.3. (STRONG MAX principle) If u € C[E] N C2(E) is a solution of the
heat equation
aiu(ty x) - atu(tr x) = f(tr x)y

f(t,x) is any bounded NON-NEGATIVE function and if

u(c) = maxu(t, x)
E

for some c € E, then u(x) is a constant.

Problem 8.2.1. Generalize the above maximum principle for n dimentional case.
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Chapter 9

Main hyperbolic equations of math
physics

9.0.1 Wave and K-G equation

Our first step in this chapter is to formulate some of the most important hyper-
bolic equations in mathematical physics.

In these lectures we shall focus our attention mainly to the wave and Klein-
Gordon equations as the basic examples of hyperbolic equations in mathemat-
ical physics.

The wave equation is an important problem in continuum mechanics. A
derivation of this equation in the model of vibrating string can be found in [61]
Chapter 2.

The same equation plays a crucial role in relativistic quantum mechanics,
since it is connected with a model of a massless relativistic field u = u(t, x),
where ¢ is the time variable and

x=(x1,...,x,) €R"
are the space variables. The wave equation satisfied by the field u has the form
(9.0.1) (-5 +MNu=F,

where
A2 2
A=0% +...+0%,

is the Laplace operator and F = F(t, x) is a given known function. Usually, the
operator
O=-02+A

is called D’Alembert operator.
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For the case, when a scalar relativistic field has a mass, the corresponding
equation is called Klein-Gordon equation and this equation has the form

(9.0.2) (-05+A-M*u=F

where M > 0 is the mass of the field.

In general we can consider the wave equation as a partial case of Klein-
Gordon equation with mass zero.

The first important physical law for these equation is the conservation of
energy, when the external force F is identically zero.

Indeed, let us assume the solution is smooth and for any fixed ¢ has a com-
pact support. Then multiplying (9.0.2) by 0, u we see that the energy

E(t) = %flatu(r,xn%
(9.0.3) |V u(t, x) > + Mlu(t, x)|*dx

is a constant independent of the time variable .
We shall rewrite the Klein-Gordon equation ( and therefore the wave equa-
tion) as abstract evolution equation of the form

(9.0.4) 0:v = Ay,

where A is a skew-selfadjoint operator in a suitable Hilbert space H. We refer
to [33] for complete information about this reduction.

For simplicity we shall consider here only the case of positive mass M.

It is clear that we can define the operator M? — A on the space of smooth
compactly supported functions in R”. Then this operator is a symmetric with
respect to the scalar product

(f,8)2= fR ) fxgx)dx.

Setting

u 0 1
U_(Otu) ’A_(A—MZ 0) ’

we see that the nonlinear Klein-Gordon equation (9.0.2) takes the form (9.0.4).
The form of the energy in (9.0.3) suggests us to consider the Hilbert space H =
H'(R™ x L*(R™). For any couple v = (v1, ;) € H the corresponding norm is
defined by

(9.0.5) ||u||§,:f|Vul|2+MZ|u1|2 +|vo?dx
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Denote by (,) i is the corresponding Hilbert norm.
A dense domain for the operator A can be choosen as

9.0.6) D(A) = CPR") x CPRM).

Then we see that A can be extended to a skew-selfadjoint operator with a dense
domain

D(A) = H*(R™) x H' (R™).

Applying the Stone theorem we see that A is a generator of an unitary group
U(t) acting in the Hilbert space H.
The fact that A is a generator of the group U(#) means that

lim —U(t)f_f
t—0 t

= AN

for f € D(A). The fact that A is skew-selfadjoint assures that U() is a unitary
operator

(9.0.7) IO flla=1fu

The abstract Cauchy problem associated with the generator A can be writ-
ten in the form

0:v = Av,
v(0) = f.
The unique solution of this linear Cauchy problem can be represented as
v=U(@)f.

Turning back to our original formulation of the Klein-Gordon equation we
can state the corresponding Cauchy problem as follows

(=07 +A - M*u=0,
u(0,x) = fo(x), 0;u(0,x) = f1(x).

Here f = (fo, f1) € H.
For the case of nontrivial external force F we have the Cauchy problem

(-0 +A-MYu=F
u(0,x) = fo(x), 0:u(0,x) = fi(x).

The energy conservation law for the linear wave equation is represented in
(9.0.7) so the norm in the Hilbert space H has an interpretation as energy.
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9.0.2 Fundamental solution for 1 D wave equation

Consider the wave equation
0%u(t,x) —0%u(t,x) =0, t,xeR,
subject to the initial conditions
u(0,x) =0, 0,u(0,x) = @(x).

Introducing coordinates
E=x—1, n=t+x,

one can see that the wave equation becomes
and we can be looked for solutions of type

u,n =fe&)+gmn.

or
ult,x)=f(x-0+glt+x):

Taking into account the initial data we find.

Lemma 9.0.1. (D’Alambert formula) For any ¢(x) € C! there exists u € C? so that

1 X+t
u(t,x) = —f pydy
2Jx-t

is solution to
0%u(t,x)—0%u(t,x) =0, t,xeR,

subject to the initial conditions
u(0,x) =0, 0,u(0,x) = @(x).

Problem 9.0.1. (weak Huygens’ principle, finite propagation speed) Show that
the condition
supp o <ilyl <R}
implies
supp u(t,x) <{|x| < t+R}

fort=0.
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Problem 9.0.2. (strong Huygens’ principle) Show that the condition

() =0,Vy, |[yYI=R,

implies
u(t,x)=0,vte|[0,R], V|x|<R-t.

The general inhomogeneous case is treated in the next.

Lemma 9.0.2. (D’Alambert formula) For any ¢(x) € C',w(x) € C and F € C there
exists u € C? so that

WU+U+WW—U+1 At
2 2Jx-t

1 t pxX+t-71T
+—f f F(zr,y)dydr.
2Jo Jx-(t-1)

0%u(t,x)—0%u(t,x) =F, t=0,x€R,

u(t,x) = p(y)dy+

is solution to

subject to the initial conditions
u(0,x) = y(x), 0,u(0, x) = p(x).

One can consider also the case of half line x > 0 with Dirichlet data on the
boundary
u(t,00=0

Lemma 9.0.3. (D’Alambert formula on half line, exterior of the light cone) For
any ¢(x) € Cl,y(x) € C and F € C satisfying the condition

®(0)=0,9(0)=0,F(,0)=0

there exists u € C? so that for x > t >0

wu+n+wu—ﬂ+1 A+t
2Jx-t

1 t X+t—-71
+—f f F(z,y)dydr.
2Jo Jx-(t-1)

0?u(t,x)—0~u(t,x) =F, t=0,x€R,

u(t,x) = p(ydy+

is solution to

subject to the initial conditions

u(0,x) =y(x), 0,u(0,x) = @(x).
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Lemma 9.0.4. (D’Alambert formula on half line, interior of the light cone) For
any ¢(x) € Cl,y(x) € C and F € C satisfying the condition

¢(0)=0,%(0)=0,F(t,0)=0
there exists u € C? so that forxe(0,+00),£=0

w(x+1t)—sgn(t—x)w(t—x|) +1 x+i

L, x)= dy+
u(t, x) 5 5 It—xl(p(y) y
1 t px+t-1
+—f f F(z,y)dydr
2Jo Jix-t-1)]

is solution to
0%u(t,x)—0%u(t,x) =F, t=0,x€R,

subject to the initial conditions

u(0,x) =y (x), 0:u(0,x) = p(x).

9.0.3 Fundamental solution for 3 D wave equation

Consider the wave equation
0?u(t,x) — Au(t,x) =0, teR,xeR?,
subject to the initial conditions
u(0,x) =0, 0,u(0,x) = @(x).
Consider first the case of radially symmetric data
@ (x) = p(|x)).

Then u(t, x) = u(t,|x]) and introducing polar coordinates

v(t,r
r=lxl, ult,r)=——, @)= A
r r
we obtain the following 1D problem
0%v—0%v =0,

v(0,r)=0, 0;v(0,1) = x(x).
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Taking Dirichlet boundary condition on r = 0 we apply D’Alambert formula for
1D case and find

1 r+t
v(t,r)=— x(s8)ds
2 Jir-1
SO
1 r+t
u(t,r)=— @(s)sds.
2r Jir—t
Taking the limit r — 0 we obtain
(9.0.1) u(t,0) =)t

For the general case when ¢(x) is not radially symmetric, we take arbitrary xo €
R3 and consider the mean of u

ng(u)(r):if u(t,x0+rw)dw.
47 Jijw|=1

Then
u(t, 1) = My, (u)(r), @(r) = My, () (1)

satisfy the radial wave equation so applying (9.0.1) we get

u(t, xp) =u(t,0) = ta(t) = ﬁ\/l‘ - (p(.X,'O + tw)dw.

Lemma 9.0.5. (Poisson formula in R® ) For any ¢(x) € C?, there exists u € C? so
that

t
u(t,x) = —f px+tw)dw
47 Jiw|=1

is solution to
O%u(t,x) —Au(t,x)=0, t>0,xeR5

subject to the initial conditions
u(0,x) =0, 0;u(0,x) = ¢(x).

Problem 9.0.3. (weak Huygens’ principle, finite propagation speed) Show that
the condition

suppp < ilyl <R}
implies
supp u(t,x) <{|x|<t+R}
fort=0.
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Problem 9.0.4. (strong Huygens’ principle) Show that the condition
p(y)=0,Vy, [yl =R,

implies
u(t,x)=0,vte[O,R], V|x|<R-t.

For the general inhomogeneous case we have

Lemma 9.0.6. (Poisson formula in R® ) For any ¢(x) € C?, € C3 and F € C?
there exists u € C? so that

t t
u(t,x) =0; (E[w|=1w(x+ tcu)dcu) + Efm:l px+tw)dw

Lp—7
+[ —f F(r,x+ (t—-1)w)dwdt
0o 4m Jjw=1
is solution to
0%u(t,x) — Au(t,x) =0, t=0,xe R’

subject to the initial conditions

u(0,x) =0, 0,u(0,x) = @(x).

9.0.4 Fundamental solution for 2 D K-G and wave equation
Consider the wave equation
0%u(t,x) — Au(t,x) + M*u=0, teR, xeR?
subject to the initial conditions
u(0,x) =0, 0,u(0,x) = @(x).

The case M > 0 corresponds to the case of K-G equation, while M = 0 is the
wave equation in 2D. Take

X=X X3), X'=x, Ut,X', X3) = ™My, X') = M u(t, x)
and
DX, X3) = eMBp(x).

Then

t
U, X)= —f DX +tQ)dQ.
41 Jioj=1
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Introduce local coordinates

Q' =yellyl=1}, Qz3=1/1-1y%

and using
dy
dQ=——2
V1-1lyl?
we get
u(t,x) = if cos(Mt\/1—1yl?)p(x+ ty)$
’ 4an Jiy<1 1_|y|2'

The change of variable z = ty yields

1 dz
u(t,x) = —f cos(Mv/ t2—z|2)p(x + z2) ——.
4m Jizi<1 V12 —|z|?

9.0.5 Fundamental solution of the homogeneous wave equa-
tion via Fourier transform

Our purpose in this section is to construct a solution of the problem

OE=0,
(9.0.1) E0,x)=0, 0;E(0,x) =6(x),
where
O=-62+A.

Once the solution E = E(¢, x) is found, one can represent the solution of

Lu =0,
(9.0.2) u(0,x)=0, 0,;u(0,x) = f(x)
by
(9.0.3) u=E(t,)* f.
Since

a(t,&) = E(1,6) f (),

comparing the representation of u with the Fourier transform, we see that

_ sin(t|&])

9.0.4 E(t,
( ) (£,6) 2]
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To construct fundamental solution we define s, * for any complex number
zwith Rez < 1 by

s7% ifs>0
—z
(9.0.5) S+ { 0  otherwise.

It is clear that this is a classical function in L}OC(R) for Rez < 1. Note that

a _ g
d—s+Z:—zs+Z !, forRe z <0.
$

The above relation enables one to extend the definition of s * for 1 < Rez < 2.
Namely, we define (for 1 <Rez < 2)

(9.0.6)

1 d —z+1)

9.0.7) s %= oD 4 (s;

where the derivative in the right side is taken in the sense of distributions. More-
over for k < Rez < k+ 1 we define s * by the relation

-z _ 1 i -z+k
ST e D2+ b (ds) [s+4)
T(-z+1) (d)k ek

9.0.8 - = 7 = ,
( ) I'(—z+k+1)\ds)
where the derivatives are taken in distribution sense. Take

Cn -z

9.0.9 E,(s) = S

( ) 2($) Ta-o2

for z # {1,2,3,...}. Here the constant ¢, > 0 will be chosen later on. We can
rewrite (9.0.8) as

dk
(9.0.10) E.(s) = ﬁEz—k(S)-

It is not difficult to establish the relation

(9.0.11) lirrllc E,(s) = c,6% V()
Z—b

for any integer k = 1. Here the limit is taken in distribution sense. In fact, the
relation (see (10.1.4)

Tz (1-2z2) = —
SIN7TZ
implies that
(9.0.12) lim T (1 - 2)( —k)—(_l)k
.U. s Z)I\Z = F(k) .
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On the other hand, for any ¢ € C;°(R) and z = k + £ we see that the quantity

(575, ¢p) = £ (0 =
B8P = (—z+1)...(—z+k) dzk S+ 9=
(—l)kE 00 dk

T ziDzinls S qoEP s

tends to

1 oo dk _ dk—l
—_— — ds=————¢(0
F(k)fo 25t P04 = 1 e e

as € tends to 0 and from (9.0.12) we obtain the needed relation (9.0.11).

Further, we consider the following family of distributions depending on z €
C

Cn

(9013) Ez(t,X) = m

(2 - x*)7%.
As before, this is a classical function for Rez < 1. Using the relation
n-1
(9.0.14) —0E,(t, x) :4(T—Z)EZ+1,
one can extend the definition of E,(t,x) for Rez # k+ (n—-1)/2, k =0,1,2,...
as a distribution in D’(R™*!). Our next step is to compute the partial Fourier

transform of the distribution D’ (R"). First, we start with the case Rez < 1, when
E,(t, x) is a classical function.

Lemma 9.0.7. ForRe z <1 we have

. dx
—ix¢ t2— 2\—z —
fRne =X T
(Zn)n/z B B
9.0.15) = T s (126D,

Proof. Since the scalar product x.¢ is invariant under the action of the group
SO(n) of rotations, we see that the left side of the needed identity is a spherical
function in ¢. For this we lose no generality assuming ¢ = ([¢],0, ...,0). Then the
integral in the left side of (9.0.15) takes the form

dx1

9.0.16 I= e"'xl'f'f 2 —x2— ¥ P Fdx ————.
9.0.16) | -l T
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For n = 3 one can use polar coordinates r = |x'|, w' = x'/r € $"72. So we have
f (2 - x2— ¥ %dx =
Rnfl
1 [
0

Choosing (8% = 2, we see that this identity holds also for n = 2. The relations
(10.1.6) and (10.1.7) enable one to compute explicitly the integral

1 1 1
f (1_r2)—zrn—2dr:_f (l_p)—zp(n—?))/Zdr:
0 2Jo
1 - - -
:—B(l—z,n 1):11“(1 2)I'(n 1)/2).
2 2 2 T((n+1)/2-2)
So the integral in (9.0.16) becomes
_u(S"AT((n-1)/2)
C 2l((n+1D/2-2) Jr

_ HS"AT((n-1/2) —2z+nf1 _ 2v—zt (=112 g _
C2T((n+1)/2-2) g _1cos(tx1|§|)(1 x7) dx) =

pS"AHr((n-1/2) _mel e
Tiniz—o | Jp costmldl-x) dxi.

Combining the formula (10.1.9) for the surface of the unit sphere with the Pois-
son integral representation (10.2.7) of the Bessel function, we get

I=@m)"2p " atnli2igz=nizy s (HED.

This completes the proof of the Lemma.

Remark. Note that the action (E;,¢) of the distribution E,(¢,x) on any
test function ¢(t,x) € Cgo(R”“) is analytic function for z # k+ (n—1)/2 for
k=0,1,2,...in view of the recurrence relation (9.0.14).

Since the right side of (9.0.15) is analytic function of z for || # 0,[¢| # 0, we
see that (9.0.15) is valid in the sense of distributions for z # k+ (n—1)/2 and
k=0,1,2,...

Given any function ¢(z, x) € C;°(R"*!) we denote by

H(t, &) = e p(t, x)dx
P00 == [ el
its inverse partial Fourier transform and then the action of E, on ¢ satisfies
(27[)_”/2
(9.0.17) —(Ez ) =
Cn

1
fR fR TR (1D ) dE
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Since
2 .
J1/2(8) =1/ —sins,
ST
we have
9= (-n+1)/2
(En-1y/2,9) =
Cn
in|t
(9.0.18) ff Smll{fl”fl@(t,é)dédt-
R n

Then we choose c;, so that
9= (=n+1)/2

=1,
Cn
i.e.
_ 1
Cn = 2q(n-1/2"
Thus we get
(Em-1)/2,9) =
in|t
(9.0.19) ff sin| ”"th‘)(t,f)dfdt-
rRJR?  [€]

Comparing with (9.0.4), we see that E(¢,x) = E(;-1)/2(f, x) is a solution of our
problem (9.0.1) and this is the fundamental solution of the initial problem (9.0.1)
for the wave equation.

The recurrence relation (9.0.14) shows that the fundamental solution E(;,—1)/2
can be expressed by the aid of E;(t, x), Ey(t, x) or Ey/2(¢,x). For this our next
step will be an explicit representation formula for these solutions. In fact, we
have

(E12(t,.), f) = cf =1y Y2 f(yydy =
lyl<t

1
(9.0.20) :ct”_lff lf(tra))(l—rz)_l/zr”_ldwdr
0 JS"~

for f € C5°(R"). Here
Cn 1

Cc= = .
ra/2) 2gn/2

Further, we have
(E()(t’-)’f)ch f(y)dy:
lyl<t

1
(9.0.21) = ct"f ftroyr" tdwdr
0 Sn—l
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with
1

C=Cn =5 -0z

Taking advantage of (9.0.11), we find

Bt ) :% fds, =

lyl=t
(9.0.22) =ct"? f f(tw)dw,
Snfl
where
B B 1
C=Cn= 2p(n-1)/2"

From recurrence relation (9.0.14) we see that
(9.0.23) En-1y2 = ;032 = c,0-V2E,

for n = 3 odd. Here
(_1)(?1—3)/2 (_1)(n—1)/2
T3 (n=-1)/2)" 2 2n 1T ((n+1)/2)

C

For n =2 even we have

(9.0.24) En-ny =CO™22E, ,
with
(_1)(71—2)/2
C 2121 (n/2)

So we conclude that the expression [I¥E, (¢, x) for some particular values of
k, z will appear in the representation formula for the fundamental solution of
(9.0.1). For this we shall establish the following representation of term of this

type.
Lemma 9.0.8. Let z € C satisfy

z#k+(n-1)7/2,k=0,1,2,..
and let | = 1 be an integer such that
z+l#Zk+(n-1/2,k=0,1,2,...
Then we have the relation (in sense of distributions)

9.0.25) O'E.(t,x) = Y, 0% (ci,a(t, X) E-(£, X)),

la|<l
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where c; 4 (t, x) are smooth functions in R"*1\ 0 and satisfy for any multiindex f3
the estimate

(9.0.26) |6’6 Cla(t,x) < Ca l(ltl + |x|)—|,3|—21+|0£|
t,x bt r,By

Proof. It is sufficient to establish (9.0.25) for [ = 1. Our starting point is the
representation

| x| | x|
E,(t,x)=@| ——u | E,(t, ) + |1 —o| —=—— || E, (2, %),
0 (p( 2+ |x/? (02 (p( t2+|x|2) 0

where ¢(s) € Ci°(R) is a cut-off function, such that ¢(s) = 1 for [s| < 1/4 and
¢@(s) =0 for |s| = 1/2. Note that we have the estimate

p | x| -1
(9.0.27) 0, | ——||=Cs(lt|+|x])"'".
Then it is sufficient to establish that
| x]
Ol | ——— | E.(t,0) | =
( (\/t2+lx|2) ’ )
(9.0.28) = ) 07 ,(da(t,x)E (1, X))
la|<1
and
A [1- L) Ezu,x)):
V24 |x|?
(9.0.29) Y. 0% (eq(t,X)E.(t,x)),

lal<1

where the coefficients d, (t, x), e4 (£, x) satisfy (9.0.26) with [ = 1.
The relation JE, = c(z)(¢* — |x|*) "1 E, was established in (9.0.14). Then the
Leibnitz rule implies that

& E
p=0 -
Note that we have
[t] 2t
(9.0.31) |x| < <
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on the support of ¢(|x|/+/ t? + | x|?). Combining this fact, the representation for-
mula (9.0.30) and the estimate (9.0.27) we arrive at (9.0.28).
To verify (9.0.29) we represent the operator [] in polar coordinates

n-—1 1

~0=06%-0%- 0r = — Agnor.

Since

Ez(t; x)

[+l

is invariant under any rotation, we have

Ez(t,x)) =

)

n—1 | x|
9> — 0% — a) 1—p| —— || E.(t, %) | .
a0 | o s o
Since
_ 2zt
ath(t,x)——tz_—lxlez(f,x),
2zx]
aijz(t, X) = L‘2——|x|2 E,(t,x),

we have the relation

1
(07 —02) Ex(1,1) = —22(0; — 0;) (EEZ(I' r)) =

47%

9.0.32 ¥ g
( ) t—2_ |x|2 2

Now we are in position to apply the following variant of Leibniz rule

(o))

| x| L | x|
= EOp|—2|-2Y o, |Eotp| ——— || +
v \/r2+|x|2) L;O ”( (p(w2+|x|2))
g
(9.0.33) + £+ .

t2—|x|2
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The relation (9.0.32) implies that

-2z

poolzgl)e (el

12 —|x|? t+ x|

LT P Y Y R
t+ x| g 4 V2 +|x[2 )

Using the fact that on the support of

we have

while on the support of

o ( ki )
V 2+ |x|?
the weights | x| and ¢ are equivalent, we see that (9.0.29) is valid.
From (9.0.28) and (9.0.29) we get the desired representation (9.0.25) and the
lemma is proved.
Now we can obtain an explicit formula representing the solution of (9.0.2).
From (9.0.22) and

dk
+1 d = aaa +1 d
((dl‘)k) S’Hf(x wdo Icrlz=‘k anw fx+tw)dw

we can compute the time derivative of
Ei(t,) * f(x).

For n = 3 odd we combine the representation formula (9.0.23) together with
(9.0.22) and applying the above lemma, we get

u(trx) = E(n—l)/Z(tr ) * f(x) =

(n—z?))/z Z C x—y aa i
(9.0.34) = —f cl, (—) ) , 1>0,
=0 |al=I 2=l lx—yl=t ha lx =yl yf ¥ Y
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where ¢; 4 (w) are smooth functions on $"~1 Moreover, from
En-1y2 = cO"V2E,
we have
(9.0.35) u(t,x) = Eqp-n2(t,.)* f(x) =
(n—=1)/2 C

- XY\ 5
) Z;O |a|z=ltn_l_lj|‘X—y|<tCl’a( t )ayf(y)dyrt>0,

where ¢; 4 (y) are smooth functions in the unit ball. For n = 2 even we can use
the relation (9.0.24) and in this way we get

(9.0.36) u(t,x) = Egp-1y72(8,.) * f(x) =

(n—-2)/2 C X= Y\ g dy
=) X mflx_qucz,a(T)ayf(y)—, t>0,

1=0 |al=1 ViEi—lx—yl

where ¢; 4 (y) are smooth functions in the unit ball.
Now we can turn to the representation of the solution the the Cauchy prob-
lem

Ou =0,
(9.0.37) u(0,x) = fo(x), 0:u(0,x) = f1(x).

It is clear that

d
u(t,x) = T En-1)2(t,.) * fo(x) + Eu—1)/2(t,.) * f1(x).

For n = 1 we have the D’Alembert formula
(9.0.38) u(t,x) =

_folt+ )+ folx—1) +1 x+i
B 2 2t

fiydy, t>0.
For n = 2 we have the Poisson formula
(9.0.39) u(t,x) =
1 foy)
=0 —f —dy|+
t(27f lx-yl<t /12 —|x — y|? y)

+i )
27 Jix-yi<t \/ 12— |x - y|?

dy, t>0,
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For n = 3 we have the Kirchhoff formula

(9.0.40) u(t,x) =

1
0532 ) e 05

— (ndS,, t>0,
amt Ix—y|=tf1y Y

For n = 3 odd the solution of (9.0.37) takes the form

(9.0.41) u(tx) =

b 1 X7V )62 fids
) Tr— vl +
,;0 IaIZ=l tn—l—lflx_ﬂ:tcz,a(lx_yl) yJo(»)dsSy

Yy L f d (x_y)aa as
+ — — (y) , >0,
=0 |al=I 270 Jixoy)=t ha lx—yl y /1) dSy

where ¢ 4 (w), d; o (w) are smooth functions on S~ Moreover, for n = 1 odd
from (9.0.35) we get

(9.0.42) )
(n+1)/2 1 -y
) -l Cla| =0y oy dy +
;J IaIZ=l -l lx—yl<t l,a( t ) yfoy y
(n-1)/2 1

_l_

A PY:
lzé Ialz=ltn_l_lflx—yl<tdla( t )6 fydy, t>0,

where c; 4 (y), d;o(y) are smooth functions on the unit ball. Finally, for n = 2
even from (9.0.36) we deduce

(9.0.43) u(t,x) =

nl/2

X= VY aa dy
= — 10 P A—
ZZ()|thn 1/2— l[ y|<tcl'a( t ) ny(y) /l._|x_y|+

(n=2)/2 1 A dy
i Z Z'lmflx—qudl’a (T)ayfl(y)

=0 lal= Vi=lx=yl

where ¢; 4(y), d; o (y) are smooth functions on the unit ball.
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9.0.6 Fundamental solution of the inhomogeneous wave equa-
tion via Fourier transform

The solution of the inhomogeneous wave equation

Uu=F,
(9.0.1) u(0,x)=0,;u(0,x)=0
can be found as follows
t
(9.0.2) u(t, x) :f Eqp-n2(t—s,)* F(s,.)(x)ds.
0

Since we shall use the recurrence relation (9.0.14), our first step is to find suf-
ficient conditions so that all boundary terms after integration by parts with re-
spect to time variable in (9.0.2) are identically zero.

The terms at s = 0 can be neglected if we impose the assumption

(9.0.3) supp,F(s,y) < (0,00),

because the function F(s, y) together with all space-time derivatives of arbitrary
order are zero at s = 0. To be sure that all terms at s = ¢ vanish we need the
following.

Lemma 9.0.9. IfRez < n/2, then

(9.0.4) tli%l E,(t,x)=0

in the sense of distributions in R".
IfRez < (n—1)/2, then we also have

(9.0.5) th%l 0:E,(t,x) =0.

Proof. Given any ¢ € Cgo(R") we have

(Ez(t,),p) =
9.0.6) c2 EgTEII2 f e N2 T (RIEN PO dE
Rn
for any ¢ > 0 according to (9.0.15). In fact, for Rez < 1 this follows from (9.0.15).

Then using the fact that both sides of (9.0.6) are analytic functions for z # k +
(n-1)/2,k=0,1,2,..., we establish (9.0.6).
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Then the series expansion (10.2.2) together with the asymptotic expansion
for the Bessel function (see [2]) show that for Rev > —1/2 we have

(9.0.7) 1y ()l < CysteY, s>0.
Thus we get
[(E.(t,.), )| <
colRezl n—2Rez fRn 16(©)|dé

and we see that the property (9.0.4) is fulfilled.
To establish the property (9.0.4) for the time derivative of E,(, x) we use the
recurrence relation (10.2.3) for the Bessel functions and find

0:(£" ]y (21EN) = £¥1§1Jy-1 (211
so we have the following variant of (9.0.6)
0¢(E(t,.), ) =
c(z) 1~ fR eI (HED Q&) e
Applying the estimate (9.0.7) with v =—-1-z—n/2, we see that Re v > —1/2 so
10:(E(t,.), )| <
e [ piag
and the assumption Rez < (n —1)/2 implies that (9.0.5) is true.

This proves the Lemma.
After this preparation we can obtain the following representation formula.

Proposition 9.0.1. If n = 3 is odd and the inclusion (9.0.3) is fulfilled, then the
solution of (9.0.1) is

u(t,x) =

|
Cnf —f D("_s)’ZF(s,y)dSyds.
0 =58 Jix—yl=t-s

Proof. It is sufficient to apply the recurrence relation
En-s2 = c,0" "2 E,

from the previous section in combination with Lemma 9.0.9 and the represen-
tation formula (9.0.22) of the distribution Ej.
In the same way we arrive at
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Proposition 9.0.2. Ifn = 2 is even and the inclusion (9.0.3) is fulfilled, then the
solution of (9.0.1) is

u(t,x) =

t 1
c D(U—Z)/ZF(S, )d dS.
R T

9.0.7 Energyand conformal energy estimates for homogeneous
wave equationin R", n = 2.

Let (£, X1, ,X,) be coordinates in R'*” and

(1 0
=0 -E
be the Minkowski metric in R'*”. Using the convention for summing over re-
peating Greek indices we have

O=07— A, =0,0",

where
a0 = at)aj = axj')

and
ot =ntva,.

Let u(t, x) be a C? solution to the wave equation
00! u=0.
Introducing the quantity

Lt
T = 0 ud"u-—1—,

one can verify.
Problem 9.0.5.

(9.0.8) 0, T" =0.
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One can easily verify the following formulas

Vieeu(t, x)?
T00:TOOZM’TJO:—T]Q:—ZOJ‘UOL‘U,

where we adopt the rule for Latin indices varying from 1 to n. Note that we use
the metric to raise and lower the indices so

Ty = T

for example.
Given any R, T > 0, with R > T and integrating in domain

{(t,x);0<t<T|x|<R-t}
one can derive
Problem 9.0.6.

(9.0.9) E(T,R-T)=<E(O,R).

\% ut,x2
| 1,x ( )| dx.

where E(t, A) = [ .4 —

Let K, be a killing vector field,i.e.
0,Ky+0yK, =0.
Then
Problem 9.0.7.
(9.0.10) 0, (K, TH) =0.
More general situation is the case of conformally killing vector fields, i.e.
0uKy + 0y Ky = pnyy.

Problem 9.0.8. We have the identities

-1
9.0.11) aN(KVTWH%L:o
and
-1 Hp)(n—1
9.0.12) 3, KJ“MMuaﬂu—%mF +
0,0Mp)(n—-1
Lo P D )IuIZ:O.

4
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Introduce space-time coordinates
Hox0 = J=x. = K = =y
X ,X —t,X _x]’Xll_nIJVX ,Xo—t, X]— .XJ.

Typical non trivial example of non - constant conformally killing vector field is

9.0.13) Ky =X,X° - %(XHX”).
Note that we have
o PHIx? i
Ko=K®=——, K;=~K/ = ~1x;.

Problem 9.0.9. Verify the relation
0uKy + 0Ky, = pnpuy
with p =2t.

Problem 9.0.10. If the conformally killing filed is defined by (9.0.13) , then we
have the identities

n—-1
(9.0.14) Oulet + t(n—1)ud*u—nH° lul?l=0
where
et =K, TH".
We have in particular
2 +|x]? 2 +|x]?
e’ = wmtmz + (—H)vaulz + tro;ul; u.

4

Introduce the generators
Lo = Xu0", Lyy = X0y — Xy0m 1.
We have the relations
Lou=1t0;u+rod;u,Loju= taxj u+x;j0u.

Problem 9.0.11. If the conformally killing filed is defined by (9.0.13) , then we
have the identity

1
el = > (|L0u|2+ Y |qu|2).

H<v
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Problem 9.0.12. (delicate and DIFFICULT estimate) If the conformally killing

filed is defined by (9.0.13) and n = 3, then there are two positive constants Cy <

C, so that

[0, x) + t(n—Dud,u— S u(t, )P dx
JeOt, x)ydx+ [lu(t,x)|>dx

1= = (o,

provided u € Cg° is not identically 0.

Help: Hardy inequality. Integrating by parts twice in the integral

f 10, u(r)?r"tdr
0

one can show

Problem 9.0.13. (Hardy inequality) If n = 3 then we have the estimate

00 2 0o
f lu(?' r”_ldrsCf 0, u(t,r)>r"dr.
0 r 0

Find the best constant C?

Problem 9.0.14. Discuss the local energy decay

C
[ Vet itars
lx|<t/2 r

for any solution to the wave equation
Uu=0
with initial data

u(0,x) = f(x) € S(R™),0,u(0, x) = g(x) € S(R™.

9.0.8 Local existence of solution to the Cauchy problem for non-
linear wave equation in R3.

Consider the Cauchy problem
Uy —Au= uz, tel0,T], xe [RZ?’,
having initial data
u(0,x) = f(x) € C5°, us(0,x) = g(x) € Cg°.

Set

£l = (fR If(x)lzdx)m.
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Problem 9.0.15. For the inhomogeneous wave equation
uy—Au=F te[0,T], xeR®,

show the energy estimate

t
Ve xu(t, )2 < Vo xult, )2+ Cf |F(z, )l 2dT.
0
Problem 9.0.16. (Strauss Lemma) If f (x) = f(|x|) is a radial function and

Ifllzz + 1V fll 2 < oo,

then C
If(x)] =< m (IIfIILz + IIfoIILZ)-

9.0.9 Some other hyperbolic problems of
mathematical physics

Another important hyperbolic problem is the Dirac system
9.0.1) iYu0uy = 0.

Here vy (¢, x) is a function defined in the Minkowski space R!*3 with values in
C*. Usually, v is called a spinor. Moreover, y,, are the Dirac matrices defined as
follows

_ 1 0 _ 0 O _
YO_(O _1)’Yk_(_0_k 0 ))k_]-)zyg-

The Pauli matrices o are determined by

(01 (0 i (1 0
1710777 i 0 )00 -1 )

The initial data are determined by

Y (0,x) = f(x)
The Dirac matrices satisfy the relations
(9.0.2) rHy? +y>yt = —2nt?

A simple reduction of the Dirac equation to the wave equation can be done
by applying the operator iy,0, to the Dirac equation in (9.0.1). We use the
relations (9.0.2) and find

0,0"y =0.
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From (9.0.1) we have
(9.0.3) @ +ald))y=0.

Here aj = yoy; are selfadjoint matrices. Making the Fourier transform in x we
get
0 +ia(@))y =0
(0,0 = f(©.

Here a({) = Y a¢; is a selfadjoint matrix. Then the solution of the Cauchy
problem for the linear Dirac equation has the form

(9.0.4) w(t,x) :Z(zn)‘sfe”xfi'f”ni(é)f(é)dé,

where 7, (respectively n_ ) is the positive (respectively negative) eigenspace of
the matrix a(¢).
The Maxwell equations in vacuum have the form

0:E =r10tH,
0,H = —10tE,
(9.0.5) divE = divH =0,

where E (resp. H) is the electric (resp. magnetic) field. Recall that E(¢, x), H(t, x)
are vector-valued functions from Minkowski space in R3.

To pose correctly the Cauchy problem for the Maxwell equations we take
the initial conditions

(9.0.6) E,x)=e(x) , H(,x) = h(x).

Then the equations divE = divH = 0 in (9.0.5) show that the initial data have to
satisfy the constraint conditions

(9.0.7) dive =divh = 0.
Taking the evolution part

0:E =r10otH,
(9.0.8) 0;H = —rotE,
of the Maxwell equations, we see that we can solve the Cauchy problem for

(9.0.8) with initial data (9.0.6) satisfying the constraint conditions (9.0.7). Then
taking the div operator in the equations (9.0.8), we see that

(9.0.9) 0,divE =0,divH =0
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so the constraint conditions (9.0.7) assure the elliptic part divE = divH = 0 in
Maxwell equations (9.0.5). Setting v = (E, H), we see that the equations (9.0.8)
can be written in the form (9.0.3) of a Dirac system so we can use the represen-
tation (9.0.4) to solve this system by the aid of the Fourier transform.

Again a simple reduction to the wave equation can be done. In fact tak-
ing the time derivative in the first equation in (9.0.5) and using the relation
rotrotE = —AE provided divE = 0, we get

(05— A)E=0.

In a similar way one can see that H also satisfies the wave equation.
In order to write the system (9.0.5) in relativistic form a natural procedure is
to construct the following matrix (called usually electromagnetic tensor ).

(9.0.10) Fim = €kmiHy , For = —Fyo = E,

where €, = 1 if (kml) is an even permutation of (123), €x,,; = —1 if (kml) is
an odd permutation of (123) and &,,; = 0 otherwise. Moreover, in (9.0.10) we
use the summation convention for repeated Latin indices varying from 1 to 3.
It is clear that F;5 is skew-symmetric, i.e. Fys = —F5,.
By the aid of the metric {n“ﬁ} =diag{-1,1,..., 1} one can freely raise the
indices
Feb — 77“”77'631:;13-

The corresponding dual tensor IZ"M3 can be defined as follows
9.0.11) Fys = e4apFP,

where €544 = 1 if (1 3 af) is an even permutation of (0123), €545 = —1if (13
af) is an odd permutation of (0123) and Epsap =0 otherwise. Moreover, in
(9.0.11) we use the summation convention for repeated Greek indices varying
from 0 to 3.

Then the Maxwell equations (9.0.5) take the simple form

(9.0.12) 0uF* =0, 0,F* =0.

One can show that if
FM2(¢t,x)

are smooth functions satisfying (9.0.12), then there exist functions A,(f, x), such
that
Fop=0qAp—0pAq

Remark. The vector A,(f,x) is called electromagnetic potential. This po-
tential is not unique. Namely, we can take Au(t, x) = Au(t,x) — 0,9(t, x), where
@(t, x) is arbitrary.
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Problem 9.0.17. ( Maxwell equations in the form of Dirac equations)
Let E, H satisfy the Maxwell equations (9.0.5) in vacuum. Consider the vector

0
| B-im
A= B, —iH,
Es—iHs

Find three selfadjoint (4 x 4) matrices a1, &, a3 so that y satisfies the Dirac equa-
tion (9.0.3) and the relation

ajak+akaj:25jk

9.0.10 Examples of nonlinear hyperbolic equations

One of the simplest nonlinear hyperbolic equation is the equation of a scalar
self-interacting field, that is

(9.0.1) (=07 + A u—Mu=u’.

In order to prove the existence of global in time solution even in the case
of large initial data we shall use the conservation law of the energy. Indeed,
multiplying (9.0.1) by 0;u we see that the energy

E(t):%flatu(t,x)lzdx+
(9.0.2) %f(|vxu(t,x)|2+M|u(t,x)|2+%Iu(t,x)l“)dx

is a constant. As usual the initial data are given by
(9.0.3) u(0,x) = fo(x),0:u(0,x) = f1(x)

To establish the existence of global solution we shall make two steps.
First step. We shall rewrite (9.0.1) in abstract evolution equation of the form

(9.0.4) 0;v=Av+K(v),

where A is a selfadjoint operator in a suitable Hilbert space H and K(v) is an
operator in this Hilbert space.

Second step. We shall prove for (9.0.4) a suitable continuation principle.
Combining the existence of local solution with this principle we shall establish
the existence of global solution.
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For simplicity we shall consider here only the case of positive mass M. Set-

ting
u 0 1
U_(Otu) ’ A_(A—M 0) ’

9.0.5) K(v) =( _(3)3 ) ,
1

we see that the nonlinear wave equation (9.0.1) takes the form (9.0.4). The form
of the energy in (9.0.2) suggests us to consider the Hilbert space H = H' (R") x
L2(R™). For any couple v = (vy, 1) € H the corresponding norm is defined by

(9.0.6) ||v||§,:f|Vu1|2+M|v1|2+ |vo?dx

Denote by (,) i is the corresponding Hilbert norm.
The operator A with dense domain

9.0.7) D(A) = H*(R"™) x H'(R™).

is skew — selfadjoint.

Turning to the continuation principle we consider the abstract nonlinear
evolution problem (9.0.4) assuming A is skew-selfadjoint and K is Lipschitz
continuos, i.e. for any ball B(R) of radius R in H there exists a constant C =
C(R), such that

(9.0.8) IK(uw) - KW g=Cllu-vlg.

The nonlinear problem (9.0.4) can be written in integral form in the same
manner as it is done for ordinary differential equations.

t
(9.0.9) U(t):U(t)f+f U(t-9)K(v(s))ds.
0

Now we are in position to state the continuation principle

Theorem 9.0.1. Under the above assumptions there exists a maximum interval
[0, 7) of existence of a unique solution v(t) € C([0, t)); H) of the integral equation
(9.0.9). Then either t = oo, orelse |v(t)||g — oo as t — I.

Proof.
For any #, = 0 consider the following local problem

t
(9.0.10) v(i)=Ut-ty)f+ | Ul-s)K(v(s)ds.

fo
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To establish the existence of solution in the interval [#y, ty + €] we define induc-
tively the sequence v (f) in the Banach space B = C([f, fp + €]; H) as follows
UO(I:) = fr
t

(9.0.11) Vi1 (D =U(t—-t)f+ | Ult—9)K(vi(s)ds

fo
Using the fact that U() is a unitary operator and K is Lipschitz continuous, we
obtain the estimate

(9.0.12) lvis1 — Vil < Cellvg — vi—1llB

with some constant C independent of e. When f varies in a ball of radius R in
H the constant C in (9.0.12) depends on R, but is independent of f.

The contraction mapping principle shows that a unique solution exists, when
C(R)e<1.

This means that for € < 1/C(r) the life span € of the solution depends only
on R, butitis independent of the concrete choice of f in

{he H: |h|g < R}.

To finish the proof let us consider the maximal interval [0, f) of existence
of solution with finite 7 and ||v(¢)|| g < C for t € [0, #). Then taking R = 2C and
applying the above argument based on the contraction mapping principle we
see that one can find € > depending only on R so that the local problem (9.0.10)
with initial data at #y very close to ¢ (more precisely our choice is determined
by f — € < ty < f), can be solved in the interval [y, ty + €]. Since o + € > £ this
contradicts the fact that [0, f) is the maximal interval of existence of solution
and completes the proof.

We shall prove that the semi linear problem (9.0.1) for the wave equation
has a global solution in case of space dimension n = 3. To do this it remains to
show that the nonlinear operator K defined in (9.0.5) is Lipschitz continuous.
The definition of the norm in H and the Holder inequality imply that

3_ 3 2
IK(w) =KW llg = lluy —vyllz = Cllua — villgs(lunlizs + v lize)

for any two couples u = (uy, uz)’,v = (v1,v2)" in H. Applying the Sobolev in-
equality

I flize sy < Cll fll g1 w3y
and the definition of the Hilbert space H we arrive at
1K) = KWl < Clu—viigUulg + vl

Thus K is a Lipschitz operator and the continuation principle assures the exis-
tence and the uniqueness of the solution.
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Chapter 10

Appendix 0: Some facts about the
Euler gamma function, Bessel
function and the Legendre function

10.1 Appendix: Some facts about the Euler gamma
function and the Legendre function

The Euler function I'(z) is defined by
o0
(10.1.1) ['(2) :f e 't ldr
0
for Rez > 0. Using the recurrent relation
(10.1.2) I'z+1)=2zI(2),
one can extend the definition of I'(z) forz € C,z # 0, 1,2, ... Since I'(1) = 1, we get

for any integer n,n = 1 the relation I'(n + 1) = n!. Some other relations for the
function I are given below ([2])

(10.1.3) I (~2) = —————,
zsin(mz)
(10.1.4) Irara-z)=- )
sin(m z)
T
(10.1.5) I'z+1/2)T'(z—1/2) = .
cos(mz)

153
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The function I'(z) is closely related to the function

1
(10.1.6) B(x,) :f la-nray,
0
defined for Rex > 0, Rey > 0. Namely, we have
Iy
10.1.7 B(x,y) = ————.
( ) (x,y) TGty

Another integral representation is the following.
w2

(10.1.8) B(x,y) =2 f (sin )** ! (cos 1)’ dt.
0

It is not difficult to compute the surface of the unit sphere $”~!. In fact for
n =2 we have ,u(Sl) =2n. For n = 3 we can introduce polar coordinates
(cosg, w'sing) ,w' € 8" 2.
Then
T
ps™h = ,LL(S"_Z)f sin" 2 pde =
0

WS B((n-1)/12,1/2) = p(s™2) = 1)/2)T(1/2)

I'(n/2)
From the recurrent relation
_ _ I'(n-1)/2)
Sn 1 — Sn 2
uS"H =uS" Ve T2

we get

27l'n/2
10.1.9 s 1= )
( ) ( ) T(/2)

The Legendre function Pﬂ (z) satisfies the equation (see [2], volume 1, rela-
tion (3.2.1))

2 2

d d
(10.1.10) 1-92 Y _, %%,
dz? dz

w=0.

u
1 —
viv+1) 12

We shall use the following integral representation of these special functions ([2]
volume 1, relation (3.7.7))

Pl(chr) =

4
(10.1.11) = cu(shr)_”fo (chr —shrcosg) " sin 2 pde,
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where
2K

cy=———
Hara/2—p)
and Rep < 1/2.
Another solution of (10.1.10) are the associated Legendre functions Qﬁ (2)

of second kind. They are also solutions of (10.1.10) and satisfy the following
relation

P (2) =
e M (v—p+1)
mcos(vm)I'(v+pu+1)

(10.1.12) = sin[z(v—w1[Q} (2) - Q" _, (2.

An integral representation of Q. is given by (see [2] volume 1, relation (3.7.4))

(10.1.13) Qe(chr):du(shr)”f e V*tY2s(chs— chr) #1245,
r

y \/ﬁ einr
TV 2 Ta2-p)

and the above representation is valid for Re(v+ p+1) > 0,Reu < 1/2. A differen-
tial equation satisfied by P}, (z) is

where

H —
dPp, (z) _ v+ (v 'LH—DPﬂ_l(z)— ,uzlptt(z).

10.1.14
( ) dz 221 z2 -

From these relations we shall establish the following.

Lemma 10.1.1. The function
(10.1.15) L"(r) = LI(r) = (shr)~""2/2 p~(n"272 (chy)

satisfies the recurrent relation

-1 1
10.1.16 L'(r) = —————|—0, | L"2(r).
( ) (r) 02+(n7_3)2 (shr r) (r)
Proof. From (10.1.14) we have
d, (sh*rpPl(chr)) = v+ p) (v — u+1)sh*rP ™ (chr).

With y=—-(n-4)/2 and v=-1/2 - io we obtain the desired relation.
Further, we shall obtain
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Lemma 10.1.2. For n =1 odd the function

L"(r) = L}(r) =sh™ 272 p~ 0202 (chy)

takes the form

L"(r)=

2 |T3o))? 1 _
10.1.17 pr-brygZ_ mrl  (—5.) D 2 cos0r
( e 1 Ghr 0

Proof. For n =1 we use the relation (see [2]), identity (3.6.12))

and we find

/2
(10.1.18) Ll(r) =41/ —co0SOoT.
/4

Thus, the assertion is verified for n = 1. In case n = 3 odd from (10.1.16) we
get

(_ )(n—l)/z

(n-1/2 71
L
M7 0+ 2 shr " "

(10.1.19) L"(r)=

On the other hand, we have

(n=3)/2 IT(io + 1)
10.1.20 +k¥)=—2 "
( : H @ IT(io)[2

and hence this relation combined with (10.1.18) and (10.1.19) imply the desired
identity (10.1.17).
The Lemma is proved.

Lemma 10.1.3. For n =2 even the function

L"(r) = L}(r) = (shr)"(""2/2 p~ 272 (chr)

~1/2—io

takes the form
(10.1.21) Lhn =
=D"?V2 TG0l 35)""2(cosos)ds.

1
7 |F(i0+”7_1)|2f V'chs—chr Ghs?
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Proof. Set
K"(ry=K}(r)=
shs (

c0 1
(10.1.22) :f — (—3y)"?*(cosus)ds.
r Vchs—chr shs

Integrating by parts, we find
K"(r) = zfroo (%(M)(ias)”/z(cos os)ds =
= —2froo(\/M)as(ias)”’z(cosas)ds.
Hence, for r # 0 we have
as(ias)"’z(cosas)ds = K™ (p).

1 o0 1
—0 K"(r):f o
shr " r Vchs—chr = shs

Thus for n = 2 even we have

1
(10.1.23) K"(r) = (—0,) " 22K2(p).
shr
Now we have to compute
*©  sinso
K*(r)=-o —ds.
r vchs—chr

If we apply (10.1.13) with p =0,v=—-1/2 + io, then we get
oo e—isa

r Vchs—chr
Applying (10.1.12), we obtain further

ds= \/EQQ (chr).

1/2+io

©  ginsg V2
——————ds=—m th(an)Pg . _(chr).
r Vchs—chr 2 Vztio
Therefore, we have
b3
K*(r) = ~ 757 th(em)P°,,,;,(chr) =
(10.1.24) =~ s themI2(r).

V2

Now we can apply Lemma 10.1.1 and get for n = 2 even
-1)"2 -3 1
( \/)5 no th(an)(02+(nT)2)...(02+(E)Z)LZ(F) =

1
(10.1.25) = (sh—rar)(”‘z”zKi(r)-
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Comparing this relation with (10.1.23), we obtain

(_1)71/2

V2
(10.1.26) = K(r).

- 1
no th(on)(o? + (nT?))z)...((f2 + (E)Z)LZ(F) =

On the other hand, for n = 2 even we can apply the following relations for the
Gamma function (see [2], vol.1, relations (1.2.5) and (1.2.7))

T (=2) = ———  T(1/2+2)T1/2-2) = .
ZSINTZ COSTTzZ

Then we get
ra/2+i I'(—i
T'(io) Ira/2-io)
SO
r(1/2+io)|?
(10.1.27) ‘M = oth(no).
T'(io)

From I'(1 + z) = zI'(z) together with (10.1.27) we derive

2

1 2
—) +02).
2

_1\n/2 . 2
(-1)"2y2 |.r(m)|_1 K00
m Tio+")?

(10.1.28)

'F((n -1)/2+i0)
T'(io)

- (222 .|

From (10.1.25) we get

L"(r) =

This completes the proof of the Lemma.

10.2 Some properties of Bessel function

(see [2].)

The Bessel function J, (z) is a solution of the ordinary differential equation
(10.2.1) zzdz—w+zd—w+(z2—v2)w—0

o dz? dz -

For z € C close to 0 we have the following series expansion

00 (_l)m(z/z)v+2m

(10.2.2) Jvz) =)

m=0

mTm+v+1)’
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The Bessel function satisfies the following recurrence relations
(10.2.3) 2], (2) +v]y(2) = z2]y-1(2)

or equivalently

d
(10.2.4) — (2" v (2)] = 2" v-1(2).
dz
Moreover, we have
(10.2.5) 2], (2) =Vv]y(2) = —2]y+1(2).
The Wronskian of two Bessel functions is given by
W (wy, wp) = wy wy — Wy wy.

For the case,when w; = J,, w» = J_, the corresponding Wronskian is
2
(10.2.6) Wy (2),]-v(2)] = Tz sin(7v).

The following integral representations by Poisson’s integral shall be of special
interest in our considerations
2zY

NeZX

For the special cases v = £1/2 we have

(10.2.7) F'iv+1/2)],(2) =

1
f (1-12)""Y2cos(zr)dr.
0

(10.2.8) Ji/2(2) = \/% sinz, J_1/2(z2) = \/% COS 2.
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Chapter 11

Appendix I: Stationary phase
method

11.0.1 Stationary phase method

In this section we shall give a brief review of the methods to study the asymp-
totic behavior of oscillatory integrals of type

(11.0.1) I(R) :f e'BPW) f(x)dx
R}’Z

as R > 0 tends to infinity.

Here f(x),¢(x) are smooth functions defined on R” with ¢(x) being real-
valued.

First, we consider the case, when the phase function ¢(x) has no critical
points. More precisely, we consider the case, when there exist 6 > 0,6 <1 and
C >0 so that

(11.0.2) IVo(x)|=C ' <x>0, <x>?=1+[x%
(11.0.3) 10%Vp(x)| < C < x>0l
for any x € suppf.

Lemma 11.0.1. Suppose the assumptions (11.0.2), (11.0.3) are fulfilled and f (x)
is a smooth function with compact support. Then for any integer N = 0 and for
any € >0 we have

C _N&—
|I(R)| < _N Z ” <x> NO—N+|a|+n/2+¢€ aaf”Lz(]R")-
lal=N
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Proof. Given any first order differential operator

n

L(x,0x) = () a;(x)0x;) + b(x),
j=1

we denote by L* its adjoint operator with respect to the inner product in L?(IR"),

i.e.
n n

L*(x,0,) == () aj(0)0x) + b(x) + Y 0y, a;(x).
j=1 j=1

Therefore, for any couple f, g of smooth compactly supported functions on IR"
we have

(11.0.4) (Lf, &) 2wy = (f, L &) r2my-
Let L(x,0,) be the differential operator, such that its adjoint is

n axk(P a

L* =it
k=1 |V(P|2 Xk

where V = (0y,,...,0x,).
It is clear that
L*(e'f?) = ReiR¢.

Then (11.0.4) implies that
1 iRp N
I(R) = RNf]Rnel PLN(frdx.

In order to evaluate LV (f), we shall establish inductively with respect to N that
LN can be represented as

(11.0.5) V=% al(x)o%,
la|=N

where the coefficients satisfy suitable decay estimates. To formulate precisely
this statement, given any real number m we denote by S™ the class of all smooth
functions a(x) such that for any multiindex S there exists C = C(f) so that

(< x>d)Pa)<C<x>™.
Our goal is to show that the coefficients in (11.0.5) satisfy

(11.0.6) al (x) e §TON-N+lal
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For N =1 we have

n axk(P
= IVol?

L=i"! Oy, +b(x),

where b(x) is constant times
& 2
Y 0y, 0, P/ IVPI).
k=1

Therefore, we have to show that

VoW o
IVep(x) 2

(11.0.7)

Indeed, consider the function
veR"\0— y(v)=v/|v|°

Then the function in (11.0.7) can be represented as y(V¢). Moreover, for any
multiindex a we can represent 0% y(V¢) as a linear combination of terms of

type
(a’j 1 (VP) 01 V)...0 " V)

with || < |a| and
Y1 +...+’}/|’5| =a.

Since
105 y(v)] = Ly

and |v| = |V¢| = C~! < x >%, we have
05 (V)| < C) < x>700HAD
Applying (11.0.3), we find
09V¢| < C < x>0
so (11.0.7) is established. Using the trivial property
(11.0.8) acS" = 0%aecS"?,
we obtain (11.0.6) and this implies

ILN(f)(0) < C < x> ON-N*Hal §° 152 ¢(x)),
la|l=N
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Applying the Cauchy inequality, we complete the proof of the Lemma.
As an application we shall consider the oscillatory integral

A(x,¢) =
(11.0.9) f f e @M q(x +z,& +n)b(x, z,&,mdzdn,

where a(x,¢) is a smooth function on R” x R” belonging to the class of symbols
S™k defined as follows.

Definition 11.0.1. A smooth function a(x, &) belongs to S™*, (m, k are real num-
bers) if for any integer N = 0 one can find a constant C = C(N) so that

Iafjaffa(x, O < C< &> Ihlo x Sklal

for|al+|6] < N.

Further, we set
S—OO,—OO — mm,ksm'k-

Moreover,
b(x,z,¢§,n) =1Q-@n/A+I¢N))A—-e@z/(1+]x])

where the cut-off function ¢(x) in (11.0.9) is such that ¢(x) = 1 for |x| < 1/4 and
@(x)=0for|x|=1/2.
We shall establish the following.

Lemma 11.0.2. If a € S™F, then the oscillatory integral A in (11.0.9) belongs to

§—00,—00

Proof. Taking ¢(y, z) = (3, 2), R = 1, we see that the oscillatory integral A has
the form (11.0.1). Taking § = 1, we see that the assumptions (11.0.2) and (11.0.3)
are fulfilled. Thus, for any integer N = 1 we have

|A(x,¢)| <
c ) ffB(x,z,f,n)dzdn,
lal+IBl<N

where

B(x, 2, {f! T]) =
(1 + |Z|)—2N—25+n+2€ x

(11.0.10) x(1+ [ 72N24m428 3208 g + 2,& + ) 2.
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The integration above is over |z| = (1 +|x|)/4 and |n| = (1 +|¢])/4. This observa-
tion implies that for any integer N} = 1 we have the estimate

[AG Ol CA+Ix) ™M@ +1g) ™™,
In a similar way we estimate the derivatives of A and get
10207 ACx, &) = CAL+1x) ™ (1418~

This completes the proof of the lemma.
In a similar way, we can consider the oscillatory integral

Ax,¢) =
(11.0.11) f f e @M q, (x,z,&ndzdn,
IRn n

where

a1 (x,z,¢,m) =alx+z,¢+n) 1 —@n/A+I1ED)e(z/ 1+ ]x).

Now we can use the argument of the proof of Lemma 11.0.1 and use the opera-
tor .
L=(—,V,).
¥

Then integrating by parts as it was done in Lemma 11.0.1, we get
|A(x,O)|=C ). ff(1+Inl)_NIOZ‘(q)(z/(Hle))a(x+z,<f+n))|dzdn.
la|l=N

Here the integration is over |z| < (1 + |x[)/2 so on the integration domain the
weights 1+ |x + z| and 1 + | x| are equivalent. Then the definition 11.0.1 shows
that we have the estimate

10% (p(2/ (1 +|xD)a(x +z,E +m)| < C < x >F1al,
Choosing N = 1 sufficiently large, we get

Lemma 11.0.3. Ifa € S™, then the oscillatory integral A in (11.0.11) belongs to

S0,
Our next step is to consider the case when
(11.0.12) I(R) = f e/ ROQXY £(x)dx,
Rl‘l

where Q is a constant symmetric invertible matrix. Then the assumption (11.0.2)
is not satisfied. For this case stationary phase method gives the following.
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Lemma 11.0.4. For any real number s > n/2 we have the estimate

II(R)| < CR™"2|| f Il 5.

Proof. We have seen in (8.1.7) that the Fourier transform of the distribution

e!R(Qx.Y) jg constant times
R—nlze—i(Q’lf,E)MR

Therefore, applying Plancherel identity, we get

II(R)| < CR‘"’zf]Rn If(©)1dE.

Applying the Cauchy inequality, we complete the proof.
We can obtain asymptotic expansion for I(R). In fact, we have the expansion

o N-1
e QDR =V (iAR QO ki + ry,
k=0

where the remainder ry () satisfies the estimate

N @] < CnIQEHINRTY.

Therefore, we have the asymptotic expansion

N-1
(11.0.13) IR) =) IR +onR),
k=0
where
ci~k

It(R) = (Q'D,, D) f(0)

k! (4R) k+n/2
and the remainder oy (R) satisfies the estimate

N
lon(R)| < WHfHHZNH

with s > n/2.



Chapter 12

Appendix II: Richiami sulla
trasformata di Fourier, distribuzioni
e convoluzioni

12.1 Definizione e prime proprieta

Sia f : [-m; 1] — R una funzione tale che

1 n . .
f(x) — Z _ﬂ( f(y)e—lkydy) elkx.

keZ 2 -
Se f:[—Lm;Ln] — R, allora

Ln

(12.1.1) fo=Y f(y)e—i%yczy) elt*,
T

kez 2L ( -L

Ricordiamo che, per ogni funzione H appartenente a L' (®), si ha:

, 1 (1)
(12.1.2) LIEBO,C;ZZH(Z) —fH(é) dé.

Facendo il limite per L — oo nell'identita (12.1.1) si ha:

(12.1.3) F)= %fdgeiéxfdyf(y)e—iéy.

Definiamo la trasformata di Fourier di una funzione f:
(12.1.4) fO=F1f1©) = f fye*vdy
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e la funzione f Z, f sara detta trasformazione di Fourier.
Innanzitutto osserviamo che la definizione di trasformata di Fourier ha senso
ogni volta che f appartiene a L' (R) e f appartiene, cosi, a L°(R). Nel seguito,
tuttavia, sara piu comodo considerare la trasformazione di Fourier come un’applicazione
dello spazio Z(R) (dove 2(R) denota lo spazio vettoriale delle funzioni di classe

C®™ a supporto compatto), ovvero 2 (R) Z, o (R).

Proposition 12.1.1 (Proprieta elementari della trasformata di Fourier). Sia f
una funzione di classe C*° a supporto compatto, allora,

T =i f©@,  FOE =i f©.
Dimostrazione. Per induzione, anzitutto quando a =1,
e = [ fwedx=ic [ froedx=ief e,
in generale,
FoF fW]©) = f (05! f(x))e ¥ dx
= i f (0% f(x))e ¥ dx

= (if)““ff(x)e_i’fxdx
— ia+l€a+lf(€)-

Per la seconda uguaglianza, per a =1,
@) = f xf(x)e ¥ dx= f f)idze " dx = iog f fe ™ dx=id:f(©),
in generale,

F[x** f(0)]©)

fxa+1f(x)e—i€de
iagfx“f(x)e_ifxdx
iaH—la?-l—lf‘(é‘)’

che conclude la dimostrazione. O
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12.2 Spazio di Schwarz

Definiamo lo spazio di Schwarz come
(1225 S =S[R) = {f €C®R):V(n, k) eNxN, xfo"fe L°°(|R)}.

e chiameremo le funzioni f appartenenti alla classe .#, funzioni rapidamente

decrescenti.
Osserviamo, innanzitutto, che . c Lip(R) per il teorema del valor medio di
Lagrange (k =1,n = 1); inoltre ¥ c LY(R). Infine & < LP(R) per ogni p € [1;00].

Teorema 12.2.1. Se f €., allora f € %, ovvero F : &/ — .&.
Dimostrazione. Per ipotesi, per ogni coppia di interi positivi k e m, vale
|kamf| < Ck,m-
Dalle proprieta della trasformata di Fourier:
|¢"D¥ f| = [DmFF|.

Dico che D™ xk f € #; basta provare, infatti, che |x/ D™ xk f1< C, per ogni terna
di numeri interi positivi j, me k:

1=0 !

|ijmxkf|

& (m)| k!
j k—m—lDl
g ,go(z)(m—l)!x *

n k! (m

2 I

(m— 1D )|xk_m_l+lef|<C
i=o (m=D!

essendo f € % elasomma finita. Ne segue che |Dmxkf| <ooin quanto D" x* f
¢ una funzione rapidamente decrescente e quindi appartenentea L. O

Lemma 12.2.1 (teorema di Riemann-Lebesgue). Per ogni funzione [ apparte-
nente a L' (R) vale
lim f f(x)e **dx=0.

R

{—o00

Dimostrazione. Per densita delle funzioni sempliciin L!(R) possiamo supporre
che f sia semplice. Per linearita possiamo supporre che f sia una indicatrice di
un intervallo limitato. Allora

, b . 1 ‘ ‘
f Iia;p) e_lfxdx = f e_lfxdx =—— [e"‘fb — e_’fa]
R a l(f

che converge verso zero al tendere di ¢ all'infinito dato che e’** ¢ limitata. O
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Lemma 12.2.2. Per ogni numero positivo R, vale

senRx
(12.2.6) 1 :f dx=r.
R X

Dimostrazione. Facendo il cambiamento di variabili Rx =y,

seny
= [ 2 ay
R Y Y

f senydy: lim f senzdz

e—0

Vogliamo provare che

dove I' € definita come segue:
ossiall =TpulyulL, Ul dove I'yy = {Me’g :0 € [0;7[]}, I'n=1[e,M], Ty =
[-M,—€] e T = {ee’™ 9 : 0 € [0;7]}.

eiZ_p—iz

2i

Essendo senz = segue che basta calcolare

iz
e
f—dz.
r <

Si ha:
eiz T eiMcosGe—MsenH ' )
f —dz = f . iMe®de
Iy 2 0 Mel®
7[ .
— f ielMcosGe—MsenOde’
0
dunque,
ei@ 7 Z
f Z_dzl < f e—MsenH do < 2[ e—MsenH do
' R 0 0
n
2 2 Sl T
< 2[ enM"’deszf exM0ge = —
0 0 M

che converge verso zero al tendere di M all’infinito. Inoltre, essendo 0 un polo
semplice,

iz
e
. 2 T,

dove h(z) ¢ olomorfa e quindi, al tendere di € a zero, I'integrale converge verso
in. Ne segue che

l + h(z)
z

1
dz= —dz+ | h(z) dz:in+f h(z)dz
FE z FE FE

iz —iz iz

sen . senz 1 . e“—e 1 . e
f y_ hmf dz=—lim | ——dz=-1im | —dz=mn.
R Y M-co Jr Z 21 M—o Jr z [ M~ JT Z

e—0 e—0 e—0
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Teorema 12.2.2. Per ogni funzione f appartenente a.¥ si ha:

(12.2.7) fuj:é%jyk?ﬁ{[dnyOéJQ-

Dimostrazione. Dobbiamo provare che

1 (R ) .
fx) = lim — dfe“xjmdyftwe‘ﬁf
R—o0 27T J_R R

Sia R
1 , .
1R = [ dge [ dysme
27w J-R R

per il teorema di Fubini abbiamo,

1 R ,
— i&(x-y)
I(R) thdyf@X[Rdfe .

Siccome: R
- elZR _ p=iZR  9sonRz

1
oz

E=—R

)

i z

fR ot ge = itz

R iz

ne segue che
ﬂwdy

xX=y

I(R) = lfsen}?(x—y)
T

Inoltre, per il lemma 12.2.2, si ha:
1 f(x)
=— R(x—y)——dy.
f(x) ﬂj?en(x wx_y Y

Pertanto:

f(X)—I(R):lfsenR(x_y)M y:l{f _l_f }
n xX=y T \Jy-xl<6 Jly-x|=6

Per il primo integrale:
1

- f senR(x-y)
T Jix-yl<b

dove L e la costante di Lipschitz di f. Per il secondo integrale: dal teorema di
Riemann-Lebesgue (lemma 12.2.1) segue che:

).f(x)—:f(y)
x-y

< y<-—-Lo

1 ly — x| 13

ﬂ”‘ﬂ”dﬂ 1f f»-rel 1
xX=y lx—yl<d

lim senR(x—-y

dy=0.
R—oc0J|x-y|26 Y

Ne segue che
}gim I(R) = f(x).
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La dimostrazione precedente pone un altro problema. La quantita

1 R .
IR (x) = — f dy f(y) f dé s x=Y)
21 Jr -R

si puo presentare come

inR
(12.2.8) IR(f)(x) = Dg * f(x), Dr(y) = Slzyy .

Problema 12.2.1. Ir(f) tendea f in LP (R) per ogni f € L?(R), se e sole se esiste
una costante C,, tale che

(12.2.9) RN rw) < Cpll fllrw)-
Problema 12.2.2. Verificare (12.2.9) per 1 < p < oo e generalizzare (12.2.10) per
R n=2.

Soggerimento. Usare la disequazione di Young con spazi L'
Possiamo studiare la convergenza di Cesaro ( che era il teorema di Fejer per
le serie di Fourier). Introducendo I'operatore

1 R
(12.2.10) Jr(f)(x) = Efo Ii(f(x)dt,
abbiamo
2sin(Ry/2)
TRy?

1 R
Jr(f)(x) = Fg * f(x), FR(J’):EL L(H(ydt=

Vale la seguente proprieta’

Problema 12.2.3.
||FR||L1([R) =1.

Sommabilita’ in senso di Abel - Poisson significa introdurre un fattore exp(—¢|¢|)
dove ¢ > 0. Poniamo

(12.2.11) wp(t, x) = fReix’fe‘”’f'f(é)dé.
Problema 12.2.4. (nucleo di Poisson)
ur(t,x) = Py x f(x),
dove ;
Pi(x) = cm.
Vedere se
tgr& ur(t,x)=f

in LP(R).
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Problema 12.2.5. Generalizzare il Problema 12.2.4 perR", n = 2..

Sommabilita’ in senso di Gauss - Weierstrass significa introdurre un fattore
exp(—t|¢]?) dove ¢ > 0. Poniamo

(12.2.12) we(t,x) = f e e Fe)de.
R

Problema 12.2.6. (nucleo di Gauss - Weierstrass)

wr(t,x) =Wy = f(x),

dove
o161 /4t
Wi(x)=c
Vedere se
li t,x)=
Jig, w0y (60 = f
in LP(R).

Problema 12.2.7. Generalizzare il Problema 12.2.6 per R, n = 2..

Proposition 12.2.1. Siano f ey appartenentia #. Allora

(12.2.13) ff(x+z)¢(z)dz:ff(f)w(f)eix’fdf (VxeR).

Dimostrazione. Siccome f e ¥ appartengono a . (R), in particolare esse ap-
partengono allo spazio di Lebesgue L' (R). Lapplicazione

RxR3 (x,&) — f(yE)e™eC

appartiene a L'(R). Per il teorema di Fubini,

f FOw© e de f FOWE I dya
f dy () f dEy() e 108

fdyf(y)tﬂ(y— x).

Facendo il cambiamento di variabile z = y — x si hala formula (12.2.13). O
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Teorema 12.2.3 (di Plancharel). Per ogni coppia di funzioni f ey appartenenti
allo spazio di Schwarz ¥, vale la formula

(12.2.14) f fEOp©ds= f P (x) dx

In particolare, se f e g appartengono allo spazio di Schwarz ¥,

- 1 n | —
(12.2.15) ff(x)g(x) dx = gff(f)g(é) dé

ossia la trasformazione di Fourier & : & — & e un’isometria (a meno di un
fattore moltiplicativo costante 2r) di . in sé come sottospazio di L*(R).

Dimostrazione. Consideriamo la formula (12.2.13): al limite per x — 0,
N qg.o. N
fx+ 2P (z) — f(A)P(2)
e inoltre la convergenza ¢ dominata:
|f(x+29@)| = flloo|P(2)| € L' R)
e analogamente fEOWE)e™ a2, f(©w(¢) in maniera dominata:

|FOuE©e™] < lyleo| f@&)| e L'®

e quindi la formula (12.2.14) segue dalla formula (12.2.13) passando al limite
per x — 0.

Per la seconda equazione si consideri la formula (12.2.14): si prenda ¥ () =
%@ Per la formula di inversione, si ha:

) 1 (—— _ix 1 (. . S
P(x) = —fg(cf)e fdé = —fg(cf)e”“f d¢ =g(x)
21 21

e, sostituita nella (12.2.14) si ottiene proprio la formula (12.2.15). O

12.3 Regolarizzazione mediante convoluzione

Consideriamo la funzione ¢ : R — R cosi definita

() = e‘a‘lc se x>0,
o 0 se x <0.

Tale funzione e di classe C*°(R).
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A partire da ¢, costruiamo la seguente funzione ¥ :R — R

Wo(x) = @o(x)-@o(l—x).

Essa ha supporto compatto [0; 1] ed e di classe C*°(R).
Posto

c= f Wo(x)dx.
R

consideriamo, infine, la funzione ¥ : R — R ottenuta da y( nel seguente modo

(x) = 1 ( 1 ot 1)
VRO =t )
Essa gode delle proprieta seguenti:

) peCTM);

i) y(x) >0perogni xeR : [x|<lew(x)=0perognixeR : [x|=1;
pertanto, ¥ & una funzione non negativa, a supporto compatto e risulta

suppy =[-1;1]
iii) 1
(12.3.16) fw(x) dx:f w(x)dx =1.
R -1

Servendoci della funzione v, possiamo costruire la seguente successione di
funzioni {y,}

(12.3.17) Ynp(x) =nynx) VneN e VxelR
Ogni funzione ¥, & non negativa, di classe C*°(R), ha supporto compatto
suppy, = [—%; %] ed, inoltre,
L 1
(12.3.18) fwn(x) dx:f1 ny(nx) dx:f v(&)dé=1.
R - -1
Poiché
suppvy, = [—%,%] c(-mm) V neN,

¥, é identicamente nulla fuori dell’intervallo (-, 7). Se consideriamo la re-
strizione di ciascuna v, a tale intervallo e la prolunghiamo, per periodicita a
tutto R, otteniamo delle funzioni ancora di classe C*°(R) e 2r-periodiche.
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Sia, ora, f € L%(0;2m) e consideriamo la successione di funzioni { fn}, cosi
definita

(12.3.19) fa=f*w, V¥ neN.

Le funzioni f, risultano 27-periodiche e di classe C*(R); vale, inoltre, la seguente
proposizione.

Proposition 12.3.1. Per ogni f € L%(0;27), la successione di funzioni {f,} con-
verge ad f in norma L%(0,2m), cioe

(12.3.20) nl—l»rPoo ”fn_f”z = nl_l_rPoo”f*WH_f”_z =0.

DIMOSTRAZIONE. Tenendo conto della (12.3.16) e della (12.3.18), per ogni f €
L?(0;2m)

0=f=fl = 1 swa=flo=| [ fe=wno ds- s
- )
1 1
= ”[1f(t—s)w(ns)nds—f(t)flw(a)da V neN
u - 2
Posto ns =0, si ha
1 o 1
0<lfu—fll, = Hf f(t——)w(a)da—f f(Oy(o) do
-1 n -1 2
1 o
= Hf_l [f(t—;)—f(t)]w(a)da ,
1 o
< f_l Hf(t—z)—f(t)Hzlw(U)lda V neN

dove nell’'ultimo disuguaglianza abbiamo tenuto conto della disuguaglianza di
Minkowski generalizzata.
Poiche per ipotesi f € L?(0;27), il teorema di Lebesgue ci assicura che

i [ 1(e-2) -], =0

n—+oo

Osservato che

f_ll Hf(t—%)—f(t)HZIW(G)Idas4||f||zgg[1_aﬁ] lw(0)] vV neN
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per il teorema della convergenza dominata di Lebesgue risulta

nljrpoof_ll |£(e-2)-rw] werdo=o

Dal teorema del confronto segue, infine, la (12.3.20). O

Dalla proposizione precedente si ricava, come corollario, il seguente teo-
rema.

Teorema 12.3.1. Lo spazio delle funzioni2n-periodiche e di classe C*°(R) e denso
in L*(0,2).

Osservazione 12.3.1. Piu in generale, risulta che C°(Q) e denso in L” (Q), per
ogni p € [1,+00) e per ogni aperto Q2 € R.
12.4 Approsimazione dell’'unita

Se ¢(x) é una funzione in R” integrabile e tale che

f o(x)dx =1,
[R}’Z
allora consideriamo la funzione
¢(x) =t""P(tx), t>0.
Problema 12.4.1. Perognip,1 < p < oo,

e f—fllr =0,

quando t > 0 tende a 0.

12.4.1 Approximation of Josida
Approximation of Josida is defied for any f € L” (R") as follows
(12.4.21) fe=U—-eNf.

We shall prove later on the following

Lemma 12.4.1. For any p € [1,00] we have

(12.4.22) I fellrwry SN IlLe ey

(12.4.23) lim || f¢ = fllzr@ny = 0.
e\\0
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The proof of (12.4.22) is based on the representation formula

(I—eN) 7 f(x) :fRan(x—y)f(y)dy

with
| Ke ()l S 1.

12.5 Esempi di calcolo per trasformata di Fourier

Integrale di Fresnel si puo scrivere come
o0
(12.5.24) f sint*dt
0
Problema 12.5.1. Verificare le indentitd
OO 2 OO 2 7
f sin ¢ dt:f costdt= \/j
0 0 8
Esempio 12.5.1. Calcoliamo la trasformata di Fourier di

fx) =

(x—10)?

o0 —i{x
f e— dx.
oo (x—1)2

Introduciamo la funzione complessa

Dobbiamo calcolare

Quando & > 0, allora

00 e—i{x e—iéz
f ——dx= lim —dz
oo (X—1)? M—oo Jr,, (z2—i)?

doveT y e definita come in figura:
ossia Tpy = [-M; Ml Uyy e vy = {Me' : 0 € [m;2n1}. Con procedimento
analogo al lemma 12.2.2 si ha:

M—o0

limf g(z)dz=0.
M
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Dunque

f(f)—foo = lim e o &>0)
T =2 T Mmeodry, a— 02 T

per il teorema di Cauchy.

Quanda ¢ <0, analogamente, consideriamo 1";\/1 = [-M;M]uU 7;\/1 con 7;\/1 =
{Me’g :0 € [0;7]}.
Allora
00 e—i{x e—iéz e—iéz
f ,de: lim _Zdz:ZniRes,- .
—oo (X—1) M—co Jr (z—1) (z—1)

Basta calcolare il residuo di g ini:

e—ifz B ef e—if(z—i) g (—lé)”(z _ l')n—Z
(z—i)2  (z-0?2 & n! ’
per cui:
e—ifz
Res =—e%i
H(x—i)? ¢
Ne segue che
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12.6 Fractional powers of operators and some inte-
gral representation

We start with the identity

Lemma 12.6.1.

oo ps=1dy T
(12.6.25) ==
0 1+1¢ sinms

foranyse (0,1).

Proof. Using the integral representation of the Gamma function
+o00
T(z) = f t* e ldr,
0
we get the representation
1 (e¢]
(12.6.26) A~ = —f ' te™dt,¥se (0,1), A>0.
I'(s) Jo

Using the relation

T(T(1=s)= —— s€(0,1),
sin(;s)

o sldy (oo 0
f :f ts‘lf e M drdt =
o 1+t 0 0

fo - fo oo(ts_le_“)dte_ldxl - fo ~ fo ~ (‘fs—le—'f) did e rdA =

=I'(Ir1-s)=

we find

sin(rms)

Make change of variables ¢ = 72 and get

o0 l-S—ldt OOTZS—ldT
IE[ :2f .
0 1+1¢ 0 14712
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12.7 Spazio delle Distribuzioni Temperate
Consideriamo lo spazio di Schwarz .. Si ha:

ges = Igllk,j =sup|x*D/g(0)] < e, j < 0o.
xeR

Vogliamo trovare una topologia su .. Si consideri la famiglia di seminorme
@ ={|l-In:NeN}

definite come

lgiy=Y sup|x*D/g(x)].
k+j<N X€R

La famiglia % induce su . una topologia dove un sistema fomdamentale di
intorni di zero ¢, per ogni intero positivo N:

1
(12.7.27) VN:{gey:”g”N<N}-

Inoltre questa topologia € metrizzabile e la metrica e

© f-gln .
12.7.28 a(f;g) = 2.
( ) (/:8) NZ=01+||f—guN

In questo modo resta definita la convergenza in . come:

(12.7.29) gn Z, 0 — r}im da(gn;0)=0
—00
equivalentemente,
(12.7.30) g0 = (YNeN) lim g,y =0.
—00

Con la convergenza appena definita, lo spazio ¥ e completo. Infatti, se (g,)
e una successione di Cauchy in .#, allora essa e di Cauchy in C*°(R) e quindi
esiste una funzione g € C*°(R) tale che, per ogni intero positivo k,

(k) unif. (k)
n — 8

Basta dimostrare che g € una funzione rapidamente decrescente:

I8Nk <18—8nllkj+18nlk,;-

Siccome [ g, — gmllx,j <€, ne segue che, per ogni x € R,

DI (gn(x) - gm(x) <€
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e, passando al limite per 7 — oo, D/ g,, = D/ g, ossia:
DI (gu(x)-g))<e  (VxeR)
che significa: ||g — gk, js€ ossia

Iglk,;j<Ig—&nllk;+8nllk; <€+ Ckj<oo

che prova che g€ .¥.

Lo spazio duale (dei funzionali lineari e continui) di .# si denota con &#' =
#'(R) e si chiama spazio delle distribuzioni temperate. Data una distribuzione
temperata v € %', scriveremo talvolta Av, ¢) in luogo di v(¢).

Se v € & € una funzione rapidamente decrescente, per ogni funzione test
pes,

v(p) = f v(x)p(x)dx
¢ un funzionale lineare, quindi & c ..

La topologia di ' & indotta dalla topologia di .#. In particolare, se (v,) &
una successione di distribuzioni temperate,

!

(12.7.31) 10 = (YpeF)  lim v,p) =0.

Esempio 12.7.1. Costantie polinomiappartengono allo spazio delle distribuzioni
temperate.

Esempio 12.7.2. Il funzionale lineare e continuo
Oo0:F 3¢90 —0p(p)=p0)eR

e una distribuzione temperata e si chiama delta di Dirac.

1

Esempio 12.7.3. Perognie > 0 consideriamo la funzione

testp e &, si ha:

1 c© 1
— = —-p(x dx:f +[
<x+l€ (p> ];oo X+ 1€ o) |x|=z€ |x|<e
N~ =
I I

. Per ogni funzione

Dapprima consideriamo l'integrale I,; esso si suddivide ancora come:

[orrerowan= [+ [
cp(x)dx= [ +
lezex"'ie(p € —00




e il secondo di questi integrali si puo scrivere come:

f_e L omd foo L oxnd
. X X = . —X X
—co X+ 1€ 4 e —X+ie 4

e quindi

1 o0
—-(x)dx f
\/|‘x|2€ X+ 1€ ()0 €

foo ! [p(x)—p(=x)]dx+
€ x+i€(p @

oo 1 1
+f p(—x)

— + -
X+ie —x+ie
Essendo ¢(x) — ¢(—x) = O(x), il primo integrale converge, per € — 0, verso

dx

_l_ —
X+ ie(p(x) —-X+ ie(p( %)

dx.

1
f —lp(x0) —p(-x)ldx;
0o X
il secondo integrale,

oo 2ie . [ @(=€y)
- —X)——=dx=-2
fe ¢l x)x2+62 o ! 1 1+y2

converge, al tendere di € a zero, verso
2im 0) = in 50(®)
g P = 75009

Quanto all'integrale I,

f ! (x)dx—()edx—()flﬂ
Ix|<e X + i€ 14 RO I o ay+i

dove |n| < €. Moltiplicando e dividendo per y — i, si ha:

1 4 1 i 1 1 ;
f 4y :f y2 ldy:f Y dy—if dy:—ﬂ.
Y+l Jay+1 1 y2+1 1 yP+1 2

Quindi,

1 in
fl —-px)dx = _7('0(17) conln| <e.

x|<e X+1€
Pertanto, al tendere di € a zero,
o0

1 1
lim - -(p(x)dx:fo ;[(p(x)—q)(—x)]dx—inéo((p).

e—0J_o X + i€

183
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Definiamo, allora valore principale di % la distribuzione temperata Pv (%) €
' tale che:

1 *1
(12.7.32) <PV(—);(/)> :f —[px) —@p(—=x)]dx.
X 0o X

In tal modo, definita
1 . 1
— =lim —,
xX+i0 e-0x+ic

si ha che ~; +1l.0 e una distribuzione temperata, che coincide con
1 1 .
- :PV(—)—méo.
x+10 X

In modo del tutto analogo possiamo trovare la distribuzione temperata

1 1

1
(12.7.33) — = — =lim - :PV(— +imdy.
x—10 x+i0 e-0x-—i€ X
Le formule
1 1 .
(12.7.34) — = Pv(—) Findy
x+i0 X

sono le formule di Sokhotski — Plemelj.

Esempio 12.7.4. La funzione

1 sex=0
0(x) =
0 sex<0

e una distribuzione temperata che prende il nome di distribuzione di Heaviside.
Essa agisce su ogni ¢ € & come:

0(p) = [ 01010 dx = fo () dx.

Esempio 12.7.5. Per ogniintervallo [a; b] € R, l'indicatrice 1|4, e una distribuzione
temperata e

b
Iig;b) (@) = f @) g () dx = f @ (x)dx.
a
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12.8 Trasformata di Fourier di Distribuzioni Temper-
ate

Data una distribuzione temperata v € %, si definisce la trasformazione di
Fourier ¥ : '3 v — v € .%',di v come:

(12.8.35) (D;0)=(v;9) (VopeF).

Tale definizione e ben posta, dato che la trasformazione di Fourier & : ¥ — &
e un automorfismo di ..

Esempio 12.8.1. Supponiamo che v sia una funzione rapidamente decrescente.
Allora

(v;(i)):fv(x)(,b(x) dx
fdx v(x)fdy(p(y)e_ixy
fdy(p(y)fdx v(x)e Y

= fl?(x)q)(x) dx

che significa che la trasformata di Fourier distribuzionale coincide con la trasfor-
mata di Fourier (in senso classico) per le funzioni rapidamente decrescenti.

(0;)

Esempio 12.8.2. Comunque presa una funzione test p € %,
So() = 8o(@) = P(0) = f(p(x) dx = A1;)

che significa:

A

0p=1

Poiché, per le funzioni rapidamente decrescenti, vale la formula di inver-

sione:
* _ 1 N
Y = o 2
dove ¢*(x) = ¢(—x); comunque data una distribuzione temperata v € %',

(D50 = (0;9) = (v; @) = (v;27p* ) = 27 (V*; )

ossia

1 .
(12.8.36) v'=—71
21

dove (v*;¢) = (v;¢*). Cio significa che la trasformazione di Fourier & un au-
tomorfismo di .#'.



186

12.8.1 Fourier transform of Heaviside function

LetO(x) =1for x=0and 6 (x) =0 for x <0.
We have the relations

(ee]

6(&) = lim e INCTEX g
eN0Jo
Using the relations
0o . 1
—ix§-ex _ _;
fo e zg_ P
and therefore
~ 1
12.8.37 0 =lim=-i .
( ) ©) 51{% zg_ 0
Using (12.7.34) we find
(12.8.38) 6 =—i ! 5&)—iP (1)
. . = — = 7[ —_— 1 V f— .
¢—i0 ¢

We can use the relation
- =f(=8),
where
f-(x) = f(=x).
Indeed,
f f=x)e ®dx= f f(x)e*dx.
R R

In this way we get

_ N U |
(12.8.39) 6_(6):—1_6_10—716( §)+1PV(€).

12.8.2 Fourier transform of sgn - function
Now we can find the Fourier transform of the function

ifx=1;

1,

Obviously, we have the relation

sgn(x) =0(x)-0(-x)
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and hence from (12.8.38) and (12.8.39) we find

(12.8.40) SgA(é) = —ZiPV(%) .

If we define the translated function
sgni(x) =sgn(x—k)
then we can use
fRf(x —ke dx= fRf(x — ke Tk gy = e F(¢)
and find

(12.8.41) sgnk(é) = —2ie K Pv(%) .

12.8.3 Fourier transform of Pv(1/x)

Using the formula for the inverse Fourier transform

1 .
_ ixé
fo =5 fR F@e*ae

and (12.8.41), we find

(Pv(l) ’ e—ixé) = misgn(—¢) = —(wi)sgn(¢).

X

Hence we can write (in sense of distributions)

(12.8.42) (Pv(1/7)(&) = —misgn(&).

12.9 Prodotto diunadistribuzione per unafunzione

Sia f una funzione di classe C* a supporto compatto e sia v una distribuzione
temperata. Definiamo la distribuzione temperata f v come segue:

(12.9.43) {(fv;o)=(v; fo) (Vo es).

In particolare, quando v sia una funzione,

<fv:<P>=<v:f<P>=fV(x)f(x)<p(x) dx

e quindi fv coincide con il prodotto tra due funzioni in senso classico.
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12.10 Derivata distribuzionale

Data una distribuzione temperata v € .%’, la derivata (distribuzionale) di v &
definita come:

v, ) =—(v, 0y  (VpeF).

In generale, per ogni intero positivo n,
(12.10.44) @"v, 0y = (-1)"(v,0"p)  (VpeF).

Esempio 12.10.1. Se v e una funzione (p.es. polinomio o funzione rapidamente
decrescente),

v, ) =—(v,¢") :—fv(x)q)’(x) dx:fv'(x)(p(x) dx

che significa che, per le funzioni, la derivata distribuzionale coincide con la derivata
in senso classico.

Esempio 12.10.2. Sia H la distribuzione di Heaviside,

(H',p) =—(H,¢" =f0 @' (x)dx = @(0)=60(p),

pertanto:

H =6,

Esempio 12.10.3. Per ogni intero positivo k,
(%80, = (=1)*80(0"p) = (-D*0* 9 (0).
Esempio 12.10.4. Per ogni intervallo [a; b],
(O114;p), ) = 64(e) —Op ().

La derivata distribuzionale soddisfa delle proprieta analoghe a quelle della
derivata classica: anzitutto & ovvio che

ves = §ves]

Vale la formula di Leibniz:

(12.10.45) [0(fv)=(0f)v+ fov.]
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In effetti, per ogni funzione test ¢ € ¥,

O(fv), p) —(fv,0") ==Av, fo')
= —Av,0(fp)—(0f)p)
= —Ap,0(fe)) +Av, Of)p)
= A0y, f) + A0f)v, @)
= Afov, @)+ A0 )v,py=Afov+@f)v,¢).

Infine,

(12.10.46) ved, ov=0 = vV = ¢ € una costante.

Infatti, sia ¢ € . una funzione test. Supponiamo che f p(x)dx = 0. Allora,
detta

X
Y (x) =f p(ndt,
e evidente che ¢ € & e ' = ¢. Pertanto,
Av,@) = Av,y'y = -Av ) =0.

Se, invece, f @(x)dx =k #0,siay € .¥ unafunzione positiva e tale che f Yo(x)dx =
1. Allora, detta
@1(x) = p(x) — kyo(x),

si puo applicare quanto provato primaa ¢, ossia,
0=Av,1) = Av,) — kAv, o),

detta ¢ = Av,¥y), si ha:
Av, @) :fap(x) dx

che significa che v coincide con una costante c.

La trasformata di Fourier in senso delle distribuzioni € una vera estensione
della trasformata di Fourier in senso classico, valgono, ciog, le proprieta:

(12.10.47) 0"y =i"END.

Infatti, fissata una funzione test ¢ € .%#,

10"V, @) 20" v, P)

= (-1)"Av,0"p)

= (-1)"Av, ()" &)
= i"A7,&"p)

= Ai"E"D, ).
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Analogamente:
(12.10.48) X"V = i"9"D.
Infatti, fissata una funzione test ¢ € .,

AX"D, @) = Ax"v,p)
= Av,x"P)
= Av,(-)"0"p)
= (-)"A1,0" )
= i"A0"D,¢) = Ai"3"D, ).

Esempio 12.10.5. Calcoliamo la trasformata di Fourier della distribuzione di
Heaviside H. Fissata una funzione test p € &,

[ owac

M .
lim dcffdxgo(x)e_’x‘t
M—o0 Jo

M .
= lim fdx(p(x)f dée ™™,
M—oo 0

(H,¢) = (H,p)

Consideriamo

M .
fdxq)(x)f dée'*
0
—-iMx _ 1
f(p(x)(e 1)—ixdx
fl( —-iMx _ (x)d _[ f

Il secondo integrale si trasforma come segue:

]vO i(e_iMx_l)@dx:f:i(eiMy_l)@dyz—foooi(eiMy_l)%y)d

<
|

e quindi
Iy = { ~iMz_ (p(x) (eiMx_l)M}dx
x
— l * M —iMx_(p(_x) iMx}
= zf x((p( x) — (p(x))dx+zf0 { e — dx.
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Osserviamo che

foo{q)(x) p-iMx _ 0 eiMx}dx:
0 x x

0 X 0 X

In primo integrale converge verso zero, al tendere di M all’infinito, per il teorema
di Riemann-Lebesgue (lemma 12.2.1). Quanto al secondo integrale:

fooo —('D(X) +x(p(—x) sendex:foOo [w(]\—);[) +<,0(—A—y4)] Se;yd

al tendere di M all’infinito converge verso
* sen
2(,0(0)[ Ty dy =ng(0).
0

Pertanto,
1

(H,¢) = A}iinooIM = —iPV(;) () + 7o (),

cioe,

~ 1
H= —iPV(—) +71dy.
X

Usually the Fourier transform of f € §'8R) will be denoted by
FH©O =F©.
Problema 12.10.1. Show that
5(pv(5)) @ = imsgnco
Problema 12.10.2. Show that
g(xi) @) = ieM2r (A + 1) (& +i0)

A#-1,-2,.--. Here x, = max(x,0).

One can compute the Fourier transform of

,CER
<f+i.€gt

using Cauchy’s residue theorem and compute
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Lemma 12.10.1. Lete>0. Ifx >0, then

1 e—l‘xgt
(12.10.49) — —dé = —e ¢,
2ni Jré+ie
Ifx <0, then
1 e—ixf
(12.10.50) dé=0.

% rRE+ i€
We have also the identity (in distributional sense)
1 e ix¢

12.10.51 —
( ) 2ni Jré+ie

dé=—-e “*H(x),

where H(x) is the Heviside distribution.
Taking one derivative (in distributional sense), we get
Lemma 12.10.2.

1 e—l‘xgt é‘
(12.10.52) lim — -
eN02m Jr E+ie

dé=46(x),

where 6 (x) is the Delta distribution.
Another application of the residue theorem is the following.

Lemma 12.10.3. Lete > 0 and A, B are real numbers with A # B. If x > 0, then
there exists ¢ # 0 so that

1 e % sin(x(A—-B))
(12.10.53) f : —d&=c——— .
2ni Jr E+A+ie)(E+B+ie) A-B
Ifx <0, then
1 e~ ix¢
12.10.54 =0.
(12.10.54) 2nifqu(f+A+i€)(f+B+ie)d€ 0

12.11 Free resolvent kernel via Fourier transform

Lemma 12.11.1. IfA > 0, then the Fourier transform

ix¢ dé

% _ -1
Fo (N (x) =2nm) fRe )
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FO = ——

A+&2
is

o [ dS 1 v
(12.11.55) @2m) 1[ et ——— = VA,
R A 2V

feixf df
R r.fz+ﬂ

ixz ixz
e e

TAZ2 i)V

Proof. We have to compute

Introduce the complex function

If x > 0, then we have

f eix‘z—df = lim Y P dz
R 241 MocoJ_py  Z24A
and we can introduce the closed contour
'y =[-M;MJUym
with
yu ={Me™ :0 € [0;m]}.
ForOe (e,m—¢)
eixMeiG

A+ M?2e2i0

. e—stine
ImMe'? = Msing, = lim < lim ———=0.
M—o0 M—oco M?—-Q

Applying the Lebesgue convergence theorem we get

lim g(2)dz=0.

M—o0 YM

Hence
e—x\/i

ZF () (x) = limf (z)dz = iRes; (z) = )
o (f i, [ 8(edz=iRes, 78(2) =~
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Corollary 12.11.1. (Resolvent (A— A)~! in dimension one) For 1 > 0, f(x) e SMR)
we have the representation

1
(12.11.56) A-A)"1 (x):—fe‘”'ﬂ' (y)dy.
f i fydy

The next case is to compute the resolvent
A+ie+A) " A1>0,

in the case of dimension one. Therefore we aim at finding the Fourier transform

9ﬁﬂm:@m*LﬂWKM€

with .
f(f) = m
Lemma 12.11.2. IfA >0, then we have
- i d¢ 1 Ve
(12.11.57) @m)~! f i p— - . felx|
8 A+ie-&  2V"h-ie

where here and below

\/T—ig — e(Log(—/l—ie))IZ
and Log(—A —i€) is the principle branch of the logarithm.

feixcf df
R /1+i£'—52

Introduce the complex function

Proof. We have to compute

ixz _eixz
(2) = ; = .
8 A+ie=z*  (z+iv-A—ie)(z—ivV-A—ie)

If x > 0, then we have

feixf df — lim Meixz .dZ )
R A+ie—& M—ooJ_y  A+ie—2z2

and we can introduce the closed contour

Fv=[-M;M]Uyym
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with ‘
YMm= {Me’e :0 € [0;7]}.
ForOe (e,m—¢)
eixMeiG

A +ie— M2e210

e—stms

lim ——=0.

ImMeiH:Msine, — lim i
M—o0 MZ—/l

M—o0

<

Applying the Lebesgue convergence theorem we get

lim g(2)dz=0.
M—oo M

Hence

e—x\/—ﬂt—is
Z; () = nmf () dz=iRes ——g(g) = -
0 f M—o0 ng iv-21 1£g Zm

In a similar way we can deduce the following

Lemma 12.11.3. IfA >0, then we have

— i d(f 1 —\/T
(12.11.58) @m)! f P — __ oV Al
R A-ie—¢? 2V -A+ie

where here and below

/A —ie = eLog(-A-ie))/2

and Log(—A —i€) is the principle branch of the logarithm.

f eixf df
R A —ie— &2

Introduce the complex function

Proof. We have to compute

ixz ixz
e —e

A-ie—22  (z+iv—A+ie)(z—ivV—A+ie)

g(z) =

If x > 0, then we have

f @ix‘z—df = lim Meixz—dz
R A+ie—& M—ooJ_y  A+ie—z2
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and we can introduce the closed contour
yp=[-M;MJUym

with
YMm = {Mei‘9 :0 € [0;7]}.

For@ e (e,m—¢)

. eixMeig e—stinE
ImMe'® = Msin0, = lim - —|< lim ———=0.
M—oo| A +ie—M?e0 |~ M—co M?—-A
Applying the Lebesgue convergence theorem we get
lim g(z)dz=0.
M—oo Y
Hence
e~V —A+ie
Zy (f)(x)= lim (z)dz=iRes. +—8(2) = ————.
0D 8 WS e

O

Corollary 12.11.2. (Limiting absorption principle for the free Laplace operator)
IfA >0, then for any f € S(R) the limit

A+i0+A) f(x) = li{%()t+is+ A7 f(x)

is a well defined limit in L> and we have the representation formula

(12.11.59) A+i0+A)71f(x) =

i d¢
T 1 ixé o =
=lim(27) fR e FNOT

1 f ivAlx-yl
=—— e () dy,
2iVAJR fwdy

where

Fo(f)(E) = fR e ™ f(x)dx

is the Fourier transform of f.
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Corollary 12.11.3. (Limiting absorption principle for the free Laplace operator)
IfA >0, then for any f € S(R) the limit

A—i0+A) " f(x) = 1133(1—1;: +A)7 f(x)

is a well defined limit in L and we have the representation formula

(12.11.60) A—i0+A)1f(x) =

: af ds
_ 1 ix¢ —
= ‘191{%(271) f[Re gO(f)(é)]L—ig—ng

1 f —ivVAlx-yl
=———F— e (»dy,
2ivVA Jr Jwdy

where

Fo(f)(©&) = fR e f(x)dx

is the Fourier transform of f.
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12.12 Teoriadella Trasformata di Fourier in piu vari-
abili

In modo deltutto analogo al caso di una variabile possiamo definire lo spazio
di Schwarz n-dimensionale, come:

F =S R") = {f €C®R"): (Va,feN") x%Lfme LW(R")}.
Sidimostra in maniera analoga al caso unidimensionale (n = 1) che I'applicazione:
(12.12.61) F F3f— &) :f fxe “*dxe .,

Rn

€ un automorfismo di ., che prende il nome di trasformazione di Fourier;
allo stesso modo che nel caso unidimensionale si dimostra, inoltre che % &
un’isometria (a meno di un fattore costante (27)") di.%#, in sé (teorema di Plan-
charel, vedi (12.2.15)). La formula di inversione di % é:

1 =
=@’
con la notazione ovvia f*(x) = f(—x). Non e difficile provare che, per la trasfor-

mata di Fourier multidimensionale, valgono le stesse proprieta formali dimostrate
precedentemente:

(12.12.63) 0Tf =i"EF&), e xUfm)=i"0ff&).

(12.12.62) f*

Su ¥, e possibile introdurre una topologia in modo deltutto analogo a .
(= S ). Tale topologia € quella generata dalla famiglia di seminorme:

¥ ={l-In:NeN},

dove
Ifin= Y supl|x 0% fm).
k+|al<NxeR”
In tal modo ha senso considerare lo spazio duale di .#,, che prende il nome
di spazio delle distribuzioni temperate e si denota con .’ (R") = ..
Lo spazio delle distribuzioniin R” hale stesse proprietadi.%/, in particolare
esiste un operatore di derivazione

0%: S 20— 0% €,
definito come:
A0%v, @) = (-1)Y"Av,0%p) (Vo e )

che estende I'operatore di derivata in senso classico e verifica le proprieta “nat-
urali” di derivata:
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(1) per ogni distribuzione temperata v € #,, 0%v € .%;

(2) perognifunzione f diclasse C* a supporto compatto e ogni distribuzione
temperata v € .%,, vale la formula di Leibniz:

(12.12.64) o(f -v)=0f)v+ fov;
dove f - v & la distribuzione che agisce al modo ovvio:

Af-v,0)=Av, foy  (VopeF);

(3) se ve.#, & unadistribuzione temperata tale che dv = 0, allora esiste una
costante c € R tale che v = c.

Infine, la trasformata di Fourier di una distribuzione ve ), ¥ : )3 v —
v € ¥, & definita al modo ovvio:

(12.12.65) A0,y =Av,9)  (Ype )

ed & un automorfismo di .#,. Essa verifica, inoltre, le stesse proprieta formali
della trasformata di Fourier in .%),:

0%y =i e  x@p=il%9%p.

12.13 Applicazione: simmetria e la trasformata di
Fourier
Siay e R". Definiamo 'applicazione:
Ty: I3 f—1yf €S

tale che
TyfX) = fx-y) (VvxeR").

In particolare, se v € %, e ¢ € ),
(Tyv, ) = fryv(x)(p(x) ax = f vX-y)pX) dx= f v(z)pz+y) dz= (v, T_yp).
Pertanto ha senso definire I'applicazione
Ty: Fp 3V — TyV €S,

definita da
(TyV, @) = (U, T_y) (Vo € ).
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Sia, adesso, A € GL,,(R). Definiamo

A I3 f—paf €S

definita da
0af®) = f(Ax)  (VxeR").

In particolare, se v € %), e 9 € ¥,

1
<9Av,<p>:fv(Ax)<p(x) dx:fv(y)w(A‘ly)IdetA‘lldy:M(U,QA1<p>.

Pertanto ha senso definire I'applicazione
OA:F 2V — paVES,

definita da

(0aV, @) = (voa19)  (Vpe).

|det A|

Infine, per ogni A > 0, definiamo
Or:Fnaf—02feS

definita da
O fx=fAx)  (VxeR").

In particolare, se v € ¥, e 9 € ¥,

Orv, ) = f v(AX)p(x) dx = f v(y) A YA dy = |AI7"(v,0,-19).
Pertanto definiamo I'applicazione
Hﬂy,,l3 U—>9/1U€5p,;

definita da
Orv,0) =1Av,0)19) (Y eF).

Quando A = -1, 0_, v coincide con v*. Diremo che una distribuzione v € .%,,
¢ pari se
v="uo".

Diremo, inoltre, che una distribuzione v € .#, ¢ omogenea di ordine k, se

Orv=7Av  (VA>0).
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Osserviamo che, per ogniy € R”,

—

(12.13.66) Lu=e V) e e XVu=1y,

Consideriamo una funzione rapidamente decrescente f € .%#,, per ogni S €
SO(n),
osf(x) = f(5x) = f(x) =  f®=f0xD.

Infatti, (<) segue dal fatto che, per ogni S € SO(n), |Sx| = |x|. (=): basta
prendere una rotazione S € SO(n) che portix in (x/,0,---,0). Allora

Fx)) = f(Sx) = f(x).
Problema 12.13.1. Se f(x) = f(Ix]), allora f (&) = f(&]).

Soluzione. Dalla definizione, fissata S € SO(n),
ff(lxl)e'_i"'s‘s dx
ff(lxl)e_islx"fdx

f fUSyhe Y4 | detS|dy

f flyhe ¥édy = f(&).

F(se

che prova l'asserto. U

Problema 12.13.2. Se f € ., e una funzione rapidamente decrescente omoge-
nea di ordine k, allora f € omogenea di ordine —n — k.

Soluzione. Dalla definizione, per ogni A > 0:
fay = f fx)e *Mgx
[ ratyeéa-nay

= A" f Ak fye ¥idy
I IC3)

che prova I'asserto. U

Osserviamo che, per ogni distribuzione v € %, ogni A > 0 e ogni S € SO(n),
(12.13.67) O, v=A""0-10 e psv=psh

le proposizioni precedenti valgono anche per le distribuzioni temperate:
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Problema 12.13.3. Sia v € ¥, una distribuzione temperata. Allora:
(1) sepsv=vallorapsd =10;

(2) sev éomogeneadiordinek, allora 0 e omogenea di ordine —n — k.

12.14 Applicazioni: 'equazione di Laplace e ’equazione
delle onde

Vogliamo studiare la soluzione generale dell’equazione di Laplace in R3:
Au=4¢.
Applicando la trasformazione di Fourier,
—l§Pa=Au=5=1,

pertanto

1
i=-—c¢eL RY.
&2

Dal problema precedente segue che u deve essere omogenea di ordine —1 ed
invariante per rotazioni, quindi

c
ux) =—

x|

dove c e R.
In R” (n = 3), in modo deltutto analogo, al soluzione generale di

Au=0

conue Ll (R é:

ux) = X2

The one dimensional wave equation has the form

(12.14.68) 0?u—0°u=0

with initial data
u(0,x) =0, 0,u(0,x) = f(x).

The classical solution is given by d’Alembert’s formula

1
(12.14.69) u(t,x) = —f fady.
2 |[x—yl<t



203

Using Fourier transform in x we can see that

ﬁ(t,cf):f u(t,x)e *dx
R

satisfies the ODE

(12.14.70) 2+ =0

with initial data R

The solution is give by

sin t& ~

; f@).

(12.14.71) u(t,§) =
Using the inverse Fourier transform

u(t,x) = ifLAt(t,é)eix”zdcf
27

we can derive

Lemma 12.14.1. Ift >0, then
.. sin(t
(12.14.72) f eFixe %‘t)df =nH(x| < 1),
R

where H(|x| < T) is the characteristic function of the set {x,|x| < t}.
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Chapter 13

Appendix IV: Sobolev spaces

13.1 Michlin - Hormander theorem

13.1.1 Laplace operator in R"; fractional powers of (1 — A)

For any differential operator with constant coefficients of order m

P(ax): Z aaagy

lal=m

where a = (a3, -, a;) is multiindex,

a _ A0 Qpn
ax _axl axﬂ

we can use the Fourier transform and for any f € S(R") we can write

PHE© = Y ia,e%0%

lal=m
with
lal=ay+--ay.

Therefore inverting the Fourier transform we have

P(f)(x) = feMQmﬁ&&,
(2m)" Jgn
where
Q) = Z i|a|aa€a
lal=m
with

6:(61?.'.)61’1)6}?”, 6“: (111 gn

205
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is called the symbol of the operator P.
Using the notations
1

D, =

a _ 1 an
;= 70x, DY =D -+~ D,

we can consider the differential operator

P(Dy) = Z LlaDg,

lal=m

so that its symbol is exactly

P@é)= ) an”

lalsm

and we have the representation

(13.1.1) P(D)(f)(x) = fR X P& f(&)de

2m)"

In particular, the Laplace operator

Azail +-~-+6i1 :_Di1 _"'_D?cn
has symbol
g =g -8,
and therefore
13.1.2 A - _ ixé 2 7 d
(13.12) (N0 (Zn)nfwe HFIGLS

This relation can be generalized as follows

(13.1.3) A-M(Hw) =

o [ ey o
for any integer ¢ = 0.

Now we can give the DEFINITION of the fractional powers (1 —A)*'2 for any
real s

(13.1.4) (1-8)2(f)w) = f I g

2nm)" Jr

This integral is well -defined for example for f € S(R"). The above identities
suggest to consider operators of the form

(13.1.5) AD)(f)(x) = fR ) e A F(&)déE

2m)"
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with symbol A in a class larger that the class of polynomials. In general opera-
tors of this type can be called pseudodifferential operators of convolution type.
For example, we can take

A6) = f e X p(x)dx,

where b € L (R"). Then using the fact that the product of two Fourier trans-
forms is Fourier transform of their convolution, i.e.

bEFE =mb*NHE)

we find
AD)(f)(x) =bx* f(x) =51 * f

and then the Young inequality implies that
A(D): LP(R™) — LP(R™)

is a bounded operator for p € [1,00].
Let p be a tempered distribution. p is called a Fourier multiplier on L” if the
convolution

1
@2m)"

Floxfo=
forall f e S(R™), and if

fR o f©dse PR

sup 1T o * flize
Ifllp=1

is finite. The linear space of all such p is denoted by M”; the norm on M? is the
above supremum.

Teorema 13.1.1. (The Michlin — Hormander multiplier theorem). Assume that
p (&) is a mapping from R" to R and that

Z |é‘||a|

lal<L

32| < Co.

for some integer L > n/2. Then there exists a constant C, dependingon p € (1,00)
and Cy so that for any f € LP (R") we have

1(E o) * fllr@n < Cpll fll Lo @m.-

The proofis based on the application of properties of Calderon - Zygmund
operators and we shall skip the proof refering to [13].
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13.2 Sobolev spaces on R”

13.2.1 Sobolev spaces H*® (via Fourier transform)

As is customary, we denote the Sobolev spaces W*2(Q) and Wok’Z(Q) also by
H*(Q) and Hé“ (Q), respectively. Recall that when Q = RN the spaces H*Q)
can be equivalently defined via Fourier Transform since H* (RN) is the space of
functions u € L2 (RV) such that

(13.2.1) URN (1+ |<f|2)kIb‘t(cf)lzdcf)i

is finite. Here @ denotes the Fourier Transform §[u] of a function u € L* (RY)
defined by

(&) =§ul©) :f u(x)e *dx
RN

Recall that (13.2.1) defines a norm in H* (IRN ) equivalent to the standard
one since

Iy = X | (D[ dx= | 3 e Fraide

a la|<k
The previous definitions extend to the case of non-integer order of smoothness
and allow to define the whole scale of spaces H* (RY), s > 0 simply by replacing
k by sin (13.2.1).

Let Q < R" be an open set with continuous boundary 0Q. Denote by I the
trace operator, namely the linear operator defined by the uniformly continuous
extension of the operator of restriction to 0Q2 for functions in Cj° (Q), that is the
space of functions C3° (R") restricted 6t0 Q.

Now, for any x = (x',x,) € R" and for any u € G (R"), we denote by v €
S (R"1) the restriction of u on the hyperplane x,, = 0, that is

(13.2.2) v(x)=u(x,0) Vx'eR"
Then, we have

(13.23) so(e)=en [FuEe)de, v er,

where, for the sake of simplicity, we keep the same symbol § for both the Fourier
transform in n — 1 and in n variables. To check (13.2.3), we write

So(e)= [ e u()ax

(13.2.4) ny
:f e " u(x,0)dx’
R-1
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On the other hand, we have

fRSu (fl»én) dsy

= [ Jan e 1) )y () x) dx' dx,dE

= fan1 € F [ fo e (x, xy) dxpdé ) dx'
=271 g1 €71 [ (', 0)] d’

where the last equality follows by transforming and anti-transforming u in the
last variable, and this coincides with (13.2.4).
We have the following.

Proposition 13.2.1. Let s > 1/2, then any function u € H* (R") has a trace v on
1

the hyperplane {x,, = 0}, such that ve H* 2 (R"‘l) . Also, the trace operator T is

surjective from H® (R") onto H'"2 (R™1)

Proof. In order to prove the first claim, it suffices to show that there exists an
universal constant C such that, for any u € . (R") and any v defined as in
(13.2.2)

(13.2.5) I v||H < Cllull gsmn.

3w

By taking into account (13.2.3), the Cauchy-Schwarz inequality yields

(13.2.6) I5v ()] < ([R (1+ Iflz)aISu(f’,fn)lzdén) (fR %)

Using the changing of variable formula by setting &, = t1/1 +|¢'|*, we have

)

age ¢ [leP)T (el
wzn  her hiene ek pear

)1/2—3

D=

=c(1+]¢?

where C(s):= [ ﬁ < +oosince s > 1/2 Combining (13.2.6) with (13.2.7) and

integrating in ¢’ € R"~!, we obtain

fR 1+ |f’|2)s_% 3v (&) a¢’
<o [ [ @) fgu el deas
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that is (13.2.5). Now, we will prove the surjectivity of the trace operator T. For
this, we show that for any v € H~ (R” 1) the function u defined by

(13.2.8) Sul(¢'én)=

\/1+|<$'|2 \/1+|<$'|2
with ¢ € C3°(R) and qu)(t)dt =1, is such that u € H’(R") and Tu = v Indeed,

we integrate (3.22) with respect to ¢, € R, we substitute ¢, = £1/1 + |<f’|2 and we
obtain

$n

£ 1
Fu(e, &) dén= | §v(E)e

) ) Visie? [ reie?

- [sv)pwde=5v(¢)

and this implies v = 9 u because of (13.2.3) The proof of the H" -boundedness
of u is straightforward. In fact, from (13.2.8), for any ¢’ € R""!, we have

(13.2.9)

f1+|5| 1§ (e &) dén
2

(13.2.10) :fR(1+|<f|2)s|Sv(f')|2 7 n 1 dén

‘/1+|€/|2 1+|‘f,|2

=c(i+1eF) v @)

where we used again the changing of variable formula with &, = £1/1+¢|?
and the constant C is given by [ (1+ tz)s lp(£)|>dt. Finally, we obtain that u €
H?® (R™) by integrating (13.2.10) in ¢’ e R 1,

O

13.2.2 Sobolev spaces W’f (R™) of integer order

The space of test functions C;°(R") is too strong, while the space of distribution
is too weak to describe the space of solutions of partial differential equations.
As intermediate spaces one can consider the Sobolev spaces W,f (R") defined
for integer ¢ = 0 and any p € [1,00] as follows. A distribution f € S'(R") belongs
to W,ﬁ (R™) if the norm

(13.2.11) I lye = Y 10% flize

lal<l
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is finite.
Lemma 13.2.1. Forany¢ =0 and p € [1,00] the space Wg (R™) is a Banach space.

Idea of the proof. Follows from the fact that LP (R") is a Banach space.
O

Basic properties of Sobolev spaces are given in the next
Lemma 13.2.2. Let¢ =1 and let p € [1,00]. Then we have
* for any multiindex a, |a| < ¢,
0L WER™ — Wy " ™)

s iffeCPR" andge W,f([RZ"), then fge W,f (R™) and we have the Leibniz
rule

a a p a-p
0 =Y ——a3%(NHos
< (f8) ﬁ;a B g% @

* ifb> a> are positive numbers, 1 < p <oco and f(x) € Cgo(R”) is such that

1, iflxl<a;

f&) = { 0, iflx|=b,
then forany g € W,f(R"),
(13.2.12) lim ler-gl wiwn =0

where X
gr(x) = f(E) g(x).

Idea of the proof of (13.2.12). One ca apply Lebesgue convergence theorem to
show

(13.2.13) Jim lgr - gll o @ny =0

the remaining part follows from the Leibniz rule, the definition of Sobolev space
W,f (R™) and the estimate

01 (3)| £ e

Finally, we can show that C§°(R") is dense in the Sobolev space er (R™).
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Lemma 13.2.3. Ifge W,f(R"), then for any € > 0 there exists h € C°(R") so that
(13.2.14) ||h—g||W£(R,,) <e.

Proof. The property (13.2.12) shows that we can assume g compactly supported.
Take v € Ci°(R™), such that fRnu/ =1, y(x) >0for |x| <1and suppy = {x;|x] <
1}. Then setting

Ye(x) = s‘”w(m)
€
we define
he(x) = ye * g(x) = f ey (u) gydy =
R” £
= Rnw(z)g(x+ez)dz.

For any € > 0 the function

- X —
he(x) = e * g(X) :f € ”w(—y)g(y)dy
R” €
is smooth in x and has compact support. Indeed if
supp g < {x;|x| = A},

then
supp he € {x;|x| < A+ ¢}

Further we have

(X
el @ny :fwf W(;)dXZfRnwzl-

Hence, the Young inequality implies

lwe * gllrmny < CllgllLr@m

with constant C independent of .
Further we can apply the Lebesgue differentiation theorem and deduce

limf gx+ex)y(z)dz = g(x)f Y(z2)dz = g(x)
lzl<1 R”

e—0

for almost every x € R”.
Since

hg(x):f v (z)g(x+ez)dz,
[Rn
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we can write
he(x) — g(x) = fqun [W(2)g(x+ez)—gx)]dz—0

for almost every x. Then the Lebesgue convergence theorem implies
(13.2.15) | he =gl 1pny = O

This proves (13.2.14) for ¢ = 0. The remaining part follows from the defini-
tion of Wg (R™) and the identity

03 he =ye % 0% 8.
O

The above Lemma shows that the Sobolev space W,f (R™) can be defined also
as the closure of the space C5°(R") of test functions with respect to the norm
(13.2.1).

On the other hand, for any integer ¢ = 0 one can define the Sobolev space
H 5 (R™) as completition of the space of smooth functions with compact support
with respect to the norm

(13.2.16) 1l =10 = 22 fllz
Lemma 13.2.4. For any integer¢ =0, p € (1,00) we have
. Copny — gl pny.
W, (R™) = H,(R");
* there exists a constant C > 0 so that for any f € W,f (R™) we have

(13.2.17) CH f e = 1 f g = Cllfllye

Proof. ltissufficient to verify (13.2.17) for f in the Schwartz class, or in C8°(R").
The inequality
1 flhye SHA=8"2Fllp

follows easily from
10 flly SINA=D) 2 flipp, lal < €.

This inequality in turns follows from Michlin - Hormander theorem 13.1.1, since
the assumption

(13.2.18) Y. 1g” ‘Offp(f)‘ <G
IBI=L
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can be checked easily for the symbol

é‘a

P& = o el =C

This proves the left estimate in (13.2.17).
The right one can be checked using the representation

(13.2.19) (+EP " =yo @+ Y Ey;(),
j=1

where g € CSO(R"), and v; are smooth functions, supported in {|¢| > 1} and
satisfying the estimate (13.2.18) needed to apply the Michlin - Hérmander the-
orem 13.1.1.

To make the proof of (13.2.19) more clear let us take n = 2. O

13.2.3 Sobolev spaces of fractional order

13.2.4 Sobolev spaces of integer order

The space of test functions Cj°(R") is too strong, while the space of distribution
is too weak to describe the space of solutions of partial differential equations.
As intermediate spaces one can consider the Sobolev spaces W,ﬁ(R") defined for
integers [ = 0 and real numbers 1 < p < co as follows. A distribution f € S'(R")
if the norm

(13.2.1) Il =2 10 flirr

la|<l

are finite.
Using Friedrich’s molifiers, one can see that for any

l
LLEWp

there exists a sequence of smooth compactly supported functions tending to u
with respect to the norm (13.2.1).

This fact shows that the Sobolev space can be defined also as the closure of
the space C3° (R™) of test functions with respect to the norm (13.2.1).

The fundamental property of these Sobolev spaces is the inclusion

1 r
(13.2.2) Wp c Wq

whenl<p<qg<oo,l/p—1/q < (I-r)/n > 0. The inclusion follows directly
from the Sobolev inequality

(13.2.3) Ifllw; < CIFI w!
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The proof of the Sobolev inequality (13.2.3) , we shall present, is based on
suitable Sobolev identity. For the purpose we follow the approach from the
book of Maz'ya [38]. Namely, we shall use the following Sobolev identity.

Lemma 13.2.5. For any integer 1,0 < | < n and any real numbers D > > 0 one
can find smooth functions @g (B is multi index with || < 1) supported in the
unit ball and smooth functions v, such that for any smooth function u(x) and
for |x| < D we have the representation

_eon x)P y
u(x) =6 |ﬁ|z<z(5) f|y|sa""’(5)u(y)dy+

(13.2.4) + Zf Ya(x,1,0)0%u(y)
lal=1 lyl<=2D

dy
rn—l

wherer = |x—yl|,0 = (x—y)/r and the functions v, (x, ,0) satisfy the estimate

D n-1
(13.2.5) 'Wq(x,1,0)] < C(g)

Proof. A scaling argument shows it is sufficient to consider the case § = 1.
Let us take a smooth nonnegative function w(y) supported in the unit ball so
that

(13.2.6) f wy)dy=1.
lyl=1

Introduce functions

-1

. — _ r *© n-1
flxr,0)= (l—1)!fr w(x+t0) " dt
-1 f ak al—l—k
(132.7)  F(x;r1,0) :Ié)(—l) R Ut 10 e 6, 0)

We lose no generality assuming u has a compact support in |x| < 2D. Since all
the derivatives with respect to r of the function f at r = 0 up to order / -2 are
zero we see that

F(x;0,0) :—u(x)f o(x+10) " tdr
0

Now we apply the formula

oo

OF
0:F(x;0,9)+f —(x;r,0)dr
0 or
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valid in view of the fact that u is compactly supported.
On the other hand, from (13.2.7) we get

Hence we get the identity

0o 1

u(x)f w(x+ tH)t”_ldt:f u(x+r9)ﬂ(x;r,9)dr+
0 0 or!

_ l—l ooalu .
+(=1) —x+10) f(x;1,0)dr
o orl

Integrating this identity over € S, we obtain

0! dy
u(x) :fu(y)m(x; rﬁ)rn_l +

0lu dy
-1 .
+(=1) fﬁ(y)f(x, r,0) o

Having in mind that we have the representation

0 1
— (x50 —= Y xPosy),
or! rn-l1 |ﬁ%l b

we arrive at Sobolev identity (13.2.4) with
(13.2.8) Yo = caf w(x+t0) " dt.
r

The estimate (13.2.5) follows directly from (13.2.8).

This completes the proof of the Sobolev identity.

To prove the inequality (13.2.3) it is sufficient to combine the Sobolev iden-
tity with the Sobolev inequality of Lemma 1.3.4.

In fact, Lemma 1.3.4 allows us to estimate the Riesz potential operator

Lf(x) = f Ix—yI " f(ndy.

In fact, for 1/p—-1/g+A/n=1and 1 < p, g < oo we have the following Adam’s
estimate

(13.2.9) I (N lliza <Clfllze.
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The Sobolev identity shows that
u(x) = u' (x) + u' (x),

where
u=Y 6P| @plyid)uldy.
|BI<I Iyl=o

Let us assume u is a smooth function with a compact support inside the ball of
radius R and center at 0. Taking 6 = R and D = 2R in the Sobolev identity we get

1/q
1 lzogyen <C Y. R ( f Iylﬁ"dy) f u(y)ldy.
1BI<I lyl<R

Applying the Holder inequality, we get
lu'lzaqyi<r < CRTP T,

where C > 0 is a constant independent of R. To estimate u!! we start with the
estimate

W x)=C Y Li(10% f)(x).

larl=1
Now we are in situation to apply Adams estimate (13.2.9) and get

11
lullza<C Y 10%ully

lal=1
provided 1/g+1=1/p+(n—-1)/n,i.e. for 1/p—1/q = l/n. Hence, we get
lullza < CRTMP ™M)l pp +C Y 10%ullrr,
lal=1
where C > 0 is independent of R > 0. Taking R — oo, we get
(13.2.10) el Loy < C||Zl 10% ull Lr @y
al=

provided u is a smooth compactly supported functionand I/n=1/p—1/q.
Taking the closure of the space of smooth compactly supported functions
with respect to the norm in W, we complete the proof of the Sobolev inequality
(13.2.3).
We shall close this section with the following Sobolev inequality

(13.2.11) 1 fllzee < Cll fllwg

for 1 < p <o0,1/p < s/n. An easy proof can be found when p = 2 by the aid of
the Fourier transform and Plancherel identity. For the general case, one can use
the Sobolev identity and the Holder inequality.
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Lemma 13.2.6. (Hardy, Littlewood ) Let m(&) = c|é|~" and consider the operator

IﬁmwiLfmmﬁﬁ@M6

Prove that forl1 < p<2<q <ooandl/p—-1/q = t/n this operator can be ex-
tended as a bounded operator from L” to L9.

On the other hand, for any real s one can define the Sobolev space H*(R")
as completition of the space of smooth functions with compact support with
respect to the norm

(13.2.12) I fllas = 10— A2 f 2

Applying the Plancherel identity, we see that this norm is equivalent to the fol-
lowing one

1L+ €122 Fll .

It is clear that this is a Hilbert space with scalar product

(e = [(+16P ) Tede.
We have the following property
HY =wk.

Moreover, the dual space of H® is H™°.
Now we can formulate a result for existence and uniqueness of higher reg-
ularity solutions of the Cauchy problem

(=05 +A-M*)u=0,
(13.2.13) u(0,x) = fo(x), 0;u(0,x) = fi(x)

for the linear Klein-Gordon equation. Namely, if the initial data f = fy x f be-
longs to the Hilbert space

HS x HS—I

with s = 1, then the Cauchy problem (13.2.13) has a unique solution
u(t,) €Nt C™((0,00); H™),

where [s] denotes the integer part of the real number s.
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13.2.5 Gagliardo - Nirenberg inequality

Another useful interpolation inequality is the following variant of Gagliardo -
Nirenberg inequality.

Lemma 13.2.7. Suppose f € W;/k(IR”) NL*®(R"). Then for any integer k = 1 and
any q = k we have

1-1/k 1/k
_ <
”f” qu/(llc—l)(]Rn) = C”f”W;/k(IRn) ”f”LooURn).

Proof. Let ¢(x) be a smooth compactly supported function such that ¢(x) =
1 near x = 0. Then for any g > 1 and any integer k = 0 we know that

@(x/R) f(x)

tendsto f € WL;C as R tends to infinity. Moreover, for f € L° we have the uniform
estimate

lp(x/R)f(x)| = Clf(x)].

This argument shows that without loss of generality we can assume f is com-
pactly supported. We can reduce the proof to the case f is smooth compactly
supported function, using Friedrich’s molifiers.

Moreover, the simple estimate

1-1/k 1/k
1f N ara—n < CUAN g 1 Nl oo

enables us to reduce the proof to the case n = 1. Then we shall proceed by
means of induction with respect to k.
We shall consider in details only the case

q=2k

and shall give only the idea for the case k < g < 2k.
The identity

AP = fO e O =t O o
and integration by parts give
' f FP @17 dx| <

C f LFED (0|1 B (01 72797k | £ 5D ()| d
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Applying the Holder inequality, we get
Ik —2+qlky (k-1
[ = ol et PPy el I el PTT

Applying the inductive assumption for k — 1, we get the desired estimate for k.
For the case k < g < 2k we use the relation

LR @)1 9% = | F1 AP 0197F| (x4

and applying Holder inequality, we get an estimate of type

f 1F® @17 dx < C( f FE0IA"dtT( f fI 1P P dx e,

where s =2k/q and r = 2k/(2k - q). Further, we make an integration by parts in

f £ R (012 dx

and use the inductive argument as it was done above in the case g = 2k.
This completes the proof of the Lemma.
The above estimate has few interesting corollaries.

Corollary 13.2.1. Suppose f € W,;C(]R”) N L*®(R") with p = 1. Then for any inte-
gersk >1=1 we have

Ik (k=D1k
1 g, vy < CUPIGRE o 1T e

Corollary 13.2.2. Suppose f,g € W,f(]R”) N L*®(R"™) with p = 1. Then we have

”fg”Wg(]Rn) = C(”f”Wg(]R") ”g”LOO(]R") + ”g” WlﬁC(]Rn) ”f”lf’o(]R"))

Proof. It is sufficient to apply Leibniz rule in combination with the estimate
of the previous Corollary.

Corollary 13.2.3. Suppose f € er (R™") N L*®(R"™) with p = 1. Then forany A > k
we have

A A-1
”lfl ”Wg(]Rn) = C”f”WIf(]Rn)”f”L‘”(]Rn)
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Proof. It is sufficient to apply induction with respect to k in combination
with Gagliardo - Nirenberg inequality.
In fact, due to Leibniz rule we have

where the sumisover m=0,1,...,|a| and |ai|+...+|a;| = |a|. Then with |a| = k
we get

I gy < 2P el f e el 1y

pkilai| pkllam|

provided
a1/ pk+...+|apl/pk=1/p.

Applying Corollary 13.2.1, we get the desired estimate.
This completes the proof.

13.2.6 Fractional powers of operators and some integral repre-
sentation

We start with the identity

Lemma 13.2.8.

oo =1y 4
(13.2.1) = —
0 1+1¢ sinzms

foranyse(0,1).

Proof. Using the integral representation of the Gamma function
+00
I'(z) = f r* e tdr,
0
we get the representation
1 o0
(13.2.2) A= —f t* e dr,¥se (0,1),A>0.
I'(s) Jo

Using the relation

T -s) = —— s€(0,1),
sin(s)

o s~ldy oo 0
f = f ! f e M dpde =
o 1+t 0 0

fo = fo ~ (¢ M) drerdn = fo ” fo - (e dir~se Man =

we find
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=IO -s)=—
sin(ms)

Make change of variables t = 72 and get

o sldy o r25-lgg
1= f =2 f .
0 1+1¢ 0 1472
For any real s one can define the Sobolev space H,(R") as completition of
the space of smooth functions with compact support with respect to the norm

(13.2.3) If s = 11— A)*"2 fll o



Chapter 14

Sobolev spaces H*((2) in domains

Let Q be an open domain in R” with C? boundary Q. Sobolev spaces on man-
ifolds Hfg (Q),s € R,1 < p < oo, can be defined similar to corresponding Eu-
clidean spaces H. fg (R™), usually characterized via

— —-s/2
HY = (1d-A)""2L,

by replacing the Euclidean Laplacian A with the Laplace-Beltrami operator on
(M, g) and using an auxiliary parameter p, see Section [3.1] The spaces H ;,(M)
were introduced and studied in detail in [Str83] and generalize in a natural way
classical Sobolev spaces on manifolds, W,f(M), which contain all L, functions
on M having bounded covariant derivatives up to order k € N, cf. [ Aub 76, Aub
82]. To avoid any confusion, let us emphasize that in this article we study ex-
actly these fractional Sobolev spaces H),(M) defined by means of powers of A.
But we shall use an alternative characterization of these spaces on manifolds
with bounded geometry as definition - having in mind the proof of our main
theorem. To be more precise, on manifolds with bounded geometry, see Def-
inition [18, one can alternatively define fractional Sobolev spaces H),(M) via
localization and pull-back onto R”, by using geodesic normal coordinates and
corresponding fractional Sobolev spaces on R”, cf. [ Tri92, Sections 7.2.2,7.4.5]
and also [Skr98, Definition 1]. Unfortunately, for some applications the choice
of geodesic normal coordinates is not convenient, which is why we do not wish
to restrict ourselves to these coordinates only. The main application we have in
mind are traces on submanifolds N of M. But also for manifolds with symme-
tries, product manifolds or warped products, geodesic normal coordinates may
not be the first and natural choice and one is interested in coordinates better
suited to the problem at hand.

Therefore, we introduce in Definition [11 Sobolev spaces H ;’g (M) in amore
general way, containing all those complex-valued distributions f on M such

223
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that
1/p

1/ s 2= a% |(haf)oxa] Z;([R")

is finite, where I = (Uy, K, ha) o1 denotes a trivialization of M consisting of a
uniformly locally finite covering Uy, local coordinates ko : V, cR" — U, ¢ M
(not necessarily geodesic normal coordinates) and a subordinate partition of
unity h,. Of course, the case of local coordinates x, being geodesic normal
coordinates is covered but we can choose from a larger set of trivializations.
Clearly, we are not interested in all 9~ but merely the so called admissible trivi-
alizations 9, cf. Definition 12, yielding the coincidence

Hy” (M) = Hy (M)

cf. Theorem 14 As pointed out earlier, our main applications in mind are Trace
Theorems. In [Skr90, Theorem 1], traces on manifolds were studied using the
Sobolev norm (?) with geodesic normal coordinates. since these coordinates in
general do not take into account the structure of the underlying submanifold
where the trace is taken, one is limited to so-called geodesic submanifolds. This
is highly restrictive, since geodesic submanifolds are very exceptional. Choos-
ing coordinates that are more adapted to the situation will immediately enable
us to compute the trace on a much larger class of submanifolds. In particu-
lar, we consider Riemannian manifolds (M, g) with submanifolds N such that
(M, N) is of bounded geometry, see Definition [18, i.e., (M, g) is of bounded ge-
ometry, the mean curvature of N and its covariant derivatives are uniformly
bounded, the injectivity radius of (N, gy) is positive and there is a uniform
collar of N. The coordinates of choice for proving Trace Theorems are Fermi
coordinates, introduced in Definition [20] We show in Theorem [26] that for a
certain cover with Fermi coordinates there is a subordinated partition of unity
such that the resulting trivialization is admissible. The main Trace Theorem
itself is stated in Theorem [27, where we prove that if M is a manifold of di-
mension n = 2, N a submanifold of dimension k < n, and (M, N) of bounded

geometry, we have for s > "f]“

n-k

s_;
Try H(M) =B, " (N)

i.e., there is a linear, bounded and surjective trace operator Tr ; with a linear
and bounded right inverse Ex); from the trace space into the original space
such that TryoExy; = Id, where Id denotes the identity on operator N. The
spaces on the right hand side of (?) are Besov spaces obtained via real inter-
polation of the spaces H;, cf. Remark |7. When just asking for Try to be linear
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and bounded, one can reduce the assumptions on (M, N) further by replacing
the existence of a collar of N with a uniform local collar, cf. Remark

cf. [Tri92, Section 1.3.2]. In particular, for k € N, these spaces coincide with
the classical Sobolev spaces Wrﬁ“ (R™)

HE(R") =Wy (R"), ie, H)(R")=L,(R")

usually normed by

1/p
”f“wg(ma") = (I 2 ”Dafnfp([ﬂe"))

al<k

Furthermore, Besov spaces B,S,y p (R™) can be defined via interpolation of Sobolev
spaces. In particular, let (-,-)g,, stand for the real interpolation method, cf.
[Tri92, Section 1.6.2]. Then for sy, 51 € R,1 < p < oo and 0 < O < 1, we put
B, , ®") := (H, R"), H) (R"))@yp , where s = ©sp+ (1-0)s;. Note that B} , (R")
does not depend on the choice of sy, 51,0 The following lemma about point-
wise multipliers and diffeomorphisms may be found in [Tri92, Sections 4.2,4.3],
where it was proven in a more general setting.

Lemma 14.0.1. Lemma l. Lets€R and 1< p <oo. (i) Let f € H, (R") and ¢ a
smooth function on R" such that for all a with |a| < [s] + 1 we have |D“<p| < Cig)-
Then there is a constant C only depending on s, p,n and C,, such that

o fIl iy @y < CllLFIl 5 ey

(ii) Let f € H,, (R") withsupp f <« U <R" for U open and letx : V < R" — U < R"
be a diffeomorphism such that for all a with |a| < [s] + 1 we have ID“x| < Ciy-
Then there is a constant C only depending on s, p,n and C\,| such that

If ol sy < Cll Fll ey ey

Vector-valued function spaces on R”. Let 2 (R",F") be the space of com-
pactly supported smooth functions on R” with values in F” where F stands for
Ror C and r € N. Let 2’ (R",F") denote the corresponding distribution space.
Then, H; (R™,F") is defined in correspondence with Hfg (R™) from above, cf.
[Triebel, Fractals and spectra, Section 15]. Moreover, Besov spaces B;, p (R™,F")
are defined as the spaces By, ,(R") from above; By, , (R",F") := (Hf;’ (R™F7), H;I (R", [F’))&
where ()0, p again denotes the real interpolation method with sp,s; € R, 1 <
p<oo,and 0 <O < 1 with s =0sy + (1 -0)s; Lemma 2. The norms ”(p”H;‘J(Rny":r)

p

1
and (Z;=1 ”(pi”;;;(u@n,ur))p are equivalent where ¢ = (¢1,...,¢,) € H, R",F").
The analogous statement is true for Besov spaces.
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