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Chapter 1

Preliminary chapter.

1.1 Introduction

In this Chapter we shall introduce two basic tools for the study of partial differ-

ential equations (PDE). Namely, we start with the Fourier transform. We shall

avoid a complete and detailed representation of the theory of Fourier transform

and Sobolev spaces. Nevertheless, we shall underline only the points, which are

important for a further study of PDE.

The reader can use [46], [23] , [45] [7] for more detailed information about

the space of distributions, Fourier transform and the convolution.

1.2 Gauss - Green formula for domains with smooth

boundaries in R
n.

Our goal is to recall the classical Gauss Green formula valid for any open do-

main Ω in R
n with smooth (or C 2) boundary ∂Ω. Given any n continuous func-

tion

F (x) = ( f1(x), · · · , fn(x))

in the closure of Ω such that all first derivatives of fk (x) are well defined and

continuos one has the formula

(1.2.1)

∫

Ω

∇.F (x)d x =
∫

∂Ω
N .F (x)dSx ,

where F (x) = ( f1(x), · · · , fn(x)),

∇.F = ∂1 f1(x)+∂2 f2(x)+·· ·+∂n fn(x).

Recall also that N (x) is the unit outern normal at x ∈ ∂O, while dSx is the surface

element on ∂O.

5
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Recall that for any surface ∂O ⊂ Rn defined (even locally) by

(1.2.2) ∂Ω : xn =ψ(x′), x′ = (x1, ..., xn−1) ∈ Rn−1

one can define the corresponding surface element

dSx =
√

1+|∇ψ(x′)|2d x′.

Remarks on Riemannian metric associated with the surface

The Riemannian metric

(1.2.3) dl 2 = (d x′)2 +d x2
n

induces on ∂Ω a Riemannian metric. More precisely, the metric induced by the

embedding ∂Ω⊂ Rn is

(1.2.4) d s2 = (dl|∂Ω)2 =
n−1∑

i , j=1

gi j d xi d x j ,

where

(1.2.5) gi j = δi j +
∂ψ

∂xi

∂ψ

∂x j
.

Problem 1.2.1. Prove that

g = det(gi j ) = 1+|∇ψ|2.

The unit vector normal N (x) to ∂O at the point (x,ψ(x)) ∈ S is

N (x) =
(1,−∇ψ(x))
√

1+|∇ψ|2
.

The second quadratic form on ∂O is

n∑

i , j=1

bi j d xi d x j ,

where

bi j (x) =
∂xi

∂x j
ψ(x)

√
1+|∇ψ|2

.

Now the Gauss curvature K (x) is

K (x) =
detbi j

detgi j
= det(∇2ψ)

(1+|∇ψ|2)1+(n−1)/2
.(1.2.6)
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Example 1. (Model of sphere of radius 1.) A special case of a surface is the

sphere

Sn−1 : xn =±
√

1−|x′|2.

Then one can solve the following

Problem 1.2.2. Prove that

K (x) = 1.(1.2.7)

The coefficients of the Riemannian metric (1.2.4) are

gi j =−δi j + (1−|x|2)−1xi x j(1.2.8)

according to (1.2.5) and (1.2.7). Using Problem 1.2.1. one can prove

Problem 1.2.3. Prove that

g = det(gi j ) =
1

x2 +a2
(1.2.9)

and find the matrix inverse to gi j .

Applications: Set

E (u)=
∫

Rn
‖∇u‖2d x.

This functional is well defined for u ∈ C∞
0 (Rn). The critical points of the func-

tional are such that for any h ∈C∞
0 (Rn) we have

d

dε
(E (u +εh)) |ε=0= 0.

Since

E (u +εh) = E (u)+2εRe

∫

Rn

∫
〈∇u,∇h〉d x +O(ε2),

we see that u is a critical point, if and only if

Re

∫

Rn

∫
〈∇u,∇h〉d x = 0,

Applying the Gauss - Green formula we get

Re

∫

Rn

∫
∆uhd x = 0, ∀h ∈C∞

0 (Rn).

This relation implies

∆u = 0.
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Problem 1.2.4. Show that if u ∈C∞
0 and ∆u = 0, then u = 0.

The functional E (u) defined above satisfies some invariance properties

(invariance by translation) E (u)= E (τv u), τv u(x) = u(x +v), v ∈R
n

(invariance by rotation) E (u)= E (A∗u), A∗u(x) = u(Ax), A ∈ SO(n).

(rescaling properties) E (Sλu) =λ(2−n)/2E (u), Sλu(x) = u(λx), λ> 0.

The closure of C∞
0 functions with respect to the norm

(∫

Rn
|∇u|2d x

)1/2

is called Dirichlet space Ḣ1(Rn). he closure of C∞
0 functions with respect to the

norm (∫

Rn
|∇u|2d x +

∫

Rn
|u|2

)1/2

is called Sobolev space space H1(Rn).

1.3 Interpolation

1.3.1 Preliminary facts about holomorphic functions

Let C be the complex plane and let U ⊆ C be an open domain in this plane. Any

point z ∈U can be represented as

z = x + i y,

where x, y are real numbers. A function

f : U → C

is C 1(U ) if the partial derivatives

∂x f (x + i y),∂y f (x + i y)

exist and are continuous functions. Of special interest are the vector fields

∂z =
1

2
(∂x − i∂y )

and

∂z̄ =
1

2
(∂x + i∂y ).
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If f ∈C 1(U ), then f is called holomorphic in U , if satisfies the equation

∂z̄ f (z) = 0, z ∈U .

One can see that a function f : U → C is holomorphic in U if and only if

lim
h→0

f (z +h)− f (z)

h

exists for any z ∈U .

The most important formula in the elementary theory of holomorphic func-

tions is the Cauchy theorem and the Cauchy formula.

Let Γ be a closed path in U and let z ∈ C be a point such that Γ does not pass

through z. Then the index of z with respect to Γ is

IndΓ(z) = 1

2πi

∫

Γ

dζ

ζ− z
.

The Cauchy theorem states that if Γ is closed path in U such that IndΓ(w) = 0

for any w outside U , then

(1.3.1)

∫

Γ

f (ζ)dζ= 0

for any function holomorphic in C. The corresponding Cauchy formula is

(1.3.2) f (z) =
1

2πi

∫

Γ

f (ζ)

ζ− z
dζ.

The condition IndΓ(w) = 0 for w outside U is fulfilled for the case U is simply

connected.

Also in the case of a simply connected domain U with smooth boundary ∂U

for any function holomorphic in U and continuos in the closure of U we have

the corresponding Cauchy formula

(1.3.3) f (z) = 1

2πi

∫

∂U

f (ζ)

ζ− z
dζ.

Applying for example the above formula for {z, |z − z0| < δ} ⊂U , we obtain

the estimate

(1.3.4) |∂k
z f (z0)| ≤ Mk !

δk
,

where

M = sup
|z−z0|=δ

| f (z)|.
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This estimate guarantees that the formal Taylor series

∞∑

k=0

∂k
z f (z0)(z − z0)k /k !

converges absolutely and uniformly for |z − z0| sufficiently small and moreover

the series coincides with f (z) for z sufficiently close to z0. If k = 0 the inequality

in (1.3.4) gives the maximum principle

| f (z0)| ≤ sup
|z−z0|=δ

| f (z)|,

so taking z0 to vary in a fixed disc |z| < R and choosing suitably δ > 0 one can

solve the following.

Problem 1.3.1. If f (z) is holomorphic in the disc |z| < R and continuous in the

closure of the disc, then

max
|z|≤R

| f (z)| = max
|z|=R

| f (z)|.

1.3.2 Il teorema di Riesz-Thorin

Lemma 1.3.1 (delle tre rette). Siano date due rette parallele in C, siano esse l0 e

l1 e sia Ω la striscia aperta di piano compresa tra le due rette. Sia f : Ω−→C una

funzione continua tale che f |Ω sia olomorfa. Supponiamo che

c0 = sup
l1

| f | <∞, c1 = sup
l1

| f | <∞

e supponiamo che esistano due costanti reali positive a e C tali che

| f (z)| ≤C ea|z|2 (
∀z ∈Ω

)
.

Allora, per ogni retta l parallela a l0 e l1 e tutta contenuta in Ω, esiste un numero

θ ∈ (0,1) tale che

sup
l

| f | ≤ c1−θ
0 cθ1 .

Dimostrazione. Osserviamo che, a meno di diffeomorfismo, possiamo sup-

porre

l0 = { Re z = 0} e l1 = { Re z = 1}.

Iniziamo col provare che, per ogni θ ∈ (0,1), posta lθ = { Re z = θ},

cθ = sup
lθ

| f | ≤ max
(
c0,c1

)
.
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Fissato a′ > a, si ponga

g (z) = f (z)ea′z2

.

Se z = x + i y con x ∈ [0,1] e |y | ≥ 2, possiamo usare le stime

Re (a|z|2 +a′z2) = a(x2 + y2)+a′(x2 − y2) ≤C − (a′−a)y2.

Prendendo |y |→∞, otteniamo

lim
|z|→∞

|g (z)| ≤ lim
|z|→∞

C e Re (a|z|2+a′z2) = 0.

Si ponga

ΩR =
{

z ∈C : 0 ≤ Re z ≤ 1, |ℑz| ≤ R
}
.

Denotiamo con ΓR la frontiera di ΩR . Poiché ΩR è compatto, per il teorema di

Weierstraß, esiste un punto z0 appartenente a ΩR tale che

|g (z0)| = max
ΩR

|g |.

Supponiamo che z0 non appartenga alla frontiera ΓR di ΩR , ossia z0 ∈ Ω̊R . Al-

lora esiste una palla B = B(z0,̺) massima possibile (ossia tale che B ∩ΓR 6= ;)

tale che B ⊂ΩR . Per ogni r̄ < ̺,

g (z) =
∑

n≥0

cn(z − z0)n

e, detto z = z0 + r e iθ,

g (z) =
∑
n≥0

cnr ne i nθ

e quindi, per l’identità di Parseval,

∑
n≥0

|cn |2r 2n = 1

2π

∫π

−π
|g (z0 +e iθ)|dθ ≤ 1

2π

∫π

−π
|g (z0)|2dθ = |g (z0)|2 = |c0|2.

Pertanto ∑
n≥0

|cn |2r 2n ≤ |c0|2

e, facendo il limite per r → ̺,

∑
n≥0

|cn |2̺2n ≤ |c0|2

per cui deve necessariamente essere cn = 0 per ogni n ≥ 1 e quindi g deve essere

costantemente c0 su B cioè, essendo B ∩ΓR , deve esistere z1 ∈ΓR tale che

g (z1) = max
ΩR

|g |.
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Da ciò segue che

|g (z)| ≤ max
w∈ΓR

|g (w)|
(
∀z ∈ΩR

)

e, al limite per R →∞,

|g (z)| ≤ max

(
sup

l0

|g |, sup
l1

|g |
)

ed in particolare

sup
lθ

|g | = sup
t∈R

|g (θ+ i t )| ≤ max

(
sup

l0

|g |, sup
l1

|g |
)

.

Ricordato, adesso, che g (z) = f (z)ea′z2
, si ha

| f (θ)| ≤ max
(
c0,c1

)

e lo stesso argomento per ogni y ∈ R ci da

| f (θ+ i y)| ≤ max
(
c0,c1

)

cosi abbiamo

sup
lθ

| f | = sup
t∈R

| f (θ+ i t )| ≤ max
(
c0,c1

)
.

Consideriamo, adesso, per ogni ǫ> 0 e ogni λ ∈R,

fǫ,λ(z) = eǫz2+λz f (z).

Allora

sup
l0

| fǫ,λ| = sup
t∈R

∣∣∣eǫ(i t)2+λ(i t) f (i t )
∣∣∣= sup

t∈R
e−λt2

| f (i t )| ≤ c0

ed inoltre,

sup
l1

| fǫ,λ| = sup
t∈R

∣∣∣eǫ(1+i t)2+λ(1+i t) f (1+ i t )
∣∣∣= sup

t∈R
eǫ−ǫt2+λ| f (+i t )| ≤ eǫ+λc1.

Pertanto

| fǫ,λ(θ+ i t )| ≤ max
(
c0,c1eǫ+λ

)

ovvero ∣∣∣eǫ(θ+i t)2+λ(θ+i t) f (θ+ i t )
∣∣∣≤ max

(
c0,c1eǫ+λ

)

e, semplificando l’espressione,

eǫθ2−ǫt2+λθ| f (θ+ i t )| ≤ max
(
c0,c1eǫ+λ

)
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che equivale a

| f (θ+ i t )| ≤ e−ǫ(θ2−t2) max
(
c0e−λθ,c1eǫ+λ(1−θ)

)
.

Facendo il limite per ǫ→ 0, otteniamo l’espressione,

| f (θ+ i t )| ≤ max
(
c0e−λθ,c1eλ(1−θ)

)
.

segliamoλ in modo che c1e−λθ = c2eλ(1−θ), ovvero, dettoρ= eλ, vogliamo trovare

ρ in modo tale che c0ρ
−θ = c1ρ

1−θ , ossia ρ = c0

c1
cioè λ= log c0

c1
. Per questo parti-

colare valore di λ, il comune valore di c0ρ
−θ e c1ρ

1−θ è c1−θ
0 cθ1 e quindi

sup
lθ

| f | ≤ c1−θ
0 cθ1

che prova il lemma.

Osservazione 1.3.1. L’ipotesi centrale del lemma precedente è il fatto che | f (z)| ≤
C ea|z|2 . Questa ipotesi è essenziale. in effetti, se consideriamo f (z) = e−cosh z ,

sulle rette {ℑz = 0} e {ℑz = 2π} la funzione è limitata ma sulla retta {ℑz = π} la

funzione non è limitata.

Problem 1.3.2. If

T : Lp0 −→ R

and T : Lp1 → R, then T : Lp → R, 1
p = 1−θ

p0
+ θ

p1
.

Hint Use Hölder inequality and duality of Lp .

Theorem 1.3.1 (di Riesz-Thorin). Siano (E ,E ,µ) e (F,F ,ν) due spazi misurati e

siano p0, p1, q0, q1 ∈ [1,∞]. Sia T un operatore lineare definito sia su Lp0 (E ) che

sue Lp1(E ) a valori nello spazio delle funzioni misurabili di F e tale che

‖T f ‖q0 ≤ M0‖ f ‖p0 e ‖T g‖q1 ≤ M1‖g‖p1

per ogni f ∈ Lp0(E ) e ogni g ∈ Lp1 (E ). Siano p e q due numeri reali definiti come

segue:
1

p
= 1−θ

p0
+ θ

p1
,

1

q
= 1−θ

q0
+ θ

q1

dove θ ∈ (0,1). Allora T è definito sullo spazio di Lebesgue Lp (E ) e

‖T f ‖q ≤ M1−θ
0 Mθ

1 ‖ f ‖p .
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Dimostrazione. Supponiamo, inizialmente che p < ∞. Lo spazio delle fun-

zioni semplici su E è denso in Lp (E ). Pertanto

‖T ‖p,q = sup
f semplice

‖T f ‖q

‖ f ‖p
, ‖T f ‖q = sup

g semplice

∣∣〈T f , g 〉
∣∣

‖g‖q ′

per cui

‖T ‖p,q = sup
f , g semplici

∣∣〈T f , g 〉
∣∣

‖ f ‖p‖g‖q ′
.

Ne segue che basta dimostrare la disuguaglianza

(1.3.5)

∣∣∣∣
∫

Y
T f (y)g (y)ν(d y)

∣∣∣∣≤ M1−t
0 M t

1‖ f ‖p‖g‖q ′

quando f e g sono funzioni semplici su E e F rispettivamente, cioè

f (x) =
∑

j∈J

a j IE j
(x), g (y) =

∑

k∈K

bk IFk
(y).

Per 0 ≤ Re z ≤ 1 si definiscano pz e q ′
z come segue:

1

pz
=

1− z

p0
+

z

p1
,

1

q ′
z

=
1− z

q ′
0

+
z

q ′
1

.

Se, per ogni fissato indice j ∈J e k ∈K , a j = |a j |e iθ j e bk = |bk |e iϕk , si ponga

fz (x) =
∑

j∈J

|a j |p/pz e iθ j IE j
(x), gz(y) =

∑

k∈K

|bk |q
′/q ′

z e iϕl IFk
(y).

La funzione gz è ben definita finché q ′ <∞. Se q ′ =∞ allora q ′
0 = q ′

1 =∞
e quindi 1

q ′
z
= 0 per ogni z. In tal caso poniamo

q ′

q ′
z
= 1 per ogni z. Si definisca,

infine, la funzione

F (z) =
∫

Y
T fz (y)gz (y)ν(d y) =

∑

j∈J ,k∈K

c j k |a j |p/pz |bk |q
′/q ′

z

dove si è posto

c j k = e iθ j e iϕk

∫

Y
T

(
IE j

(y)
)
IFk

(y)ν(d y).

Vogliamo provare che la funzione F verifica le ipotesi del lemma delle tre rette.

Anzitutto F è continua sulla striscia di piano Ω= {0≤ Re z ≤ 1}. Inoltre,

|F (z)| ≤
∑

j∈J ,k∈K

|c j k | · |a j |Re (p/pz )|bk |Re (q ′/q ′
z )
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per cui F è limitata su Ω. Se t ∈R, allora

|F (i t )| ≤ M0‖ fi t‖p0‖gi t‖q ′
0
.

Se p0 <∞, allora

‖ fi t‖p0 =
(

∑

j∈J

|a j |pµ(E j )

)p0

=
(
‖ f ‖p

)p/p0

altrimenti, se p0 =∞, il primo e terzo membro sono eguali ad 1. Analogamente

‖gi t‖q ′
0
=

(
‖g‖q ′

)q ′/q ′
0 .

Pertanto

|F (i t )| ≤ M0

(
‖ f ‖p

)p/p0
(
‖g‖q ′

)q ′/q ′
0

e, in maniera analoga,

|F (1+ i t )| ≤ M1

(
‖ f ‖p

)p/p1
(
‖g‖q ′

)q ′/q1 .

Per il lemma delle tre rette, dunque,

|F (θ)| ≤ M1−θ
0 Mθ

1

(
‖ f ‖p

)p
(

1−θ
p0

+ θ
p1

)(
‖g‖q ′

)q ′
(

1−θ
q ′

0
+ θ

q ′
1

)

= M1−θ
0 Mθ

1 ‖ f ‖p‖g‖q ′ .

Siccome fθ = f e gθ = g , si ha

F (θ) =
∫

Y
T f (y)g (y)ν(d y)

che dimostra la (1.3.5) per p <∞ e q > 1. Nel caso in cui p =∞, allora p0 = p1 =
∞ e, per la disuguaglianza di Hölder,

‖T f ‖q ≤
(
‖T f ‖q0

)1−θ(‖T f ‖q1

)θ ≤ M1−θ
0 Mθ

1 ‖ f ‖∞

ovvero la tesi.

Applicazione del teorema di Riesz - Torin implica la disequazione di Young

(see [45])

‖ f ∗ g‖Lq ≤ ‖ f ‖L1‖g‖Lq(1.3.6)

for 1 ≤ q ≤∞. Qui

f ∗ g (x) =
∫

f (x − y)g (y)d y.
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In fatti, la stima (1.3.12) é ovvia per q =∞ e per q = 1 e dopo l’interpolazione si

ottiene (1.3.12). Si puo generealizzare la seguente versione di (1.3.12)

‖ f ∗ g‖Ls ≤ ‖ f ‖Lr ‖g‖Lp(1.3.7)

per 1/p +1/r = 1+1/s. Per r = 1 la stima e stata dimostrata in (1.3.12). In parti-

colare, abbiamo

(1.3.8) ‖ f ∗ g‖Lq ≤ ‖ f ‖L1‖g‖Lq

Per s =∞ la disequazione di Hölder ci da

‖ f ∗ g‖L∞ ≤ ‖ f ‖Lq ′‖g‖Lq .

Interpolazione tra questa stima e (1.3.8) implica (1.3.8).

1.3.3 Density of continuous functions in L1

Let Lq denote the Lebesgue space Lq (Rn).

In this subsection we’ll show that continuous functions with compact sup-

port are dense in L1 = L1 (Rn ,m) .

The support of a complex valued function f on R
n is the closure of {x ∈

R
n : f (x) 6= 0}. We’ll denote by Cc (Rn) the set of all complex valued continuous

functions on R
n with compact support.

Osservazione 1.3.2. Cc (Rn) ⊂ L1

Our goal is to prove

Theorem 1.3.2. For any f ∈ L1 and any ε > 0 there is a g in Cc (Rn) such that∫
| f − g |dm < ε.

Thus integrable functions can be approximated by continuous functions.

We’ll need a special case of Urysohn’s Lemma. The proof is deferred to Subsec-

tion 1.3.4.

Lemma 1.3.2. Let X be any locally compact metric space, and let Let K and U be

subsets of X with K compact, U open, and K ⊂U . There is a function χ ∈Cc(X )

satisfying

1. 0≤χ(x) ≤ 1 for every x ∈ X

2. χ(x) = 1 for every x ∈K

3. The support of χ is a subset of U .
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The proof of Theorem 1.3.2 begins with some elementary reductions to sim-

pler special cases. First, since L1 functions can be approximated in L1 by inte-

grable simple functions, it suffices to prove the theorem when f is a simple

function. Next, since an integrable simple function is a linear combination

of functions of the form χE , where E is a measurable set of finite measure, it

suffices to prove the theorem when f = χE . Therefore, Theorem 1.3.2 will be

proved by establishing

Proposition 1.3.1. Let E be a measurable subset of Rn with finite measure. Then

for any ε> 0 there is a g ∈Cc (Rn) with
∫∣∣χE − g

∣∣dm < ε

Proof. By regularity properties of Lebesgue measure, there are a compact set

K and an open set U such that K ⊂ E ⊂ U and m(U \K ) < ε. By Lemma 1.3.2,

there is a g ∈Cc (Rn) such that 0 ≤ g ≤ 1 everywhere, g = 1 on K , and g vanishes

outside of U . It follows that
∣∣g −χE

∣∣ vanishes outside of U \K , and that
∣∣g −χE

∣∣≤
1 on U \K . Therefore

∫∣∣g −χE

∣∣dm =
∫

U \K

∣∣g −χE

∣∣dm ≤ m(U \K ) < ε

Let us recall Lusin’s Theorem: Let f : Rn →C be measurable, , and suppose

that f vanishes outside a set of finite measure. Then for any ε > 0 there is a

measurable set E with m(E )< ε such that f
∣∣

Rn \E is continuous.

1.3.4 Proof of Urisohn lemma

In this subsection, we’ll prove the version of Urysohn’s Lemma that we used in

the proof of Theorem 1.3.2. We’ll work in a locally compact metric space (X ,d)

We’ll use the notation Br (x) for the open ball in X with center x and radius r

Lemma 1.3.3. Let x0 ∈ X and r > 0. There is a χ ∈Cc(X ) with

1. 0 ≤χ(x) ≤ 1 for every x ∈ X

2. χ(x) = 1 for every x ∈ Br (x0)

3. The support of χ is a subset of B2r (x0).

Proof. Let ϕ be the continuous function on R defined by ϕ(t ) = 1 for 0 ≤ t ≤ r

ϕ(t ) = 1− 2
r (t − r ) for r < t ≤ 3r

2 , and ϕ(t ) = 0 for t > 3r
2 . Let χ(x) = ϕ (d (x, x0))

ä

Proof of Lemma 1.3.2. Cover K by finitely many balls B j = Br f

(
x j

)
such that

B2r j

(
x j

)
is a compact subset of U . Let χ j be the function obtained from Lemma

1.3.3 with x0 = x j and r = r j . Let ϕ=∑
χ j . Then
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1. ϕ is continuous on X ;

2. The support of ϕ is a compact subset of U ;

3. ϕ≥ 0 everywhere, and ϕ≥ 1 on K

Let χ= min{ϕ,1}. Then χ has all the required properties.

1.3.5 Basic interpolation theorems

The first important interpolation theorem is the Riesz-Thorin interpolation the-

orem. To state this theorem we start with some notations.

Given any positive real numbers p0, p1 with 1 ≤ p0 < p1 ≤∞, we denote by

Lp0(Rn)+Lp1 (Rn) the linear space

{ f : f = f0 + f1, f0 ∈ Lp0(Rn), f1 ∈ Lp1 (Rn)}.

The norm in this space we define as follows

‖ f ‖Lp0+Lp1 = inf
f = f0+ f1

‖ f0‖Lp0 +‖ f1‖Lp1 .

Here the infimum is taken over all representations f = f0+ f1, where f0 ∈ Lp0 (Rn)

and f1 ∈ Lp1(Rn).

It is easy to see that Lp0 +Lp1 is a Banach space.

Theorem 1.3.3. (Riesz - Torin) Suppose T is a linear bounded operator from

Lp0 +Lp1 into Lq0 +Lq1 satisfying the estimates

‖T f ‖Lq0 ≤ M0‖ f ‖Lp0 , f ∈ Lp0 ,

‖T f ‖Lq1 ≤ M0‖ f ‖Lp1 , f ∈ Lp1 .(1.3.9)

Then for any t ∈ (0,1) we have

‖T f ‖Lqt ≤ M0‖ f ‖Lpt ,(1.3.10)

where

1/pt = t/p1 + (1− t )/p0 , 1/qt = t/q1 + (1− t )/q0.(1.3.11)

Applying this interpolation theorem, one can derive (see [45]) the Young

inequality

‖ f ∗ g‖Lq ≤ ‖ f ‖L1‖g‖Lq(1.3.12)
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for 1 ≤ q ≤∞. Here

f ∗ g (x) =
∫

f (x − y)g (y)d y.

It is not difficult to derive the following more general variant of (1.3.12)

‖ f ∗ g‖Ls ≤ ‖ f ‖Lr ‖g‖Lp(1.3.13)

for 1/p +1/r = 1+1/s.

Further, we turn to a weighted variant of Young inequality. For simplicity,

we consider only the continuous case. Let w(x), w1(x) and w2(x) be smooth

positive functions satisfying the assumption

(1.3.14) w(x + y) ≤C w1(x)w2(y).

Then the argument of the proof of Young inequality leads to

(1.3.15) ‖w( f ∗ g )‖Lq ≤C‖w1 f ‖L1‖w2g‖Lq

Indeed, we have the inequality

|w(x)( f ∗ g )(x)| ≤C (|w1 f |∗ |w2g |)(x)

and (1.3.15) follows from the classical Young inequality.

Two typical examples of weights satisfying the assumption (1.3.14) are con-

sidered below.

Example 1. let w(x) =< x >s with s > 0. Then we can choose w1 = w2 = w

and the assumption (1.3.14) is fulfilled.

Example 2. Let w(x) =< x >s with s < 0. Then we take w1(x) =< x >−s and

w2(x) =< x >s . Again (1.3.14) is fulfilled.

To prove the Sobolev inequality we need more fine interpolation theorems

concerning the weak Lp spaces. To define these weak spaces we shall denote

by µ the Lebesgue measure. Given any measurable function f we shall say that

f ∈ L
p
w if the quantity

sup
t

(
t pµ{x : | f (x)| > t }

)1/p
(1.3.16)

is finite. Note that the quantity in (1.3.16) is not a norm. This quantity is equiv-

alent to

(1.3.17) ‖ f ‖L
p
w
= sup

A, µ(A)<∞
µ(A)−1/p ′

∫

A
| f (x)|d x,

1

p
+ 1

p′
= 1.

Problem. Show that the quantities in (1.3.16) and (1.3.17) are equivalent.
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We have the inclusion Lp ⊂ L
p
w in view of the inequality

‖ f ‖p

Lp ≥
∫

|x|≥t
| f (x)|p d x ≥ t pµ{x : | f (x)| > t } ∼ ‖ f ‖p

L
p
w

.

Example. The function |x|−n/p is in L
p
w , but not in Lp .

The following two theorems play crucial role in the interpolation theory.

Theorem 1.3.4. (Marcinkiewicz interpolation theorem) Suppose T is a linear

operator satisfying the estimates

‖T f ‖
L

q0
w
≤ M0‖ f ‖Lp0

‖T f ‖
L

q1
w
≤ M0‖ f ‖Lp1(1.3.18)

with p0 6= p1, 1≤ p0 6= p1 ≤∞ and 1 ≤ q0 6= q1 ≤∞.

Then we have

‖T f ‖Lq ≤ M0‖ f ‖Lp ,(1.3.19)

provided

1/p = t/p1 + (1− t )/p0 , 1/q = t/q1 + (1− t )/q0(1.3.20)

for some t ∈ (0,1) and p ≤ q.

Theorem 1.3.5. (Hunt interpolation theorem) Suppose T is a linear operator

satisfying the inequalities

‖T f ‖Lq0 ≤ M0‖ f ‖Lp0

‖T f ‖Lq1 ≤ M0‖ f ‖Lp1(1.3.21)

with 1 ≤ p1 < p0 ≤∞ and 1 ≤ q1 < q0 ≤∞. Then for any t ∈ (0,1) we have

‖T f ‖L
qt
w
≤ M0‖ f ‖L

pt
w

,(1.3.22)

where

1/pt = t/p1 + (1− t )/p0 , 1/qt = t/q1 + (1− t )/q0.(1.3.23)

As an application of the above interpolation theorems one can prove (see

[45]) the following generalization of the Young inequality

‖ f ∗ g‖Ls ≤ ‖ f ‖Lp‖g‖Lr
w

(1.3.24)

for 1/p +1/r = 1+1/s,1< p,r, s <∞.

After this preparation we can turn to the proof of the following Sobolev es-

timate.
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Lemma 1.3.4. Suppose 0<λ< n, f ∈ Lp (Rn), g ∈ Lr (Rn), where 1/p+1/r+λ/n =
2 and 1< p,r <∞. Then we have

∫∫ | f (x)||g (y)|
|x − y |λ

d xd y ≤C‖ f ‖Lp‖g‖Lr(1.3.25)

Proof of Lemma 1.3.4 We know that (1.3.24) is fulfilled. Then for the left

hand side of the Sobolev inequality (1.3.25) we can apply the Hölder inequality

so we get

∫∫ | f (x)||g (y)|
|x − y |λ

d xd y ≤C‖ f ‖Lp‖g ∗h‖Lp′(1.3.26)

with h(x) = |x|−|λ|. Now the application of (1.3.24) yields

‖g ∗h‖Lp′ ≤ ‖g‖Lr ‖h‖Ll
w

(1.3.27)

provided

1

p ′ +1 =
1

r
+

1

l
(1.3.28)

The example considered after the definition of the weak Lp spaces shows that

the quantity ‖h‖Ll
w

is bounded when λl = n. From this relation and (1.3.28) we

see that for 2 = 1/p +1/r +λ/n we have the Sobolev inequality.

1.3.6 Idea of abstract interpolation: Interpolation couples

Let A0 and A1 are Banach spaces. Set A = (A0, A1). We shall call A0 and A1

compatible if there exists separable topological vector space U, such that A0 ∪
A1 ⊂U. We can define

(1.3.29) ∆(A) = A0 ∩ A1,

while for any compatible couple A = (A0, A1) we can define

(1.3.30) Σ(A) = A0 + A1 = {a = a0 +a1, a0 ∈ A0, a1 ∈ A1}.

Lemma 1.3.5. We have the properties:

• ∆(A) is a Banach space with norm ‖a‖A0 +‖a‖A1 ;

• Σ(A) is a Banach space with norm

‖a‖
Σ(A) = inf{‖a0‖A0 +‖a1‖A1 ; a = a0 +a1, a0 ∈ A0, a1 ∈ A1}.
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Definizione. Let A0 and A1 are Banach spaces and A = (A0, A1). The space F (Ā)

consists of all functions

f (z) : S = {0 ≤ Rez ≤ 1} →Σ(Ā)

defined, continuous and bounded in the closed strip

S = {0 ≤ Rez ≤ 1},

analytic in the open strip

S0 = {0 < Rez < 1},

and satisfying

lim
y→∞

f ( j + i y) = 0, j = 0,1.

The interpolation space (A0, A1)θ for θ ∈ [0,1] consists of all a ∈ Σ(Ā) such

that a = f (θ) for some f ∈ F (Ā). The corresponding norm is defined as follows

‖a‖θ = inf{‖ f ‖F ; a = f (θ), f ∈ F (Ā)}.

It is clear that (A0, A1)θ is a Banach space.

One can show that

(1.3.31) A0 ∩ A1 is dense in (A0, A1)θ.

Moreover, for f ∈ A0 ∩ A1 we have f ∈ (A0, A1)θ and the following estimate

(1.3.32) ‖ f ‖(A0,A1)θ ≤C‖ f ‖1−θ
A0

‖ f ‖θA1

is fulfilled.

The next Theorem gives an estimate of the norm of a bounded operator with

respect to interpolation space.

Theorem 1.3.6. Let (A0, A1) and (B0,B1) be interpolation couples and let T be a

bounded operator from A0 + A1 into B0 +B1, such that T ∈ L(A j ,B j ) with norm

‖T ‖L(A j ,B j ) for j = 0,1. Then for any θ,0 < θ < 1 we have

T ∈ L((A0, A1)θ, (B0,B1)θ))

with

‖T f ‖(B0,B1)θ ≤ ‖T ‖1−θ
L(A0,B0)‖T ‖θL(A1,B1)‖ f ‖(A0,A1)θ .
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Proof. Let f ∈ (A0, A1)θ. Then there exists a function f (z) ∈ F ((A0, A1)) so

that f = f (θ). Consider the function

g (z) = ‖T ‖z−θ
L(A0,B0)‖T ‖−z+θ

L(A1,B1)T f (z).

Then g (z) ∈ F (B0,B1). Since

‖g (i t )‖B0 ≤ ‖T ‖−θL(A0,B0)‖T ‖θL(A1,B1)‖T ‖L(A0,B0)‖ f (i t )‖A0

and

‖g (1+ i t )‖B0 ≤ ‖T ‖1−θ
L(A0,B0)‖T ‖−1+θ

L(A1,B1)‖T ‖L(A1,B1)‖ f (i t )‖A1 ,

we see that

‖T f ‖(B0,B1)θ ≤ ‖T ‖1−θ
L(A0,B0)‖T ‖θL(A1,B1)‖ f ‖(A0,A1)θ .

This completes the proof.

A trivial modification in the above proof shows that we have the following.

Theorem 1.3.7. Let (A0, A1) and (B0,B1) be interpolation couples and let T (z) be

a holomorphic in S0 operator-valued function defined in the strip S and contin-

uous there. Suppose that for z ∈ S we have that T (z) is a linear bounded operator

from A0 + A1 into B0 +B1, such that T ( j + i t ) ∈ L(A j ,B j ) with norm

sup
t∈R

‖T ( j + i t )‖L(A j ,B j ) <∞

for j = 0,1. Then for any θ,0 < θ < 1 we have

T (θ) ∈ L((A0, A1)θ, (B0,B1)θ)).
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1.4 Idea to define Distributions, why they are needed?

The purpose of this section is to recall some basic notions and properties of the

spaces , where the solutions of the PDE are defined.

The first important space is C∞
0 (Rn). This space consists of all smooth func-

tions with compact support.

The space C∞
0 (Rn) is nonempty linear vector space. Indeed, we can first

construct a smooth function f (x), such that f (x) = 0 for x ≤ 0 and f (x) > 0 for

x > 0. For the purpose take

f (x) = e−1/x

for x > 0. Then f (x) f (1− x) is a smooth function with support in the interval

[0,1].

Recall that the support of function f (x) defined for x ∈ Rn is the closure of

the set

{x : f (x) 6= 0}.

Sometimes this space is called space of test functions and is denoted by D(Rn).

This space can be equipped with infinite number of semi norms. In fact, given

any integer N ≥ 1 we define

(1.4.33) ‖ f ‖N = max{|∂α f (x)|; |α| ≤ N },

where here and below ∂α = ∂
α1
x1

· · ·∂αn
xn

, α= (α1, · · · ,αn) is a multi index and |α| =
α1 +·· ·+αn .

In order to work with a complete space, i.e. space where any Cauchy se-

quence converges to an element of the space, we have to define the topology

on C∞
0 (Rn) using all the collection of semi norms ‖.‖N . To define a complete

topology the simplest way is to define the convergence of a sequence of func-

tions { fk }∞
k=1

to zero. Recall that this sequence converges to zero if there exists

a compact set K such that supp fk ⊆ K for any integer k ≥ 1 and ‖ fk‖N tends

to 0 as k → ∞ for any integer N ≥ 0. Applying the Arzela-Ascoli compactness

theorem one can check that the topology determined by this convergence is

complete.

We refer to [46] for a complete discussion of the topology on this space.

In a similar way one can consider the space C∞(Rn) consisting of all smooth

functions. Now we have the following family of semi norms.

‖ f ‖N = max{|∂α f (x)|; |x| ≤ N , |α| ≤ N },

The above family of semi norms enables one directly to introduce a complete

topology ( even one can introduce a complete metric).
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The weakest space, where we shall look for solutions of the nonlinear par-

tial differential equations, is the space of distributions D ′(Rn) consisting of all

linear continuous functionals on C∞
0 (Rn). Given any distribution Λ we shall

denote by

<Λ, f >

the action of the distribution (the linear functional) Λ on the test function f ∈
C∞

0 (Rn). It is clear that

C∞
0 (Rn) ⊂ D ′(Rn)

and

<Λ, f >=
∫

Λ(x) f (x)d x

for Λ ∈C∞
0 (Rn).

A typical example of a distribution, which is not a test function, is the Dirac

delta function δ defined by

< δ, f >= f (0).

Since the space of distributions is the dual space to the space of test func-

tions, we choose the topology on the space of distributions to be the weak

topology on this dual space. This means that a sequence of distributions {Λk}∞
k=1

tends to zero if for any test function f we have <Λk , f > tends to zero.

The space D ′(Rn) equipped with this weak topology is a complete space.

Another useful characterization of the distributions is the following one. A

linear functional Λ on C∞
0 (Rn) is bounded if for any compact K ⊆ Rn there exist

integer k ≥ 0 and a positive real number C so that for any smooth function ϕ(x)

with compact support in K we have

| <Λ,ϕ> | ≤C
∑

|α|≤k

sup |∂αϕ(x)|.

Example. Let ϕ(x) be smooth non-negative function such that ϕ(0) > 0.

Given any ε> 0, we can define the function

(1.4.34) ϕε(x) = ε−nϕ(x/ε).

Then it is easy to see that

lim
ε→0

ϕε = cδ,

where

c =
∫

ϕ(x)d x > 0.

Another fact for distributions is the meaning of the identity

Λ= 0
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in the sense of distributions. This means

<Λ,ϕ>= 0

for any test function ϕ.

A natural operation in the space of distribution is the differentiation defined

by

< ∂αΛ, f >= (−1)|α| <Λ,∂α f > .

Then ∂αΛ is a bounded linear functional on C∞
0 (Rn) provided Λ ∈D ′(Rn).

Problem 1.4.1. Given a distribution Λ on R with

Λ
′ = 0

in the sense of distributions, find a constant c such that

Λ= c

also in the sense of distributions.

A distribution u ∈ S ′(Rn) is called non negative ( u ≥ 0) if < u,ϕ>≥ 0 for any

ϕ ∈ S(Rn).



Chapter 2

Equazioni del prim’ordine e metodo

delle caratteristiche

2.1 Trasporto lungo un campo vettoriale.

Sia x = (x1, . . . , xn) ∈ R
n . Siamo interessati per ora alla seguente tipologia molto

particolare di E.D.P. del primo ordine:

(2.1.1)
n∑

j=1

a j (x)∂x j
u(x) = 0

detta anche E.D.P. del trasporto lungo il campo vettoriale (a1(x), . . . , an(x)).

Osserviamo che se l’operatore

u(x) → L(u)(x) =
n∑

j=1

a j (x)∂x j
u(x)

é lineare rispetto u. Cio" implica che (2.1.1) é lineare come E.D.P., ossia

L (u1 +u2)(x) =L (u1) (x)+L (u2) (x)L (cu)(x) = cL (u)(x)

dove u,u1,u2 sono funzioni della variabile indipendente x ∈ R
n ,c ∈RL (u)(x) =∑n

j=1 a j (x)∂x j
u(x).

Possiamo effetuare cambiamento di variabili

x → y = F (x)

con matrice Jacobiana

J ( f ) =
(
∂x j

Fk (x)
)n

j ,k=1

27
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invertibile e quindi localmente possiamo definire la funzione

y → x =G(y) = F−1(y).

Usando le relazioni

∂x j
=

n∑

k=1

∂x j
Fk∂yk

,

si puovedere che se u(x) e C 1 soluzione del problema (2.1.1),

v(y) = u(G(y))

e soluzione di

(2.1.2)
n∑

j=1

bk

(
y
)
∂yk

v(y) = 0,

dove

bk (y) =
n∑

j=1

a j (G(y))
(
∂x j

Fk

)
(G(y)).

Definition 2.1.1. Curva caratteristica e ogni soluzione y(s) =
(
y1(s), . . . , yn(s)

)

del sistema E.D.O.

(2.1.3)





d
ds

y1(s) = a1

(
y1(s), . . . , yn(s)

)

· · ·
d

ds
yn(s) = an

(
y1(s), . . . , yn(s)

)

y1(0)=α1,

· · ·
yn(0) =αn

Ponendo a(x) = (a1(x), · · · , an(x)),α= (α1, · · · ,αn) possiamo rescrivere (2.1.5)

come

(2.1.4)

{ d
ds y(s) = a(y(s))

y(0) =α,

Il problema e nonlineare e quindi in generale abbiamo solo soluzioni locali in

s. Useremo la notazione y(s;α) per la soluzione (locale) del problema (2.1.4).

Abbiamo la seguente proprietá
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Lemma 2.1.1. Sia y(s) =
(
y1(s), . . . , yn(s)

)
∈ R

n una soluzione del seguente sis-

tema di E.D.O.

(2.1.5)
d

d s
y(s) = a(y(s))

ed u (x) ∈R soluzione di (2.1.1). Allora

d

d s
u(y(s)) = 0

Quindi la soluzione u e’costante lungo la traiettoria descritta dall’immagine

di y(s) (le curve caratteristiche ). In generale si e’ interessati non solo a cer-

care soluzioni (osserviamo che ad esempio nel caso dell" E.D.P. (2.1.1) le fun-

zioni costanti sono certamente soluzioni), ma si studia il seguente problema di

Cauchy con dati su una superficie S in Rn

(2.1.6)

{ ∑n
j=1 a j (x)∂x j

u(x) = 0,

u(x) =ϕ(x), x ∈ S.

Possiamo rescrivere il problema come segue.

(2.1.7)

{
〈a (x) ,∇u(x)〉 = 0,

u|S =ϕ

Per avere unica soluzione del problema (2.1.7) si puo prendere α0 ∈ S e un

piccolo intorno U ⊂R
n di α0. Per trovare una soluzione u ∈C 1(U ) del

(2.1.8)

{
〈a (x) ,∇u(x)〉 = 0, x ∈U

u|S∩U =ϕ

possiamo usare le curve caratteristiche ponendo ipotesi

(H1) per ∀ α ∈ S ∩U la superficie S e trasversale alla curva y(s;α)

L’ipotesi (H1) é cruciale e significa che il vettore a(α) non é tangente alla S.

Visto che cerchiamo soluzioni locali (solo in U ) possiamo supporre che S e

definita in U con l’equazione

f (x) = 0.

Lemma 2.1.1 suggerisce a cercare la soluzione di (2.1.8) nella forma

u(y(s,α)) =ϕ(α),α ∈ S.

Usando il teorema della funzione inversa si puo vedere che
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Lemma 2.1.2. L’ipotesi (H1) implica che la mappa

s ∈ (−ε,ε),α ∈ S ∩U → x = y(s,α)

sia localmente invertibile.

Proof. Il fatto che l’equazione di trasporto rimane equazione di trasporto dopo

cambiamento di variabili (2.1.2) ci premette a supporre S definita localmente

con xn = 0. L’ipotesi di trasversalita implica an(α) 6= 0 e

α ∈ S ⇐⇒αn = 0.

Quindi dobbiamo vedere che la mappa

s ∈ (−ε,ε),α′ = (α1, · · · ,αn−1) ∈R
n−1 → x = y(s;α′,0)

e invertibile. La sua matrice Jacobiana e

(
In−1 0

a′(α) an(α)

)

dove

a′ = (a1, · · · , an−1) ∈R
n−1

Ovviamente an(α) 6= 0 implica invertibilita.

2.2 Hamilton - Jacobi equation

L’equazione di Hamilton – Jacobi é un’equazione differenziale alle derivate parziali

non lineare del primo ordine che ha la forma

(2.2.9) H (x,∇x S)= 0, x ∈R
n .

We are trying to solve this equation imposing

(2.2.10) S(y) =α(y), y ∈Σ,

where Σ is a surface inRn .

The Hamiltonian H : Rn
p ×R

n
x → R, enables us to define the bicharacteristic

curves as solutions to the Hamiltonian equations

(2.2.11)

{
ξ̇(s)=−∇xH(ξ(s),x(s))

ẋ(s) =∇ξH(ξ(s),x(s))
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since H is given, this is an system of 2n ordinary differential equations, with

ξ(s) and x(s) as the unknowns. If initial data is given (for example, if ξ(0) = ξ0

and x(0) = x0 ), then the ODE can be solved and we can describe the motion of

the system. We shall denote by ρ = (x,ξ) the points in T ∗(Rn) = R2n . Then

ρ(t ) = ρ(s,ρ0), ρ0 = (x0,ξ0)

is the solution to the system (2.2.11) of the bicharacteristics.

Example 2.2.1. If

H(x,ξ) =
1

2
|ξ|2, ξ= (ξ1, · · · ,ξn) ∈Rn ,n ≥ 2,

then

ξ(s)= ξ0, x(s) = x0 +ξ0s.

Example 2.2.2. If

H(t , x,τ,ξ) = τ−c|ξ|2, ξ= (ξ1, · · · ,ξn) ∈Rn ,n ≥ 2,

then

τ(s) = τ0,ξ(s)= ξ0, t (s) = t0 + s, x(s) = x0 −2cξ0s, τ0 = c|ξ0|2.

These bi characteristic shall be used to solve the propblem

(2.2.12)
∂t S −c(∂x S)2 = 0

S(0, y) =α(y).

Note that characteristics(t (s), x(s)) are usually the projection of the bicharac-

teristics on the t , x space.

Example 2.2.3. If we use rectangular coordinates, the Hamiltonian for a particle

of mass m in a force field is

H(ξ,x) =
1

2m
|ξ|2 +V (x)

where V : Rn
x → R is the potential energy. Then equations (2.2.11) reduce to

ξ̇ = −∇xV (x) and ẋ = 1
mξ. The first equation is a statement of Newton’s second

law F = ma. The second equation relates the classical position and momentum

vectors.

Remark 2.2.1. Observe that in Example 2.2.3, the Hamiltonian is equal to the

total energy of the system. This is no coincidence. To see why, fix a Hamiltonian

H : Rn
p ×R

n
x → R, and let (p(t ),x(t )) be a solution to Hamilton’s equations. Then

set E (t ) = H(ξ(t ),x(t )). We have

(2.2.13) Ė(t ) =∇ξH(ξ(t ),x(t )) · ξ̇(t )+∇xH(ξ(t ),x(t )) · ẋ(t ) = 0

where the equality on the right is due to (2.2.11). Thus, the quantity E (t ) is indeed

conserved, and the Hamiltonian admits an interpretation as energy.
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To be specific, if S is a solution of (2.2.9) then the graph of the gradient (or

differential) of the function S

Γ= {(x,Sx (x))}

(where Sx = ∂S/∂x) is invariant with respect to the flow defined by the system

(2.2.11), since if (x(t ),ξ(t )) is a solution of (2.2.11) and ξ(0) = Sx(x(0)) then

d

d t
(ξ(t )−Sx (x(t ))) = ξ̇(t )−Sxx (x(t ))ẋ(t )

=−Hx (x(t ))−Sxx (x(t ))Hξ (x(t ),Sx (x(t )))

=−
d

d x
H (x,Sx (x))

∣∣∣∣
x=x(t)

= 0.

Lemma 2.2.1. If S(x) is a solution to the Hamilton - Jacobi equation (2.2.9) and

ρ(t ) = (x(t ),ξ(t )), t ∈ I is a bi characteristic in the interval I , then

d

d t
(ξ(t )−Sx (x(t ))) = 0, ∀t ∈ I .

Example 2.2.4. Turning to the example 2.2.2, we can apply the above Lemma

and deduce

(2.2.14) ξ0 =∇xS(x0) =⇒ ξ0 =∇x S(x0 −2cξ0s), ∀s.

We note that in the case of most importance for us, when the function H =
H(x,ξ) is positive-homogeneous in ξ (of any degree m ), the solution S = S(x)

of the Hamilton-Jacobi equation (3.33) is constant along the projections x(t ) of

the trajectories (x(t ),ξ(t )) of the Hamiltonian system (2.2.11) lying on the graph

of the gradient of the function S, since by Euler’s identity

d

d t
S(x(t )) = Sx (x(t )) · ẋ(t ) = ξ(t ) ·Hξ(x(t )) = mH(x(t ),ξ(t )) = 0

Lemma 2.2.2. If S(x) is a solution to the Hamilton - Jacobi equation (2.2.9),

H(x,ξ) is homogeneous of order m in ξ and ρ(s) = (x(s),ξ(s)), t ∈ I is a bi char-

acteristic in the interval I , then

d

d s
S(x(s)) = 0, ∀s ∈ I .

Now we turn to the general solution of the Hamilton Jacobi equation, know-

ing the Hamltonian flow ρ = ρ(t ,ρ0).

First we consider the surface Σ ⊂ R
n that is transversal to H(x,ξ) at point

(x,ξ) ∈Σ×R
n , such that

(2.2.15) H(x,ξ) = 0.
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Definition 2.2.1. We shall say that Σ ⊂ R
n that is transversal to H at the point

(x,ξ) ∈Σ×R
n satisfying (2.2.17) if

(2.2.16) N (x).∇ξH(x,ξ) 6= 0

with N (x) being the unit normal vector at x ∈Σ.

One can easily see that if Σ⊂ R
n that is transversal to H at the point (x̃, ξ̃) ∈

Σ×R
n satisfying

(2.2.17) H(x̃ , ξ̃) = 0,

then the map defined through Hamiltonian flow

(2.2.18) t ∈ (−ε,ε)× y ∈Σ∩ {|y − x̃ | ≤ ε} → x = x(t , y,η) ∈R
n

is invertible for η ∈Rn close to ξ̃.

Indeed, the proof is similar to the proof of Lemma 2.1.2 and we omit it.

Our next step is to choose appropriate initial data

x(0) = y, ξ(0) = η

for the Hamiltonian flow (2.2.11) that is compatible with the data (2.2.10) on

the surface Σ.

First we choose

(2.2.19) x(0) = y ∈Σ.

Further, we note that for any y ∈ Σ and for any vector η ∈ Rn we may use de-

composition of η into tangential and normal parts respectively

(2.2.20) η= η(τ) +η(ν)N (y), η(ν) = η.N (y),

where N (y) being the unit normal vector at y ∈Σ. From the data (2.2.10) on the

surface we have

(2.2.21) S(y) =α(y), y ∈Σ,

so taking into account Lemma 2.2.1 we can make the tangential projections of

ξ(t )−∇x S(x(t ))

at the point x(0) = y ∈Σ and find

(2.2.22) η(τ) −∇yα(y) = 0.
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To define the normal part η(ν) of η we impose the condition

(2.2.23) H(y,η) = 0.

One can solve this equation locally near a point y0 ∈Σ, η0 ∈R
n , such that

(2.2.24) η(τ)
0 −∇yα(y0) = 0

and

(2.2.25) H(y0,η0) = 0.

imposing the transversality of Σ at (y0,η0) by using the implicit function theo-

rem.

Indeed, if Σ is defined locally by xn = 0, then we use y = (y1, · · · , yn−1) as

parametrization of Σ. For any η ∈R
n we see that its tangential part is

η(τ) = (η1, · · · ,ηn−1,0)

while the normal part is ηn . Let

(y0,η0), y0 = 0, η0 = (η(0)
1 , · · · ,η(0)

n−1,η(0)
n )

are chosen so that (2.2.24) and (2.2.23) hold, i.e.

(2.2.26) η(0)
j
−∂y j

α(0) = 0, j = 1, · · · ,n −1

and

(2.2.27) H(0,η0) = 0.

Then to solve (2.2.24) and (2.2.23) with (y,η) ∈Σ×R
n close to (0,η0) we have

to find only ηn that solves

H(y,∇yα,ηn) = 0.

The transversality condition at (0,η0) reads as

∂ξn
H(0,η0) 6= 0,

so implicit function theorem guarantees local solvability of

H(y,∇yα,ηn) = 0

with respect to ηn .

Next, we define z(t , y,η) to be the solution to

(2.2.28)

{
z ′ = ξ(t ).Hξ(x(t ),ξ(t ))

z(0) =α(y).
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Lemma 2.2.3. If

x = x(t , y,η),ξ= ξ(t , y,η)

is the Hamiltonian flow determined by (2.2.11) with initial data (x(0),ξ(0)) =
(y,η), satisfying (2.2.22) and (2.2.23), then if S(x)= z(t (x), y(x)), where (y(x,η), t (x,η))

is the inverse of (2.2.18) and z is a solution of (7.0.43), then we have the proper-

ties

a)

(2.2.29) ξ(t , y,η) =∇x S(x(t , y,η)).

b) the function S(x) is a solution to the Hamilton - Jacobi equation

H(x,∇x S(x)) = 0.

Proof. We have the relations

d

d t
S(x(t , y,η)) = d

d t
z(t , y) =∇ξH(x(t , y,η),ξ(t , y,η)).ξ(t , y,η) = x′(t , y,η)).ξ(t , y,η)

and since
d

d t
S(x(t , y,η)) =∇x S(x(t , y,η)).x′(t , y,η)),

we conclude that

(2.2.30)
(
∇x S(x(t , y,η))−ξ(t , y,η)

)
.x′(t , y,η)) = 0.

Without loss of generality we can assume that Σ : xn = 0 and then we shall show

(2.2.31)
(
∇x S(x(t , y,η))−ξ(t , y,η)

)
.∂y j

x(t , y,η)) = 0, j 1, · · · , (n −1)).

Indeed, we have the relations

∂y j
S(x(t , y,η)) = ∂y j

z(t , y)

and

∂y j
S(x(t , y,η)) =∇x S(x(t , y,η)).∂y j

x(t , y,η)),

therefore we need to show that

(2.2.32) ∂y j
z(t , y) = ξ(t , y,η).∂y j

x(t , y,η).

For the purpose we use the relations

∂y j
z ′(t , y) =∇2

ξ,x H(x(t , y,η),ξ(t , y,η))(∂y j
x(t , y,η)).ξ(t , y,η)+
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+∇2
ξ,ξH(x(t , y,η),ξ(t , y,η))(∂y j

ξ(t , y,η)).ξ(t , y,η)+

+∇ξH(x(t , y,η),ξ(t , y,η)).(∂y j
ξ′(t , y,η)).

Moreover, we have

d

d t

(
ξ(t , y,η).∂y j

x(t , y,η)
)
=−∇x H(x(t , y,η),ξ(t , y,η)).∂y j

x(t , y,η)+

+ξ(t , y,η).∂y j
x′(t , y,η) =−∇x H(x(t , y,η),ξ(t , y,η)).∂y j

x(t , y,η)+

+∇2
ξ,x H(x(t , y,η),ξ(t , y,η))(∂y j

x(t , y,η)).ξ(t , y,η)+

+∇2
ξ,ξH(x(t , y,η),ξ(t , y,η))(∂y j

ξ(t , y,η)).ξ(t , y,η)

and we arrive at

d

d t

(
∂y j

z(t , y)−
(
ξ(t , y,η).∂y j

x(t , y,η)
))

=

=∇ξH(x(t , y,η),ξ(t , y,η)).(∂y j
ξ(t , y,η))+∇x H(x(t , y,η),ξ(t , y,η)).(∂y j

x(t , y,η)).

Since we are working on null bi characteristics H(x(t , y,η),ξ(t , y,η)) = 0 so

we have also

∇x H(x(t , y,η),ξ(t , y,η)).(∂y j
x(t , y,η))+∇ξH(x(t , y,η),ξ(t , y,η)).(∂y j

ξ(t , y,η)) = 0

so we arrive at

d

d t

(
∂y j

z(t , y)−
(
ξ(t , y,η).∂y j

x(t , y,η)
))

= 0.

For t = 0 we have

∂y j
z(0, y)−ξ(0, y,η).∂y j

x(0, y,η) = 0

so we arrive at (2.2.32). This relation implies (2.2.31)and combining with (2.2.30),

we find (2.2.29). Therefore we have the property a). The property b) follows

from a) and (2.2.13).

Example 2.2.5. We continue to study the Example 2.2.2. Recall that the null bi

-characteristics are defined by

(2.2.33)
τ(s)= τ0,ξ(s) = ξ0, τ0 = c|ξ0|2,

t (s) = t0 + s, x(s) = x0 −2cξ0s,

We want to solve the problem (2.2.12), i.e.

∂t S −c(∂x S)2 = 0

S(0, y) =α(y).
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so we take x0 = y, t0 = 0 with y ∈R.

Note that the relation (2.2.29) with t = 0 implies

(2.2.34) ξ0 =∇yα(y).

As in (7.0.43) we define the function

(2.2.35){
z ′(s) = ξ(s, y,ξ0).Hξ(t (s), x(s),τ(s),ξ(s))+τ(s)Hτ(t (s), x(s),τ(s),ξ(s))

z(0) =α(y)

From (2.2.33) we find

ξ(s, y,ξ0).Hξ(t (s), x(s),τ(s),ξ(s))+τ(s)Hτ(t (s), x(s),τ(s),ξ(s))=−2c|ξ0|2+τ0 =−c|ξ0|2.

Hence

z(s, y,ξ0) =α(y)− sc|ξ0|2.

Then

S(t (s, y,ξ0), x(s, y,ξ0)) = z(s, y,ξ0)

shall be the solution to our problem so

S(s, y −2cξ0s) =α(y)− sc|ξ0|2.

We have to make change of variables

t = s, x = y −2c∇yα(y)s

and we get

S(t , x) =α(y(t , x))− tc|∇yα(y(t , x))|2.

Moreover, from (2.2.29) we have

∇x S(t (s, y,ξ0), x(s, y,ξ0)) = ξ(s, y,ξ0) = ξ0 =∇yα(y(t , x)).

Therefore

(2.2.36) ∇x S(s, y −2cs∇yα(y)) =∇yα(y).

Example 2.2.6. For given initial data g (x), we consider a classical solution to

the PDE

(2.2.37) ∂t u +
1

2
(∂x u)2 = 0 on Rx × (0,∞)t

u = g on Rx × {0}t
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(By classical, we simply mean that u is differentiable, so that the PDE can be

satisfied everywhere on Rx × (0,∞)t (2.2.37). Characteristic lines. Suppose u is

a classical solution to (2.2.37). Furthermore, suppose u is twice differentiable in

the variable x. since u is differentiable, we can let v(x, t ) = ∂x u(x, t ). Then v

satisfies the equation

(2.2.38) ∂t v +v ·∂x v = 0 on Rx × (0,∞)t

with initial data

v = h on Rx × {0}t

where h(x) := g ′(x) The PDE (2.2.38) is known as the inviscid Burgers ’ equation

and plays an important role in fluid mechanics. We have the following property

for solutions of Burgers’ equation.

Lemma 2.2.4. If v is solution to (2.2.38), then v is a constant along the lines

x = x0 + th(x0) for each x0 ∈R.

Example 2.2.7. Non-existence of a classical solution.

Suppose we have initial data g (x) = −|x| to the Hamilton-Jacobi equation

(2.2.37). Then v has initial data

h(x) =
{

1, if x < 0

−1, if x > 0

However, we immediately see a problem with our given initial data. Take, for

example, the characteristic lines x = 1− t and x =−1+ t must be constant along

these two lines. This is fine for all t < 1, but the two characteristics intersect at

(x, t ) = (0,1). (This intersection is called a shock. since the values of v along the

two lines are different, there cannot be a differentiable solution).

2.3 Symplectic manifolds

Symplectic manifold is a smooth manifold, M , equipped with a closed nonde-

generate differential 2-form ω called the symplectic form.

Example 2.3.1. Let {v1, . . . , v2n} be a basis for R2n We define our symplectic form

ω on this basis as follows:

ω(vi , v j ) =





1 j − i = n with 1É i É n

−1 i − j = n with 1É j É n

0 otherwise
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In this case the symplectic form reduces to a simple quadratic form. If In

denotes the n ×n identity matrix then the matrix, Ω of this quadratic form is

given by the 2n ×2n block matrix:

Ω=
(

0 In

−In 0

)
.

Example 2.3.2. If (x,ξ) are local coordinates, then one such form is

ω= d x ∧dξ.

So if we have vector field

v1 =
n∑

j=1

a(1)
j
∂x j

+b(1)
j
∂ξ j

, v2 =
n∑

j=1

a(2)
j
∂x j

+b(2) j∂ξ j
,

then

ω(v1, v2) = a(1).b(2) −a(2).b(1),

where

a(1) = (a(1)
1 , a(1)

2 , · · · , a(1)
n ), a(2) = (a(2)

1 , a(2)
2 , · · · , a(2)

n ),

b(1) = (b(1)
1 ,b(1)

2 , · · · ,b(1)
n ),b(2) = (b(2)

1 ,b(2)
2 , · · · ,b(2)

n ).

and a.b denotes the scalar product of the vectors a,b.

The study of symplectic manifolds is called symplectic geometry or sym-

plectic topology. Symplectic manifolds arise naturally in abstract formulations

of classical mechanics and analytical mechanics as the cotangent bundles of

manifolds. For example, in the Hamiltonian formulation of classical mechan-

ics, which provides one of the major motivations for the field, the set of all pos-

sible configurations of a system is modeled as a manifold, and this manifold’s

cotangent bundle describes the phase space of the system.
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Chapter 3

1 - D Maximum principle

3.1 Introduction

Let the operator L is defined by

L(u)(x) =−u′′+V (x)u′(x).

The we can consider the Sturm problem

(3.1.1) L(u)(x) = f (x), a < x < b.

Here and below V (x) is C [a,b] function. Given any f ∈C (a,b) we look for clas-

sical solutions to (3.1.1) u ∈C [a,b]∩C 2(a,b).

3.2 Easy and weak maximum principles

Lemma 3.2.1. If u ∈ C [a,b]∩C 2(a,b) is a solution of (3.1.1), then we have the

following properties

a) (EASY MIN principle) if f (x) is continuous POSITIVE function (f (x) > 0 for

any x ∈ (a,b)), then

min(u(a),u(b)) = min
[a,b]

u(x).

b) (EASY MAX principle) if f (x) is continuous NEGATIVE function (f (x) > 0 for

any x ∈ (a,b)), then

max(u(a),u(b)) = max
[a,b]

u(x).
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Proof. We shall prove b) only. If

u(c) = max
[a,b]

u(x)

for some c ∈ (a,b), then in the point c we have

u′(c) = 0,u′′(c) ≤ 0.

Lemma 3.2.2. If u ∈ C [a,b]∩C 2(a,b) is a solution of (3.1.1), then we have the

following properties

a) (WEAK MIN principle) if f (x) is continuous NON-NEGATIVE function (f (x) ≥
0 for any x ∈ (a,b)), then

min(u(a),u(b)) = min
[a,b]

u(x).

b) (WEAK MAX principle) if f (x) is continuous NON-POSITIVE function (f (x) ≤
0 for any x ∈ (a,b)), then

max(u(a),u(b)) = max
[a,b]

u(x).

Remark 3.2.1. A function satisfying L(u)(x) ≤ 0 is called a subsolution. We are

thus asserting a subsolution attains its maximum on the boundary of [a,b]. Sim-

ilarly, if L(u)(x) ≤ 0 holds, u is a supersolution and attains its minimum on the

boundary of [a,b].

Proof. We shall prove only the assertion a). We shall modify u(x) as follows

wε(x) = u(x)−εz(x),

where

z(x) = eRx .

Then wε tends uniformly to u, so min[x1 ,x2] wε(x) tends to min[x1,x2] u(x) for any

interval [x1, x2] ⊆ [a,b].

Choose R > 0 so large that

L(wε) ≥−εz ′′+εV (x)z ′(x) = ε(R2 −V R)eRx > 0

for any x ∈ (a,b). Then the Easy MIN principle implies

min(wε(a), wε(b)) = min
[a,b]

wε(x).

Taking the limit as ε> 0 tends to zero we get

min(u(a),u(b)) = min
[a,b]

u(x).
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3.3 Hopf lemma and strong maximum principle

In order to prepare strong maximum principle we shall start with Hopf Lemma

Lemma 3.3.1. (Hopf ’s Lemma). Assume u ∈C 2(a,b))∩C 1([a,b]), and

Lu = f ≤ 0 in (a,b).

Then we have

a) if

(3.3.2) u(b) > u(x) for all x ∈ (a,b)

then

u′(b) > 0.

b) if

(3.3.3) u(a) > u(x) for all x ∈ (a,b)

then

u′(a) < 0.

Proof. We shall prove only a). Without loss of generality we can assume

a < 0< b.

Then we take

wε(x) = u(x)+εz(x),

where

z(x) = e−Rx2

−e−Rb2

Then z(b) = 0 and

L(z)(x) = e−Rx2 (
−4R2x2 +2R −V xR

)
< 0

for R big enough and x ∈ (b/2,b). In view of (3.3.3) we can find ε> 0 so that

wε(x0) = u(x0) > u(b/2)+εz(b/2) = wε(b/2).

We have also

wε(x0) = u(x0) ≥ u(b)+εz(b) = wε(b).
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Applying the weak maximum principle for wε(x)−wε(b) and the interval [b/2,b]

and we find

max
[b/2,b]

wε−wε(b) ≤ 0

and hence

w ′
ε(b) ≥ 0.

In this way we find

u′(b) ≥−εz ′(b) = εRbe−Rb2

> 0.

Lemma 3.3.2. If u ∈ C [a,b]∩C 2(a,b) is a solution of (3.1.1), then we have the

following properties

a) (STRONG MIN principle) if f (x) is continuous NON-NEGATIVE function (f (x) ≥
0 for any x ∈ (a,b)) and f has minimum in internal point x0 ∈ (a,b), then

is a constant;

b) (STRONG MAX principle) if f (x) is continuous NON-POSITIVE function (f (x) ≤
0 for any x ∈ (a,b))and f has maximum in internal point x0 ∈ (a,b), then

is a constant.

Proof. We shall prove only b). Set

M := max
[a,b]

u

and assuming u is not a constant we can decompose (a,b) as

(a,b) =C ∪V ,

where

C := {x ∈ (a,b) | u(x) = M},

V := {x ∈ (a,b) | u(x) < M}.

Since V is an open set, it is a union of open intervals and we can take such inter-

val (α,β) ⊂ V so that β ∈ C . In this way we can apply Hopf lemma and deduce

u′(β) > 0 and this is a contradiction with the fact that β ∈ (a,b) is maximum

point. The contradiction shows that V is empty.

Problem 3.3.1. If u ∈C [a,b]∩C 2(a,b) is a solution of

(3.3.4) u′′+V (x)u′(x)+W (x)u(x) = f (x), a < x < b,

V (x) and W (x) are C [a,b] functions, W (x) ≤ 0, f (x) is any bounded NON-NEGATIVE

function and if

u(c) = max
[a,b]

u(x)

is POSITIVE for some c ∈ (a,b), then u(x) is a constant.
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Problem 3.3.2. Show that the condition W (x) ≤ 0 in the Problem (3.3.1) can not

be removed.

Problem 3.3.3. Show that the condition u(c) is POSITIVE in the Problem (3.3.1)

can not be removed.

Problem 3.3.4. If u ∈C [a,b]∩C 2(a,b) is a solution of (4.1.1) V (x) and W (x) are

bounded functions, W (x) ≤ 0, f (x) is any bounded NON-NEGATIVE function

and if

u(a) = u(b) = 0,

then u(x) < 0 in (a,b) or u(x) = 0.
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Chapter 4

Maximum principle in domains

4.1 Introduction

Let Ω⊆R
n be an open domain with boundary ∂Ω.

Let the operator L be defined by

L(u)(x) =−∆u(x)+
n∑

j=1

V j (x)∂x j
u(x).

Then we can consider the problem

(4.1.1) L(u)(x) = f (x), x ∈Ω.

Here and below V j (x) are C (Ω) function. Given any f ∈C (Ω) we look for classi-

cal solutions to (4.1.1) u ∈C (Ω)∩C 2(Ω).

For simplicity we shall concentrate in this chapter to the case n = 3.

4.2 Easy and weak maximum principles

Lemma 4.2.1. If u ∈ C (Ω)∩C 2(Ω) is a solution of (4.1.1), then we have the fol-

lowing properties

a) (EASY MIN principle) if f (x) is continuous POSITIVE function (f (x) > 0 for

any x ∈Ω), then

min
∂Ω

u = min
Ω

u.

b) (EASY MAX principle) if f (x) is continuous NEGATIVE function (f (x) > 0 for

any x ∈Ω), then

max
∂Ω

u = max
Ω

u(x).
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Proof. We shall prove b) only. If

u(x0) = max
Ω

u(x)

for some x0 ∈Ω, then in the point x0 we have

∇u(x0) = 0,∆u(x0) ≤ 0.

Lemma 4.2.2. If u ∈ C (Ω)∩C 2(Ω) is a solution of (4.1.1), then we have the fol-

lowing properties

a) (WEAK MIN principle) if f (x) is continuous NON-NEGATIVE function (f (x) ≥
0 for any x ∈Ω), then

min
∂Ω

u = min
Ω

u.

b) (WEAK MAX principle) if f (x) is continuous NON-POSITIVE function (f (x) ≤
0 for any x ∈Ω), then

max
∂Ω

u = max
Ω

u.

Remark 4.2.1. A function satisfying L(u)(x) ≤ 0 is called a subsolution. We are

thus asserting a subsolution attains its maximum on the boundary of Ω. Simi-

larly, if L(u)(x) ≤ 0 holds, u is a supersolution and attains its minimum on the

boundary of Ω.

Proof. We shall prove only the assertion a). We shall modify u(x) as follows

wε(x) = u(x)−εz(x),

where

z(x) = eRx1 .

Then wε tends uniformly to u, so minU wε(x) tends to minU u(x) for any open

U ⊆Ω.

Choose R > 0 so large that

L(wε) ≥−ε∆z +ε
n∑

j=1

V j (x)∂x j
z(x) = ε(R2 −V R)eRx1 > 0

for any x ∈Ω. Then the Easy MIN principle implies

min
∂Ω

wε = min
Ω

wε(x).

Taking the limit as ε> 0 tends to zero we get

min
∂Ω

u = min
Ω

u.
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4.3 Hopf lemma and strong maximum principle

In order to prepare strong maximum principle we shall start with Hopf’s Lemma.

For this we shall assume the boundary of the domain Ω satisfies the ball condi-

tion, i.e.

(H1)

{
for any x0 ∈ ∂Ω there exists a ball B ⊂Ω

so that x0 ∈ ∂B

Lemma 4.3.1. (Hopf ’s Lemma). Assume (H1), u ∈C 2(Ω))∩C 1(Ω), and

Lu = f ≤ 0 in Ω.

If x0 ∈ ∂Ω is such that

(4.3.2) u(x0) > u(x) for all x ∈Ω

then

∂νu(x0) > 0,

where ν(x) is the exterior unit normal at x ∈ ∂Ω.

Proof. Without loss of generality we can assume the ball in the assumption (H1)

is B(0,r ), so that |x0| = r and

ν(x0) = x0/r.

Then we take

wε(x) = u(x)+εz(x),

where

z(x) = e−Rx2

−e−Rr 2

Then z(x0) = 0 and

L(z)(x) = e−Rx2

(
−4R2x2 +2nR −

n∑

j=1

2V j x j R

)
< 0

for R big enough and x ∈B(0,r )\B(0,r /2). In view of (4.3.2) we can find ε> 0 so

that

wε(x0) = u(x0) > u(x)+εz(x) = wε(x) |x| = r /2.

We have also

wε(x0) = u(x0) ≥ u(x)+εz(x) = wε(x), |x| = r.
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Applyi ng the weak maximum principle for wε(x)−wε(b) and the domain B(0,r )\

B(0,r /2) we find

max
B(0,r )\B(0,r /2)

wε−wε(b) ≤ 0

and hence

∂νwε(x0) ≥ 0.

In this way we find

∂νu(x0) ≥−ε∂νz(x0) = 2εRr e−Rr 2

> 0.

Lemma 4.3.2. If u ∈ C (Ω)∩C 2(Ω) is a solution of (4.1.1), then we have the fol-

lowing properties

a) (STRONG MIN principle) if f (x) is continuous NON-NEGATIVE function (f (x) ≥
0 for any x ∈Ω) and f has minimum in internal point x0 ∈Ω, then it is a

constant;

b) (STRONG MAX principle) if f (x) is continuous NON-POSITIVE function (f (x) ≤
0 for any x ∈Ω)and f has maximum in internal point x0 ∈Ω, then it is a

constant.

Proof. We shall prove only b). Set

M := max
Ω

u

and assuming u is not a constant we can decompose Ω as

Ω=C ∪V ,

where

C := {x ∈Ω | u(x) = M},

V := {x ∈Ω |u(x) < M}.

This means we can find two points P ∈ C and Q ∈ V and connect them with

an arc in Ω. Let R be the closest point on the arc to Q such that u(R) = M and

u(x) < M for all x on the arc between Q and R . Since R is in Ω, we can find y

sufficiently close to R on the arc QR so that

y ∈V , d(y,R) < d(y,∂Ω).

Then we can define the largest open ball B(y,r ) ⊂V so that ∂B(y,r ) has a point

x∗ ∈C . In this way we can apply for B(y,r ) the Hopf lemma and deduce ∂νu(x∗) >
0 and this is a contradiction with the fact u has a maximum in x∗. The contra-

diction shows that V is empty.
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4.4 Maximum principle for Laplace operator with Coulomb

potential

A natural question is to ask if the linear operator

Pω =−∆− 1

|x|
+ω,

satisfies the weak maximum principle in the sense that

(4.4.3) u ∈ H2, Pω(u) = g ≥ 0,=⇒ u ≥ 0.

The above maximum principle is incomplete, since additional behavior of u

and g at infinity has to be imposed, namely, we shall suppose that

(4.4.4) (1+|x|)−M e
p
ω|x|u ∈ H2, (1+|x|)−M e

p
ω|x|g ∈ H2,

for some real number M > 0.

Note, that the energy levels of the hydrogen atom are described by the eigen-

values ωk > 0 of the eigenvalue problem

∆ek(x)+ ek (x)

|x|
=ωk ek(x), ek(x) ∈ H2.

One has

ωk =
1

4(k +1)2
, k = 0,1, ...

and e0(x) = ce−|x|/2,c > 0. The first observation is that all eigenfunctions ek (x),

k ≥ 1, are expressed in terms of Laguerre polynomials of |x|, having exactly k

roots. This fact guarantees that the maximum principle is not valid for ω=ωk .

More precisely, we can show the following.

Lemma 4.4.1. The weak maximum principle 4.4.3 is valid if an only if

ω≥ 1

4
.

4.5 Appendix: Maximum principle for subharmonic

functions.

4.5.1 Mean value theorem. Harmonic functions

The Gauss Green identity
∫

Ω

(∆uv −u∆v)d y =
∫

∂Ω
(∂N uv −u∂N v)dS y ,
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enables one to take v(y) = 1/|x − y |, where x ∈Ω and modify the domain Ω as

follows

Ωδ = {y : y ∈Ω, |y −x| ≥ δ}

provided δ> 0 is small.

Taking the limit as δ→ 0 we get

Lemma 4.5.1. (integral representation) If u ∈C 2(Rn) then

u(x) =
1

4π

∫

∂Ω

(
∂N u

|x − y |
−u∂N

(
1

|x − y |

))
dS y

−
1

4π

∫

Ω

∆u

|x − y |
d y.

In the particular case Ω= {|x −x0| < R} we get

Lemma 4.5.2. (Gauss mean value theorem) If u ∈C 2 is a harmonic in {|x−x0| <
R} , then

u(x0) = 1

4πR2

∫

|x−x0 |=R
u(y)dS y .

Problem 4.5.1. (Strong Maximum principle) Let u ∈C (Ω)∩C 2(Ω) be a solution

of

(4.5.5) ∆u = 0, x ∈Ω.

If

u(c) = max
Ω

u(x)

for some c ∈Ω, then u(x) is a constant.

4.5.2 Maximum principle for subharmonic functions

Let Ω be an open subset of Rn and u ∈ L1
l oc

(Ω). Set

(4.5.6) M(u)(x,R) = 1

µ(|y | ≤ R)

∫

|y |≤R
u(x + y)d y

and

(4.5.7) MS(u)(x,R) =
1

µ(Sn−1)

∫

|ω|=1
u(x +Rω)dω

Since µ(|y | ≤ R) =µ(Sn−1)Rn/n, we have the relation

∫R

0
MS(u)(x,r )r n−1dr = Rn

n
M(u)(x,R).
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Definition 4.5.1. A function u ∈ L1
l oc

is called subharmonic if u(x) ≤ M(u)(x,R)

for any R > 0 such that {y +x; |y | ≤ R} ⊂Ω and for a.e. in x ∈Ω.

Problem 4.5.2. If u ∈C∞(Ω) then u is subharmonic if and only if ∆u ≥ 0.

Hint. If ∆u ≥ 0, then Gauss-Green gives

0 ≤
∫

|y | ≤ R∆u(x + y)d y = cRn−1 d

dR
MS(u)(x,R),

so MS (u)(x,R) ≥ MS (u)(x,0) = u(x) and

M(u)(x,R) = nR−n

∫R

0
MS (u)(x,r )r n−1dr ≥ u(x)nR−n

∫R

0
r n−1dr = u(x).

Problem 4.5.3. If u ∈ L1
l oc

(Ω) then u is subharmonic if and only if ∆u ≥ 0.

Problem 4.5.4. If u ∈C (Ω) is subharmonic, then the condition u(c) = max
Ω

u(x)

for some c ∈Ω implies u = cost .

The function

(4.5.8) M(u)(x) = sup
R>0

M(u)(x,R) = sup
R>0

1

µ(|y | ≤ R)

∫

|y |≤R
u(x + y)d y

is called Hardy - Littlewood MAXIMAL function.

Problem 4.5.5. Show that there exists a constant C > 0 so that for any u ∈C∞
0 (Rn)

‖M(u)‖L2 ≤C‖u‖L2.
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Chapter 5

Fundamental solution of Laplace

operator in R
n and applications

5.1 Laplace equation in R
n

Among the most important of all partial differential equations are undoubtedly

Laplace’s equation

(5.1.1) ∆u = 0

and Poisson’s equation

(5.1.2) −∆u = f .

In both (5.1.1) and (5.1.2) , x ∈Ω and the unknown is u : Ω̄→ R,u = u(x) where

Ω ⊂ R
n is a given open set. In (5.1.2) the function f : U → R is also given. Re-

member that the Laplacian of u is

∆u =
n∑

i=1

uxi xi
.

Definition 5.1.1. A C 2 function u satisfying (5.1.1) is called a harmonic func-

tion.

5.2 Decomposition of the Laplace operatore into ra-

dial and angular part

Start with the relation

(5.2.3) |x|2∆= L2 + (n −2)L+∆Sn−1 ,
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where

(5.2.4) ∆Sn−1 =
n∑

j ,k=1

Ω
2
j k ,Ω j k = x j∂k −xk∂ j

and

L = r∂r =
n∑

j=1

x j∂ j .

Per n = 2 we have

∆S1 = x1∂2 −x2∂1.

Introduce polar coordinates

x1 = r cosφ, x2 = r sinφ.

Then

∂1 =
x1

r
∂r −

x2

x2
1 +x2

2

∂φ = cosφ∂r −
sinφ

r
∂φ

and

∂2 =
x2

r
∂r +

x1

x2
1 +x2

2

∂φ = sinφ∂r +
cosφ

r
∂φ.

So we get

Ω12 = ∂φ

and we find

∆S1 = ∂2
φ.

For n = 3 we have

x1 = r cosφsinθ, x2 = r sinφsinθ, x3 = cosθ.

Then

∂1 =
x1

r
∂r −

x2

x2
1 +x2

2

∂φ−
x3x1

r 2(x2
1 +x2

2)1/2
∂θ =

= cosφsinθ∂r −
sinφ

r sinθ
∂φ−

cosθ

r
∂θ.

∂2 =
x2

r
∂r +

x1

x2
1 +x2

2

∂φ−
x3x2

r 2(x2
1 +x2

2)1/2
∂θ

and

∂3 =
x3

r
∂r +

(x2
1 +x2

2)1/2

r 2
∂θ

Hence,

Ω12 = ∂φ, Ω13 = sinφcotθ∂φ+cosφ∂θ, Ω13 =−cosφcotθ∂φ+ sinφ∂θ.
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Taking the sum of squares, we get

∆S2 = ∂2
θ+

cosθ

sinθ
∂θ +

1

sin2θ
∂2
φ.

We have the following commutator properties

Problem 5.2.1. If [A,B] = AB −B A is the commutator of two operators then we

have

[∂ j , xk ] = δ j k,

[∆,∂ j ] = 0,

[∆, x j ] = 2∂ j ,

[∆,Ω j k ] = 0,

[∆,L] = 2∆.

5.2.1 Spherical harmonics

If Y (ω) is an eigenfunction of ∆Sn−1 , one can introduce

u(x) = |x|M Y

(
x

|x|

)

and see that u(x) is harmonic, i.e. ∆u(x) = 0 if and only if

∆Sn−1Y =−M(M +n −2)Y .

One can take u(x) to be a harmonic homogeneous POLYNOMIAL of order M

(M is a non negative integer) and see that Y (x/|x|) = |x|−M u(x) is an eigenfunc-

tion of ∆Sn−1 with eigenvalue M(M+n−2). The application of Liuoville theorem

shows that M is only integer and u(x) has to be a homogeneous polynomial.
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5.3 Laplace equation in R
n and its fundamental so-

lution

One good strategy for investigating any partial differential equation is first to

identify some explicit solutions and then, provided the PDE is linear, to assem-

ble more complicated solutions out of the specific ones previously noted. Fur-

thermore, in looking for explicit solutions it is often wise to restrict attention to

classes of functions with certain symmetry properties. since Laplace’s equation

is invariant under rotations, it consequently seems advisable to search first for

radial solutions, that is, functions of r = |x| Let us therefore attempt to find a

solution u of Laplace’s equation in Ω=R
n , having the form

u(x) = v(r )

where r = |x| =
(
x2

1 +·· ·+x2
n

)1/2
and v is to be selected (if possible) so that ∆u =

0 holds. First note for i = 1, . . . ,n that

∂r

∂xi
=

1

2

(
x2

1 +·· ·+x2
n

)−1/2
2xi =

xi

r
(x 6= 0)

We thus have

uxi
= v ′(r )

xi

r
,uxi xi

= v ′′(r )
x2

i

r 2
+v ′(r )

(
1

r
−

x2
i

r 3

)
.

for i = 1, . . . ,n, and so

∆u = v ′′(r )+
n −1

r
v ′(r )

Hence ∆u = 0 if and only if

(5.3.5) v ′′+
n −1

r
v ′ = 0.

If v ′ 6= 0, we deduce

log
(
v ′)′ = v ′′

v ′ =
1−n

r

and hence v ′(r ) = a
r n−1 for some constant a. Consequently if r > 0, we have

v(r )=
{

b logr +c (n = 2)
b

r n−2 +c (n ≥ 3)

where b and c are constants. These considerations motivate the following.
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Definition 5.3.1. The function

(5.3.6) E (x) :=
{ − 1

2π
log |x| (n = 2)

1
n(n−2)|B |

1
|x|n−2 (n ≥ 3)

defined for x ∈R
n , x 6= 0, is the fundamental solution of Laplace’s equation.

Remark 5.3.1. Recall that the volume of the ball B(0,R) in R
n is

|B(0,R)| =
∫R

0
ρn−1dρµ(Sn−1) =

Rnµ(Sn−1)

n

where µ(Sn−1) is the surface area of the unit sphere in R
n .

The reason for the particular choices of the constants in (5.3.6) will be ap-

parent in a moment.

We will sometimes slightly abuse notation and write Φ(x) = Φ(|x|) to em-

phasize that the fundamental solution is radial. Observe also that we have the

estimates

(5.3.7) |DΦ(x)| ≤ C

|x|n−1
,
∣∣D2

Φ(x)
∣∣≤ C

|x|n
(x 6= 0)

for some constant C > 0

5.4 Poisson equation

By construction the function x 7→ E (x) is harmonic for x 6= 0. If we shift the

origin to a new point y, the PDE (1) is unchanged; and so x 7→ E (x − y) is also

harmonic as a function of x, x 6= y. Let us now take f : Rn →R and note that the

mapping x 7→ E (x − y) f (y)(x 6= y) is harmonic for each point y ∈ R
n , and thus

so is the sum of finitely many such expressions built for different points y . This

reasoning might suggest that the convolution

u(x) =
∫
Rn E (x − y) f (y)d y

=
{

− 1
2π

∫
R2 log(|x − y |) f (y)d y (n = 2)

1
n(n−2)|B |

∫
Rn

f (y)

|x−y |n−2 d y (n ≥ 3)
(5.4.8)

will solve Laplace equation (5.1.1). However, this is wrong: we cannot just com-

pute

∆u(x) =
∫

Rn
∆x E (x − y) f (y)d y = 0
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Indeed, as intimated by estimate (5.3.7) D2
Φ(x − y) is not summable near the

singularity at y = x, and so the differentiation under the integral sign above is

unjustified (and incorrect). We must proceed more carefully in calculating ∆u

Let us for simplicity now assume f ∈ C 2
c (Rn) ; that is, f is twice continuously

differentiable, with compact support.

Theorem 5.4.1. (Solving Poisson’s equation). Define u by (5.4.8) . Then

(i) u ∈C 2 (Rn)

and

(ii) −∆u = f in R
n We consequently see that (5.4.8) provides us with a for-

mula for a solution of Poisson’s equation (5.1.2) in R
n .

Proof. We have

u(x) =
∫

Rn
E (x − y) f (y)d y =

∫

Rn
E (y) f (x − y)d y

hence

u (x +hei )−u(x)

h
=

∫

Rn
E (y)

[
f
(
x +hei − y

)
− f (x − y)

h

]
d y

where h 6= 0 and ei = (0, . . . ,1, . . . ,0), the 1 in the i th -slot. But

f
(
x +hei − y

)
− f (x − y)

h
→

∂ f

∂xi
(x − y)

uniformly on R
n as h → 0, and thus

∂u

∂xi
(x) =

∫

Rn
E (y)

∂ f

∂xi
(x − y)d y (i = 1, . . . ,n)

Similarly

(5.4.9)
∂2u

∂xi∂x j
(x) =

∫

Kn
E (y)

∂2 f

∂xi∂x j
(x − y)d y (i , j = 1, . . . ,n)

As the expression on the right hand side of eq.PE10 is continuous in the variable

x, we see u ∈C 2 (Rn)

Since E blows up at 0, we will need for subsequent calculations to isolate

this singularity inside a small ball. So fix ε> 0. Then

∆u(x) =
∫

B(0,z)
E (y)∆x f (x − y)d y +

∫

Rm−B(0,t)
E (y)∆x f (x − y)d y

=: Iε+ Jε
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Now

(5.4.10) |Iε| ≤C
∥∥D2 f

∥∥
L∞(R−)

∫

B(0,ε)
|E (y)|d y ≤

{
Cε2| logǫ| (n = 2)

Cε2 (n ≥ 3)

An integration by parts yields

(5.4.11)

Jc =
∫

Rn−B(0,c)
E (y)∆y f (x − y)d y

=−
∫

R−−B(0,z)
DE (y) ·D y f (x − y)d y

+
∫

∂B(0,ε)
E (y)

∂ f

∂ν
(x − y)dS(y)

=:Kε+Lε

ν denoting the inward pointing unit normal along ∂B(0,ε). We readily check

(5.4.12) |Lε| ≤ ‖D f ‖L∞(Kn)

∫

∂B(0,ε)
|E (y)|dS(y) ≤

{
Cε| logε| (n = 2)

Cε (n ≥ 3)

We continue by integrating by parts once again in the term Kε, to discover

Kε =
∫

R−−B(0,ε)
∆E (y) f (x − y)d y −

∫

∂B(0,ε)

∂E

∂ν
(y) f (x − y)dS(y)

=−
∫

∂B(0,ε)

∂E

∂ν
(y) f (x − y)dS(y)

since E is harmonic away from the origin. Now DE (y) = −1
n|B |

y
y ′ (y 6= 0) on ∂B(0,ε).

since n|B |εn−1 is the surface area of the sphere ∂B(0,ε), we have

(5.4.13) Kε =− 1

n|B |εn−1

∫

∂B(0,ε)
f (x − y)dS(y)

=− f∂B(z,t) f (y)dS(y) →− f (x) as ε→ 0

(Remember that a slash through an integral denotes an average.) Combining

now (5.4.10)-(5.4.13)and letting ε→ 0, we find −∆u(x) = f (x), as asserted.

5.5 Weak solutions of Poisson equation

Typical example of application of the notion of distribution is the definition of

a weak solution of the Laplace equation.
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Definition 5.5.1. If u, f are distributions in R
n , then u is a weak solution of the

equation

(5.5.14) −∆u = f , ∆= ∂2
1 +·· ·∂2

n ,

if for any test function ϕ(x) we have

< u,∆ϕ>=−< f ,ϕ> .

5.5.1 Case n = 3

One can verify that

∆

(
1

|x|

)
=−4πδ

in the sense of distributions in R
3. Indeed taking any test function ϕ we apply

Gauss - Green formula for the domain {|x| ≥ ε} and using the fact that

∆

(
1

|x|

)
= 0 |x| 6= 0,

we find

∫

|x|>ε

(
∆

(
1

|x|

))
ϕ(x)d x −

∫

|x|>ε

(
1

|x|

)
∆ϕ(x)d x =

−
∫

|x|=ε
∂r

(
1

|x|

)
ϕ(x)dSx +

∫

|x|=ε

(
1

|x|

)
∂rϕ(x)dSx ,

where here and below

∂r =
n∑

j=1

x j

|x|
∂ j .

Taking into account the fact that

∂r

(
1

|x|

)
=−

1

|x|2

and introducing spherical coordinate x = εω, |ω| = 1, we find

∫

|x|=ε
∂r

(
1

|x|

)
ϕ(x)dSx =−

∫

|ω|=1
ϕ(εω)dSω,

∫

|x|=ε

(
1

|x|

)
∂rϕ(x)dSx = ε

∫

|ω|=1
∂rϕ(εω)dω
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so taking the limit ε→ 0, we get

lim
ε→0

∫

|x|=ε
∂r

(
1

|x|

)
ϕ(x)dSx =−4πϕ(0),

lim
ε→0

∫

|x|=ε

(
1

|x|

)
∂rϕ(x)dSx = 0,

so we arrive at

−
∫

R3

(
1

|x|

)
∆ϕ(x)d x = 4πϕ(0)

and the identity

(5.5.15) − 1

4π
∆

(
1

|x|

)
= δ.

5.5.2 Case n ≥ 3.

The function

E (x) ∈C∞(Rn \ 0)

satisfying

−∆E = δ

in the sense of distributions is called fundamental solutions of the Laplace op-

erator and they enable one to represent the solution of the Poisson equation

−∆u = f , f ∈C∞
0 ,

as follows

u(x) =
∫

Rn
E (x − y) f (y)d y.

To verify that

u(x) = c

∫

Rn

f (y)

|x − y |n−2
d y

is a weak solution of

∆u = f ,

we consider

uε(x) = c

∫

|x−y |≥ε

f (y)

|x − y |n−2
d y = c

∫

|y |≥ε

f (x − y)

|y |n−2
d y

= c

∫∞

ε

∫

|ω|=1

f (x − rω)

r n−2
r n−1dr.
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One can easily derive that if f ∈ C 2 and has a compact support, then uε ∈ C 2

and

∆uε(x) = c

∫

|y |≥ε

∆y f (x − y)

|y |n−2
d y

Applying the Gauss - Green formula, we find

∆uε(x) = c

∫

|y |≥ε
f (x − y)∆

(
1

|y |n−2

)
d y+

+c

∫

|y |=ε

∂N f (x − y)

|y |n−2
d y −c

∫

|y |=ε
f (x − y)∂N

(
1

|y |n−2

)
d y,

where ∂N =−∑
j y j /|y |∂ j =−∂r , so we get

∆uε(x) = c

∫

|ω|=1

∂r f (x −εω)

εn−2
εn−1dω− (n −2)c

∫

|ω|=1
f (x −εω)dω

so taking the limit as ε→ 0, we obtain

∆u(x) =−(n −2)cµ(Sn−1) f (x).

So

c =−
1

(n −2)µ(Sn−1)
.

5.6 Mean-value formulas.

Consider now an open set Ω⊂R
n and suppose u is a harmonic function within

Ω. We next derive the important mean-value formulas, which declare that u(x)

equals both the average of u over the sphere ∂B(x,r ) and the average of u over

the entire ball B(x,r ), provided B(x,r ) ⊂ Ω. These implicit formulas involving

u generate a remarkable number of consequences, as we will momentarily see.

Theorem 5.6.1. (Mean-value formulas for Laplace’s equation). If u ∈ C 2(Ω) is

harmonic, then

(5.6.16) u(x) = -

∫

∂B(x,r )
udS = -

∫

B(x,r )
ud y

for each ball B(x,r ) ⊂Ω.

Proof. Set

φ(r ) := -

∫

∂B(x,r )
u(y)dS(y) = -

∫

∂B(0,1)
u(x + r z)dS(z)
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Then

φ′(r ) = -

∫

∂B(0,1)
Du(x + r z) · zdS(z)

and consequently, using Green’s formulas we compute

φ′(r ) = -

∫

∂B(z,r )
Du(y) ·

y −x

r
dS(y)

= -

∫

∂B(x,r )

∂u

∂ν
dS(y)

= r

n
-

∫

B(x,r )
∆u(y)d y = 0

Hence φ is constant, and so

φ(r ) = lim
t→0

φ(t ) = lim
t→0

-

∫

∂B(x,t)
u(y)dS(y) = u(x)

Observe next that our employing polar coordinates, gives
∫

B(x,r )
ud y =

∫r

0

(∫

∂B(x,s)
udS

)
d s

= u(x)

∫r

0
nα(n)sn−1d s =α(n)r nu(x)

Theorem 5.6.2. THEOREM 3 (Converse to mean-value property). If u ∈ C 2(Ω)

satisfies

u(x) = -

∫
udS

for each ball B(x,r ) ⊂U , then u is harmonic.

Proof. Proof. If ∆u 6= 0, there exists some ball B(x,r ) ⊂Ω such that, say, ∆u > 0

within B(x,r ). But then for φ as above,

0 =φ′(r ) = r

n
-

∫

B(x,r )
∆u(y)d y > 0

a contradiction.

5.7 Properties of harmonic functions.

We now present a sequence of interesting deductions about harmonic func-

tions, all based upon the mean-value formulas. Assume for the following that

Ω⊂R
n is open and bounded.
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5.7.1 Strong maximum principle, uniqueness.

Theorem 5.7.1. (Strong maximum principle). Suppose u ∈C 2(Ω)∩C (O) is har-

monic within Ω.

(i) Then

max
Ω

u = max
∂Ω

u

(ii) Furthermore, if Ω is connected and there exists a point x0 ∈Ω such that

u (x0) = max
Ω

u

then u is constant within Ω. Assertion (i) is the marimum principle for Laplace’s

equation and (ii) is the strong maximum principle. Replacing u by −u, we re-

cover also similar assertions with "min" replacing "max".

Proof. Suppose there exists a point x0 ∈Ω with u (x0) = M := maxΩ u Then for

0< r < dist(x0,∂Ω) , the mean-value property asserts

M = u (x0) = -

∫

B(x0 ,r )
ud y ≤ M

As equality holds only if u ≡ M within B (x0,r ) , we see u(y) = M for all y ∈
B(x,r ). Hence the set {x ∈Ω | u(x) = M} is both open and relatively closed in Ω,

and thus equals Ω if Ω is connected. This proves assertion (ii), from which (i)

follows.

Remark 5.7.1. The strong maximum principle asserts in particular that if Ω is

connected and u ∈C 2(Ω)∩C (Ω̄) satisfies

{
∆u = 0 in Ω

u = g on ∂Ω

where g ≥ 0, then u is positive everywhere in Ω if g is positive somewhere on ∂Ω.

An important application of the maximum principle is establishing the unique-

ness of solutions to certain boundary-value problems for Poisson’s equation.

Theorem 5.7.2. (Uniqueness). Let g ∈C (∂Ω), f ∈C (Ω). Then there exists at most

one solution u ∈C 2(Ω)∩C (Ω̄) of the boundary-value problem

(5.7.17)

{
−∆u = f in U

u = g on ∂U

Proof. If u and ũ both satisfy (5.7.17) one can apply apply Theorem 5.7.1 to the

harmonic functions w :=±(u − ũ)
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5.7.2 Regularity

Now we prove that if u ∈ C 2 is harmonic, then necessarily u ∈ C∞. Thus har-

monic functions are automatically infinitely differentiable. This sort of asser-

tion is called a regularity theorem. The interesting point is that the algebraic

structure of Laplace’s equation ∆u =∑n
i=1 uxi xi

= 0 leads to the analytic deduc-

tion that all the partial derivatives of u exist, even those which do not appear in

the PDE.

Theorem 5.7.3. THEOREM 6 (Smoothness). If u E C (U ) satisfies the mean-tualue

property (16) for each ball B(x,r ) ⊂U , then

u ∈C∞(U )

Note carefully that u may not be smooth, or even continuous, up to ∂U .

Proof. Proof. Let η be a standard mollifier, as described in $C.4, and recall that

η is a radial function. Set uǫ := ηc ∗u in Uε = {x ∈U | dist(x,∂U ) > ε} As shown

in $C.4,ur ∈ C∞ (Ue) We will prove u is smooth by demonstrating that in fact

u ≡ u f on Uε Indeed if x ∈ Ue, then Thus uǫ ≡ u in Uε, and so u ∈ C∞ (Ue) for

each ǫ> 0.

5.8 Liouville’s Theorem.

Next we see that there are no nontrivial bounded harmonic functions on all of

Rn

THEOREM 8 (Liouville’s Theorem). Suppose u : R" → R is harmonic and

bounded. Then u is constant. Proof. Fix x0 ∈R
n ,r > 0, and apply Theorem 7 on

B (x0,r ) :

|Du (x0)| ≤
C1

r n+1
‖u‖L1(B(z0,r ))

≤ C1α(n)

r
‖u‖L∞(Rn ) → 0

as r → ∞. Thus Du ≡ 0, and so u is constant. THEOREM 9 (Representation

formula). Let f ∈C 2
c (Rn) ,n ≥ 3. Then any bounded solution of

−∆u = f in Rn

has the form

u(x) =
∫

R0
Φ(x − y) f (y)d y +C

(
x ∈Rn

)

for some constant C .
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5.9 Liouville theorem for harmonic functions inR
n,n ≥

3.

The Laplace equation

∆u = f , f ∈C∞
0 ,

has a solution

u(x) = c

∫

Rn

f (y)

|x − y |n−2
d y

provided n ≥ 3 and

c =− 1

(n −2)µ(Sn−1)
.

We shall use this fundamental solution to derive the Liouville theorem. For

simplicity we consider only the case n = 3.

Lemma 5.9.1. (Liouville) If u ∈C 2(Rn) is a harmonic function, i.e. ∆u = 0 in R
n ,

then the condition

max
|x|=R

|u(x)| ≤C

implies u = cost .

Idea of Proof: Take cut off function ϕ(s) such that ϕ(s) = 1 for |s| ≤ 1 and

ϕ(s)= 0 for |s| ≥ 2. Then setting ϕR (x) =ϕ(|x|/R) we have

∆(ϕR u) = 2∇(u∇ϕR)−u∆ϕR ,

since u is harmonic. Applying the formula for the fundamental solution, we get

ϕR (x)u(x) =−
1

4π

∫

R3

2∇(u(y)∇ϕR(y))−u(y)∆ϕR (y)

|x − y |
d y =

=− 1

4π

∫

R3

2(u(y)(x − y)∇ϕR (y))

|x − y |3
d y + 1

4π

∫

R3

u(y)∆ϕR (y)

|x − y |
d y.

Take |x| ∼ R/2. Then |y | ∼ R on the support of ∇ϕR(y). So one can show that

|∇u(x)| ≤
C

|x|
provided |x| ∼ R/2. Since ∇u(x) is also harmonic, applying the maximum prin-

ciple of Lemma 5.9.1 we complete the proof that ∇u = 0.

Problem 5.9.1. (Liouville) If u ∈ C 2(Rn) is a harmonic function, i.e. ∆u = 0 in

R
n , then the condition

max
|x|=R

|u(x)| ≤C (1+|x|)M

implies u(x) is a polynomial.
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Harmonic functions in domains

(ball and semispace) and conformal

transform.

First step in this section is to make change of variables in the Laplace operator.

Indeed, let us take

y → x = F (y)

invertible change of variables in R
n .

Our goal is the compute

∆y u(F (y)).

For the purpose we start with the representation

u(F (y)) = 1

(2π)n

∫
e i<F (y).ξ>û(ξ)dξ.

Since

∆e i<F (y).ξ> =
(
−

∑

k

< ∂k F (y),ξ>< ∂k F (y),ξ>+i <∆F (y),ξ>
)

e i<F (y).ξ>,

we can set

g j m(y) =
∑

k

∂k F j (y)∂k Fm(y)

and obtain

∆e i<F (y).ξ> =
(
−

∑

j m

g j m(y)ξ j ξm + i <∆F (y),ξ>
)

e i<F (y).ξ>.
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Using iξk û(ξ) = ˆ∂k u(ξ), we

∆y u(F (y)) =
∑

j m

g j m(y)(∂ j∂mu)(F (y))+<∆F (y), (∇u)(F (y)) > .

In the particular case

F (y) = y

|y |2

one can verify that we have

(
g j m

)n

j ,m=1
=

I

|y |4
, ∆F (y) =

2y

|y |4
.

Given any u(x) ∈C∞
0 we define

(6.0.1) u∗(y) = |y |−1u(y/|y |2)

Then we can assume n = 3 and derive

(6.0.2) ∆y u∗(y) = |y |−5
∆x u(y/|y |2).

Idea of Proof: Introduce polar coordinates R = |x|, r = |y | and ω = x/|x| =
y/|y |.Then the transform is given by

R = 1

r
.

We have

∆x = ∂2
R +

2

R
∂R +

1

R2
∆ω

∆y = ∂2
r +

2

r
∂r +

1

r 2
∆ω

Note that

R∂R =−r∂r ,

(
∂2

r +
2

r
∂r

)
f

r
=

1

r
∂2

r f ,

so we obtain (
∂2

r +
2

r
∂r

)
f

r
= R(R2∂R )2 f = R5

(
∂2

R +
2

R
∂R

)
f .

Problem 6.0.1. How can be generalized the conformal low (6.0.2) for dimensions

n ≥ 3.?
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Turning to the Dirichlet problem, we study the boundary value problem

∆u = 0, x ∈Ω

u(x) = f (x), x ∈ ∂Ω.

For the purpose we look for

G(x, y) = 1

4π

(
1

|x − y |
−h(x, y)

)

so that h(x, y) is harmonic with respect to y and on the boundary ∂Ω we have

h(x, y) =
1

|x − y |
, y ∈ ∂Ω.

The Gauss Green identity
∫

Ω

(∆uv −u∆v)d y =
∫

∂Ω
(∂N uv −u∂N v)dS y ,

enables one to take v(y) = 1/|x − y |, where x ∈Ω and modify the domain Ω as

follows

Ωδ = {y : y ∈Ω, |y −x| ≥ δ}

provided δ> 0 is small.

As in Lemma 4.5.1 taking the limit as δ→ 0 we get

u(x) = 1

4π

∫

∂Ω

(
∂N u

|x − y |
−u∂N

(
1

|x − y |

))
dS y

−
1

4π

∫

Ω

∆u

|x − y |
d y.

If we take v(y) = h(x, y) we can use the fact that h(x, y) is more regular than

1/|x − y | and find

0 = 1

4π

∫

∂Ω

(
h(x, y)∂N u −u∂N h

)
dS y

−
1

4π

∫

Ω

h(x, y)∆ud y.

The above relations imply

u(x) =
∫

∂Ω

(
G(x, y)∂N u −u∂N G(x, y)

)
dS y

−
∫

Ω

G(x, y)∆ud y.

Since G(x, y) = 0 on the boundary and since u is harmonic, we get
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Lemma 6.0.1. (Green function) Let u ∈ C 2(Ω) be a harmonic function in the

domain Ω, i.e. ∆u = 0 in Ω. If

G(x, y) = 1

4π

(
1

|x − y |
−h(x, y)

)

where h(x, y) is harmonic with respect to y and on the boundary ∂Ω we have

h(x, y) = 1

|x − y |
, y ∈ ∂Ω,

then the solution to the problem

∆u = 0, x ∈Ω

u(x) = f (x), x ∈ ∂Ω.

is given by

u(x) =−
∫

∂Ω

(
f (y)∂N G(x, y)

)
dS y

Example 6.0.1. Let Ω = {x, |x| < 1}. To construct h(x, y) we consider the exterior

of the domain Ωext = {x, |x| > 1} and use the conformal map

y ∈Ωext →
y

|y |2
∈Ω.

Given any x, |x| < 1 the function

1

|x − y |

is harmonic in Ωext so following (6.0.1) we see that

h(x, y) = 1

|y ||x − y/|y |2|

is harmonic inΩ. Introduce polar coordinates y = rω. Then Lemma 6.0.1 implies

that

u(x) =−
∫

|ω|=1

(
f (ω)∂r G(x,rω)

)
dω

Since

4πG(x,rω) =
1

|x − rω|
−

1

|r x −ω|
and since

∂r
1

|x − rω|
= −

< rω−x,ω>
|x − rω|3
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∂r
1

|r x −ω|
= −< r x −ω, x >

|r x −ω|3

we obtain taking r = 1

4π∂r G(x,rω) =− 1−|x|2

|x −ω|3
.

Finally, we can write

u(x) = 1−|x|2

4π

∫

|ω|=1

(
f (ω)

dω

|x −ω|3

)
.

and this is the unique solution to the Dirichlet problem

∆u = 0, x ∈Ω

lim
x→∞

u(x) = 0,

u(x) = f (x), x ∈ ∂Ω.

To show that this is a solution really, we take into account the relation

(2Lx +1)

(
1

|x − y |

)
=

(
1−|x|2

|x − y |3

)
, |y | = 1, |x| 6= 1, Lx = x.∇x

as well as the commutator relations

[∆,L] = 2∆.

So from

∆x

(
1

|x − y |

)
= 0

we can derive

∆x

(
(2Lx +1)

(
1

|x − y |

))
=∆x

(
1−|x|2

|x − y |3

)
= 0

so

u(x) =
1−|x|2

4π

∫

|ω|=1

(
f (ω)

dω

|x −ω|3

)

is a harmonic function!!!

Example 6.0.2. Let Ω = {x, |x| > 1}. To construct h(x, y) we consider the interior

of the domain Ωi nt = {x, |x| < 1} and use the conformal map

y ∈Ωext →
y

|y |2
∈Ω.
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Given any x, |x| > 1 the function

1

|x − y |
is harmonic in Ωi nt so following (6.0.1) we see that

h(x, y) =
1

|y ||x − y/|y |2|
is harmonic with respect to y in Ω. Introduce polar coordinates y = rω. Then

Lemma 6.0.1 implies that

u(x) =−
∫

|ω|=1

(
f (ω)∂r G(x,rω)

)
dω

Since

4πG(x,rω) =
1

|x − rω|
−

1

|r x −ω|
and since

∂r
1

|x − rω|
= −< rω−x,ω>

|x − rω|3

∂r
1

|r x −ω|
= −

< r x −ω, x >
|r x −ω|3

we obtain taking r = 1

4π∂r G(x,rω) =− 1−|x|2

|x −ω|3
.

Finally, we can write

u(x) =
1−|x|2

4π

∫

|ω|=1

(
f (ω)

dω

|x −ω|3

)
.

and this is the unique solution to the Dirichlet problem

∆u = 0, x ∈Ω

u(x) = f (x), x ∈ ∂Ω.

Problem 6.0.2. Let u(x) be a solution to

∆u = 0, |x| > 1

lim
x→∞

u(x) = 0,

u(x) = f (x), |x| = 1.

Show that

|u(x)| ≤
C

1+|x|
max
|x|=1

| f (x)|.
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Problem 6.0.3. Construct the Green function for the domains:

a){x, |x| < R},

b){x, |x| > R},

Answer: a)

u(x) =
R2 −|x|2

4πR

∫

|y |=R

(
f (y)

dS y

|x − y |3

)
.

Problem 6.0.4. Let u(x) be a solution to

∆u = 0, |x| > R

u(x) = f (x), |x| = R .

Show that

|u(x)| ≤
C

1+|x|
max
|x|=R

| f (x)|.

Problem 6.0.5. Construct the Green function for the domain {x ∈R
3, x3 > 0}.

Answer:

u(x) =
x3

2π

∫

R2

(
f (y ′)

d y ′

(|x′− y ′|2 +x2
3)3/2

)
, x′ = (x1, x2).
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Chapter 7

Applications: a priori estimates

7.0.1 Laplace equation in the space R
n.

The equation

∆u(x) = f (x), x ∈R
n

has a unique solution provided

lim
x→∞

u(x) = 0

Taking f (x) ∈ C (Rn) with compact support one can represent the unique

solution as follows (for simplicity we take n = 3.)

u(x) =− 1

4π

∫

K

f (y)

|x − y |
d y,

where here and below K denotes the support of f .

Problem 7.0.1. (smoothing property) If f (x) ∈ C (Rn) has a compact support,

then u(x) ∈C 1(Rn)

Problem 7.0.2. (smoothing property) If f (x) ∈ L∞(Rn) has a compact support,

then u(x) ∈C 1(Rn)

Problem 7.0.3. (smoothing property) If f (x) ∈ C k(Rn) has a compact support,

then u(x) ∈C k+1(Rn)

Problem 7.0.4. (convergence) If fk (x) have a fixed compact support K and tend

uniformly in C k(K ), then

uk(x) =− 1

4π

∫

K

fk (y)

|x − y |
d y,

converge uniformly in C k+1(Rn).

77
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Problem 7.0.5. (smoothing and decay property) If f (x) ∈ C (Rn) has a compact

support, then u(x) ∈C 1(Rn) and

|u(x)| ≤
C‖ f ‖C (K )

1+|x|
.

Problem 7.0.6. ( decay property for f without compact support) If f (x) ∈C (Rn)

has the property

‖(1+|x|)3+ε f ‖L∞(R3) = sup
x∈R3

|(1+|x|)3+ε f (x)| <∞,

then u(x) ∈C 1(Rn) and

|u(x)| ≤
C‖(1+|x|)3+ε f ‖L∞(R3)

1+|x|
.

Problem 7.0.7. (Coulomb behaviour property) If f (x) ∈ C (Rn) is non-negative,

has a compact support and f (x0) > 0 for some point x0 ∈ R
n , then there is a

positive constant C0 so that

|u(x)| ≥ C0

1+|x|
.

Hence u is not square integrable. More precisely, we have

∫

|x|≤R
|u(x)|2d x ≥C R

for R sufficiently large.

7.0.2 Laplace equation in bounded domain with Dirichlet bound-

ary condition.

The general problem

∆u = F, x ∈Ω

u(x) = f (x), x ∈ ∂Ω.

can be solved extending F in R
n and representing u as follows

u = u0 +w,

where

u0(x) =− 1

4π

∫

Ω

F (y)

|x − y |
d y.



79

Then w solves

∆w = 0, x ∈Ω

w(x) = g (x), x ∈ ∂Ω.

where

g = f −u0.

Applying the maximum principle we get

‖w‖L∞(Ω) ≤C‖g‖C (∂Ω) ≤C
(
‖ f ‖C (∂Ω) +‖F‖L∞(Ω)

)
.

This estimate guarantees the uniqueness of the solution. The existence is

delicate: needs or sub and supersolutions (Peron method) or methods from

Functional analysis (Friedrich’s extentions). For the concrete domains: interior

or exterior ball, half space we have concrete solutions.

7.0.3 Weak and strong solutions in Rn

We shall define the meaning of solution to the Cauchy problem

−∆u = f ,(7.0.1)

Definition 7.0.1. Let f ∈ L2(Rn). A function u(x) ∈ L2(Rn) is a weak solution of

the Cauchy problem (7.0.1), if u solves −∆u = f , in distributional sense in R
n , i.e.

for any ϕ ∈C∞
0 (Rn) we have

(7.0.2) −
∫

Rn
u(x)∆xϕ(x)d x =

∫

Rn
f (x)ϕ(x)d x

Definition 7.0.2. Let f ∈ L2(Rn). A function

u(x) ∈ L2(Rn)

is a strong solution of the Cauchy problem (7.0.1), if

u(x) ∈ H2(Rn)

and −∆u = f in sense of L2 functions.

Lemma 7.0.1. (H1 estimates) For any ν> 0 the exists Cν > 0 so that if f ∈ L2(Rn)

and u(x) ∈ L2(Rn) is a weak solution of the Cauchy problem (7.0.1), then we have

the estimates

(7.0.3) ‖∇u‖2
L2 ≤ ‖ f ‖L2‖u‖L2 .

(7.0.4) ‖∇u‖L2 ≤Cν‖ f ‖L2 +ν‖u‖L2 .
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Proof with Fourier transform. Using the Fourier transform we easily deduce

u ∈ L2,∆u ∈ L2 =⇒ ∂k u ∈ L2

and we have the estimate

∑
|α|≤1

‖∂αx u‖L2 . ‖∆u‖L2 +‖u‖L2 .

Proof with Yosida approximation. We shall use the Yosida approximation of u

defined for ε ∈ (0,1) as

(7.0.5) uε(x) = (2π)−n

∫

Rn
e i x.ξ(1+ε|ξ|2)−1û(ξ)dξ.

To be more precise this integral is well - defined for f ∈C∞
0 and obeys the rela-

tion

ûε(ξ) = (1+ε|ξ|2)−1û(ξ).

Moreover, we have the estimates

‖uε‖L2 = c‖ûε‖L2 = c‖(1+ε|ξ|2)−1û‖L2 ≤ ‖u‖L2 ,

‖uε‖H2 = ‖(1+ξ2)ûε‖L2 ≤ ‖(1+ξ2)(1+ε|ξ|2)−1û‖L2 ≤
1

ε
‖u‖L2 .

These estimates show that the operator u → uε defined by (7.0.5) can be ex-

tended by density argument to an operator

(7.0.6) u : L2 → uε = (1−ε∆)−1u ∈ H2

so that

lim
ε→0

‖uε−u‖L2 = 0.

If u ∈ L2 is a weak solution to (7.0.1), then

uε = (1−ε∆)−1u

is also a weak solution to

∆uε = fε.(7.0.7)

Since for fixed ε> 0

uε ∈C ([0,T ); H2)
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due to (8.1.20), we can multiply the equation (7.0.7) by uε and after integrating

we get

‖∇uε(t )‖2
L2 = ( fε,uε)L2 .

Taking the limit ε→ 0, we find (7.0.3). From this estimate and simple estimate

ab ≤
1

4ν2
a2 +ν2b2

we get (7.0.8).

Lemma 7.0.2. (H2 estimates)There exists C > 0 so that if f ∈ L2(Rn) and u(x) ∈
L2(Rn) is a weak solution of the Cauchy problem (7.0.1), then we have the esti-

mates

(7.0.8)
∑

|α|≤2

‖∂αx u‖L2 ≤C
(
‖ f ‖L2 +‖u‖L2

)
.

Proof. Using the Fourier transform we easily deduce

u ∈ H1,∆u ∈ L2 =⇒ ∂ j∂k u ∈ L2

and we have the estimate

∑
|α|≤2

‖∂αx u‖L2 . ‖∆u‖L2 +‖u‖L2 .

A small modification in the above result can be done for the first order per-

turbation.

We can define the meaning of weak solution to the Cauchy problem

−∆u = f +
n∑

j=1

∂x j
F j ,(7.0.9)

where F j (x) are L2 functions.

Lemma 7.0.3. (H1 estimates) There exists a constant C > 0 so that if f ,F j ∈
L2(Rn) and u(x) ∈ L2(Rn) is a weak solution of the Cauchy problem (7.0.9), then

we have the estimates

(7.0.10) ‖∇u‖L2 ≤C

(
‖ f ‖L2 +

n∑

j=1

‖F j‖L2 +‖u‖L2

)
.
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Proof. Again we use the Yosida approximation.

If u ∈ L2 is a weak solution to (7.0.9), then

uε = (1−ε∆)−1u

is also a weak solution to

∆uε = fε+
n∑

j=1

∂x j
F j ,ε.(7.0.11)

Then we can multiply the equation (7.0.11) by uε and after integrating we get

‖∇uε(t )‖2
L2 = ( fε,uε)L2 +

n∑

j=1

(∂x j
F j ,ε,uε)L2 =

= ( fε,uε)L2−
n∑

j=1

(F j ,ε,∂x j
uε)L2 ≤ ‖ fε‖2

L2+‖uε‖2
L2+

1

4ν2

n∑

j=1

‖F j ,ε‖2
L2+ν2‖∇uε(t )‖2

L2 ,

so taking ν sufficiently small we absorb the term

ν2‖∇uε(t )‖2
L2

and get

‖∇uε(t )‖2
L2 . ‖ fε‖2

L2 +‖uε‖2
L2 +

n∑

j=1

‖F j ,ε‖2
L2

Taking the limit ε→ 0, we find (7.0.10).

7.0.4 Weak and strong solutions in domains

We shall define the meaning of solution to the Cauchy problem

−∆u = f(7.0.12)

in a domain U ⊂R
n .

Definition 7.0.3. Let f ∈ L2(U ). A function u(x) ∈ L2(U ) is a weak solution of the

Cauchy problem (7.0.12), if u solves −∆u = f , in distributional sense in U , i.e.

for any ϕ ∈C∞
0 (U ) we have

(7.0.13) −
∫

U
u(x)∆xϕ(x)d x =

∫

U
f (x)ϕ(x)d x.
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Definition 7.0.4. Let f ∈ L2(U ). A function

u(x) ∈ L2(U )

is a strong solution of the Cauchy problem (7.0.12), if

u(x) ∈ H2(U )

and −∆u = f in sense of L2 functions.

Lemma 7.0.4. (H1 interior estimates) There exists C > 0 so that if f ∈ L2(U ) and

u(x) ∈ L2(U ) is a weak solution of the Cauchy problem (7.0.12), then for any open

BOUNDED set V ⊂U we have the estimate

(7.0.14)
∑

|α|=1

‖∂αx u‖L2(V ) ≤C (‖ f ‖L2(U ) +‖u‖L2(U )).

Proof. We shall use cut – of function ϕ ∈C∞
0 (U ), such that ϕ= 1 on U . The ϕu

is a solution to

−∆(ϕu) =ϕ f −2∇ϕ∇u − (∆ϕ)u =ϕ f −2∇
(
u∇ϕ

)
+ (∆ϕ)u.

Using the fact that

|∇ϕ(x)|+ |∆ϕ(x)|. 1,

we apply (7.0.10) and find

‖∇u‖2
L2(V )

. ‖∇(ϕu)‖2
L2(Rn )

. ‖ f ‖L2(U )‖u‖L2(U )+‖u‖2
L2(U )

. (‖ f ‖L2(U )+‖u‖L2(U ))
2.

Lemma 7.0.5. (H2 interior estimates) There exists C > 0 so that if f ∈ L2(U ) and

u(x) ∈ L2(U ) is a weak solution of the Cauchy problem (7.0.12), then for any open

BOUNDED set V ⊂U we have the estimate

(7.0.15)
∑

|α|≤2

‖∂αx u‖L2(V ) ≤C (‖ f ‖L2(U ) +‖u‖L2(U )).

Proof. We shall use two cut – of function ϕ ∈C∞
0 (U ), such that ϕ= 1 on U and

ψ ∈C∞
0 (U ), such that ψ= 1 on the support of ϕ. Then ψu is a solution to

−∆(ψu) =ϕ f −2∇
(
u∇ψ

)
+ (∆ψ)u.

Using the fact that

|∇ψ(x)|+ |∆ψ(x)|. 1,
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we apply (7.0.10) and find

(7.0.16) ‖∇(ψu)‖2
L2(Rn )

. ‖ f ‖L2(U ) +‖u‖2
L2(U )

.

Further the equation for ϕu is

−∆(ϕu) =ϕ f −2∇
(
u∇ϕ

)
+ (∆ϕ)u

so the H2 free estimate of Lemma 7.0.2 gives

∑
|α|≤2

‖∂αx (ϕu)‖L2(Rn ) . ‖ f ‖L2(U ) +‖u‖L2(U ) +‖∇(ψu)‖L2(U )

and applying (7.0.16), we complete the proof.

7.0.5 Some elliptic estimates

We as always assume that U ⊂ R
n is a bounded, open set. Suppose also u ∈

H1
0 (U ) is a weak solution of the PDE(1), where L has the divergence form (4)

Lu =−∆u

We begin studying the local behaviour of (weak) solutions of the system of

equations {
−∂α

(
A
αβ

i j
∂βu j

)
= fi −∂αFα

i
i = 1, . . . ,m

u ∈ H1
loc

(Ω;Rm)

with A
αβ

i j
∈ L∞(Ω), fi ∈ L2

loc
(Ω) and Fα

i
∈ L2

loc
(Ω). From now on we shall use | · |

for the Hilbert-Schmidt norm of matrices and tensors, even though some esti-

mates would still be valid with the (smaller) operator norm.

Theorem 4.1 (Caccioppoli-Leray inequality). If the Borel coefficients A
αβ

i j

satisfy the Legendre condition (L)λ with λ> 0 and

sup
x∈Ω

∣∣∣A
αβ

i j
(x)

∣∣∣≤Λ<∞

then there exists a positive constant c = c(λ,Λ) such that for any ball BR (x0) ?

Ω and any k ∈R
m it holds

c

∫

BR/2(x0)
|∇u|2d x ≤ R−2

∫

BR (x0)
|u(x)−k|2d x+R2

∫

BR (x0)
| f (x)|2d x+

∫

BR (x0)
|F (x)|2d x

THEOREM 1 (Interior H2 -regularity). Assume (5) ai j ∈C 1(U ),bi ,c ∈ L∞(U ) (i , j =
1, . . . ,n) and (6)

f ∈ L2(U )
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Suppose furthermore that u ∈ H1(U ) is a weak solution of the elliptic PDE

Lu = f in U

Then (7)

u ∈ H2
loc(U )

and for each open V ⊂⊂U we have the estimate

(7.0.17)
∑

|α|≤2

‖∂αx u‖L2(V ) ≤C
(
‖ f ‖L2(U ) +‖u‖L2(U )

)
,

the constant C depending only on V ,U , and the coefficients of L.

Remarks. (i) Note carefully that we do not require u ∈ H1
0 (U ); that is, we

are not necessarily assuming the boundary condition u = 0 on ∂U in the trace

sense. (ii) Observe additionally that since u ∈ H2
loc

(U ), we have

Lu = f a.e. in U

Thus u actually solves the PDE, at least for a.e. point within U . To see this, note

that for each v ∈C∞
c (U ), we have

B[u, v ] = ( f , v)

since u ∈ H2
loc

(U ), we can integrate by parts:

B[u, v ] = (Lu, v)

Thus (Lu − f , v)= 0 for all v ∈C∞
c (U ), and so Lu = f a.e.

7.0.6 Idea of Peron method

4.8. Metodo di Perron per il problema di Dirichlet su domini generici Ω. Una

volta risolto il problema di Dirichlet su BR(0) si puo’ risolvere il problema di

Dirichlet su una famiglia molto ampia di domini Ω senza bisogno di costruire

la funzione di Green associata (come fatto su BR (0)). Introduciamo le funzioni

subarmoniche

Definition 7.0.5. Una funzione u : Ω→R si dice subarmonica e diremo

u ∈ SUB(Ω)

se u ∈C (Ω) (ossia e’ continua) ed inoltre

∀x ∈Ω ∃r (x) > 0 t.c. u(x) ≤ -

∫

Sr (x)
udσ, ∀r ∈ (0,r (x))
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Proposition 7.0.1. Per ogni funzione u ∈ SUB(Ω) si ha maxΩ̄u = max∂Ωu

Proof. Segue dallo stesso argomento usato per provare il principio del massimo

per funzioni armoniche (usando il teorema della media).

Proposition 7.0.2. Siano u, v ∈ SUB(Ω) allora max{u, v}∈ SUB(Ω)

Proof. E ben noto che max{u, v} e’continua se u e v sono continue. Abbiamo

inoltre per ipotesi

u(x) ≤ -

∫

Sr (x)
udσ≤ -

∫

Sr (x)
max{u, v}dσ

e v(x) ≤ -
∫

Sr (x) udσ≤ -
∫

Sr (x) max{u, v}dσ quindi

max{u, v}(x) ≤ -

∫

Sr (x)
max{u, v}dσ

Proposition 7.0.3. Se u e’ armonica su Ω allora u ∈ SUB(Ω).

Proof. Abbiamo provato che per ogni funzione armonica vale l’identita’ della

media.

Proposition 7.0.4. Sia un una successione di funzioni armoniche su BR che siano

monotone crescenti ed uniformemente limitate. Allora la funzione u(x), definita

come il limite puntuale di un(x) e’ armonica, ossia u ∈C 2(Ω) e ∆u = 0.

Proof. Basta provare che u(x)e′ continua e u(x) = fSR (x)udσ. A tal fine osservi-

amo che per il principio della media (sia su BR che su SR ) si ha

un(x) = -

∫

SR (x)
un(y)dσ e un(x) = -

∫

BR (x)
un(y)d y

Passando al limite abbiamo che u(x) = -
∫

BR (x) u(y)d y e da questa rappresen-

tazione e facile dedurre che u(x) e’ continua (basta applicare il teorema di Lebesgue

alla successione di funzioni u(y)χBR (xn) dove xn
n→∞→ x ). Passando sempre al

limite (nell’integrale di superficie) si ha u(x) = -
∫

SR (x) u(y)dσ

Proposition 7.0.5. Proposizione 4.10. Sia BR (x0) ⊂Ω e u ∈ SUB(Ω). Sia inoltre

v tale che ∆v = 0 su BR (x0) e v = u su ∂BR (x0) . Allora si ha w ∈ SUB(Ω) dove

w(x) =
{

v(x), x ∈BR (x0)

u(x), x ∈Ω\BR (x0)
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Proof. Ovviamente w e’ continua. Per provare che e’ subarmonica consideri-

amo tre casi. Se x ∈Ω\BR (x0) allora essendo u subarmonica si ha

w(x) = u(x) ≤ fSr (x)udσ= fSr (x)wdσ

per r abbastanza piccolo e per x ∈Ω\BR (x0).

Se x ∈ BR (x0) invece essendo v armonica su BR (x0) concludiamo

w(x) = v(x) = fSr (x)vdσ= fSr (x)wdσ

per r abbastanza piccolo.

Resta il caso in cui x ∈ ∂BR (x0). Allora osserviamo che u − v ∈ SUB(BR (x0))

ed inoltre

u−v = 0 su SR (x0). Quindi per la Proposizione 7.0.1 si ha u−v ≤ 0 su BR (x0).

Da cio’ deduciamo

-

∫

Sr (x)
wdσ= -

∫

Sr (x)∩BR (x0)
vdσ+ -

∫

Sr (x)∩Bc
R (x0)

udσ

≥ -

∫

Sr (x)∩BR (x0)
udσ+ -

∫

Sr (x)∩B s
R (x0)

udσ≥ u(x) = w(x)

dove abbiamo usato il fatto che u(x) = w(x) su ∂BR (x0).

Possiamo ora introdurre la candidata soluzione al problema (24)

(7.0.18)

{
∆u = 0, y ∈Ω

u(y) = g (y), y ∈ ∂Ω

dove g (y) ∈C (∂Ω). Nel seguito assumeremo Ω̄ compatto. Definiamo (25)

(7.0.19) v(x) = sup{w(x) | w ∈ SUB(Ω)∩C (Ω̄), w(y) ≤ g (y) ∀y ∈ ∂Ω}.

Osserviamo che l’insieme di funzioni w ∈ S UB(Ω) ∩C (Ω̄) tale che w(y) ≤
g (y) ∀y ∈ ∂Ω e’ non vuoto. Infatti basta osservare che la funzione costante

w(x) = inf∂Ω g soddisfa questa proprieta’. Osserviamo anche che necessaria-

mente v(x) < ∞. A tal fine osserviamo che per la Proposizione 4.6 necessari-

amente w(x) ≤ supy∈∂Ω g (y) per ogni w ∈ S UB(Ω)∩C (Ω̄) tale che w(y) ≤
g (y) ∀y ∈ ∂Ω. Come primo passo provi- amo che ∆v = 0 in Ω. Il secondo

passo consistera’ nell’individuare delle condizioni su Ω che garantiscano v ∈
C (Ω̄), v(y) = g (y) per y ∈ ∂Ω.

Theorem 7.0.1. Teorema 4.11. La funzione v(x) definita in (7.0.19) é armonica

in Ω.
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Proof. sia x0 ∈ Ω e sia BR (x0) ⊂ Ω. Selezioniamo quindi wk,x0
(x) tali che

wk,x0
∈ S UB(Ω)∩C (Ω̄) e wk,x0

(y) ≤ g (y) ∀y ∈ ∂Ω ed inoltre wk,x0 (x0)
k→∞→

v (x0) . Allora os- serviamo che siccome v(x) e’definito come sup possiamo as-

sumere le funzioni wn(x) crescenti (se non lo fossero basta lavorare con

sup
i=1,...,n

{
w1,x0 (x), . . . , wn,x0 (x)

}
.

Inoltre possiamo anche assumere che wk,x0
(x) sia armonica su BR (x0) . Infatti

se cosi’ non fosse basterebbe considerare

w̃k,x0
(x) =

{
wk,x0

(x), x ∈Ω\BR (x0)

vk(x), x ∈ BR (x0)

dove ∆vk = 0 e vk(y) = wk,x0
(y) per y ∈ ∂BR (x0) . Allora dalle proprieta’ delle

funzioni subarmoniche si vede che w̃k,x0
(x) ∈S UB(Ω)∩C (Ω̄), inoltre w̃k,x0

(y) ≤
g (y) ∀y ∈ ∂Ω ed anche w̃k,x0

(x) ≥ wk,x0
(x). Questa disuguaglianza e ovvia

in Ω\BR (0) ed e’ anche vera su BR (x0) poiche’ −w̄k,x0
(x)+wk,x0

(x) = −vk (x)+
wk,x0

(x) e’ subarmonica su BR (x0) ed e’ nulla su ∂BR (x0). Quindi per Propo-

sizione 4.6 si ha w̃k,x0
(x) ≥ wk,x0

(x). Riassumendo abbiamo w̃k,x0
(x) armoniche

su BR (x0) ed inoltre w̃k,x0
(x) crescenti rispetto a k. Come conseguenza del Teo-

rema della media e del Teorema di passaggio al limite sotto il segno di integrale

si puo’ provare che il limite puntuale di

funzioni armoniche, crescenti e uniformemente limitate e’ armonica. Per-

tanto abbiamo che detta w̄x0 (x) = limk→∞ w̄k,x0
(x) si ha che w̄x0 (x) e’ armonica

su BR (x0) ed inoltre w̄x0 (x0) = v (x0) Dico che necessariamente (26)

v(x) = w̄x0 (x), ∀x ∈BR (x0)

e questo ci permetterebbe di conclude che v(x) e’ armonica su BR (x0) e quindi

su Ω data l’arbitrarieta’ della palla BR (x0) . Se (26) non fosse vera avremmo

v(y) > w̄x0 (y) per qualche y ∈ BR (x0) e ragionando come sopra potremmo con-

siderare una successione wk,y tali che wk,y (y)
k→∞→ v(y). A meno di consider-

are max
{

wk,y , w̃k,x0

}
possiamo assumere che wk,y (x) ≥ w̄k,x0

(x). Inoltre ragio-

nando come sopra possiamo costruire una ulteriore nuova successione

w̃k,y (x) =
{

wk,y (x), x ∈Ω\BR (x0)

uk(x), x ∈ BR (x0)

dove ∆uk = 0 suBR (x0) e uk = wk,y su ∂BR (x0) Usando il principio del massimo

ed il fatto che wk,y (x) ≥ w̄k,x0
(x) per ogni x ∈Ω e quindi anche per x ∈ ∂BR (x0)

avremo che w̃k,y (x) ≥ w̄k,x0
(x) per ogni x ∈ΩDefinendo quindi w̄ y(x) = limk→∞ w̄k,y (x)

avremo che w̄ y e’ armonica su BR (x0) ed inoltre (27)

v (x0) = w̄ y (x0) ≥ w̄x0 (x0) = v (x0)
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La disuguaglianza in (27) segue dal fatto che w̃k,y (x) ≥ w̃k,x0
(x), per ogni x ∈Ω

invece la prima uguaglianza in (27) segue da

v (x0) = lim
k→∞

w̃k,x0
(x0) ≤ lim

k→∞
w̃k,y (x0) = v (x0)

dove nell’ultima uguaglianza abbiamo usato che (data la definizione di v (x0)

come sup) v (x0) ≥ limk→∞ w̃k,y (x0) ≥ limk→∞ w̃k,x0 (x0) = v (x0) . Osserviamo

inoltre che sic- come w̄k,y (x) ≥ w̄k,x0
(x) su BR (x0) e siccome entrambe sono

armoniche e monotone crescenti e’ facile dedurre che i loro limiti puntuali

saranno armonici su BR (x0) ed inoltre w̄ y (x) ≥ w̄x0 (x) su BR (x0) . Siccome da

(27) segue che w̄ y (x0) = w̄x0 (x0) ne de- duciamo per il principio del massimo

che w̄ y = ~wx0 suBR (x0) e quindi v(y)= w̄ y (y) = w̄x0 (y), e quindi data l’arbitrarieta’

di y abbiamo

Resta solo da capire se v ∈ C (Ω̄) e se v(y) = g (y) su ∂Ω. Senza ipotesi ul-

teriori su Ω questa proprieta’ e’ falsa ma e’ vera per una ampia classe di aperti

come vedremo di seguito.

7.0.7 Eigenvalues of Laplace equation in bounded domain with

Dirichlet boundary condition.

The general eigenvalue problem

∆u =λu, x ∈Ω

u(x) = 0, x ∈ ∂Ω.

for the case of bounded domain Ω can have only negative eigenvalues. Indeed,

multiplying by u and integrating into Ω we find

−
∫

Ω

|∇u|2 =λ

∫

Ω

|u|2

so if λ ≥ 0 we get u = cost = 0. The fact that λ is real follows from this relation

too.

Any two eigenfunctions ( j = 1,2)

∆u j =λ j u j , x ∈Ω

u j (x) = 0, x ∈ ∂Ω.

we have the orthogonality relation
∫

Ω

u1(x)u2(x)d x = 0.

The set of all eigenfunctions is complete, i.e. if f (x) is orthogonal to all

eigenfunctions, then f = 0. This property needs more details from functional

analysis and we shall stop here this argument.
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7.0.8 Application: Nonlinear problem for Laplace equation with

Dirichlet data

Let Ω = {|x| < R} be a bounded domain with smooth boundary ∂Ω = {|x| = R}.

Consider the problem

∆u = F (u), x ∈Ω(7.0.20)

u(x) = f (x), x ∈ ∂Ω.

where F (u) is a C 1 function, such that

F (u) =O(|u|p )

near u = 0.

Lemma 7.0.6. (small data solutions) Let

p > 1.

There exists ε> 0 such that for any f (x) ∈C (∂Ω) with

max
∂Ω

| f (x)| ≤ ε,

there exists a unique solution u(x) ∈C (Ω)∩C 1(Ω) to the problem

∆u = F (u), x ∈Ω

u(x) = f (x), x ∈ ∂Ω.

Idea of the proof. Let uk be the sequence defined as follows u0 = 0, and

∆uk+1 = F (uk ), x ∈Ω

uk+1(x) = f (x), x ∈ ∂Ω.

Set

Xk = sup
|x|≤R

|uk (x)|.

The the apriori estimates imply

Xk ≤Cε+C X
p

k+1
.

Show that this inequality implies that there exists a constant C0 >C so that

Xk ≤C0ε.
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Apply the contraction principle for the sequence uk showing that

Yk = max
|x|≤R

|uk (x)−uk+1(x)|

satisfies

Yk ≤ qYk−1

with some q ∈ (0,1). So uk(x) tends uniformly to a function u(x) Using the Pois-

son formula one can show that ∂ j uk (x) tends uniformly to a function ∂ j u(x) for

x ∈K , where K is any compact set in Ω.

7.0.9 Laplace equation in exterior domain with Dirichlet bound-

ary condition.

Let Ω⊂R
3 be the exterior of a compact K with smooth boundary ∂Ω. The gen-

eral problem

∆u = F, x ∈Ω

u(x) = f (x), x ∈ ∂Ω.

has to be considered together with a condition that guarantees the uniqueness

of the solution, i.e.

u(x) = o(1)

as x → ∞. As before the problem can be solved extending F in R
3 and repre-

senting u as follows

u = u0 +w,

where

u0(x) =−
1

4π

∫

Ω

F (y)

|x − y |
d y.

Then w solves

∆w = 0, x ∈Ω

w(x) = g (x), x ∈ ∂Ω.

where

g = f −u0.

Applying the estimates of the previous sections, we get

‖(1+|x|)w‖L∞(Ω) ≤C‖g‖C (∂Ω) ≤C
(
‖ f ‖C (∂Ω) +‖(1+|x|)u0‖L∞(Ω)

)
≤

≤C
(
‖ f ‖C (∂Ω) +‖(1+|x|)3+εu0‖L∞(Ω)

)
.
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Problem 7.0.8. Generalize the above argument for n ≥ 3.

This estimate guarantees the uniqueness of the solution. The existence is

delicate: needs or sub and supersolutions (Peron method) or methods from

Functional analysis (Friedrich’s extentions). For the concrete domains: interior

or exterior ball, half space we have concrete solutions.

7.0.10 Exterior nonlinear problem for Laplace equation with

Dirichlet data

Let Ω = {|x| > R} be an exterior domain with smooth boundary ∂Ω = {|x| = R}.

Consider the problem

∆u = F (u), x ∈Ω(7.0.21)

u(x) = f (x), x ∈ ∂Ω.

where F (u) is a C 1 function, such that

F (u) =O(|u|p )

near u = 0.

Lemma 7.0.7. (small data solutions) Let

p > 3.

There exists ε> 0 such that for any f (x) ∈C (∂Ω) with

max
∂Ω

| f (x)| ≤ ε,

there exists a unique solution u(x) ∈C (Ω)∩C 1(Ω) to the problem

∆u = F (u), x ∈Ω

u(x) = f (x), x ∈ ∂Ω.

Idea of the proof. Let uk be the sequence defined as follows u0 = 0, and

∆uk+1 = F (uk ), x ∈Ω

uk+1(x) = f (x), x ∈ ∂Ω.

Set

Xk = sup
|x|≥R

|(1+|x|)uk (x)|.
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The the apriori estimates and the assumption p > 3 imply

Xk ≤Cε+C X
p

k+1
.

Show that this inequality implies that there exists a constant C0 >C so that

Xk ≤C0ε.

Apply the contraction principle for the sequence uk showing that

Yk = max
|x|≤R

|uk (x)−uk+1(x)|

satisfies

Yk ≤ qYk−1

with some q ∈ (0,1). So uk(x) tends uniformly to a function u(x) Using the Pois-

son formula one can show that ∂ j uk (x) tends uniformly to a function ∂ j u(x) for

x ∈ K , where K is any compact set in Ω. Hence F (uk ) tends uniformly in C 1(K )

and we conclude that u ∈C 2(Ω).

Problem 7.0.9. Generalize the above argument for n ≥ 3.

7.0.11 Bessel functions and Stoke’s phenomena

The standard Bessel functions Jν(z) are solutions to the differential equation

(7.0.22) z2 d 2

d z2
w(z)+ z

d

d z
w(z)+ (z2 −ν2)w(z) = 0

More precisely, we have the definition of Jν(z) given by

Jν(z) = zν

( ∞∑
m=0

(−1)m z2m

4mm!Γ(m +1+ν)

)
,(7.0.23)

where zν = eν logz with log z = log |z|+ iarg z being the branch of the logarithm

defined via the choice of arg z. For example the principle branch is with argz ∈
(−π,π). Therefore, Jν(z) is well defined and analytic for |argz| < π and has sin-

gularity at z = 0 when ν is not an integer. The equation (7.0.22) has two linearly

independent solutions Jν(z) and J−ν(z).

Near the origin we have the asymptotic expansion

Jν(z) = zν
(
1+O(|z|2)

)
, z → 0.(7.0.24)

The fact that a solution of an ODE, near an irregular singularity, in different

sectors of the complex plane in general shows different asymptotic behavior
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was observed and studied by Stokes [?] and is, therefore, named Stokes’ phe-

nomenon.

More precisely, the asymptotic expansion for the Jν(x) can be found from

section 7.2 in [?]

Jν(z) = c1

(
2

π

)1/2

e−(log |z|+iargz)/2e i (z−πν/2−π/4)
(
1+O

(
|z|−1

))
+(7.0.25)

+c2

(
2

π

)1/2

e−(log |z|+iargz)/2e−i (z−πν/2−π/4)
(
1+O

(
|z|−1

))
,

where the constants c1,c2 depend on the choice of the sector in the complex

plane.

Indeed, for any integer p we have

(7.0.26) c1 = c2 =
1

2
e ip(2ν+1)π if argz ∈ ((2p −1)π, (2p +1)π)

and

(7.0.27) c1 =
1

2
e i(p+1)(2ν+1)π,c2 =

1

2
e ip(2ν+1)π if argz ∈ (2pπ, (2p +2)π)

due to the Stokes phenomenon (see [?] or section 7.2 in [?]).

The proof of these asymptotic expansions can be deduced via the relation

Jν(ze imπ) = e imπνJν(z)(7.0.28)

valid for any integer m. The Neumann function is defined as a linear combina-

tion of J±

Yν(z) =
1

sin(νπ)
(cos(νπ)Jν(z)− J−ν(z)) .(7.0.29)

The Hankel functions are given by

H (1)
ν (z) = Jν(z)+ iYν(z),(7.0.30)

H (2)
ν (z) = Jν(z)− iYν(z).

Their integral representation (see 7.3.6 (28) in [?]) provided argz ∈ (0,π)

πH (1)
ν (z) =−ie−iνπ/2

∫∞
−∞ e iz cosh t e−νt d t =(7.0.31)

=−ie−iνπ/2
∫∞

0 e iz(s+1/s)/2s−ν−1d s

Some partial values of ν=±1/2 give the following result

H−1/2(w) = i H1/2(w)
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H1/2(w) =−i

(
2

πw

)1/2

e i w .

In particular we shall need for w = i y with y > 0 the following

(7.0.32) H1/2(i y) =−ie−iπ/4

(
2

πy

)1/2

e−y .

(7.0.33) H−1/2(i y) = e−iπ/4

(
2

πy

)1/2

e−y .

The modified Bessel functions are combinations of Jν(i z), J−ν(iz) and there-

fore they are solutions to the differential equation

(7.0.34) z2 d 2

d z2
w(z)+ z

d

d z
w(z)− (z2 +ν2)w(z) = 0.

The modified Bessel function Iν(z) is defined by

Iν(z) = e−iνπ/2Jν(iz).(7.0.35)

For ν= 0 we have the expansion near the origin

(7.0.36) I0(z) = 1+O(|z|2).

The relation (7.0.28) implies

Iν(ze imπ) = e imπνIν(z)(7.0.37)

valid for any integer m.

Then two linearly independent solutions to (7.0.34) are Iν(z) and I−ν(z), for

ν 6= 0.

The asymptotics expansion of Iν(z) for |z| → ∞ depends where is Argz,

therefore we have to be careful for Stokes phenomena. If argz ∈ (−π/2,3π/2),

then we have the asymptotics

Iν(z) = ez

p
2π

e−(log |z|+iargz)/2
(
1+O(|z|−1)

)
+(7.0.38)

+
e−z

p
2π

e−(log |z|+iargz)/2e i(ν+1/2)π
(
1+O(|z|−1)

)
.

From this we take argz ∈ (−π/2+mπ,3π/2+mπ) we get

Iν(z) = e (−1)m z

p
2π

e−(log |z|+iargz)/2e im(ν+1/2)π
(
1+O(|z|−1)

)
+(7.0.39)

+e−(−1)m z

p
2π

e−(log |z|+iargz)/2e i(m+1)(ν+1/2)π
(
1+O(|z|−1)

)
.
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In this way we conclude

argz ∈ (−π/2+mπ,3π/2+mπ) =⇒ Iν(z) =(7.0.40)

=
e−iargz)/2

p
2π|z|

[
e (−1)m ze im(ν+1/2)π+e−(−1)m z e i(m+1)(ν+1/2)π

](
1+O(|z|−1)

)
.

If argz ∈ (−3π/2+2pπ,π/2+2pπ), p integer, then we take m = 2p −1 and

then we get

Iν(z) =
e−iargz)/2

p
2π|z|

[
e−z e i(2p−1)(ν+1/2)π+eze i2p(ν+1/2)π

](
1+O(|z|−1)

)
.(7.0.41)

The modified Bessel function Kν(z) is defined by

Kν(z) = π

2 sin(νπ)
(I−ν(z)− Iν(z)) =(7.0.42)

= π

2 sin(νπ)

(
e iνπ/2J−ν(iz)−e−iνπ/2 Jν(iz)

)
.

Obviously, we have

(7.0.43) Kν(z) = K−ν(z).

We have the following relation between Kν(z) and Hankel functions (see

10.27.8 in [?] ) with −π≤ argz ≤π/2

(7.0.44) Kν(z) = πi

2
eνiπ/2H (1)

ν (iz).

The differential equation satisfied by Kν(z) is again (7.0.34).

Similarly to (7.0.49) , we have the relations

Kν(ze imπ) = e−imπνKν(z)− iπ
sin(mνπ)

sin(νπ)
Iν(z).(7.0.45)

valid for any integer m.

Near the origin we have the expansion

(7.0.46) K0(z) =−I0(z) log
(z

2

)
+O(1) =− log(z)+O(1), z → 0.

We have the following asymptotic expansion valid if |z| → ∞ and argz ∈
(−3π/2,3π/2) (see relation (20), section 7.23 in [?])

(7.0.47) Kν(z) =
(π

2

)1/2
e−(log |z|+iargz)/2e−z

(
1+O(|z|−1)

)
.
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For argw ∈ (π/2,5π/2) we can take w = e i2πz so that

argw ∈ (π/2,5π/2)=⇒ Argz ∈ (−3π/2,3π/2)

use (7.0.49), so we can write

Kν(w) = Kν(e2iπz) =
π

2 sin(νπ)

(
I−ν(e2iπz)− Iν(e2iπz)

)
=

= π

2 sin(νπ)

(
e−2iπνI−ν(z)−e2iπνIν(z)

)

and using the asymptotic expansions (7.0.41) for z we arrive at

Kν(w) =
√

π

2

e−i(ar g w)/2

p
|w |

[
2i cos(νπ)ew +e−w

](
1+O(|w |−1)

)
(7.0.48)

Iν(ze imπ) = e imπνIν(z)(7.0.49)

For ν= 1/4 we get

K1/4(z) = π
p

2
(I−1/4(z)− I1/4(z)) =(7.0.50)

π
p

2

(
e iπ/8 J−1/4(iz)−e−iπ/8 J1/4(iz)

)
.

The modified Bessel function Kν(z) has the integral representation ( see Eq. (16)

in section 7.3.4 in [2])

Γ(ν+1/2)Kν(z) =
√

π

2z
e−z

∫∞

0
e−t tν−1/2

(
1+ t

2z

)ν−1/2

d t(7.0.51)

provided Re(ν) >−1/2, |arg (z)| <π. If z > 0, the a change of variable implies

Γ(ν+1/2)Kν(z) =
p
π

e−z

2ν
zν

∫∞

0
e−tz tν−1/2(2+ t )ν−1/2d t .(7.0.52)

In equivalent way, we can write

p
πe−z

∫∞

0
e−tz tν−1/2(2+ t )ν−1/2d t = z−ν2ν

Γ(ν+1/2)Kν(z).(7.0.53)
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7.0.12 Foundamental solution of the Helmholtz equation

The Helmholtz equation

(λ−∆)G = δ

with λ>− has a fundamental solution

Gλ,n(x) = (2π)−n

∫

Rn
e−ixξ dξ

λ+|ξ|2
= (2π)−nRe

(∫

Rn
e−ixξ dξ

λ+|ξ|2

)
.

Here and below λ> 0. Setting

Gn(x) =G1,n(x) = (2π)−n

∫

Rn
e−ixξ dξ

1+|ξ|2
,

we see that

(7.0.54) Gλ,n(x) =λ(n−2)/2Gn(
p
λ|x|).

The main result of the section is the following

Lemma 7.0.8. We have the relation

(7.0.55) Gλ,n(x) = (2π)−n/2λ(n−2)/4 K(n−2)/2(
p
λ|x|)

|x|(n−2)/2
.

Proof. Case: n = 1

In this case, the right side of (7.0.55) is given by

(2π)−1/2|x|1/2K−1/2(
p
λ|x|)

Since

K1/2(|x|) = K−1/2(|x|) =
√

π

2

e−|x|
p
|x|

,

we see that (7.0.55) becomes

(7.0.56) Gλ,1(x) =
1

2
p
λ

e−
p
λ|x|

We have the relation

G1(x) = (2π)−1

∫∞

−∞
e−ixξ dξ

1+ξ2
=

= 1

π

∫∞

0
cos(xξ)

dξ

1+ξ2
= (2π)−1

∫∞

∞
e ixξ dξ

1+ξ2
.
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The function K1(x) is even and hence it is sufficient to consider the case x > 0.

A simple application of the Cauchy theorem implies that for any x > 0 we have

the identities

(7.0.57)
1

2πi

∫∞

−∞

e ixz

1+ z2
d z = i−1

2
e−x

and more generally for any λ> 0 we have

(7.0.58)

∫∞

−∞

e ixz

λ+ z2
d z =

∫∞

−∞

cos(xz)

λ+ z2
d z =

π
p
λ

e−
p
λ|x|

so

(7.0.59) G1(x) = e−|x|

2

and hence we have (7.0.56).

Case: n = 2.

We assume x = (0, |x|) and then

G2(x) = (2π)−2

∫∞

−∞

(∫∞

−∞

e−i |x|ξ2 dξ2

1+ξ2
1 +ξ2

2

)
dξ1.

So applying (7.0.58) with λ= 1+ξ2
1, we find

G2(x) =
∫∞

0

1

2π
√

1+ξ2
1

e
−

√
1+ξ2

1|x|dξ1

Now we make change of variables ξ1 ∈ (0,∞)→ t ∈ (0,∞) defined by

1+ξ2
1 = (1+ t )2, =⇒ ξ1 =

√
t (t +2), ξ1dξ1 = (t +1)d t

and get

G2(x) = (2π)−1e−|x|
∫∞

0
e−t |x|t−1/2(2+ t )−1/2d t

Using (7.0.53), we find

G2(x) = 1

2π3/2
Γ(1/2)K0(|x|).

Using the identity

Γ

(
1

2

)
=
p
π,
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we find

(7.0.60) G2(x) = (2π)−1K0(|x|).

Further, (7.0.54) implies

(7.0.61) Gλ,2(x) = (2π)−1K0(
p
λ|x|).

Case: n = 3.

We have the relations

G3(x) = (2π)−2

∫∞

0

(∫π

0
e−i |x|ρ cosθ sinθdθ

)
ρ2dρ

1+ρ2
=

=
1

(2π)2i|x|

∫∞

0

(
e i |x|ρ−e−i |x|ρ

) ρdρ

1+ρ2
=

1

2π2|x|

∫∞

0
sin(|x|ρ)

ρdρ

1+ρ2
.

A simple application of the Cauchy theorem implies that for any R > 0 we

have the identities

(7.0.62)
1

2πi

∫∞

−∞

e iRz

1+ z2
zk d z =

ik−1

2
e−R .

Hence, we have the relations

πik e−R =
∫∞

−∞

e iRz

1+ z2
zk d z =

=
∫∞

0

e iRz + (−1)k+2e−iRz

1+ z2
zk d z.

Now we can use the fact that

e iRz + (−1)k+2e−iRz =
{

2 cos(Rz), if k is even, z > 0,R > 0;

2i sin(Rz), if k is odd, z > 0,R > 0.

Thus for k even we have
∫∞

0

2 cos(Rz)

1+ z2
zk d z =πik e−R

and we deduce

(7.0.63)

∫∞

0

cos(Rρ)

1+ρ2
ρk d z = π

2
(−1)k/2e−R .

For k odd we have

(7.0.64)

∫∞

0

sin(Rρ)

1+ρ2
ρk d z = π

2
(−1)(k−1)/2e−R .
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Applying now (7.0.64) with k = 1, we find

(7.0.65) G3(x) = 1

4π|x|
e−|x|.

Then (7.0.54) implies

(7.0.66) Gλ,3(x) =
1

4π|x|
e−

p
λ|x|.

General case n ≥ 3

Since Gn(x) is a radial function, we can take x = (0, · · · ,0, xn) = (0, · · · ,0, |x|).

We have to compute

G1,n(x) = (2π)−n

∫

Rn
e−ixξ dξ

1+|ξ|2
=

= (2π)−n

∫

Rn−1

(∫∞

−∞
e−i|x|ξn

dξn

1+|ξ′|2 +ξ2
n

)
dξ′.

Applying the identity (7.0.58), we find

∫∞

−∞
e−i|x|ξn

dξn

1+|ξ′|2 +ξ2
n

=
π

√
1+|ξ′|2

e−
p

1+|ξ′|2|x|

and introducing polar coordinates ρ = |ξ′| in Rn−1 we get

G1,n(x) = (2π)−nµ(Sn−2)

∫∞

0

π
√

1+|ρ|2
e−

p
1+|ρ|2|x|ρn−2dρ

Now we make change of variables ρ ∈ (0,∞)→ t ∈ (0,∞) defined by

1+ρ2 = (1+ t )2, =⇒ ρ =
√

t (t +2), ρdρ = (t +1)d t

and get

G1,n(x) = (2π)−nµ(Sn−2)πe−|x|
∫∞

0
e−t |x|t (n−2)/2−1/2(2+ t )(n−2)/2−1/2d t

Using (7.0.53), we find

(7.0.67) G1,n(x) = (2π)−nµ(Sn−2)
p
π2ν

Γ(ν+1/2)
Kν(|x|)
|x|ν

,ν= n −2

2

Comparing the relation (7.0.65) with (7.0.67) and using the relations

K1/2(|x|) =
√

π

2

e−|x|
p
|x|

, Γ

(
1

2

)
=
p
π, µ(S1) = 2π,
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we see that (7.0.67) with n = 3 coincides with (7.0.65).

Since µ(Sn−2) = (2π)(n−1)/2/Γ((n −1)/2), we find

(7.0.68) Gn(x) =G1,n(x) = (2π)−n/2 K(n−2)/2(|x|)
|x|(n−2)/2

.

Further, (7.0.54) implies (7.0.55).

Now we turn to the case of Helmholtz equation

(−z2 −∆)G= δ

with z = i
p
λ. Its fundamental solution is

G(x) =Gz,n(x) = (2π)−n

∫

Rn
e−ixξ dξ

−z2 +|ξ|2
=G−z2 ,n(|x|).

First we consider the case n = 1. Then for any z with Imz > 0 we have

(7.0.69)

∫∞

−∞

e ixw

−z2 +w 2
d w = iπ

z
e iz|x|

and therefore

(7.0.70) Gz,1(x) =
i

2z
e iz|x|

From Lemma 7.0.8 we have the relation

Gλ,n(x) = (2π)−n/2λ(n−2)/4 K(n−2)/2(
p
λ|x|)

|x|(n−2)/2

so

Gz,n (x) =G−z2 ,n(|x|) = (2π)−n/2|z|(n−2)/2 K(n−2)/2(−i z|x|)
|x|(n−2)/2

.

Now we use the relation (7.0.44) and find

K(n−2)/2(−i z|x|) =
πi

2
e (n−2)iπ/4H (1)

(n−2)/2(z|x|)

so

(7.0.71) Gz,n(x) = (2π)−n/2πi

2
|z|(n−2)/2e (n−2)iπ/4

H (1)
(n−2)/2(z|x|)
|x|(n−2)/2

.

For n = 1 we use

Gz,1(x) = (2π)−1/2πi

2
|z|−1/2e−iπ/4|x|1/2H (1)

−1/2
(z|x|)
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and (7.0.33) and find

Gz,1(x) = (2π)−1/2πi

2
|z|−1/2e−iπ/4|x|1/2e−iπ/4

(
2

π|z||x|

)1/2

e iz|x| =

= (2π)−1/2πi

2

(
2

π

)1/2 e iz|x|

z
= i

2z
e iz|x|

and this relation is compatible with (7.0.70). For n = 2 we have

Gz,2(x) = (2π)−1πi

2
H (1)

0 (z|x|) = i

4
H (1)

0 (z|x|).

This result is compatible with (5.15) Chapter I.5 in [1].

7.0.13 Helmholz equation in the space R
3.

The equation

∆u(x)+λ2u = f (x), x ∈R
3

is called Helmholz equation Taking f (x) ∈C (R3) with compact support one can

represent the unique solution as follows

u(x) =−
1

4π

∫

K

e±iλ|x−y | f (y)

|x − y |
d y,

where here and below K denotes the support of f .

One can verify that

(∆+λ2)

(
e±iλ|x−y |

|x|

)
=−4πδ

in the sense of distributions in R
3. Indeed taking any test function ϕ we apply

Gauss - Green formula for the domain {|x| ≥ ε} and using the fact that

(∆+λ2)

(
e±iλ|x|

|x|

)
= 0 |x| 6= 0,

we find

∫

|x|>ε

(
(∆+λ2)

(
e±iλ|x|

|x|

))
ϕ(x)d x −

∫

|x|>ε

(
e±iλ|x|

|x|

)
(∆+λ2)ϕ(x)d x =

−
∫

|x|=ε
∂r

(
e±iλ|x|

|x|

)
ϕ(x)dSx +

∫

|x|=ε

(
e±iλ|x|

|x|

)
∂r ϕ(x)dSx ,
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where here and below

∂r =
n∑

j=1

x j

|x|
∂ j .

Taking into account the fact that

∂r

(
1

|x|

)
=−

1

|x|2

and introducing spherical coordinate x = εω, |ω| = 1, we find
∫

|x|=ε
∂r

(
1

|x|

)
ϕ(x)dSx =−

∫

|ω|=1
ϕ(εω)dSω,

∫

|x|=ε

(
1

|x|

)
∂rϕ(x)dSx = ε

∫

|ω|=1
∂rϕ(εω)dω

so taking the limit ε→ 0, we get

lim
ε→0

∫

|x|=ε
∂r

(
e±iλ|x|

|x|

)
ϕ(x)dSx =−4πϕ(0),

lim
ε→0

∫

|x|=ε

(
e±iλ|x|

|x|

)
∂rϕ(x)dSx = 0,

so we arrive at

−
∫

R3

(
e±iλ|x|

|x|

)
(∆+λ2)ϕ(x)d x = 4πϕ(0)

and the identity

− 1

4π
(∆+λ2)

(
e±iλ|x|

|x|

)
= δ.

The function

E±(x) ∈C∞(R3 \ 0)

satisfying

(∆+λ2)E± = δ

in the sense of distributions is called fundamental solutions of the Helmholz

operator and they enable one to represent the solution of the Laplace equation

∆u = f , f ∈C∞
0 ,

as follows

u±(x) =
∫

Rn
E±(x − y) f (y)d y.

The uniqueness of the solution is guaranteed by the radiation condition

u(x) =
e±iλ|x|

|x|
a

(
x

|x|

)
+O

(
1

|x|2

)

at infinity.
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Problem 7.0.10. (smoothing property) If f (x) ∈ C (Rn) has a compact support,

then u(x) ∈C 1(Rn)

Problem 7.0.11. (smoothing property) If f (x) ∈ L∞(Rn) has a compact support,

then u(x) ∈C 1(Rn)

Problem 7.0.12. (smoothing property) If f (x) ∈C k(Rn) has a compact support,

then u(x) ∈C k+1(Rn)

Problem 7.0.13. (smoothing and decay property) If f (x) ∈C (Rn) has a compact

support, then u(x) ∈C 1(Rn) and

|u(x)| ≤
C‖ f ‖C (K )

1+|x|
.

Problem 7.0.14. (representation) If f (x) ∈C (R3) satisfies the estimate

| f (x)| ≤ ce−|x|

and u(x) ∈C 2(R3) is a bounded function that is a solution to

−∆u(x)+λ2u = f (x), x ∈R
3,

then

u(x) =−
1

4π

∫

R3

e−λ|x−y | f (y)

|x − y |
d y.

Hint: Apply the max principle of Problem ?? and derive the uniqueness.

Problem 7.0.15. (a priori estimate) If f (x) ∈C (R3) satisfies the estimate

| f (x)| ≤ ce−A|x|

and u(x) ∈C 2(R3) is a bounded function that is a solution to

−∆u(x)+λ2u = f (x), x ∈R
3,

with 0<λ< A then

|u(x)| ≤
C e−λ|x|

|x|
.

Problem 7.0.16. (some integrals for radial functions)

∫

§2
F (|x + rω|)dω= c

|x|r

∫|x|+r

||x|−r |
F (λ)λdλ
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Problem 7.0.17. (representation for radial solutions) If f (x) = f (|x|) ∈C (R3) sat-

isfies the estimate

| f (x)| ≤ ce−|x|

and u(x) = u(|x|) ∈C 2(R3) is a bounded radial function that is a solution to

−∆u(x)+λ2u = f (x), x ∈R
3,

then

u(x) =−
c

|x|

∫∞

0
e−r

∫|x|+r

||x|−r |
f (λ)λdλdr =

=
∫|x|

0
e−|x| sinh(λ) f (λ)λdλ+

∫∞

|x|
sinh(|x|)e−λ f (λ)λdλ.



Chapter 8

Heat equations

8.1 Heat equation in R
n.

8.1.1 Fundamental solution

The heat equation has the form

∂t u =∆u, t ∈R, x ∈R
n .

The corresponding Cauchy problem has initial data

u(0, x) = f (x).

Applying a Fourier transform, we find

û(t ,ξ) = e−t |ξ|2 f̂ (ξ).

So the inverse Fourier transform gives

u(t , x) = c

∫

Rn
E (t , x − y) f (y)d y,

where E (t , x) is the Fourier transform of

e−|ξ|2t

We start with the Fourier transform of the function

e−ξ
2

∈ S(Rn),

i.e. our goal is to compute

f̂ (x) =
∫

Rn
e−iξx−ξ2

dξ.

107
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We shall consider only the case n = 1, since the case n ≥ 2 can be treated in a

similar manner.

Using the identity

−i xξ−ξ2 =−(i x/2+ξ)2 −x2/4,

we get

f̂ (x) = e−x2/4

∫
e−(ξ+i x/2)2

dξ.

Let x > 0 for determinacy. Since the function

z = ξ+ i x/2 ∈ C → e−z2

is an entire function and for z in the strip {z; Imz ∈ [0, x/2]} we have the estimate

|e−z2

| ≤C (ξ)ex2/4,

we can change the path of integration Imz = x/2 in

f̂ (x) = e−x2/4

∫

Imz=x/2
e−z2

d z.

into Imz = 0 so

f̂ (x) = e−x2/4

∫

Imz=0
e−z2

d z = e−x2/4

∫

R
e−v 2

d v.

To determine the constant

c =
∫

R
e−v 2

d v,

we use the fact that

c2 =
∫

R
e−x2

1 d x1

∫

R
e−x2

2 d x2.

Introducing polar coordinates in R2

x = (x1, x2) = ρ(cosϕ, sinϕ),

where ρ > 0,ϕ∈ [0,2π), we get

c2 = 2π

∫∞

0
e−ρ

2

ρdρ =π.

So c =
p
π and

�e−x2
(ξ) =

p
πe−ξ

2/4

provided the space dimension is n = 1.
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For n−dimensional case the Fourier transform F ( f )(x) of

f (ξ) = e−Rξ2

,ξ ∈ Rn

is

F (e−R2ξ2

)(x) = R−n/2πn/2e−x2/(4R)

for any space dimension n ≥ 1 and any R > 0.

Hence, with

(8.1.1) E (t , x) = c
e−x2/4t

t n/2
, c = (4π)−n/2,

we have

u(t , x) = E (t )∗ f (x) = c

∫

Rn

e−|x−y |2/4t

t n/2
f (y)d y.

8.1.2 Smoothing properties of the convolution E(t )∗ f

Using the simple property

E (t , x) = c
e−|x|2/4t

t n/2
∈ Lr (Rn

x )

we see that

‖E (t , ·)‖r
Lr (Rn) = cr t−nr /2

∫

Rn
e−r |x|2/4t d x =

= cr (4/r )n/2t−nr /2+n/2

∫

Rn
e−|z|2 d z = cr (4/r )n/2t−nr /2+n/2πn/2 ∼ t−nr /2+n/2 ,

and hence

(8.1.2) ‖E (t , ·)‖r
Lr (Rn ) = (4π)−n/2(1−1/r )r−n/2t−n/2(1−1/r ).

Using the Young inequality we find

(8.1.3) ‖E (t )∗ f ‖Lp (Rn ) ≤C (p, q)t−n/2(1/q−1/p)‖ f ‖Lq (Rn )

where

1≤ q ≤ p ≤∞

and

C (p, q)= (4π)−n/2(1/q−1/p)(1+1/p −1/q)−n/2.

This implies

(8.1.4) ‖E (t )∗ f ‖Lp (Rn ) ≤ ‖ f ‖Lp (Rn)
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Lemma 8.1.1. The operator

f ∈C∞
0 (Rn) → E (t )∗ f

can be extended to an operator on Lp such that

a) E (t )∗ f ∈ Lq (Rn), q ≥ p with norm bounded by

C (p, q)t−n/2(1/q−1/p) , C (p, q) = (4π)−n/2(1/q−1/p)(1+1/p −1/q)−n/2;

b) E (t )∗ f ∈C ([0,T ];Lp (Rn);

c) if p = 2 , then E (t )∗ f ∈C ((0,T ); Hk (Rn) for any k > 0 integer;

d) if p = 2 , then E (t )∗ f ∈Cℓ((0,T ); Hk (Rn) for any ℓ,k > 0 integers.

Proof. The property a) follows from (8.1.4). b) follows from (8.1.4) with p =∞
and the Lebesgue convergence theorem. Indeed, we have

E (t +h)∗ f (x) = c

∫

Rn

e−|x−y |2/4(t+h)

(t +h)n/2
f (y)d y = c

∫

Rn
e−|z|2/4 f (x −

p
t +hz)d z

and

E (t +h)∗ f (x)−E (t )∗ f (x) = c

∫

Rn
e−|z|2/4

(
f (x −

p
t +hz)− f (x

p
t z)

)
d z.

So

‖E (t +h)∗ f (x)−E (t )∗ f (x)‖Lp ≤ c

∫

Rn
e−|z|2/4

∥∥∥ f (x −
p

t +hz)− f (x
p

t z)
∥∥∥

LP
x

d z.

To show the smallness of this Lp norm, when h is small and t > 0 is fixed it is

sufficient to show the smallness of

∫

|z|≤R
e−|z|2/4

∥∥∥ f (x −
p

t +hz)− f (x
p

t z
∥∥∥

L
p
x

d z

but this follows from

lim
h→0

∥∥∥ f (x −
p

t +hz)− f (x
p

t z
∥∥∥

L
p
x

= 0

for z bounded, t > 0 fixed. We turn to the proof of c). First, we shall show that

(8.1.5) u(t , x) = E (t )∗ f (x) ∈C ((0,T ); Hk (Rn))
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Indeed, for any fixed t > 0 we have ∂αx E (t , x) is continuous in t > 0 and

(8.1.6) |∂αx E (t , x)| ≤ c(t )(1+|x|)|α|e−x2/(4t).

Hence its L1 norm is bounded by some c1(t ) > 0 and by Young inequality we get

(8.1.5).

Finally, we prove d). Using the relation

∂ℓt E =∆∂ℓ−1
t E

and (8.1.6), we deduce by induction in ℓ that

(8.1.7) u(t , x) = E (t )∗ f (x) ∈Cℓ((0,T ); Hk (Rn)).

8.1.3 Weak and strong solution for ODE

Consider the Cauchy problem for ODE

y ′(t ) = g (t ), y(0) = y0 ∈R.(8.1.8)

Definition 8.1.1. Let g (t )∈C (0,T ). A function y(t ) ∈C ([0,T )) is a weak solution

of the Cauchy problem (8.1.8), if

(8.1.9) lim
tց0

|y(t )− y0| = 0

and y solves ∂t y = g , in distributional sense in (0,T ) i.e. for any ϕ ∈ C∞
0 ((0,T ))

we have

(8.1.10) −
∫T

0
y(t )∂tϕ(t )d t =

∫T

0
g (t )ϕ(t )d t .

Definition 8.1.2. Let g (t ) ∈C (0,T ). A function y(t ) ∈C ([0,T ) is a strong solution

of the Cauchy problem (8.1.8), if, (8.1.9) is satisfied ,

y(t ) ∈C 1(0,T ))

and y ′(t ) = g (t ) for any t ∈ (0,T ).

Lemma 8.1.2. If g ∈ C (0,T ) and y(t ) ∈ C ([0,T )) is a weak solution of (8.1.8),

then it is a strong solution.
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Proof. Assume y(t ) ∈C ([0,T )) is a weak solution of (8.1.8). Take approximation

of unity, i.e. take a non - negative function ϕ ∈C∞
0 (R) with support in (−1,1) so

that
∫
R
ϕ= 1 and for fixed t0 ∈ (0,T ) consider the function

ϕε(s)= ε−1ϕ

(
s − t0

ε

)
.

Then for any continuous function h(t ) we can write

(8.1.11)

∫T

0
h(t )ϕε(t )d t =

∫1

−1
ϕ(z)h(t0 +εz)d z →h(t0)

as ε → 0. Our goal is to show that y is differentiable in t0. Therefore, using

(8.1.11), we need the limit as h → 0 of

y(t0 +h)− y(t0)

h
= lim

ε→0

1

h

∫T

0
(y(t +h)− y(t ))ϕε(t )d t =

= lim
ε→0

1

h

∫T

0
y(t )

(
ϕε(t −h)−ϕε(t )

)
d t

We have further

∫T

0
y(t )

(
ϕε(t −h)−ϕε(t )

)
=−

∫h

0

∫T

0
y(t )∂tϕε(t −τ)d tdτ.

Applying the identity (8.1.10), we find

−
∫T

0
y(t )∂tϕε(t −τ)d t =

∫T

0
g (t )∂tϕε(t −τ)d t → g (t0 +τ)

as ε→ 0 due to (8.1.11). Taking the limit as ε→ 0, we deduce

y(t0 +h)− y(t0)

h
= 1

h

∫h

0
g (t0 +τ)dτ.

Since
1

h

∫h

0
g (t0 +τ)dτ= g (t0)+o(h)

due to the mean value theorem, we arrive at

y(t0 +h)− y(t0)

h
= g (t0)+o(h)

Hence y ′(t ) exists in (0,T ) and coincides with the continuous function g (t ).
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Further , we can consider the case, when y(t ) is a function with image in

Banach space B.

Given an interval I ⊆R we define the space of continuous functions

C (I ;B)= { f (t ) : I →B; lim
s∈I ,s→t

‖ f (s)− f (t )‖B = 0, ∀t ∈ I }.

The Frechet derivative of a function f : I → B is defined for interior points

t ∈ I as the standard limit

lim
h→0

f (t +h)− f (t )

h
= f ′(t )

in B. Then assuming I is open interval, we define

C 1(I ;B) = { f (t ) ∈C (I ;B); f ′(t )exists for any t ∈ I and belongs to C (I ;B)}.

Then we can define for any ℓ≥ 2 the space Cℓ(I ;B) inductively in ℓ as fol-

lows

Cℓ(I ;B) = { f (t ) ∈Cℓ−1(I ;B); f ′(t ) ∈Cℓ−1(I ;B)}.

Consider the Cauchy problem for ODE in the Banach space B

y ′(t ) = g (t ), y(0) = y0 ∈B.(8.1.12)

Definition 8.1.3. Let g (t ) ∈C ((0,T );B). A function y(t ) ∈C ([0,T );B) is a weak

solution of the Cauchy problem (8.1.12), if

(8.1.13) lim
tց0

‖y(t )− y0‖B = 0

and y solves ∂t y = g , in distributional sense in (0,T ) i.e. for any ϕ ∈ C∞
0 ((0,T ))

we have

(8.1.14) −
∫T

0
y(t )∂tϕ(t )d t =

∫T

0
g (t )ϕ(t )d t .

where the last identity is in sense that in the left and right side we have of ele-

ments in B.

Definition 8.1.4. Let g (t )∈C ((0,T );B). A function y(t ) ∈C ([0,T );B) is a strong

solution of the Cauchy problem (8.1.12), if, (8.1.13) is satisfied ,

y(t ) ∈C 1((0,T );B)

and y ′(t ) = g (t ) for any t ∈ (0,T ). Again the last identity is in sense that in the left

and right side we have of elements in B.

We can prove the following statement in the same way as we have estab-

lished Lemma 8.1.2.

Lemma 8.1.3. If g ∈ C (0,T ) and y(t ) ∈ C ([0,T )) is a weak solution of (8.1.12),

then it is a strong solution.



114

8.1.4 Weak and strong solutions in Sobolev spaces

We shall define the meaning of solution to the Cauchy problem

∂t u =∆u,(8.1.15)

u(0, x) = f (x).

Definition 8.1.5. Let f ∈ L2(Rn). A function u(t , x) ∈ C ([0,T ];L2(Rn)) is a weak

solution of the Cauchy problem (8.1.15), if

(8.1.16) lim
tց0

‖u(t , ·)− f ‖L2(Rn ) = 0

and u solves ∂t u = ∆u, in distributional sense in (0,T )×R
n , i.e. for any ϕ ∈

C∞
0 ((0,T )×R

n) we have

(8.1.17) −
∫T

0

∫

Rn
u(t , x)∂tϕ(t , x)d xd t =

∫T

0

∫

Rn
u(t , x)∆xϕ(t , x)d xd t .

Definition 8.1.6. Let f ∈ L2(Rn). A function

u(t , x) ∈C ([0,T ];L2(Rn))

is a strong solution of the Cauchy problem (8.1.15), if (8.1.16) is satisfied ,

u(t , x) ∈C ((0,T ); H2(Rn))∩C 1((0,T );L2(Rn))

and ∂t u =∆u in sense of L2 functions.

Lemma 8.1.4. If f ∈ L2(Rn) and u(t , x) ∈ C ([0,T ];L2(Rn)) is a weak solution of

the Cauchy problem (8.1.15), then we have the estimate

(8.1.18) ‖u(t )‖L2 ≤ ‖ f ‖L2

for any t ∈ [0,T ).

Proof. We shall use the Yosida approximation of f defined for ε ∈ (0,1) as

(8.1.19) fε(x) = (2π)−n

∫

Rn
e i x.ξ(1+ε|ξ|2)−1 f̂ (ξ)dξ.

To be more precise this integral is well - defined for f ∈C∞
0 and obeys the rela-

tion

f̂ε(ξ) = (1+ε|ξ|2)−1 f̂ (ξ).

Moreover, we have the estimates

‖ fε‖L2 = c‖ f̂ε‖L2 = c‖(1+ε|ξ|2)−1 f̂ ‖L2 ≤ ‖ f ‖L2 ,
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‖ fε‖H2 = ‖(1+ξ2) f̂ε‖L2 ≤ ‖(1+ξ2)(1+ε|ξ|2)−1 f̂ ‖L2 ≤
1

ε
‖ f ‖L2

These estimates show that the operator f → fε defined by (8.1.19) can be ex-

tended by density argument to an operator

(8.1.20) f : L2 → fε = (1−ε∆)−1 f ∈ H2

so that

lim
ε→0

‖ fε− f ‖L2 = 0.

If u ∈C ([0,T ];L2) is a weak solution to (8.1.15), then

uε(t ) = (1−ε∆)−1u(t )

is also a weak solution to

∂t uε =∆uε,(8.1.21)

uε(0, x) = fε(x).

Since for fixed ε> 0

uε ∈C ([0,T ); H2)

due to (8.1.20), we can interpret the right side of the equation

(8.1.22) ∂t uε =∆uε,

as element in L2 and then this equation has the meaning of weak solution of

ODE of type (8.1.12). Applying Lemma 8.1.3 we see that

uε ∈C 1((0,T );L2)

and therefore we can multiply the equation (8.1.22) by uε and after integrating

we get
1

2

d

d t
‖uε(t )‖2

L2 +‖∇uε(t )‖2
L2 = 0.

This estimate implies

d

d t
‖uε(t )‖2

L2 ≤ 0,∀t ∈ (0,T ).

So

‖uε(t )‖L2 ≤ ‖ fε‖L2 .

Taking the limit ε→ 0, we deduce (8.1.18).
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8.1.5 Weak solutions are strong, uniqueness in R
n

We study the Cauchy problem

∂t u(t , x) =∆x u(t , x), x ∈R
n , 0 < t < T.

u(0, x) = f (x).

Lemma 8.1.5. (uniqueness) If

u ∈C ([0,T );L2(Rn)

is a weak solution (in the sense of Definition 8.1.5) of

∂t u(t , x) =∆x u(t , x), x ∈R
n , 0 < t < T,

u(0, x) = f (x),

then the condition f (x) = 0 implies u(t , x) = 0,0 < t < T.

Proof. Follows from Lemma 8.1.4.

Now we can show that weak solution in sense of Definition 8.1.5 is also a

strong one (in the sense of Definition 8.1.6).

Lemma 8.1.6. (weak implies strong) If

u ∈C ([0,T );L2(Rn)

is a weak solution (in the sense of Definition 8.1.5) of

∂t u(t , x) =∆x u(t , x), x ∈R
n , 0 < t < T,(8.1.23)

u(0, x) = f (x),

then u is also strong one

Proof. Let U (t , x) = E (t )∗ f (x) be the solution to the equation constructed via

fundamental solution. We use Lemma 8.1.1 and see that U is a strong solution

to (8.1.6). The uniqueness from Lemma 8.1.5 gives u = U and hence we have

strong solution u.

8.1.6 Decay estimates for heat semigroup

Problem 8.1.1. Using the representation of the fundamental solution for

∂t u =∆u, u(0, x) = f ∈C∞
0 (Rn)

verify the estimates

‖u(t , ·)‖L∞ ≤C‖ f ‖L∞

and

‖u(t , ·)‖L∞ ≤ C

t n/2
‖ f ‖L1 .
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8.1.7 Appendix: Generalizations of Fourier transform of the Gauss

density

It is easy to extend the previous result

saying that the Fourier transform F ( f )(ξ) of

f (x) = e−R2x2

, x ∈ Rn

is

F (e−R2x2

)(ξ) = R−n/2πn/2e−ξ
2/(4R)

to the case, when R ∈ C and ReR > 0.

In fact, we can use the fact that z1/2 is a well - defined analytic function for

Rez > 0.

Using the formula

F (e−R2x2

)(ξ) = R−n/2πn/2e−ξ
2/(4R)

with ReR > 0, we set

R = i +ε

and taking the limit as ε → 0, we can establish the following property: the

Fourier transform of the distribution

ei x2

∈ S ′(Rn)

is

e−iπn/4πn/2e−iξ2/4.

Using a diagonalization for any symmetric matrix Q we obtain on the basis

of the last argument the following.

Lemma 8.1.7. If Q is a symmetric n ×n matrix with determinant

detQ 6= 0,

then the Fourier transform of the distribution

ei (Qx,x) ∈ S ′(Rn),

where (., .) is the scalar product in Rn , is

e−iπsgnQ/4πn/2|detQ|−1/2e−i (Q−1ξ,ξ)/4.

Here sgnQ is the signature of the symmetric matrix Q.

Problem 8.1.2. (dualita’ della luce, ottica geometrica) Find the Fourier trans-

form of

e i Rx2

.
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8.2 Maximum principle for the heat equaiton

8.2.1 1 - D Maximum principle for the heat equation

Consider 1-D heat equation

∂2
x u(t , x)−∂t u(t , x) = f (t , x), a < x < b, 0 < t < T.

Here and below the rectangular E = {a < x < b, 0< t < T } has sides

Sa = {(a, t ), 0 ≤ t ≤ T },Sb = {(b, t ), 0 ≤ t ≤ T }, S0 = {(x,0), a ≤ x ≤ b}.

Given any f ∈C [E ] we look for solutions to (3.1.1) u ∈C [E ]∩C 2(E ).

Lemma 8.2.1. (EASY MAX principle) If u ∈C [E ]∩C 2(E ) is a solution of

∂2
x u(t , x)−∂t u(t , x) = f (t , x)

f (x) is any bounded POSITIVE function then

max
Sa ,Sb ,S0

u(t , x) = max
E

u(t , x).

Proof: If

u(c) = max
E

u(t , x)

for some c ∈ E , then in the point c we have

∂x u(c) = ∂t u(c) = 0,∂2
xx u(c) ≤ 0.

Similar argument works if c = (x0,T ), a < x0 < b.

Lemma 8.2.2. (weak MAX principle) If u ∈C [E ]∩C 2(E ) is a solution of

∂2
x u(t , x)−∂t u(t , x) = f (t , x)

f (x) is any bounded NON-NEGATIVE function then

max
Sa ,Sb ,S0

u(t , x) = max
E

u(t , x).

Idea of Proof: If

u(c) = max
E

u(t , x)

for some c = (x0, t0) ∈ E , then we shall modify u(t , x) as follows

wε(t , x) = u(t , x)+εz(x),

where

z(x) = (x −x0)2.

Then the Easy MAX principle can be applied.

Complete the proof.
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Lemma 8.2.3. (STRONG MAX principle) If u ∈ C [E ]∩C 2(E ) is a solution of the

heat equation

∂2
x u(t , x)−∂t u(t , x) = f (t , x),

f (t , x) is any bounded NON-NEGATIVE function and if

u(c) = max
E

u(t , x)

for some c ∈ E , then u(x) is a constant.

Problem 8.2.1. Generalize the above maximum principle for n dimentional case.
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Chapter 9

Main hyperbolic equations of math

physics

9.0.1 Wave and K-G equation

Our first step in this chapter is to formulate some of the most important hyper-

bolic equations in mathematical physics.

In these lectures we shall focus our attention mainly to the wave and Klein-

Gordon equations as the basic examples of hyperbolic equations in mathemat-

ical physics.

The wave equation is an important problem in continuum mechanics. A

derivation of this equation in the model of vibrating string can be found in [61]

Chapter 2.

The same equation plays a crucial role in relativistic quantum mechanics,

since it is connected with a model of a massless relativistic field u = u(t , x),

where t is the time variable and

x = (x1, ..., xn) ∈ Rn

are the space variables. The wave equation satisfied by the field u has the form

(9.0.1) (−∂2
t +∆)u = F,

where

∆= ∂2
x1
+ ...+∂2

xn

is the Laplace operator and F = F (t , x) is a given known function. Usually, the

operator

�=−∂2
t +∆

is called D’Alembert operator.
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For the case, when a scalar relativistic field has a mass, the corresponding

equation is called Klein-Gordon equation and this equation has the form

(−∂2
t +∆−M2)u = F,(9.0.2)

where M > 0 is the mass of the field.

In general we can consider the wave equation as a partial case of Klein-

Gordon equation with mass zero.

The first important physical law for these equation is the conservation of

energy, when the external force F is identically zero.

Indeed, let us assume the solution is smooth and for any fixed t has a com-

pact support. Then multiplying (9.0.2) by ∂t u we see that the energy

E (t )=
1

2

∫
|∂t u(t , x)|2 +

+|∇x u(t , x)|2 +M |u(t , x)|2d x(9.0.3)

is a constant independent of the time variable t .

We shall rewrite the Klein-Gordon equation ( and therefore the wave equa-

tion) as abstract evolution equation of the form

∂t v = Av,(9.0.4)

where A is a skew-selfadjoint operator in a suitable Hilbert space H . We refer

to [33] for complete information about this reduction.

For simplicity we shall consider here only the case of positive mass M .

It is clear that we can define the operator M2 −∆ on the space of smooth

compactly supported functions in Rn . Then this operator is a symmetric with

respect to the scalar product

( f , g )L2 =
∫

Rn
f (x)g (x)d x.

Setting

v =
(

u

∂t u

)
, A =

(
0 1

∆−M2 0

)
,

we see that the nonlinear Klein-Gordon equation (9.0.2) takes the form (9.0.4).

The form of the energy in (9.0.3) suggests us to consider the Hilbert space H =
H1(Rn)× L2(Rn). For any couple v = (v1, v2) ∈ H the corresponding norm is

defined by

‖v‖2
H =

∫
|∇v1|2 +M2|v1|2 +|v2|2d x(9.0.5)
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Denote by (, )H is the corresponding Hilbert norm.

A dense domain for the operator A can be choosen as

D(A) =C∞
0 (Rn)×C∞

0 (Rn).(9.0.6)

Then we see that A can be extended to a skew-selfadjoint operator with a dense

domain

D(A) = H2(Rn)×H1(Rn).

Applying the Stone theorem we see that A is a generator of an unitary group

U (t ) acting in the Hilbert space H .

The fact that A is a generator of the group U (t ) means that

lim
t→0

U (t ) f − f

t
= A( f )

for f ∈ D(A). The fact that A is skew-selfadjoint assures that U (t ) is a unitary

operator

‖U (t ) f ‖H = ‖ f ‖H(9.0.7)

The abstract Cauchy problem associated with the generator A can be writ-

ten in the form

∂t v = Av,

v(0) = f .

The unique solution of this linear Cauchy problem can be represented as

v =U (t ) f .

Turning back to our original formulation of the Klein-Gordon equation we

can state the corresponding Cauchy problem as follows

(−∂2
t +∆−M2)u = 0,

u(0, x) = f0(x) , ∂t u(0, x) = f1(x).

Here f = ( f0, f1) ∈ H .

For the case of nontrivial external force F we have the Cauchy problem

(−∂2
t +∆−M2)u = F,

u(0, x) = f0(x) , ∂t u(0, x) = f1(x).

The energy conservation law for the linear wave equation is represented in

(9.0.7) so the norm in the Hilbert space H has an interpretation as energy.
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9.0.2 Fundamental solution for 1 D wave equation

Consider the wave equation

∂2
t u(t , x)−∂2

x u(t , x) = 0, t , x ∈R,

subject to the initial conditions

u(0, x) = 0, ∂t u(0, x) =ϕ(x).

Introducing coordinates

ξ= x − t , η= t +x,

one can see that the wave equation becomes

∂ξ∂ηu = 0

and we can be looked for solutions of type

u(ξ,η) = f (ξ)+ g (η).

or

u(t , x) = f (x − t )+ g (t +x) :

Taking into account the initial data we find.

Lemma 9.0.1. (D’Alambert formula) For any ϕ(x) ∈C 1 there exists u ∈C 2 so that

u(t , x) = 1

2

∫x+t

x−t
ϕ(y)d y

is solution to

∂2
t u(t , x)−∂2

x u(t , x) = 0, t , x ∈R,

subject to the initial conditions

u(0, x) = 0, ∂t u(0, x) =ϕ(x).

Problem 9.0.1. (weak Huygens’ principle, finite propagation speed) Show that

the condition

supp ϕ⊆ {|y | ≤ R}

implies

supp u(t , x) ⊆ {|x| ≤ t +R}

for t ≥ 0.
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Problem 9.0.2. (strong Huygens’ principle) Show that the condition

ϕ(y) = 0, ∀y, |y | ≤ R ,

implies

u(t , x) = 0,∀t ∈ [0,R], ∀ |x| ≤ R − t .

The general inhomogeneous case is treated in the next.

Lemma 9.0.2. (D’Alambert formula) For any ϕ(x) ∈C 1,ψ(x) ∈C and F ∈C there

exists u ∈C 2 so that

u(t , x) =
ψ(x + t )+ψ(x − t )

2
+

1

2

∫x+t

x−t
ϕ(y)d y+

+
1

2

∫t

0

∫x+t−τ

x−(t−τ)
F (τ, y)d ydτ.

is solution to

∂2
t u(t , x)−∂2

x u(t , x) = F, t ≥ 0, x ∈R,

subject to the initial conditions

u(0, x) =ψ(x), ∂t u(0, x) =ϕ(x).

One can consider also the case of half line x > 0 with Dirichlet data on the

boundary

u(t ,0)= 0

Lemma 9.0.3. (D’Alambert formula on half line, exterior of the light cone) For

any ϕ(x) ∈C 1,ψ(x) ∈C and F ∈C satisfying the condition

ϕ(0) = 0,ψ(0)= 0,F (t ,0) = 0

there exists u ∈C 2 so that for x > t ≥ 0

u(t , x) = ψ(x + t )+ψ(x − t )

2
+ 1

2

∫x+t

x−t
ϕ(y)d y+

+1

2

∫t

0

∫x+t−τ

x−(t−τ)
F (τ, y)d ydτ.

is solution to

∂2
t u(t , x)−∂2

x u(t , x) = F, t ≥ 0, x ∈R,

subject to the initial conditions

u(0, x) =ψ(x), ∂t u(0, x) =ϕ(x).
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Lemma 9.0.4. (D’Alambert formula on half line, interior of the light cone) For

any ϕ(x) ∈C 1,ψ(x) ∈C and F ∈C satisfying the condition

ϕ(0)= 0,ψ(0) = 0,F (t ,0) = 0

there exists u ∈C 2 so that for x ∈ (0,+∞), t ≥ 0

u(t , x) = ψ(x + t )− sg n(t −x)ψ(|t −x|)
2

+ 1

2

∫x+t

|t−x|
ϕ(y)d y+

+
1

2

∫t

0

∫x+t−τ

|x−(t−τ)|
F (τ, y)d ydτ

is solution to

∂2
t u(t , x)−∂2

x u(t , x) = F, t ≥ 0, x ∈R,

subject to the initial conditions

u(0, x) =ψ(x), ∂t u(0, x) =ϕ(x).

9.0.3 Fundamental solution for 3 D wave equation

Consider the wave equation

∂2
t u(t , x)−∆u(t , x) = 0, t ∈R, x ∈R

3,

subject to the initial conditions

u(0, x) = 0, ∂t u(0, x) =ϕ(x).

Consider first the case of radially symmetric data

ϕ(x) =ϕ(|x|).

Then u(t , x) = u(t , |x|) and introducing polar coordinates

r = |x|, u(t ,r ) =
v(t ,r

r
, ϕ(r ) =

χ

r

we obtain the following 1D problem

∂2
t v −∂2

r v = 0,

v(0,r ) = 0, ∂t v(0,r )=χ(x).
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Taking Dirichlet boundary condition on r = 0 we apply D’Alambert formula for

1D case and find

v(t ,r ) =
1

2

∫r+t

|r−t |
χ(s)d s

so

u(t ,r ) = 1

2r

∫r+t

|r−t |
ϕ(s)sd s.

Taking the limit r → 0 we obtain

(9.0.1) u(t ,0) =ϕ(t )t .

For the general case when ϕ(x) is not radially symmetric, we take arbitrary x0 ∈
R

3 and consider the mean of u

Mx0 (u)(r ) = 1

4π

∫

|ω|=1
u(t , x0 + rω)dω.

Then

u(t ,r ) = Mx0 (u)(r ), ϕ(r ) = Mx0 (ϕ)(r )

satisfy the radial wave equation so applying (9.0.1) we get

u(t , x0) = u(t ,0) = tϕ(t ) = t

4π

∫

|ω|=1
ϕ(x0 + tω)dω.

Lemma 9.0.5. (Poisson formula in R
3 ) For any ϕ(x) ∈C 2, there exists u ∈C 2 so

that

u(t , x) = t

4π

∫

|ω|=1
ϕ(x + tω)dω

is solution to

∂2
t u(t , x)−∆u(t , x) = 0, t ≥ 0, x ∈R

3,

subject to the initial conditions

u(0, x) = 0, ∂t u(0, x) =ϕ(x).

Problem 9.0.3. (weak Huygens’ principle, finite propagation speed) Show that

the condition

supp ϕ⊆ {|y | ≤ R}

implies

supp u(t , x) ⊆ {|x| ≤ t +R}

for t ≥ 0.
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Problem 9.0.4. (strong Huygens’ principle) Show that the condition

ϕ(y) = 0, ∀y, |y | ≤ R ,

implies

u(t , x) = 0,∀t ∈ [0,R], ∀ |x| ≤ R − t .

For the general inhomogeneous case we have

Lemma 9.0.6. (Poisson formula in R
3 ) For any ϕ(x) ∈ C 2,ψ ∈ C 3 and F ∈ C 2

there exists u ∈C 2 so that

u(t , x) = ∂t

(
t

4π

∫

|ω|=1
ψ(x + tω)dω

)
+ t

4π

∫

|ω|=1
ϕ(x + tω)dω

+
∫t

0

t −τ

4π

∫

|ω|=1
F (τ, x + (t −τ)ω)dωdτ

is solution to

∂2
t u(t , x)−∆u(t , x) = 0, t ≥ 0, x ∈R

3,

subject to the initial conditions

u(0, x) = 0, ∂t u(0, x) =ϕ(x).

9.0.4 Fundamental solution for 2 D K-G and wave equation

Consider the wave equation

∂2
t u(t , x)−∆u(t , x)+M2u = 0, t ∈R, x ∈R

2,

subject to the initial conditions

u(0, x) = 0, ∂t u(0, x) =ϕ(x).

The case M > 0 corresponds to the case of K-G equation, while M = 0 is the

wave equation in 2D. Take

X = (X ′, X3), X ′ = x, U (t , X ′, X3) = e i M X3 u(t , X ′) = e i M X3 u(t , x)

and

Φ(X ′, X3) = e i M X3ϕ(x).

Then

U (t , X ) = t

4π

∫

|Ω|=1
Φ(X + tΩ)dΩ.
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Introduce local coordinates

Ω
′ = y ∈ {|y | ≤ 1}, Ω3 =

√
1−|y |2.

and using

dΩ=
d y

√
1−|y |2

we get

u(t , x) = t

4π

∫

|y |≤1
cos(M t

√
1−|y |2)ϕ(x + t y)

d y
√

1−|y |2
.

The change of variable z = t y yields

u(t , x) = 1

4π

∫

|z|≤1
cos(M

√
t 2 −|z|2)ϕ(x + z)

d z
√

t 2 −|z|2
.

9.0.5 Fundamental solution of the homogeneous wave equa-

tion via Fourier transform

Our purpose in this section is to construct a solution of the problem

�E = 0,

E (0, x)= 0 , ∂t E (0, x) = δ(x),(9.0.1)

where

�=−∂2
t +∆.

Once the solution E = E (t , x) is found, one can represent the solution of

�u = 0,

u(0, x) = 0 , ∂t u(0, x) = f (x)(9.0.2)

by

u = E (t , .)∗ f .(9.0.3)

Since

û(t ,ξ) = Ê (t ,ξ) f̂ (ξ),

comparing the representation of u with the Fourier transform, we see that

(9.0.4) Ê(t ,ξ) = sin(t |ξ|)
|ξ|

.
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To construct fundamental solution we define s−z
+ for any complex number

z with Rez < 1 by

(9.0.5) s−z
+ =

{
s−z if s > 0

0 otherwise.

It is clear that this is a classical function in L1
l oc

(R) for Rez < 1. Note that

(9.0.6)
d

d s
s−z
+ =−z s−z−1

+ , for Re z < 0.

The above relation enables one to extend the definition of s−z
+ for 1 ≤ Rez < 2.

Namely, we define (for 1≤ Rez < 2)

(9.0.7) s−z
+ =

1

(−z +1)

d

d s

(
s−z+1
+

)
,

where the derivative in the right side is taken in the sense of distributions. More-

over for k ≤ Rez < k +1 we define s−z
+ by the relation

s−z
+ = 1

(−z +1)...(−z +k)

(
d

d s

)k (
s−z+k
+

)

=
Γ(−z +1)

Γ(−z +k +1)

(
d

d s

)k

s−z+k
+ ,(9.0.8)

where the derivatives are taken in distribution sense. Take

Ez(s) = cn

Γ(1− z)
s−z
+(9.0.9)

for z 6= {1,2,3, ...}. Here the constant cn > 0 will be chosen later on. We can

rewrite (9.0.8) as

Ez(s) =
d k

d sk
Ez−k (s).(9.0.10)

It is not difficult to establish the relation

lim
z→k

Ez (s)= cnδ
(k−1)(s)(9.0.11)

for any integer k ≥ 1. Here the limit is taken in distribution sense. In fact, the

relation (see (10.1.4)

Γ(z)Γ(1− z) = π

sinπz

implies that

lim
z→k

Γ(1− z)(z −k) = (−1)k

Γ(k)
.(9.0.12)
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On the other hand, for any ϕ ∈C∞
0 (R) and z = k +ε we see that the quantity

ε(s−z
+ ,ϕ) =

ε

(−z +1)...(−z +k)
(

d k

d zk
(s−ε+ ),ϕ) =

=
(−1)kε

(−z +1)...(−z +k)

∫∞

0
s−ε

d k

d sk
ϕ(s)d s

tends to
1

Γ(k)

∫∞

0

d k

d sk
ϕ(s)d s =

−1

Γ(k)

d k−1

d sk−1
ϕ(0)

as ε tends to 0 and from (9.0.12) we obtain the needed relation (9.0.11).

Further, we consider the following family of distributions depending on z ∈
C

Ez(t , x) = cn

Γ(1− z)
(t 2 −x2)−z

+ .(9.0.13)

As before, this is a classical function for Rez < 1. Using the relation

−�Ez (t , x) = 4(
n −1

2
− z)Ez+1,(9.0.14)

one can extend the definition of Ez(t , x) for Rez 6= k + (n − 1)/2, k = 0,1,2, ...

as a distribution in D ′(Rn+1). Our next step is to compute the partial Fourier

transform of the distribution D ′(Rn). First, we start with the case Rez < 1, when

Ez(t , x) is a classical function.

Lemma 9.0.7. For Re z < 1 we have

∫

Rn
e−i xξ(t 2 −x2)−z

+
d x

Γ(1− z)
=

=
(2π)n/2

2z
|t |−z+n/2|ξ|z−n/2 J−z+n/2(|tξ|).(9.0.15)

Proof. Since the scalar product x.ξ is invariant under the action of the group

SO(n) of rotations, we see that the left side of the needed identity is a spherical

function in ξ. For this we lose no generality assuming ξ= (|ξ|,0, ...,0). Then the

integral in the left side of (9.0.15) takes the form

I =
∫

R
e−i x1 |ξ|

∫

Rn−1
(t 2 −x2

1 −|x′|2)−z
+ d x′ d x1

Γ(1− z)
.(9.0.16)
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For n ≥ 3 one can use polar coordinates r = |x′|, ω′ = x′/r ∈ Sn−2. So we have
∫

Rn−1
(t 2 −x2

1 −|x′|2)−z
+ d x′ =

=µ(Sn−2)(t 2 −x2
1)−z+(n−1)/2

+

∫1

0
(1− r 2)−z r n−2dr.

Choosing µ(S0) = 2, we see that this identity holds also for n = 2. The relations

(10.1.6) and (10.1.7) enable one to compute explicitly the integral
∫1

0
(1− r 2)−z r n−2dr = 1

2

∫1

0
(1−ρ)−zρ(n−3)/2dr =

=
1

2
B(1− z,

n −1

2
) =

1

2

Γ(1− z)Γ((n −1)/2)

Γ((n +1)/2− z)
.

So the integral in (9.0.16) becomes

I =
µ(Sn−2)Γ((n −1)/2)

2Γ((n +1)/2− z)

∫

R
e−i x1|ξ|(t 2 −x2

1)−z+(n−1)/2
+ d x1 =

=
µ(Sn−2)Γ((n −1)/2)

2Γ((n +1)/2− z)
t−2z+n

∫1

−1
cos(t x1|ξ|)(1−x2

1)−z+(n−1)/2d x1 =

µ(Sn−2)Γ((n −1)/2)

Γ((n +1)/2− z)
t−2z+n

∫1

0
cos(t x1|ξ|)(1−x2

1)−z+(n−1)/2d x1.

Combining the formula (10.1.9) for the surface of the unit sphere with the Pois-

son integral representation (10.2.7) of the Bessel function, we get

I = (2π)n/22−z t−z+n/2|ξ|z−n/2 J−z+n/2(t |ξ|).

This completes the proof of the Lemma.

Remark. Note that the action (Ez ,ϕ) of the distribution Ez(t , x) on any

test function ϕ(t , x) ∈ C∞
0 (Rn+1) is analytic function for z 6= k + (n − 1)/2 for

k = 0,1,2, ... in view of the recurrence relation (9.0.14).

Since the right side of (9.0.15) is analytic function of z for |t | 6= 0, |ξ| 6= 0, we

see that (9.0.15) is valid in the sense of distributions for z 6= k + (n − 1)/2 and

k = 0,1,2, ...

Given any function ϕ(t , x) ∈C∞
0 (Rn+1) we denote by

ϕ̃(t ,ξ) = 1

(2π)n

∫

Rn
ei xξϕ(t , x)d x

its inverse partial Fourier transform and then the action of Ez on ϕ satisfies

(2π)−n/2

cn
(Ez ,ϕ) =(9.0.17)

∫

R

∫

Rn

1

2z
|t |−z+n/2|ξ|z−n/2 J−z+n/2(|tξ|)ϕ̃(t ,ξ)dξd t .
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Since

J1/2(s) =
√

2

sπ
sin s,

we have

2−1π(−n+1)/2

cn
(E(n−1)/2,ϕ) =

∫

R

∫

Rn

sin |t ||ξ|
|ξ|

ϕ̃(t ,ξ)dξd t .(9.0.18)

Then we choose cn so that
2−1π(−n+1)/2

cn
= 1,

i.e.

cn = 1

2π(n−1)/2
.

Thus we get

(E(n−1)/2,ϕ) =∫

R

∫

Rn

sin |t ||ξ|
|ξ|

ϕ̃(t ,ξ)dξd t .(9.0.19)

Comparing with (9.0.4), we see that E (t , x) = E(n−1)/2(t , x) is a solution of our

problem (9.0.1) and this is the fundamental solution of the initial problem (9.0.1)

for the wave equation.

The recurrence relation (9.0.14) shows that the fundamental solution E(n−1)/2

can be expressed by the aid of E1(t , x), E0(t , x) or E1/2(t , x). For this our next

step will be an explicit representation formula for these solutions. In fact, we

have

(E1/2(t , .), f ) = c

∫

|y |<t
(t 2 −|y |2)−1/2 f (y)d y =

= ct n−1

∫1

0

∫

Sn−1
f (trω)(1− r 2)−1/2r n−1dωdr(9.0.20)

for f ∈C∞
0 (Rn). Here

c = cn

Γ(1/2)
= 1

2πn/2
.

Further, we have

(E0(t , .), f ) = c

∫

|y |<t
f (y)d y =

= ct n

∫1

0

∫

Sn−1
f (trω)r n−1dωdr(9.0.21)
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with

c = cn =
1

2π(n−1)/2
.

Taking advantage of (9.0.11), we find

(E1(t , .), f ) =
c

t

∫

|y |=t
f (y)dS y =

= ct n−2

∫

Sn−1
f (tω)dω,(9.0.22)

where

c = cn =
1

2π(n−1)/2
.

From recurrence relation (9.0.14) we see that

E(n−1)/2 =C1�
(n−3)/2E1 =C2�

(n−1)/2E0(9.0.23)

for n ≥ 3 odd. Here

C1 =
(−1)(n−3)/2

2n−3Γ((n −1)/2)
, C2 =

(−1)(n−1)/2

2n−1Γ((n +1)/2)
.

For n ≥ 2 even we have

E(n−1)/2 =C�(n−2)/2E1/2(9.0.24)

with

C = (−1)(n−2)/2

2n−2Γ(n/2)
.

So we conclude that the expression �k Ez (t , x) for some particular values of

k, z will appear in the representation formula for the fundamental solution of

(9.0.1). For this we shall establish the following representation of term of this

type.

Lemma 9.0.8. Let z ∈ C satisfy

z 6= k + (n −1)/2 , k = 0,1,2, ...

and let l ≥ 1 be an integer such that

z + l 6= k + (n −1)/2 , k = 0,1,2, ...

Then we have the relation (in sense of distributions)

�l Ez(t , x) =
∑

|α|≤l

∂αt ,x (cl ,α(t , x)Ez (t , x)),(9.0.25)
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where cl ,α(t , x) are smooth functions in Rn+1 \ 0 and satisfy for any multiindex β

the estimate

|∂βt ,x cl ,α(t , x) ≤Cα,β,l (|t |+ |x|)−|β|−2l+|α|(9.0.26)

Proof. It is sufficient to establish (9.0.25) for l = 1. Our starting point is the

representation

Ez (t , x) =ϕ

(
|x|

√
t 2 +|x|2

)
Ez(t , x)+

[
1−ϕ

(
|x|

√
t 2 +|x|2

)]
Ez(t , x),

where ϕ(s) ∈ C∞
0 (R) is a cut-off function, such that ϕ(s) = 1 for |s| ≤ 1/4 and

ϕ(s)= 0 for |s| ≥ 1/2. Note that we have the estimate

∣∣∣∣∣∂
β
t ,xϕ

(
|x|

√
t 2 +|x|2

)∣∣∣∣∣≤Cβ(|t |+ |x|)−|β| .(9.0.27)

Then it is sufficient to establish that

�

(
ϕ

(
|x|

√
t 2 +|x|2

)
Ez(t , x)

)
=

=
∑

|α|≤1

∂αt ,x (dα(t , x)Ez (t , x))(9.0.28)

and

�

((
1−ϕ

(
|x|

√
t 2 +|x|2

))
Ez(t , x)

)
=

∑

|α|≤1

∂αt ,x (eα(t , x)Ez (t , x)),(9.0.29)

where the coefficients dα(t , x),eα(t , x) satisfy (9.0.26) with l = 1.

The relation �Ez = c(z)(t 2 −|x|2)−1Ez was established in (9.0.14). Then the

Leibnitz rule implies that

(9.0.30) �(ϕEz ) =−Ez�ϕ+2
n∑

µ=0

∂µ(Ez∂
µϕ)+ ϕc(z)Ez

t 2 −|x|2
.

Note that we have

|x| ≤ |t |
p

3
≤ 2t

3
(9.0.31)
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on the support of ϕ(|x|/
√

t 2 +|x|2). Combining this fact, the representation for-

mula (9.0.30) and the estimate (9.0.27) we arrive at (9.0.28).

To verify (9.0.29) we represent the operator � in polar coordinates

−�= ∂2
t −∂2

r −
n −1

r
∂r −

1

r 2
∆Sn−1 .

Since (
1−ϕ

(
|x|√

t 2 +|x|2

))
Ez(t , x)

is invariant under any rotation, we have

−�
((

1−ϕ

(
|x|

√
t 2 +|x|2

))
Ez(t , x)

)
=

(
∂2

t −∂2
r −

n −1

r
∂r

)[(
1−ϕ

(
|x|

√
t 2 +|x|2

))
Ez(t , x)

]
.

Since

∂t Ez(t , x) =− 2zt

t 2 −|x|2
Ez(t , x),

∂x j
Ez(t , x) =

2zx j

t 2 −|x|2
Ez(t , x),

we have the relation

(
∂2

t −∂2
r

)
Ez(t ,r ) =−2z(∂t −∂r )

(
1

t + r
Ez(t ,r )

)
=

4z2

t 2 −|x|2
Ez .(9.0.32)

Now we are in position to apply the following variant of Leibniz rule

�

((
1−ϕ

(
|x|

√
t 2 +|x|2

))
Ez

)
=

= Ez�ϕ

(
|x|

√
t 2 +|x|2

)
−2

n∑
µ=0

∂µ

(
Ez∂

µϕ

(
|x|

√
t 2 +|x|2

))
+

+

(
1−ϕ

(
|x|p

t2+|x|2

))
c(z)Ez

t 2 −|x|2
.(9.0.33)
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The relation (9.0.32) implies that

−2z

(
1−ϕ

(
|x|p

t2+|x|2

))
Ez

t 2 −|x|2
= (∂t −∂r )




(
1−ϕ

(
|x|p

t2+|x|2

))
Ez

t +|x|


+

+
Ez

t +|x|
(∂t −∂r )

(
ϕ

(
|x|

√
t 2 +|x|2

))
.

Using the fact that on the support of

1−ϕ

(
|x|

√
t 2 +|x|2

)

we have

r = |x| ≥ t
p

15
,

while on the support of

ϕ′
(

|x|
√

t 2 +|x|2

)

the weights |x| and t are equivalent, we see that (9.0.29) is valid.

From (9.0.28) and (9.0.29) we get the desired representation (9.0.25) and the

lemma is proved.

Now we can obtain an explicit formula representing the solution of (9.0.2).

From (9.0.22) and

(
d k

(d t )k

)∫

Sn−1
f (x + tω)dω=

∑

|α|=k

∫

Sn−1
ωα∂α f (x + tω)dω

we can compute the time derivative of

E1(t , .)∗ f (x).

For n ≥ 3 odd we combine the representation formula (9.0.23) together with

(9.0.22) and applying the above lemma, we get

u(t , x) = E(n−1)/2(t , .)∗ f (x) =

(9.0.34) =
(n−3)/2∑

l=0

∑

|α|=l

C

t n−2−l

∫

|x−y |=t
cl ,α

(
x − y

|x − y |

)
∂αy f (y)dS y , t > 0,
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where cl ,α(ω) are smooth functions on Sn−1. Moreover, from

E(n−1)/2 = c�(n−1)/2E0

we have

(9.0.35) u(t , x) = E(n−1)/2(t , .)∗ f (x) =

=
(n−1)/2∑

l=0

∑

|α|=l

C

t n−1−l

∫

|x−y |<t
cl ,α

(x − y

t

)
∂αy f (y)d y, t > 0,

where cl ,α(y) are smooth functions in the unit ball. For n ≥ 2 even we can use

the relation (9.0.24) and in this way we get

(9.0.36) u(t , x) = E(n−1)/2(t , .)∗ f (x) =

=
(n−2)/2∑

l=0

∑

|α|=l

C

t n−3/2−l

∫

|x−y |<t
cl ,α

(x − y

t

)
∂αy f (y)

d y
√

t −|x − y |
, t > 0,

where cl ,α(y) are smooth functions in the unit ball.

Now we can turn to the representation of the solution the the Cauchy prob-

lem

�u = 0,

u(0, x) = f0(x) , ∂t u(0, x) = f1(x).(9.0.37)

It is clear that

u(t , x) = d

d t
E(n−1)/2(t , .)∗ f0(x)+E(n−1)/2(t , .)∗ f1(x).

For n = 1 we have the D’Alembert formula

u(t , x) =(9.0.38)

=
f0(t +x)+ f0(x − t )

2
+

1

2

∫x+t

x−t
f1(y)d y, t > 0.

For n = 2 we have the Poisson formula

u(t , x) =(9.0.39)

= ∂t

(
1

2π

∫

|x−y |<t

f0(y)
√

t 2 −|x − y |2
d y

)
+

+
1

2π

∫

|x−y |<t

f1(y)
√

t 2 −|x − y |2
d y, t > 0,
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For n = 3 we have the Kirchhoff formula

u(t , x) =(9.0.40)

= ∂t

(
1

4πt

∫

|x−y |=t
f0(y)dS y

)
+

+
1

4πt

∫

|x−y |=t
f1(y)dS y , t > 0,

For n ≥ 3 odd the solution of (9.0.37) takes the form

u(t , x) =(9.0.41)

=
(n−1)/2∑

l=0

∑

|α|=l

1

t n−1−l

∫

|x−y |=t
cl ,α

(
x − y

|x − y |

)
∂αy f0(y)dS y +

+
(n−3)/2∑

l=0

∑

|α|=l

1

t n−2−l

∫

|x−y |=t
dl ,α

(
x − y

|x − y |

)
∂αy f1(y)dS y , t > 0,

where cl ,α(ω), dl ,α(ω) are smooth functions on Sn−1. Moreover, for n ≥ 1 odd

from (9.0.35) we get

u(t , x) =(9.0.42)

=
(n+1)/2∑

l=0

∑

|α|=l

1

t n−l

∫

|x−y |<t
cl ,α

(x − y

t

)
∂αy f0(y)d y +

+
(n−1)/2∑

l=0

∑

|α|=l

1

t n−1−l

∫

|x−y |<t
dl ,α

(x − y

t

)
∂αy f1(y)d y, t > 0,

where cl ,α(y), dl ,α(y) are smooth functions on the unit ball. Finally, for n ≥ 2

even from (9.0.36) we deduce

(9.0.43) u(t , x) =

=
n/2∑

l=0

∑

|α|=l

1

t n−1/2−l

∫

|x−y |<t
cl ,α

(x − y

t

)
∂αy f0(y)

d y
√

t −|x − y |
+

+
(n−2)/2∑

l=0

∑

|α|=l

1

t n−3/2−l

∫

|x−y |<t
dl ,α

(x − y

t

)
∂αy f1(y)

d y
√

t −|x − y |
,

where cl ,α(y), dl ,α(y) are smooth functions on the unit ball.
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9.0.6 Fundamental solution of the inhomogeneous wave equa-

tion via Fourier transform

The solution of the inhomogeneous wave equation

�u = F,

u(0, x) = ∂t u(0, x) = 0(9.0.1)

can be found as follows

u(t , x) =
∫t

0
E(n−1)/2(t − s, .)∗F (s, .)(x)d s.(9.0.2)

Since we shall use the recurrence relation (9.0.14), our first step is to find suf-

ficient conditions so that all boundary terms after integration by parts with re-

spect to time variable in (9.0.2) are identically zero.

The terms at s = 0 can be neglected if we impose the assumption

suppsF (s, y) ⊂ (0,∞),(9.0.3)

because the function F (s, y) together with all space-time derivatives of arbitrary

order are zero at s = 0. To be sure that all terms at s = t vanish we need the

following.

Lemma 9.0.9. If Rez < n/2, then

lim
t→0+

Ez(t , x) = 0(9.0.4)

in the sense of distributions in Rn .

If Rez < (n −1)/2, then we also have

lim
t→0+

∂t Ez(t , x) = 0.(9.0.5)

Proof. Given any ϕ ∈C∞
0 (Rn) we have

(Ez(t , .),ϕ) =

c2−z t−z+n/2

∫

Rn
ei xξ|ξ|z−n/2 J−z+n/2(t |ξ|)ϕ̂(ξ)dξ(9.0.6)

for any t > 0 according to (9.0.15). In fact, for Rez < 1 this follows from (9.0.15).

Then using the fact that both sides of (9.0.6) are analytic functions for z 6= k +
(n −1)/2, k = 0,1,2, ..., we establish (9.0.6).
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Then the series expansion (10.2.2) together with the asymptotic expansion

for the Bessel function (see [2]) show that for Reν>−1/2 we have

|Jν(s)| ≤CνsRe ν , s > 0.(9.0.7)

Thus we get

|(Ez (t , .),ϕ)| ≤

c2|Rez|t n−2Rez

∫

Rn
|ϕ̂(ξ)|dξ

and we see that the property (9.0.4) is fulfilled.

To establish the property (9.0.4) for the time derivative of Ez(t , x) we use the

recurrence relation (10.2.3) for the Bessel functions and find

∂t (tν Jν(t |ξ|)) = tν|ξ|Jν−1(t |ξ|)

so we have the following variant of (9.0.6)

∂t (Ez (t , .),ϕ) =

c(z)t−z+n/2

∫

Rn
ei xξ|ξ|z−n/2+1 J−1−z+n/2(t |ξ|)ϕ̂(ξ)dξ.

Applying the estimate (9.0.7) with ν=−1− z −n/2, we see that Re ν>−1/2 so

|∂t (Ez (t , .),ϕ)| ≤

c(z)t n−2Rez−1

∫

Rn
|ϕ̂(ξ)|dξ

and the assumption Rez < (n −1)/2 implies that (9.0.5) is true.

This proves the Lemma.

After this preparation we can obtain the following representation formula.

Proposition 9.0.1. If n ≥ 3 is odd and the inclusion (9.0.3) is fulfilled, then the

solution of (9.0.1) is

u(t , x) =

cn

∫t

0

1

t − s

∫

|x−y |=t−s
�(n−3)/2F (s, y)dS y d s.

Proof. It is sufficient to apply the recurrence relation

E(n−1)/2 = cn�
(n−3)/2E1

from the previous section in combination with Lemma 9.0.9 and the represen-

tation formula (9.0.22) of the distribution E1.

In the same way we arrive at
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Proposition 9.0.2. If n ≥ 2 is even and the inclusion (9.0.3) is fulfilled, then the

solution of (9.0.1) is

u(t , x) =

cn

∫t

0

∫

|x−y |<t−s

1
√

(t − s)2 −|x − y |2
�(n−2)/2F (s, y)d yd s.

9.0.7 Energy and conformal energy estimates for homogeneous

wave equation in R
n ,n ≥ 2.

Let (t , x1, · · · , xn) be coordinates in R
1+n and

η=
(

1 0

0 −E

)

be the Minkowski metric in R
1+n . Using the convention for summing over re-

peating Greek indices we have

�≡ ∂2
t −∆x = ∂µ∂

µ,

where

∂0 = ∂t ,∂ j = ∂x j
,

and

∂µ = ηµν∂ν.

Let u(t , x) be a C 2 solution to the wave equation

∂µ∂
µu = 0.

Introducing the quantity

T µν = ∂µu∂νu −
Lηµν

2
,

one can verify.

Problem 9.0.5.

(9.0.8) ∂µT µν = 0.
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One can easily verify the following formulas

T 00 = T00 =
|∇t ,x u(t , x)|2

2
,T j 0 =−T 0

j =−2∂ j u∂t u,

where we adopt the rule for Latin indices varying from 1 to n. Note that we use

the metric to raise and lower the indices so

T ν
µ = ηµκT κν

for example.

Given any R ,T > 0, with R > T and integrating in domain

{(t , x);0 < t < T, |x| < R − t }

one can derive

Problem 9.0.6.

(9.0.9) E (T,R −T ) ≤ E (0,R).

where E (t , A)≡
∫
|x|<A

|∇t ,x u(t ,x)|2
2 d x.

Let Kν be a killing vector field,i.e.

∂µKν+∂νKµ = 0.

Then

Problem 9.0.7.

(9.0.10) ∂µ(KνT µν) = 0.

More general situation is the case of conformally killing vector fields, i.e.

∂µKν+∂νKµ = ρηµν.

Problem 9.0.8. We have the identities

(9.0.11) ∂µ(KνT µν)+ ρ(n −1)

2
L = 0

and

(9.0.12) ∂µ

(
KνT µν+ ρ(n −1)

2
u∂µu − (∂µρ)(n −1)

4
|u|2

)
+

+
(∂µ∂

µρ)(n −1)

4
|u|2 = 0.
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Introduce space-time coordinates

X µ, X 0 = t , X j = x j , Xµ = ηµνX µ, X0 = t , X j =−x j .

Typical non trivial example of non - constant conformally killing vector field is

(9.0.13) Kν = XνX 0 − ην0

2
(XµX µ).

Note that we have

K0 = K 0 =
t 2 +|x|2

2
, K j =−K j =−t x j .

Problem 9.0.9. Verify the relation

∂µKν+∂νKµ = ρηµν

with ρ = 2t .

Problem 9.0.10. If the conformally killing filed is defined by (9.0.13) , then we

have the identities

(9.0.14) ∂µ

(
eµ+ t (n −1)u∂µu −ηµ0 n −1

2
|u|2

)
= 0

where

eµ = KνT µν.

We have in particular

e0 = (t 2 +|x|2)

4
|∂t u|2 + (t 2 +|x|2)

4
|∇x u|2 + tr∂t u∂r u.

Introduce the generators

L0 = Xµ∂
µ, Lµν = Xµ∂ν−Xν∂mu.

We have the relations

L0u = t∂t u + r∂r u,L0 j u = t∂x j
u +x j∂t u.

Problem 9.0.11. If the conformally killing filed is defined by (9.0.13) , then we

have the identity

e0 = 1

2

(
|L0u|2 +

∑
µ<ν

|Lµνu|2
)

.
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Problem 9.0.12. (delicate and DIFFICULT estimate) If the conformally killing

filed is defined by (9.0.13) and n ≥ 3 , then there are two positive constants C1 <
C2 so that

C1 ≤
∫

e0(t , x)+ t (n −1)u∂t u − n−1
2 |u(t , x)|2d x

∫
e0(t , x)d x +

∫
|u(t , x)|2d x

≤C2,

provided u ∈C∞
0 is not identically 0.

Help: Hardy inequality. Integrating by parts twice in the integral
∫∞

0
|∂r u(r )|2r n−1dr

one can show

Problem 9.0.13. (Hardy inequality) If n ≥ 3 then we have the estimate

∫∞

0

|u(r )|2

r 2
r n−1dr ≤C

∫∞

0
|∂r u(t ,r )|2r n−1dr.

Find the best constant C ?

Problem 9.0.14. Discuss the local energy decay
∫

|x|<t/2
|∇t ,x u(t , x)|2d x ≤ C

t 2

for any solution to the wave equation

�u = 0

with initial data

u(0, x) = f (x) ∈ S(Rn),∂t u(0, x) = g (x) ∈ S(Rn).

9.0.8 Local existence of solution to the Cauchy problem for non-

linear wave equation in R
3.

Consider the Cauchy problem

ut t −∆u = u2, t ∈ [0,T ], x ∈R
3,

having initial data

u(0, x) = f (x) ∈C∞
0 ,ut (0, x) = g (x) ∈C∞

0 .

Set

‖ f ‖L2 =
(∫

R3
| f (x)|2d x

)1/2

.
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Problem 9.0.15. For the inhomogeneous wave equation

ut t −∆u = F, t ∈ [0,T ], x ∈R
3,

show the energy estimate

‖∇t ,x u(t , .)‖L2 ≤ ‖∇0,x u(t , .)‖L2 +C

∫t

0
‖F (τ, .)‖L2 dτ.

Problem 9.0.16. (Strauss Lemma) If f (x) = f (|x|) is a radial function and

‖ f ‖L2 +‖∇x f ‖L2 <∞,

then

| f (x)| ≤ C

|x|
(
‖ f ‖L2 +‖∇x f ‖L2

)
.

9.0.9 Some other hyperbolic problems of

mathematical physics

Another important hyperbolic problem is the Dirac system

iγµ∂µψ= 0.(9.0.1)

Here ψ(t , x) is a function defined in the Minkowski space R1+3 with values in

C4. Usually, ψ is called a spinor. Moreover, γµ are the Dirac matrices defined as

follows

γ0 =
(

1 0

0 −1

)
, γk =

(
0 σk

−σk 0

)
,k = 1,2,3.

The Pauli matrices σk are determined by

σ1 =
(

0 1

1 0

)
, σ2 =

(
0 −i

i 0

)
, σ3 =

(
1 0

0 −1

)
,

The initial data are determined by

ψ(0, x) = f (x)

The Dirac matrices satisfy the relations

(9.0.2) γµγ∋+γ∋γµ =−2ηµ∋

A simple reduction of the Dirac equation to the wave equation can be done

by applying the operator iγµ∂µ to the Dirac equation in (9.0.1). We use the

relations (9.0.2) and find

∂µ∂
µψ= 0.
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From (9.0.1) we have

(∂t +α j∂ j )ψ= 0.(9.0.3)

Here α j = γ0γ j are selfadjoint matrices. Making the Fourier transform in x we

get

(∂t + iα(ξ))ψ̂= 0

ψ̂(0,ξ) = f̂ (ξ).

Here α(ξ) = ∑
α jξ j is a selfadjoint matrix. Then the solution of the Cauchy

problem for the linear Dirac equation has the form

ψ(t , x) =
∑
±

(2π)−3

∫
e i xξ±|ξ|tπ±(ξ) f̂ (ξ)dξ,(9.0.4)

where π+ (respectively π− ) is the positive (respectively negative) eigenspace of

the matrix α(ξ).

The Maxwell equations in vacuum have the form

∂t E = rotH ,

∂t H =−rotE ,

divE = divH = 0,(9.0.5)

where E (resp. H) is the electric (resp. magnetic) field. Recall that E (t , x), H(t , x)

are vector-valued functions from Minkowski space in R3.

To pose correctly the Cauchy problem for the Maxwell equations we take

the initial conditions

E (0, x) = e(x) , H(0, x) = h(x).(9.0.6)

Then the equations divE = divH = 0 in (9.0.5) show that the initial data have to

satisfy the constraint conditions

dive = divh = 0.(9.0.7)

Taking the evolution part

∂t E = rotH ,

∂t H =−rotE ,(9.0.8)

of the Maxwell equations, we see that we can solve the Cauchy problem for

(9.0.8) with initial data (9.0.6) satisfying the constraint conditions (9.0.7). Then

taking the div operator in the equations (9.0.8), we see that

∂t divE = ∂t divH = 0(9.0.9)
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so the constraint conditions (9.0.7) assure the elliptic part divE = divH = 0 in

Maxwell equations (9.0.5). Setting ψ= (E , H), we see that the equations (9.0.8)

can be written in the form (9.0.3) of a Dirac system so we can use the represen-

tation (9.0.4) to solve this system by the aid of the Fourier transform.

Again a simple reduction to the wave equation can be done. In fact tak-

ing the time derivative in the first equation in (9.0.5) and using the relation

rotrotE =−∆E provided divE = 0, we get

(∂2
t −∆)E = 0.

In a similar way one can see that H also satisfies the wave equation.

In order to write the system (9.0.5) in relativistic form a natural procedure is

to construct the following matrix (called usually electromagnetic tensor ).

Fkm = εkml Hl , F0k =−Fk0 = Ek ,(9.0.10)

where εkml = 1 if (kml ) is an even permutation of (123), εkml = −1 if (kml ) is

an odd permutation of (123) and εkml = 0 otherwise. Moreover, in (9.0.10) we

use the summation convention for repeated Latin indices varying from 1 to 3.

It is clear that Fµ∋ is skew-symmetric, i.e. Fµ∋ =−F∋µ.

By the aid of the metric {ηαβ} = di ag {−1,1, ...,1} one can freely raise the

indices

Fαβ = ηαµηβ∋Fµ∋.

The corresponding dual tensor F̃µ∋ can be defined as follows

F̃µ∋ = εµ∋αβFαβ,(9.0.11)

where εµ∋αβ = 1 if (µ ∋αβ) is an even permutation of (0123), εµ∋αβ = −1 if (µ ∋
αβ) is an odd permutation of (0123) and εµ∋αβ = 0 otherwise. Moreover, in

(9.0.11) we use the summation convention for repeated Greek indices varying

from 0 to 3.

Then the Maxwell equations (9.0.5) take the simple form

∂µFµ∋ = 0 , ∂µF̃µ∋ = 0.(9.0.12)

One can show that if

Fµ∋(t , x)

are smooth functions satisfying (9.0.12), then there exist functions Aµ(t , x), such

that

Fαβ = ∂αAβ−∂βAα

Remark. The vector Aµ(t , x) is called electromagnetic potential. This po-

tential is not unique. Namely, we can take Ãµ(t , x) = Aµ(t , x)−∂µϕ(t , x), where

ϕ(t , x) is arbitrary.
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Problem 9.0.17. ( Maxwell equations in the form of Dirac equations)

Let E , H satisfy the Maxwell equations (9.0.5) in vacuum. Consider the vector

χ=




0

E1 − i H1

E2 − i H2

E3 − i H3


 .

Find three selfadjoint (4×4) matrices α1,α2,α3 so that χ satisfies the Dirac equa-

tion (9.0.3) and the relation

α jαk +αkα j = 2δ j k

9.0.10 Examples of nonlinear hyperbolic equations

One of the simplest nonlinear hyperbolic equation is the equation of a scalar

self-interacting field, that is

(−∂2
t +∆)u −M2u = u3.(9.0.1)

In order to prove the existence of global in time solution even in the case

of large initial data we shall use the conservation law of the energy. Indeed,

multiplying (9.0.1) by ∂t u we see that the energy

E (t )= 1

2

∫
|∂t u(t , x)|2d x +

+1

2

∫(
|∇x u(t , x)|2 +M |u(t , x)|2 + 1

2
|u(t , x)|4

)
d x(9.0.2)

is a constant. As usual the initial data are given by

u(0, x) = f0(x),∂t u(0, x) = f1(x)(9.0.3)

To establish the existence of global solution we shall make two steps.

First step. We shall rewrite (9.0.1) in abstract evolution equation of the form

∂t v = Av +K (v),(9.0.4)

where A is a selfadjoint operator in a suitable Hilbert space H and K (v) is an

operator in this Hilbert space.

Second step. We shall prove for (9.0.4) a suitable continuation principle.

Combining the existence of local solution with this principle we shall establish

the existence of global solution.
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For simplicity we shall consider here only the case of positive mass M . Set-

ting

v =
(

u

∂t u

)
, A =

(
0 1

∆−M 0

)
,

K (v) =
(

0

−v 3
1

)
,(9.0.5)

we see that the nonlinear wave equation (9.0.1) takes the form (9.0.4). The form

of the energy in (9.0.2) suggests us to consider the Hilbert space H = H1(Rn)×
L2(Rn). For any couple v = (v1, v2) ∈ H the corresponding norm is defined by

‖v‖2
H =

∫
|∇v1|2 +M |v1|2 +|v2|2d x(9.0.6)

Denote by (, )H is the corresponding Hilbert norm.

The operator A with dense domain

D(A) = H2(Rn)×H1(Rn).(9.0.7)

is skew – selfadjoint.

Turning to the continuation principle we consider the abstract nonlinear

evolution problem (9.0.4) assuming A is skew-selfadjoint and K is Lipschitz

continuos, i.e. for any ball B(R) of radius R in H there exists a constant C =
C (R), such that

‖K (u)−K (v)‖H ≤C‖u −v‖H .(9.0.8)

The nonlinear problem (9.0.4) can be written in integral form in the same

manner as it is done for ordinary differential equations.

v(t )=U (t ) f +
∫t

0
U (t − s)K (v(s))d s.(9.0.9)

Now we are in position to state the continuation principle

Theorem 9.0.1. Under the above assumptions there exists a maximum interval

[0, t̄ ) of existence of a unique solution v(t ) ∈C ([0, t̄)); H) of the integral equation

(9.0.9). Then either t̄ =∞, or else ‖v(t )‖H →∞ as t → t̄ .

Proof.

For any t0 ≥ 0 consider the following local problem

v(t ) =U (t − t0) f +
∫t

t0

U (t − s)K (v(s))d s.(9.0.10)
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To establish the existence of solution in the interval [t0, t0 +ε] we define induc-

tively the sequence vk (t ) in the Banach space B = C ([t0, t0 + ε]; H) as follows

v0(t ) = f ,

vk+1(t ) =U (t − t0) f +
∫t

t0

U (t − s)K (vk(s))d s(9.0.11)

Using the fact that U (t ) is a unitary operator and K is Lipschitz continuous, we

obtain the estimate

‖vk+1 −vk‖B ≤Cε‖vk −vk−1‖B(9.0.12)

with some constant C independent of ε. When f varies in a ball of radius R in

H the constant C in (9.0.12) depends on R , but is independent of f .

The contraction mapping principle shows that a unique solution exists, when

C (R)ε< 1.

This means that for ε < 1/C (r ) the life span ε of the solution depends only

on R , but it is independent of the concrete choice of f in

{h ∈ H : |h|H ≤ R}.

To finish the proof let us consider the maximal interval [0, t̄ ) of existence

of solution with finite t̄ and ‖v(t )‖H ≤ C for t ∈ [0, t̄ ). Then taking R = 2C and

applying the above argument based on the contraction mapping principle we

see that one can find ε> depending only on R so that the local problem (9.0.10)

with initial data at t0 very close to t̄ (more precisely our choice is determined

by t̄ − ε < t0 < t̄ ), can be solved in the interval [t0, t0 + ε]. Since t0 + ε > t̄ this

contradicts the fact that [0, t̄ ) is the maximal interval of existence of solution

and completes the proof.

We shall prove that the semi linear problem (9.0.1) for the wave equation

has a global solution in case of space dimension n = 3. To do this it remains to

show that the nonlinear operator K defined in (9.0.5) is Lipschitz continuous.

The definition of the norm in H and the Hölder inequality imply that

‖K (u)−K (v)‖H = ‖u3
1 −v 3

1‖L2 ≤C‖u1−v1‖L6(‖u1‖L6 +‖v1‖L6 )2

for any two couples u = (u1,u2)t , v = (v1, v2)t in H . Applying the Sobolev in-

equality

‖ f ‖L6(R3) ≤C‖ f ‖H1(R3)

and the definition of the Hilbert space H we arrive at

‖K (u)−K (v)‖H ≤C‖u −v‖H (‖u‖H +‖v‖H )2.

Thus K is a Lipschitz operator and the continuation principle assures the exis-

tence and the uniqueness of the solution.
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Chapter 10

Appendix 0: Some facts about the

Euler gamma function, Bessel

function and the Legendre function

10.1 Appendix: Some facts about the Euler gamma

function and the Legendre function

The Euler function Γ(z) is defined by

Γ(z) =
∫∞

0
e−t t z−1d t(10.1.1)

for Rez > 0. Using the recurrent relation

Γ(z +1) = zΓ(z),(10.1.2)

one can extend the definition of Γ(z) for z ∈ C, z 6= 0,1,2, ... Since Γ(1) = 1, we get

for any integer n,n ≥ 1 the relation Γ(n +1) = n!. Some other relations for the

function Γ are given below ([2])

(10.1.3) Γ(z)Γ(−z) =−
π

z sin(πz)
,

(10.1.4) Γ(z)Γ(1− z) = π

sin(πz)
,

(10.1.5) Γ(z +1/2)Γ(z −1/2)= π

cos(πz)
.
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The function Γ(z) is closely related to the function

(10.1.6) B(x, y) =
∫1

0
t x−1(1− t )y−1d t ,

defined for Rex > 0, Rey > 0. Namely, we have

(10.1.7) B(x, y) = Γ(x)Γ(y)

Γ(x + y)
.

Another integral representation is the following.

(10.1.8) B(x, y) = 2

∫π/2

0
(sin t )2x−1(cos t )2y−1d t .

It is not difficult to compute the surface of the unit sphere Sn−1. In fact for

n = 2 we have µ(S1) = 2π. For n ≥ 3 we can introduce polar coordinates

(cosϕ, ω′ sinϕ) ,ω′ ∈ Sn−2.

Then

µ(Sn−1) =µ(Sn−2)

∫π

0
sinn−2 ϕdϕ=

=µ(Sn−2)B((n −1)/2,1/2) =µ(Sn−2)
Γ((n −1)/2)Γ(1/2)

Γ(n/2)
.

From the recurrent relation

µ(Sn−1) =µ(Sn−2)
p
π
Γ((n −1)/2)

Γ(n/2)

we get

(10.1.9) µ(Sn−1) = 2πn/2

Γ(n/2)
.

The Legendre function P
µ
ν (z) satisfies the equation (see [2], volume 1, rela-

tion (3.2.1))

(10.1.10) (1− z2)
d 2w

d z2
−2z

d w

d z
+

[
ν(ν+1)− µ2

1− z2

]
w = 0.

We shall use the following integral representation of these special functions ([2]

volume 1, relation (3.7.7))

P
µ
ν (chr ) =

= cµ(shr )−µ
∫π

0
(chr − shr cosϕ)ν+µ sin−2µϕdϕ,(10.1.11)
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where

cµ =
2µ

p
πΓ(1/2−µ)

and Reµ< 1/2.

Another solution of (10.1.10) are the associated Legendre functions Q
µ
ν (z)

of second kind. They are also solutions of (10.1.10) and satisfy the following

relation

P
−µ
ν (z) =

= e−iµπ
Γ(ν−µ+1)

πcos(νπ)Γ(ν+µ+1)
sin[π(ν−µ)][Q

µ
ν (z)−Q

µ
−ν−1(z)].(10.1.12)

An integral representation of Q
µ
ν is given by (see [2] volume 1, relation (3.7.4))

Q
µ
ν (chr ) = dµ(shr )µ

∫∞

r
e−(ν+1/2)s (chs −chr )−µ−1/2d s,(10.1.13)

where

dµ =
√

π

2

eiµπ

Γ(1/2−µ)

and the above representation is valid for Re(ν+µ+1)> 0,Reµ< 1/2. A differen-

tial equation satisfied by P
µ
ν (z) is

dP
µ
ν (z)

d z
=

(ν+µ)(ν−µ+1)
p

z2 −1
P
µ−1
ν (z)−

µz

z2 −1
P
µ
ν (z).(10.1.14)

From these relations we shall establish the following.

Lemma 10.1.1. The function

Ln(r ) = Ln
σ(r ) = (shr )−(n−2)/2 P−(n−2)/2

−1/2−iσ
(chr )(10.1.15)

satisfies the recurrent relation

(10.1.16) Ln(r ) =
−1

σ2 + ( n−3
2 )2

(
1

shr
∂r

)
Ln−2(r ).

Proof. From (10.1.14) we have

∂r

(
shµr P

µ
ν (chr )

)
= (ν+µ)(ν−µ+1)shµr P

µ−1
ν (chr ).

With µ=−(n −4)/2 and ν=−1/2− iσ we obtain the desired relation.

Further, we shall obtain
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Lemma 10.1.2. For n ≥ 1 odd the function

Ln(r ) = Ln
σ(r ) = sh−(n−2)/2r P−(n−2)/2

−1/2−iσ
(chr )

takes the form

Ln(r ) =

(−1)(n−1)/2

√
2

π

|Γ(iσ)|2

|Γ(iσ+ n−1
2

)|2
(

1

shr
∂r )(n−1)/2 cosσr.(10.1.17)

Proof. For n = 1 we use the relation (see [2]), identity (3.6.12))

P 1/2
ν (z) =

1
p

2π
(z2 −1)−1/4[(z +

√
z2 −1)ν+1/2 + (z +

√
z2 −1)−ν−1/2]

and we find

L1(r ) =
√

2

π
cosσr.(10.1.18)

Thus, the assertion is verified for n = 1. In case n ≥ 3 odd from (10.1.16) we

get

Ln(r ) = (−1)(n−1)/2

∏(n−3)/2
k=0

(σ2 +k2)
(

1

shr
∂r )(n−1)/2L1(r ).(10.1.19)

On the other hand, we have

(n−3)/2∏

k=0

(σ2 +k2) =
|Γ(iσ+ n−1

2 )|2

|Γ(iσ)|2
(10.1.20)

and hence this relation combined with (10.1.18) and (10.1.19) imply the desired

identity (10.1.17).

The Lemma is proved.

Lemma 10.1.3. For n ≥ 2 even the function

Ln(r ) = Ln
σ(r ) = (shr )−(n−2)/2 P−(n−2)/2

−1/2−iσ
(chr )

takes the form

Ln(r ) =(10.1.21)

(−1)n/2
p

2

π

|Γ(iσ)|2

|Γ(iσ+ n−1
2 )|2

∫∞

r

shs
p

chs −chr
(

1

shs
∂s )n/2(cosσs)d s.
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Proof. Set

K n(r ) = K n
σ (r ) =

=
∫∞

r

shs
p

chs −chr
(

1

shs
∂s )n/2(cosσs)d s.(10.1.22)

Integrating by parts, we find

K n(r ) = 2

∫∞

r
∂s (

p
chs −chr )(

1

shs
∂s )n/2(cosσs)d s =

=−2

∫∞

r
(
p

chs −chr )∂s (
1

shs
∂s )n/2(cosσs)d s.

Hence, for r 6= 0 we have

1

shr
∂r K n(r ) =

∫∞

r

1
p

chs −chr
∂s (

1

shs
∂s )n/2(cosσs)d s =K n+2(r ).

Thus for n ≥ 2 even we have

K n(r ) = (
1

shr
∂r )(n−2)/2K 2(r ).(10.1.23)

Now we have to compute

K 2(r ) =−σ
∫∞

r

sin sσ
p

chs −chr
d s.

If we apply (10.1.13) with µ= 0,ν=−1/2+ iσ, then we get

∫∞

r

e−i sσ

p
chs −chr

d s =
p

2Q0
−1/2+iσ(chr ).

Applying (10.1.12), we obtain further

∫∞

r

sin sσ
p

chs −chr
d s =

p
2

2
π th(σπ)P 0

−1/2+iσ(chr ).

Therefore, we have

K 2(r ) =− π
p

2
σ th(σπ)P 0

−1/2+iσ(chr ) =

=−
π
p

2
σ th(σπ)L2(r ).(10.1.24)

Now we can apply Lemma 10.1.1 and get for n ≥ 2 even

(−1)n/2

p
2

πσ th(σπ)(σ2 + (
n −3

2
)2)...(σ2 + (

1

2
)2)Ln

σ(r ) =

= (
1

shr
∂r )(n−2)/2K 2

σ(r ).(10.1.25)
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Comparing this relation with (10.1.23), we obtain

(−1)n/2

p
2

πσ th(σπ)(σ2 + (
n −3

2
)2)...(σ2 + (

1

2
)2)Ln

σ(r ) =

= K n
σ (r ).(10.1.26)

On the other hand, for n ≥ 2 even we can apply the following relations for the

Gamma function (see [2], vol.1, relations (1.2.5) and (1.2.7))

Γ(z)Γ(−z) =−
π

z sinπz
, Γ(1/2+ z)Γ(1/2− z) =

π

cosπz
.

Then we get
Γ(1/2+ iσ)

Γ(iσ)
=σth(πσ)

Γ(−iσ)

Γ(1/2− iσ)
so

(10.1.27)

∣∣∣∣
Γ(1/2+ iσ)

Γ(iσ)

∣∣∣∣
2

=σth(πσ).

From Γ(1+ z) = zΓ(z) together with (10.1.27) we derive

(10.1.28)

∣∣∣∣
Γ((n −1)/2+ iσ)

Γ(iσ)

∣∣∣∣
2

=

=σth(πσ)

((
n −3

2

)2

+σ2

)
...

((
1

2

)2

+σ2

)
.

From (10.1.25) we get

Ln(r ) = (−1)n/2
p

2

π

|Γ(iσ)|2

|Γ(iσ+ n−1
2

)|2
K n
σ (r ).

This completes the proof of the Lemma.

10.2 Some properties of Bessel function

(see [2].)

The Bessel function Jν(z) is a solution of the ordinary differential equation

(10.2.1) z2 d 2w

d z2
+ z

d w

d z
+ (z2 −ν2)w = 0.

For z ∈ C close to 0 we have the following series expansion

(10.2.2) Jν(z) =
∞∑

m=0

(−1)m(z/2)ν+2m

m! Γ(m +ν+1)
.
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The Bessel function satisfies the following recurrence relations

(10.2.3) z J ′ν(z)+νJν(z) = z Jν−1(z)

or equivalently

(10.2.4)
d

d z

[
zν Jν(z)

]
= zν Jν−1(z).

Moreover, we have

(10.2.5) z J ′ν(z)−νJν(z) =−z Jν+1(z).

The Wronskian of two Bessel functions is given by

W (w1, w2) = w1w ′
2 −w2w ′

1.

For the case,when w1 = Jν, w2 = J−ν the corresponding Wronskian is

(10.2.6) W [Jν(z), J−ν(z)] =− 2

πz
sin(πν).

The following integral representations by Poisson’s integral shall be of special

interest in our considerations

(10.2.7) Γ(ν+1/2)Jν(z) = 2zν

p
π2ν

∫1

0
(1− t 2)ν−1/2 cos(zt )d t .

For the special cases ν=±1/2 we have

(10.2.8) J1/2(z) =
p

2
p
πz

sin z, J−1/2(z) =
p

2
p
πz

cos z.
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Chapter 11

Appendix I: Stationary phase

method

11.0.1 Stationary phase method

In this section we shall give a brief review of the methods to study the asymp-

totic behavior of oscillatory integrals of type

(11.0.1) I (R)=
∫

Rn
ei Rφ(x) f (x)d x

as R > 0 tends to infinity.

Here f (x),φ(x) are smooth functions defined on IRn with φ(x) being real-

valued.

First, we consider the case, when the phase function ϕ(x) has no critical

points. More precisely, we consider the case, when there exist δ > 0,δ ≤ 1 and

C > 0 so that

(11.0.2) |∇φ(x)| ≥C−1 < x >δ, < x >2= 1+|x|2,

(11.0.3) |∂αx ∇φ(x)| ≤C < x >δ−|α|

for any x ∈ supp f .

Lemma 11.0.1. Suppose the assumptions (11.0.2), (11.0.3) are fulfilled and f (x)

is a smooth function with compact support. Then for any integer N ≥ 0 and for

any ε> 0 we have

|I (R)| ≤ C

RN

∑
|α|≤N

‖ < x >−Nδ−N+|α|+n/2+ε ∂α f ‖L2(IRn ).
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Proof. Given any first order differential operator

L(x,∂x ) = (
n∑

j=1

a j (x)∂x j
)+b(x),

we denote by L∗ its adjoint operator with respect to the inner product in L2(IRn),

i.e.

L∗(x,∂x ) =−(
n∑

j=1

a j (x)∂x j
)+b(x)+

n∑

j=1

∂x j
a j (x).

Therefore, for any couple f , g of smooth compactly supported functions on IRn

we have

(11.0.4) (L f , g )L2(IRn ) = ( f ,L∗g )L2(IRn ).

Let L(x,∂x ) be the differential operator, such that its adjoint is

L∗ = i−1
n∑

k=1

∂xk
φ

|∇φ|2
∂xk

,

where ∇= (∂x1 , ...,∂xn ).

It is clear that

L∗(ei Rφ) = Rei Rφ.

Then (11.0.4) implies that

I (R)= 1

RN

∫

IRn
ei RφLN ( f )d x.

In order to evaluate LN ( f ), we shall establish inductively with respect to N that

LN can be represented as

(11.0.5) LN =
∑

|α|≤N

aN
α (x)∂αx ,

where the coefficients satisfy suitable decay estimates. To formulate precisely

this statement, given any real number m we denote by Sm the class of all smooth

functions a(x) such that for any multiindex β there exists C =C (β) so that

|(< x > ∂x )βa(x)| ≤C < x >m .

Our goal is to show that the coefficients in (11.0.5) satisfy

(11.0.6) aN
α (x) ∈ S−δN−N+|α| .
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For N = 1 we have

L = i−1
n∑

k=1

∂xk
φ

|∇φ|2
∂xk

+b(x),

where b(x) is constant times

n∑

k=1

∂xk
(∂xk

φ/|∇φ|2).

Therefore, we have to show that

(11.0.7)
∇φ(x)

|∇φ(x)|2
∈ S−δ.

Indeed, consider the function

v ∈ IRn \ 0 → χ(v) = v/|v |2.

Then the function in (11.0.7) can be represented as χ(∇φ). Moreover, for any

multiindex α we can represent ∂αx χ(∇φ) as a linear combination of terms of

type

(∂
β
vχ)(∇φ)(∂

γ1
x ∇φ)...(∂

γ|β|
x ∇φ)

with |β| ≤ |α| and

γ1 + ...+γ|β| =α.

Since

|∂βvχ(v)| ≤C |v |−1−|β|

and |v | = |∇φ| ≥C−1 < x >δ, we have

|(∂βvχ)(∇φ)| ≤C1 < x >−δ(1+|β|) .

Applying (11.0.3), we find

|∂αx ∇φ| ≤C < x >δ−|α|

so (11.0.7) is established. Using the trivial property

(11.0.8) a ∈ Sm =⇒ ∂αx a ∈ Sm−α,

we obtain (11.0.6) and this implies

|LN ( f )(x)| ≤C < x >−δN−N+|α| ∑

|α|≤N

|∂αx f (x)|.
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Applying the Cauchy inequality, we complete the proof of the Lemma.

As an application we shall consider the oscillatory integral

A(x,ξ) =∫

IRn

∫

IRn
e−i (z,η)a(x + z,ξ+η)b(x, z,ξ,η)d zdη,(11.0.9)

where a(x,ξ) is a smooth function on Rn ×Rn belonging to the class of symbols

Sm,k , defined as follows.

Definition 11.0.1. A smooth function a(x,ξ) belongs to Sm,k , (m,k are real num-

bers) if for any integer N ≥ 0 one can find a constant C =C (N ) so that

|∂αx ∂
β

ξ
a(x,ξ)| ≤C < ξ>m−|β|< x >k−|α|

for |α|+ |β| ≤ N .

Further, we set

S−∞,−∞ =∩m,k Sm,k .

Moreover,

b(x, z,ξ,η) = (1−ϕ(η/(1+|ξ|)))(1−ϕ(z/(1+|x|)))

where the cut-off function ϕ(x) in (11.0.9) is such that ϕ(x) = 1 for |x| ≤ 1/4 and

ϕ(x) = 0 for |x| ≥ 1/2.

We shall establish the following.

Lemma 11.0.2. If a ∈ Sm,k , then the oscillatory integral A in (11.0.9) belongs to

S−∞,−∞.

Proof. Taking φ(y, z) = (y, z),R = 1, we see that the oscillatory integral A has

the form (11.0.1). Takingδ= 1, we see that the assumptions (11.0.2) and (11.0.3)

are fulfilled. Thus, for any integer N ≥ 1 we have

|A(x,ξ)| ≤

C
∑

|α|+|β|≤N

∫∫
B(x, z,ξ,η)d zdη,

where

B(x, z,ξ,η) =
(1+|z|)−2N−2δ+n+2ε ×

×(1+|η|)−2N−2δ+n+2ε |∂αz ∂
β
ηa(x + z,ξ+η)|2.(11.0.10)
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The integration above is over |z| ≥ (1+|x|)/4 and |η| ≥ (1+|ξ|)/4. This observa-

tion implies that for any integer N1 ≥ 1 we have the estimate

|A(x,ξ)| ≤C (1+|x|)−N1 (1+|ξ|)−N1 .

In a similar way we estimate the derivatives of A and get

|∂αx ∂
β

ξ
A(x,ξ)| ≤C (1+|x|)−N1 (1+|ξ|)−N1 .

This completes the proof of the lemma.

In a similar way, we can consider the oscillatory integral

A(x,ξ) =∫

IRn

∫

IRn
e−i (z,η)a1(x, z,ξ,η)d zdη,(11.0.11)

where

a1(x, z,ξ,η) = a(x + z,ξ+η)(1−ϕ(η/(1+|ξ|)))ϕ(z/(1+|x|)).

Now we can use the argument of the proof of Lemma 11.0.1 and use the opera-

tor

L = (
η

i |η|2
,∇z).

Then integrating by parts as it was done in Lemma 11.0.1, we get

|A(x,ξ)| ≤C
∑

|α|=N

∫∫
(1+|η|)−N |∂αz (ϕ(z/(1+|x|))a(x + z,ξ+η))|d zdη.

Here the integration is over |z| ≤ (1+ |x|)/2 so on the integration domain the

weights 1+ |x + z| and 1+ |x| are equivalent. Then the definition 11.0.1 shows

that we have the estimate

|∂αz (ϕ(z/(1+|x|))a(x + z,ξ+η))| ≤C < x >k−|α| .

Choosing N ≥ 1 sufficiently large, we get

Lemma 11.0.3. If a ∈ Sm,k , then the oscillatory integral A in (11.0.11) belongs to

S−∞,−∞.

Our next step is to consider the case when

(11.0.12) I (R)=
∫

Rn
ei R(Qx,x) f (x)d x,

where Q is a constant symmetric invertible matrix. Then the assumption (11.0.2)

is not satisfied. For this case stationary phase method gives the following.
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Lemma 11.0.4. For any real number s > n/2 we have the estimate

|I (R)| ≤C R−n/2‖ f ‖H s .

Proof. We have seen in (8.1.7) that the Fourier transform of the distribution

ei R(Qx,x) is constant times

R−n/2e−i (Q−1ξ,ξ)/4R .

Therefore, applying Plancherel identity, we get

|I (R)| ≤C R−n/2

∫

IRn
| f̂ (ξ)|dξ.

Applying the Cauchy inequality, we complete the proof.

We can obtain asymptotic expansion for I (R). In fact, we have the expansion

e−i (Q−1ξ,ξ)/4R =
N−1∑

k=0

(−i/4R)k (Q−1ξ,ξ)k /k !+ rN ,

where the remainder rN (ξ) satisfies the estimate

|rN (ξ)| ≤CN |(Q−1ξ,ξ)|N R−N .

Therefore, we have the asymptotic expansion

(11.0.13) I (R)=
N−1∑

k=0

Ik (R)+σN (R),

where

Ik(R) = C i−k

k !(4R)k+n/2
(Q−1Dx ,Dx) f (0)

and the remainder σN (R) satisfies the estimate

|σN (R)| ≤
CN

RN+n/2
‖ f ‖H2N+s

with s > n/2.



Chapter 12

Appendix II: Richiami sulla

trasformata di Fourier, distribuzioni

e convoluzioni

12.1 Definizione e prime proprietà

Sia f : [−π;π] −→R una funzione tale che

f (x) =
∑

k∈Z

1

2π

(∫π

−π
f (y)e−i k y d y

)
e i kx .

Se f : [−Lπ;Lπ] −→R, allora

(12.1.1) f (x) =
∑

k∈Z

1

2πL

(∫Lπ

−Lπ
f (y)e−i k

L y d y

)
e i k

L x .

Ricordiamo che, per ogni funzione H appartenente a L1(R), si ha:

(12.1.2) lim
L→∞

∑

k∈Z

1

L
H

(
1

L

)
=

∫
H(ξ)dξ.

Facendo il limite per L →∞ nell’identità (12.1.1) si ha:

(12.1.3) f (x) =
1

2π

∫
dξe iξx

∫
d y f (y)e−iξy .

Definiamo la trasformata di Fourier di una funzione f :

(12.1.4) f̂ (ξ) =F [ f (x)](ξ) =
∫

f (y)e−iξy d y
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e la funzione f
F7−→ f̂ sarà detta trasformazione di Fourier.

Innanzitutto osserviamo che la definizione di trasformata di Fourier ha senso

ogni volta che f appartiene a L1(R) e f̂ appartiene, così, a L∞(R). Nel seguito,

tuttavia, sarà più comodo considerare la trasformazione di Fourier come un’applicazione

dello spazio D(R) (dove D(R) denota lo spazio vettoriale delle funzioni di classe

C∞ a supporto compatto), ovvero D(R)
F−→ L∞(R).

Proposition 12.1.1 (Proprietà elementari della trasformata di Fourier). Sia f

una funzione di classe C∞ a supporto compatto, allora,

à∂αx f (x)(ξ) = iαξα f̂ (ξ), àxα f (x)(ξ) = iα∂αξ f̂ (ξ).

Dimostrazione. Per induzione, anzitutto quando α= 1,

�f ′(x)(ξ) =
∫

f ′(x)e−iξx d x = iξ

∫
f (x)e−iξx d x = iξ f̂ (ξ),

in generale,

F
[
∂α+1

x f (x)
]
(ξ) =

∫(
∂α+1

x f (x)
)
e−iξx d x

= iξ

∫(
∂αx f (x)

)
e−iξx d x

= (iξ)α+1

∫
f (x)e−iξx d x

= iα+1ξα+1 f̂ (ξ).

Per la seconda uguaglianza, per α= 1,

�x f (x)(ξ) =
∫

x f (x)e−iξx d x =
∫

f (x)i∂ξe−iξx d x = i∂ξ

∫
f (x)e−iξx d x = i∂ξ f̂ (ξ),

in generale,

F
[
xα+1 f (x)

]
(ξ) =

∫
xα+1 f (x)e−iξx d x

= i∂ξ

∫
xα f (x)e−iξx d x

= iα+1∂α+1
ξ f̂ (ξ),

che conclude la dimostrazione.
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12.2 Spazio di Schwarz

Definiamo lo spazio di Schwarz come

(12.2.5) S =S (R) =
{

f ∈C∞(R) : ∀(n,k) ∈N×N, xk∂n f ∈ L∞(R)
}

.

e chiameremo le funzioni f appartenenti alla classe S , funzioni rapidamente

decrescenti.

Osserviamo, innanzitutto, che S ⊂ Li p(R) per il teorema del valor medio di

Lagrange (k = 1,n = 1); inoltre S ⊂ L1(R). Infine S ⊂ Lp (R) per ogni p ∈ [1;∞].

Teorema 12.2.1. Se f ∈S , allora f̂ ∈S , ovvero F : S −→S .

Dimostrazione. Per ipotesi, per ogni coppia di interi positivi k e m, vale
∣∣xk Dm f

∣∣< ck,m .

Dalle proprietà della trasformata di Fourier:

∣∣ξmDk f̂
∣∣=

∣∣∣áDm xk f
∣∣∣.

Dico che Dm xk f ∈S ; basta provare, infatti, che |x j Dm xk f | <C , per ogni terna

di numeri interi positivi j , m e k:

∣∣x j Dm xk f
∣∣ =

∣∣∣∣∣x
j

m∑

l=0

(
m

l

)
D l f Dm−l xk

∣∣∣∣∣

=
∣∣∣∣∣x

j
m∑

l=0

(
m

l

)
k !

(m − l )!
xk−m−l D l x

∣∣∣∣∣

≤
m∑

l=0

k !

(m − l )!

(
m

l

)
∣∣xk−m−l+ j D l f

∣∣<C

essendo f ∈S e la somma finita. Ne segue che
∣∣áDm xk f

∣∣<∞ in quanto Dm xk f

è una funzione rapidamente decrescente e quindi appartenente a L1.

Lemma 12.2.1 (teorema di Riemann-Lebesgue). Per ogni funzione f apparte-

nente a L1(R) vale

lim
ξ→∞

∫

R

f (x)e−iξx d x = 0.

Dimostrazione. Per densità delle funzioni semplici in L1(R) possiamo supporre

che f sia semplice. Per linearità possiamo supporre che f sia una indicatrice di

un intervallo limitato. Allora
∫

R

I[a;b]e
−iξx d x =

∫b

a
e−iξx d x =−

1

iξ

[
e−iξb −e−iξa

]

che converge verso zero al tendere di ξ all’infinito dato che e iξx è limitata.
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Lemma 12.2.2. Per ogni numero positivo R, vale

(12.2.6) I =
∫

R

senRx

x
d x =π.

Dimostrazione. Facendo il cambiamento di variabili Rx = y ,

I =
∫

R

sen y

y
d y.

Vogliamo provare che
∫

R

sen y

y
d y = lim

M→∞
ǫ→0

∫

Γ

senz

z
d z

dove Γ è definita come segue:

ossia Γ = ΓM ∪ Γ1 ∪ Γ2 ∪ Γǫ, dove ΓM =
{

Me iθ : θ ∈ [0;π]
}
, Γ1 = [ǫ, M], Γ2 =

[−M ,−ǫ] e Γǫ =
{
ǫe i (π−θ) : θ ∈ [0;π]

}
.

Essendo senz = ei z−e−i z

2i , segue che basta calcolare

∫

Γ

e i z

z
d z.

Si ha:
∫

ΓM

e i z

z
d z =

∫π

0

e i M cosθe−M senθ

Me iθ
i Me iθdθ

=
∫π

0
ie i M cosθe−M senθdθ,

dunque,
∣∣∣∣
∫

ΓM

e iθ

z
d z

∣∣∣∣ ≤
∫π

0
e−M senθdθ ≤ 2

∫π
2

0
e−M senθdθ

≤ 2

∫π
2

0
e

2
πMθdθ ≤ 2

∫∞

0
e

2
π Mθdθ = π

M

che converge verso zero al tendere di M all’infinito. Inoltre, essendo 0 un polo

semplice,
∫

Γǫ

e i z

z
d z =

∫

Γǫ

[
1

z
+h(z)

]
d z =

∫

Γǫ

1

z
d z +

∫

Γǫ

h(z)d z = iπ+
∫

Γǫ

h(z)d z

dove h(z) è olomorfa e quindi, al tendere di ǫ a zero, l’integrale converge verso

iπ. Ne segue che

∫

R

sen y

y
= lim

M→∞
ǫ→0

∫

Γ

senz

z
d z = 1

2i
lim

M→∞
ǫ→0

∫

Γ

e i z −e−i z

z
d z = 1

i
lim

M→∞
ǫ→0

∫

Γ

e i z

z
d z =π.
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Teorema 12.2.2. Per ogni funzione f appartenente a S si ha:

(12.2.7) f (x) =
1

2π

∫
dξe iξx

∫
d y f (y)e−iξy .

Dimostrazione. Dobbiamo provare che

f (x) = lim
R→∞

1

2π

∫R

−R
dξe iξx

∫

R

d y f (y)e−iξy .

Sia

I (R)=
1

2π

∫R

−R
dξe iξx

∫

R

d y f (y)e−iξy ;

per il teorema di Fubini abbiamo,

I (R) = 1

2π

∫

R

d y f (y)

∫R

−R
dξe iξ(x−y).

Siccome: ∫R

−R
e iξz dξ= e iξz

i z

∣∣∣∣
ξ=R

ξ=−R

= 1

z
· e i zR −e−i zR

i
= 2senRz

z
,

ne segue che

I (R)=
1

π

∫
senR(x − y)

f (y)

x − y
d y.

Inoltre, per il lemma 12.2.2, si ha:

f (x) =
1

π

∫
senR(x − y)

f (x)

x − y
d y.

Pertanto:

f (x)− I (R) = 1

π

∫
senR(x − y)

f (x)− f (y)

x − y
d y = 1

π

{∫

|y−x|<δ
+

∫

|y−x|≥δ

}
.

Per il primo integrale:
∣∣∣∣

1

π

∫

|x−y |<δ
senR(x − y)

f (x)− f (y)

x − y
d y

∣∣∣∣≤
1

π

∫

|x−y |<δ

| f (y)− f (x)|
|y −x|

d y ≤
1

π
Lδ

dove L è la costante di Lipschitz di f . Per il secondo integrale: dal teorema di

Riemann-Lebesgue (lemma 12.2.1) segue che:

lim
R→∞

∫

|x−y |≥δ
senR(x − y)

f (x)− f (y)

x − y
d y = 0.

Ne segue che

lim
R→∞

I (R)= f (x).
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La dimostrazione precedente pone un altro problema. La quantitá

IR( f )(x) = 1

2π

∫

R

d y f (y)

∫R

−R
dξe iξ(x−y)

si puo presentare come

(12.2.8) IR( f )(x) = DR ∗ f (x),DR (y) =
sinR y

πy
.

Problema 12.2.1. IR( f ) tende a f in Lp (R) per ogni f ∈ Lp (R), se e sole se esiste

una costante Cp tale che

(12.2.9) ‖IR( f )‖Lp (R) ≤Cp‖ f ‖Lp (R).

Problema 12.2.2. Verificare (12.2.9) per 1 < p <∞ e generalizzare (12.2.10) per

R
n ,n ≥ 2.

Soggerimento. Usare la disequazione di Young con spazi L1,∞

Possiamo studiare la convergenza di Cesaro ( che era il teorema di Fejer per

le serie di Fourier). Introducendo l’operatore

(12.2.10) JR ( f )(x) =
1

R

∫R

0
It ( f )(x)d t ,

abbiamo

JR ( f )(x) = FR ∗ f (x), FR (y) = 1

R

∫R

0
It ( f )(y)d t = 2 sin2(R y/2)

πR y2

Vale la seguente proprieta’

Problema 12.2.3.

‖FR‖L1(R) = 1.

Sommabilita’ in senso di Abel - Poisson significa introdurre un fattore exp(−t |ξ|)
dove t > 0. Poniamo

(12.2.11) u f (t , x) =
∫

R

e i xξe−t |ξ| f̂ (ξ)dξ.

Problema 12.2.4. (nucleo di Poisson)

u f (t , x) = Pt ∗ f (x),

dove

Pt (x) = c
t

t 2 +x2
.

Vedere se

lim
t→0+

u f (t , x) = f

in Lp (R).
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Problema 12.2.5. Generalizzare il Problema 12.2.4 per Rn ,n ≥ 2..

Sommabilita’ in senso di Gauss - Weierstrass significa introdurre un fattore

exp(−t |ξ|2) dove t > 0. Poniamo

(12.2.12) w f (t , x) =
∫

R

e i xξe−t |ξ|2 f̂ (ξ)dξ.

Problema 12.2.6. (nucleo di Gauss - Weierstrass)

w f (t , x) =Wt ∗ f (x),

dove

Wt (x) = c
e−|ξ|2/4t

t
.

Vedere se

lim
t→0+

w f (t , x) = f

in Lp (R).

Problema 12.2.7. Generalizzare il Problema 12.2.6 per Rn ,n ≥ 2..

Proposition 12.2.1. Siano f e ψ appartenenti a S . Allora

(12.2.13)

∫
f (x + z)ψ̂(z)d z =

∫
f̂ (ξ)ψ(ξ)e i xξdξ

(
∀x ∈R

)
.

Dimostrazione. Siccome f e ψ appartengono a S (R), in particolare esse ap-

partengono allo spazio di Lebesgue L1(R). L’applicazione

R×R ∋ (x,ξ) −→ f (y)ψ(ξ)e i xξ ∈C

appartiene a L1(R). Per il teorema di Fubini,

∫
f̂ (ξ)ψ(ξ)e i xξdξ =

Ï
f (y)ψ(ξ)e i (x−y)ξ d ydξ

=
∫

d y f (y)

∫
dξψ(ξ)e−i (y−x)ξ

=
∫

d y f (y)ψ̂(y −x).

Facendo il cambiamento di variabile z = y −x si ha la formula (12.2.13).
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Teorema 12.2.3 (di Plancharel). Per ogni coppia di funzioni f e ψ appartenenti

allo spazio di Schwarz S , vale la formula

(12.2.14)

∫
f̂ (ξ)ψ(ξ)dξ=

∫
f (x)ψ̂(x)d x

In particolare, se f e g appartengono allo spazio di Schwarz S ,

(12.2.15)

∫
f (x)g (x) d x =

1

2π

∫
f̂ (ξ)ĝ (ξ)dξ

ossia la trasformazione di Fourier F : S −→ S è un’isometria (a meno di un

fattore moltiplicativo costante 2π) di S in sé come sottospazio di L2(R).

Dimostrazione. Consideriamo la formula (12.2.13): al limite per x → 0,

f (x + z)ψ̂(z)
q.o.−−−→ f (z)ψ̂(z)

e inoltre la convergenza è dominata:

∣∣ f (x + z)ψ̂(z)
∣∣≤ ‖ f ‖∞

∣∣ψ̂(z)
∣∣ ∈ L1(R)

e analogamente f̂ (ξ)ψ(ξ)e i xξ q.o.−−−→ f̂ (ξ)ψ(ξ) in maniera dominata:

∣∣ f̂ (ξ)ψ(ξ)e i xξ
∣∣≤ ‖ψ‖∞

∣∣ f̂ (ξ)
∣∣ ∈ L1(R)

e quindi la formula (12.2.14) segue dalla formula (12.2.13) passando al limite

per x → 0.

Per la seconda equazione si consideri la formula (12.2.14): si prenda ψ(ξ) =
1

2π
ĝ (ξ). Per la formula di inversione, si ha:

ψ̂(x) = 1

2π

∫
ĝ (ξ)e−i xξdξ= 1

2π

∫
ĝ (ξ)e i xξdξ= g (x)

e, sostituita nella (12.2.14) si ottiene proprio la formula (12.2.15).

12.3 Regolarizzazione mediante convoluzione

Consideriamo la funzione ϕ0 : R−→R cosi definita

ϕ0(x) =
{

e− 1
x se x > 0,

0 se x ≤ 0.

Tale funzione è di classe C∞(R).
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A partire da ϕ0 costruiamo la seguente funzione ψ0 : R−→R

ψ0(x) =ϕ0(x) ·ϕ0(1−x).

Essa ha supporto compatto [0;1] ed è di classe C∞(R).

Posto

c =
∫

R

ψ0(x)d x.

consideriamo, infine, la funzione ψ : R−→R ottenuta da ψ0 nel seguente modo

ψ(x) = 1

2c
ψ0

(
1

2
x + 1

2

)
.

Essa gode delle proprietà seguenti:

i) ψ ∈C∞(R);

ii) ψ(x) > 0 per ogni x ∈ R : |x| < 1 e ψ(x) = 0 per ogni x ∈ R : |x| ≥ 1;

pertanto, ψ è una funzione non negativa, a supporto compatto e risulta

suppψ= [−1;1]

iii)
(12.3.16)

∫

R

ψ(x)d x =
∫1

−1
ψ(x)d x = 1.

Servendoci della funzione ψ, possiamo costruire la seguente successione di

funzioni {ψn}

(12.3.17) ψn(x) = nψ(nx) ∀ n ∈N e ∀ x ∈R

Ogni funzione ψn è non negativa, di classe C∞(R), ha supporto compatto

suppψn =
[
− 1

n ; 1
n

]
ed, inoltre,

(12.3.18)

∫

R

ψn(x)d x =
∫ 1

n

− 1
n

nψ(nx)d x =
∫1

−1
ψ(ξ)dξ= 1.

Poiché

suppψn =
[
− 1

n
; 1

n

]
⊂ (−π,π) ∀ n ∈N ,

ψn é identicamente nulla fuori dell’intervallo (−π,π). Se consideriamo la re-

strizione di ciascuna ψn a tale intervallo e la prolunghiamo, per periodicita a

tutto R, otteniamo delle funzioni ancora di classe C∞(R) e 2π-periodiche.
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Sia, ora, f ∈ L2(0;2π) e consideriamo la successione di funzioni { fn}, cosi

definita

(12.3.19) fn = f ∗ψn ∀ n ∈N .

Le funzioni fn risultano 2π-periodiche e di classe C∞(R); vale, inoltre, la seguente

proposizione.

Proposition 12.3.1. Per ogni f ∈ L2(0;2π), la successione di funzioni { fn} con-

verge ad f in norma L2(0,2π), cioe

(12.3.20) lim
n→+∞

‖ fn − f ‖2 = lim
n→+∞

‖ f ∗ψn − f ‖2 = 0 .

DIMOSTRAZIONE. Tenendo conto della (12.3.16) e della (12.3.18), per ogni f ∈
L2(0;2π)

0 ≤ ‖ fn − f ‖2 = ‖ f ∗ψn − f ‖2 =
∥∥∥∥
∫π

−π
f (t − s)ψn(s)d s − f (t )

∥∥∥∥
2

=
∥∥∥∥∥

∫ 1
n

− 1
n

f (t − s)ψ(ns)n d s − f (t )

∫1

−1
ψ(σ)dσ

∥∥∥∥∥
2

∀ n ∈N

Posto ns =σ, si ha

0 ≤ ‖ fn − f ‖2 =
∥∥∥∥
∫1

−1
f
(
t − σ

n

)
ψ(σ)dσ−

∫1

−1
f (t )ψ(σ)dσ

∥∥∥∥
2

=
∥∥∥∥
∫1

−1

[
f
(
t −

σ

n

)
− f (t )

]
ψ(σ)dσ

∥∥∥∥
2

≤
∫1

−1

∥∥∥ f
(
t − σ

n

)
− f (t )

∥∥∥
2
|ψ(σ)|dσ ∀ n ∈N

dove nell’ultimo disuguaglianza abbiamo tenuto conto della disuguaglianza di

Minkowski generalizzata.

Poiche per ipotesi f ∈ L2(0;2π), il teorema di Lebesgue ci assicura che

lim
n→+∞

∥∥∥ f
(
t − σ

n

)
− f (t )

∥∥∥
2
= 0 .

Osservato che

∫1

−1

∥∥∥ f
(
t − σ

n

)
− f (t )

∥∥∥
2
|ψ(σ)|dσ≤ 4‖ f ‖2 max

σ∈[−1,1]
|ψ(σ)| ∀ n ∈N
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per il teorema della convergenza dominata di Lebesgue risulta

lim
n→+∞

∫1

−1

∥∥∥ f
(
t −

σ

n

)
− f (t )

∥∥∥
2
|ψ(σ)|dσ= 0

Dal teorema del confronto segue, infine, la (12.3.20).

Dalla proposizione precedente si ricava, come corollario, il seguente teo-

rema.

Teorema 12.3.1. Lo spazio delle funzioni 2π-periodiche e di classe C∞(R) è denso

in L2(0,2π).

Osservazione 12.3.1. Piu in generale, risulta che C∞
c (Ω) è denso in Lp (Ω), per

ogni p ∈ [1,+∞) e per ogni aperto Ω⊆R.

12.4 Approsimazione dell’unitá

Se φ(x) é una funzione in R
n integrabile e tale che

∫

Rn
φ(x)d x = 1,

allora consideriamo la funzione

φt (x) = t−nφ(t x), t > 0.

Problema 12.4.1. Per ogni p,1 ≤ p ≤∞,

‖φt ∗ f − f ‖Lp = 0,

quando t > 0 tende a 0.

12.4.1 Approximation of Josida

Approximation of Josida is defied for any f ∈ Lp (Rn) as follows

(12.4.21) fε = (I −ε∆)−1 f .

We shall prove later on the following

Lemma 12.4.1. For any p ∈ [1,∞] we have

(12.4.22) ‖ fε‖Lp (Rn ) . ‖ f ‖Lp (Rn)

(12.4.23) lim
εց0

‖ fε− f ‖Lp (Rn) = 0.
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The proof of (12.4.22) is based on the representation formula

(I −ε∆)−1 f (x) =
∫

Rn
Kε(x − y) f (y)d y

with

‖Kε(x)‖L1 . 1.

12.5 Esempi di calcolo per trasformata di Fourier

Integrale di Fresnel si puo scrivere come

(12.5.24)

∫∞

0
sin t 2d t

Problema 12.5.1. Verificare le indentitá

∫∞

0
sin t 2d t =

∫∞

0
cos t 2d t =

√
π

8
.

Esempio 12.5.1. Calcoliamo la trasformata di Fourier di

f (x) =
1

(x − i )2
.

Dobbiamo calcolare ∫∞

−∞

e−iξx

(x − i )2
d x.

Introduciamo la funzione complessa

g (z) =
e−iξz

(z − i )2
.

Quando ξ> 0, allora

∫∞

−∞

e−iξx

(x − i )2
d x = lim

M→∞

∫

ΓM

e−iξz

(z − i )2
d z

dove ΓM è definita come in figura:

ossia ΓM = [−M ; M] ∪γM e γM =
{

Me iθ : θ ∈ [π;2π]
}
. Con procedimento

analogo al lemma 12.2.2 si ha:

lim
M→∞

∫

γM

g (z)d z = 0.
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Dunque

f̂ (ξ) =
∫∞

−∞

e−iξz

(z − i )2
d z = lim

M→∞

∫

ΓM

e−iξz

(z − i )2
d z = 0 (ξ> 0)

per il teorema di Cauchy.

Quando ξ < 0, analogamente, consideriamo Γ
′
M = [−M ; M]∪γ′

M con γ′
M ={

Me iθ : θ ∈ [0;π]
}
.

Allora

∫∞

−∞

e−iξx

(x − i )2
d x = lim

M→∞

∫

Γ′
M

e−iξz

(z − i )2
d z = 2πiResi

e−iξz

(z − i )2
.

Basta calcolare il residuo di g in i :

e−iξz

(z − i )2
= eξ e−iξ(z−i )

(z − i )2
= eξ

∑
n≥0

(−iξ)n (z − i )n−2

n!
,

per cui:

Resi
e−iξz

(x − i )2
=−eξiξ.

Ne segue che

f̂ (ξ) =
∫∞

−∞

e−iξx

(x − i )2
d x = 2πξeξ (ξ< 0).
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12.6 Fractional powers of operators and some inte-

gral representation

We start with the identity

Lemma 12.6.1.

(12.6.25)

∫∞

0

t s−1d t

1+ t
= π

sinπs

for any s ∈ (0,1).

Proof. Using the integral representation of the Gamma function

Γ(z) =
∫+∞

0
t z−1 e−t d t ,

we get the representation

(12.6.26) A−s =
1

Γ(s)

∫∞

0
t s−1e−At d t ,∀s ∈ (0,1), A > 0.

Using the relation

Γ(s)Γ(1− s)=
π

sin(πs)
, s ∈ (0,1),

we find ∫∞

0

t s−1d t

1+ t
=

∫∞

0
t s−1

∫∞

0
e−λ(1+t)dλd t =

∫∞

0

∫∞

0

(
t s−1e−λt

)
d te−λdλ=

∫∞

0

∫∞

0

(
t̃ s−1e−t̃

)
d t̃λ−s e−λdλ=

= Γ(s)Γ(1− s)=
π

sin(πs)

Make change of variables t = τ2 and get

I ≡
∫∞

0

t s−1d t

1+ t
= 2

∫∞

0

τ2s−1dτ

1+τ2
.
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12.7 Spazio delle Distribuzioni Temperate

Consideriamo lo spazio di Schwarz S . Si ha:

g ∈S ⇐⇒ ‖g‖k, j = sup
x∈R

∣∣xk D j g (x)
∣∣≤ ck, j <∞.

Vogliamo trovare una topologia su S . Si consideri la famiglia di seminorme

Y =
{
‖ ·‖N : N ∈N

}

definite come

‖g‖N =
∑

k+ j≤N

sup
x∈R

∣∣xk D j g (x)
∣∣.

La famiglia Y induce su S una topologia dove un sistema fomdamentale di

intorni di zero è, per ogni intero positivo N :

(12.7.27) VN =
{

g ∈S : ‖g‖N <
1

N

}
.

Inoltre questa topologia è metrizzabile e la metrica è

(12.7.28) d( f ; g )=
∞∑

N=0

‖ f − g‖N

1+‖ f − g‖N
2−N .

In questo modo resta definita la convergenza in S come:

(12.7.29) gn
S−−→ 0 ⇐⇒ lim

n→∞
d(gn ;0)= 0

equivalentemente,

(12.7.30) gn
S−−→ 0 ⇐⇒

(
∀N ∈N

)
lim

n→∞
‖gn‖N = 0.

Con la convergenza appena definita, lo spazio S è completo. Infatti, se (gn)

è una successione di Cauchy in S , allora essa è di Cauchy in C∞(R) e quindi

esiste una funzione g ∈C∞(R) tale che, per ogni intero positivo k,

g (k)
n

unif.−−→ g (k).

Basta dimostrare che g è una funzione rapidamente decrescente:

‖g‖k, j ≤ ‖g − gn‖k, j +‖gn‖k, j .

Siccome ‖gn − gm‖k, j < ǫ, ne segue che, per ogni x ∈R,

xk D j
(
gn(x)− gm (x)

)
< ǫ
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e, passando al limite per n →∞, D j gn
unif.−−→ D j g , ossia:

xk D j
(
gn(x)− g (x)

)
≤ ǫ

(
∀x ∈R

)

che significa: ‖g − gn‖k, j ≤ ǫ ossia

‖g‖k, j ≤ ‖g − gn‖k, j +‖gn‖k, j < ǫ+Ck, j <∞

che prova che g ∈S .

Lo spazio duale (dei funzionali lineari e continui) di S si denota con S ′ =
S ′(R) e si chiama spazio delle distribuzioni temperate. Data una distribuzione

temperata v ∈S ′, scriveremo talvolta λv,ϕ〉 in luogo di v(ϕ).

Se v ∈ S è una funzione rapidamente decrescente, per ogni funzione test

ϕ ∈S ,

v(ϕ)=
∫

v(x)ϕ(x)d x

è un funzionale lineare, quindi S ⊂S ′.
La topologia di S ′ è indotta dalla topologia di S . In particolare, se (vn) è

una successione di distribuzioni temperate,

(12.7.31) vn
S ′
−−−→ 0 ⇐⇒

(
∀ϕ ∈S

)
lim

n→∞
vn(ϕ) = 0.

Esempio 12.7.1. Costanti e polinomi appartengono allo spazio delle distribuzioni

temperate.

Esempio 12.7.2. Il funzionale lineare e continuo

δ0 : S ∋ϕ−→ δ0(ϕ) =ϕ(0) ∈R

è una distribuzione temperata e si chiama delta di Dirac.

Esempio 12.7.3. Per ogni ǫ> 0 consideriamo la funzione 1
x+iǫ . Per ogni funzione

test ϕ ∈S , si ha:

〈
1

x + iǫ
;ϕ

〉
=

∫∞

−∞

1

x + iǫ
·ϕ(x)d x =

∫

|x|≥ǫ︸ ︷︷ ︸
I1

+
∫

|x|<ǫ︸ ︷︷ ︸
I2

Dapprima consideriamo l’integrale I1; esso si suddivide ancora come:

∫

|x|≥ǫ

1

x + iǫ
·ϕ(x)d x =

∫∞

ǫ
+

∫−ǫ

−∞
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e il secondo di questi integrali si può scrivere come:

∫−ǫ

−∞

1

x + iǫ
·ϕ(x)d x =

∫∞

ǫ

1

−x + iǫ
·ϕ(−x)d x

e quindi

∫

|x|≥ǫ

1

x + iǫ
·ϕ(x)d x =

∫∞

ǫ

[
1

x + iǫ
ϕ(x)+ 1

−x + iǫ
ϕ(−x)

]
d x

=
∫∞

ǫ

1

x + iǫ
[ϕ(x)−ϕ(−x)]d x +

+
∫∞

ǫ
ϕ(−x)

[
1

x + iǫ
+ 1

−x + iǫ

]
d x.

Essendo ϕ(x)−ϕ(−x) =O(x), il primo integrale converge, per ǫ→ 0, verso

∫∞

0

1

x
[ϕ(x)−ϕ(−x)]d x;

il secondo integrale,

−
∫∞

ǫ
ϕ(−x)

2iǫ

x2 +ǫ2
d x =−2i

∫∞

1

ϕ(−ǫy)

1+ y2
d y,

converge, al tendere di ǫ a zero, verso

−2iπ

4
ϕ(0) =− iπ

2
δ0(ϕ).

Quanto all’integrale I2,

∫

|x|<ǫ

1

x + iǫ
·ϕ(x)d x =ϕ(η)

∫ǫ

−ǫ

d x

x + iǫ
=ϕ(η)

∫1

−1

d y

y + i
,

dove |η| < ǫ. Moltiplicando e dividendo per y − i , si ha:

∫1

−1

d y

y +1
=

∫1

−1

y − i

y2 +1
d y =

∫1

−1

y

y2 +1
d y − i

∫1

−1

1

y2 +1
d y =−

iπ

2
.

Quindi, ∫

|x|<ǫ

1

x + iǫ
·ϕ(x)d x =− iπ

2
ϕ(η) con |η| < ǫ.

Pertanto, al tendere di ǫ a zero,

lim
ǫ→0

∫∞

−∞

1

x + iǫ
·ϕ(x)d x =

∫∞

0

1

x
[ϕ(x)−ϕ(−x)]d x − iπδ0(ϕ).
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Definiamo, allora valore principale di 1
x

la distribuzione temperata Pv
(

1
x

)
∈

S ′ tale che:

(12.7.32)

〈
Pv

(
1

x

)
;ϕ

〉
=

∫∞

0

1

x
[ϕ(x)−ϕ(−x)]d x.

In tal modo, definita

1

x + i0
= lim

ǫ→0

1

x + iǫ
,

si ha che 1
x+i 0 è una distribuzione temperata, che coincide con

1

x + i0
= Pv

(
1

x

)
− iπδ0.

In modo del tutto analogo possiamo trovare la distribuzione temperata

(12.7.33)
1

x − i0
= 1

x + i0
= lim

ǫ→0

1

x − iǫ
= Pv

(
1

x

)
+ iπδ0.

Le formule

(12.7.34)
1

x ± i0
= Pv

(
1

x

)
∓ iπδ0

sono le formule di Sokhotski – Plemelj.

Esempio 12.7.4. La funzione

θ(x) =
{

1 se x ≥ 0

0 se x < 0

è una distribuzione temperata che prende il nome di distribuzione di Heaviside.

Essa agisce su ogni ϕ ∈S come:

θ(ϕ) =
∫

θ(x)ϕ(x)d x =
∫∞

0
ϕ(x)d x.

Esempio 12.7.5. Per ogni intervallo [a;b]⊆R, l’indicatrice I[a;b] è una distribuzione

temperata e

I[a;b](ϕ) =
∫

ϕ(x)I[a;b](x)d x =
∫b

a
ϕ(x)d x.
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12.8 Trasformata di Fourier di Distribuzioni Temper-

ate

Data una distribuzione temperata v ∈ S ′, si definisce la trasformazione di

Fourier F : S ′ ∋ v −→ v̂ ∈S ′, di v come:

(12.8.35)
〈

v̂ ;ϕ
〉
=

〈
v ;ϕ̂

〉 (
∀ϕ ∈S

)
.

Tale definizione è ben posta, dato che la trasformazione di Fourier F : S −→S

è un automorfismo di S .

Esempio 12.8.1. Supponiamo che v sia una funzione rapidamente decrescente.

Allora

〈
v̂ ;ϕ

〉
=

〈
v ;ϕ̂

〉
=

∫
v(x)ϕ̂(x)d x

=
∫

d x v(x)

∫
d y ϕ(y)e−i x y

=
∫

d y ϕ(y)

∫
d x v(x)e−i x y

=
∫

v̂(x)ϕ(x)d x

che significa che la trasformata di Fourier distribuzionale coincide con la trasfor-

mata di Fourier (in senso classico) per le funzioni rapidamente decrescenti.

Esempio 12.8.2. Comunque presa una funzione test ϕ ∈S ,

δ̂0(ϕ) = δ0(ϕ̂) = ϕ̂(0) =
∫

ϕ(x)d x =λ1;ϕ〉

che significa:

δ̂0 = 1

Poiché, per le funzioni rapidamente decrescenti, vale la formula di inver-

sione:

ϕ∗ = 1

2π
̂̂ϕ,

dove ϕ∗(x) =ϕ(−x); comunque data una distribuzione temperata v ∈S ′,

〈 ̂̂v ;ϕ〉 = 〈v̂ ;ϕ̂〉 = 〈v ; ̂̂ϕ〉 =
〈

v ;2πϕ∗〉
= 2π

〈
v∗;ϕ

〉

ossia

(12.8.36) v∗ = 1

2π
̂̂v

dove
〈

v∗;ϕ
〉
=

〈
v ;ϕ∗〉

. Ciò significa che la trasformazione di Fourier è un au-

tomorfismo di S ′.
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12.8.1 Fourier transform of Heaviside function

Let θ(x) = 1 for x ≥ 0 and θ(x) = 0 for x < 0.

We have the relations

θ̂(ξ) = lim
εց0

∫∞

0
e−i xξ−εx d x

Using the relations ∫∞

0
e−i xξ−εx =−i

1

ξ− iε

and therefore

(12.8.37) θ̂(ξ) = lim
εց0

=−i
1

ξ− i0
.

Using (12.7.34) we find

(12.8.38) θ̂(ξ) =−i
1

ξ− i0
=πδ(ξ)− iPv

(
1

ξ

)
.

We can use the relation

f̂−(ξ) = f̂ (−ξ),

where

f−(x) = f (−x).

Indeed, ∫

R
f (−x)e−ixξd x =

∫

R
f (x)e ixξd x.

In this way we get

(12.8.39) θ̂−(ξ) =−i
1

−ξ− i0
=πδ(−ξ)+ iPv

(
1

ξ

)
.

12.8.2 Fourier transform of sgn - function

Now we can find the Fourier transform of the function

sgn(x) =
{

1, if x ≥ 1;

−1, x < 0.

Obviously, we have the relation

sg n(x)= θ(x)−θ(−x)
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and hence from (12.8.38) and (12.8.39) we find

(12.8.40) ŝgn(ξ) =−2iPv

(
1

ξ

)
.

If we define the translated function

sg nk(x) = sgn(x −k)

then we can use
∫

R
f (x −k)e−ixξd x =

∫

R
f (x −k)e−ixξ−ikξd x = e−ikξ f̂ (ξ)

and find

(12.8.41) �sgnk(ξ) =−2ie−ikξPv

(
1

ξ

)
.

12.8.3 Fourier transform of P v(1/x)

Using the formula for the inverse Fourier transform

f (x) =
1

2π

∫

R
f (ξ)e i xξdξ

and (12.8.41), we find
(
Pv

(
1

x

)
,e−i xξ

)
=πisgn(−ξ) =−(πi)sgn(ξ).

Hence we can write (in sense of distributions)

(12.8.42) á(Pv(1/·))(ξ) =−πi sgn(ξ).

12.9 Prodotto di una distribuzione per una funzione

Sia f una funzione di classe C∞ a supporto compatto e sia v una distribuzione

temperata. Definiamo la distribuzione temperata f v come segue:

(12.9.43)
〈

f v ;ϕ
〉
=

〈
v ; f ϕ

〉 (
∀ϕ ∈S

)
.

In particolare, quando v sia una funzione,

〈
f v ;ϕ

〉
=

〈
v ; f ϕ

〉
=

∫
v(x) f (x)ϕ(x)d x

e quindi f v coincide con il prodotto tra due funzioni in senso classico.
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12.10 Derivata distribuzionale

Data una distribuzione temperata v ∈ S ′, la derivata (distribuzionale) di v è

definita come:

〈∂v,ϕ〉 =−〈v,∂ϕ〉
(
∀ϕ ∈S

)
.

In generale, per ogni intero positivo n,

(12.10.44) 〈∂n v,ϕ〉 = (−1)n〈v,∂nϕ〉
(
∀ϕ ∈S

)
.

Esempio 12.10.1. Se v è una funzione (p.es. polinomio o funzione rapidamente

decrescente),

〈v ′,ϕ〉 =−〈v,ϕ′〉 =−
∫

v(x)ϕ′(x)d x =
∫

v ′(x)ϕ(x)d x

che significa che, per le funzioni, la derivata distribuzionale coincide con la derivata

in senso classico.

Esempio 12.10.2. Sia H la distribuzione di Heaviside,

〈H ′,ϕ〉 =−〈H ,ϕ′〉 =
∫∞

0
ϕ′(x)d x =ϕ(0)= δ0(ϕ),

pertanto:

H ′ = δ0

Esempio 12.10.3. Per ogni intero positivo k,

〈∂kδ0,ϕ〉 = (−1)kδ0

(
∂kϕ

)
= (−1)k∂kϕ(0).

Esempio 12.10.4. Per ogni intervallo [a;b],

〈∂I[a;b],ϕ〉 = δa(ϕ)−δb(ϕ).

La derivata distribuzionale soddisfa delle proprietà analoghe a quelle della

derivata classica: anzitutto è ovvio che

v ∈S ′ =⇒ ∂n v ∈S ′.

Vale la formula di Leibniz:

(12.10.45) ∂( f v)= (∂ f )v + f ∂v.
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In effetti, per ogni funzione test ϕ ∈S ,

〈∂( f v),ϕ〉 = −〈 f v,ϕ′〉 =−λv, f ϕ′〉
= −λv,∂( f ϕ)− (∂ f )ϕ〉
= −λv,∂( f ϕ)〉+λv, (∂ f )ϕ〉
= λ∂v, f ϕ〉+λ(∂ f )v,ϕ〉
= λ f ∂v,ϕ〉+λ(∂ f )v,ϕ〉 =λ f ∂v + (∂ f )v,ϕ〉.

Infine,

(12.10.46) v ∈S ′, ∂v = 0 =⇒ v ≡ c è una costante.

Infatti, sia ϕ ∈ S una funzione test. Supponiamo che
∫
ϕ(x)d x = 0. Allora,

detta

ψ(x) =
∫x

−∞
ϕ(t )d t ,

è evidente che ψ ∈S e ψ′ =ϕ. Pertanto,

λv,ϕ〉 =λv,ψ′〉 =−λv ′,ψ〉 = 0.

Se, invece,
∫
ϕ(x)d x = k 6= 0, siaψ0 ∈S una funzione positiva e tale che

∫
ψ0(x)d x =

1. Allora, detta

ϕ1(x) =ϕ(x)−kψ0(x),

si può applicare quanto provato prima a ϕ1, ossia,

0 =λv,ϕ1〉 =λv,ϕ〉−kλv,ψ0〉,

detta c =λv,ψ0〉, si ha:

λv,ϕ〉 =
∫

cϕ(x)d x

che significa che v coincide con una costante c.

La trasformata di Fourier in senso delle distribuzioni è una vera estensione

della trasformata di Fourier in senso classico, valgono, cioè, le proprietà:

(12.10.47) ∂̂n v = i nξn v̂ .

Infatti, fissata una funzione test ϕ ∈S ,

λ∂̂n v ,ϕ〉 = λ∂n v,ϕ̂〉
= (−1)nλv,∂nϕ̂〉
= (−1)nλv, (−i )n ξ̂nϕ〉
= i nλv̂ ,ξnϕ〉
= λi nξn v̂ ,ϕ〉.
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Analogamente:

(12.10.48) x̂n v = i n∂n v̂ .

Infatti, fissata una funzione test ϕ ∈S ,

λx̂n v ,ϕ〉 = λxn v,ϕ̂〉
= λv, xnϕ̂〉
= λv, (−i )n ∂̂nϕ〉
= (−i )nλv̂ ,∂nϕ〉
= i nλ∂n v̂ ,ϕ〉 =λi n∂n v̂ ,ϕ〉.

Esempio 12.10.5. Calcoliamo la trasformata di Fourier della distribuzione di

Heaviside H. Fissata una funzione test ϕ ∈S ,

〈Ĥ ,ϕ〉 = 〈H ,ϕ̂〉 =
∫∞

0
ϕ̂(ξ)dξ

= lim
M→∞

∫M

0
dξ

∫
d xϕ(x)e−i xξ

= lim
M→∞

∫
d xϕ(x)

∫M

0
dξe−i xξ.

Consideriamo

IM =
∫

d xϕ(x)

∫M

0
dξe−i xξ

=
∫

ϕ(x)
(
e−i M x −1

) 1

−i x
d x

=
∫

i
(
e−i M x −1

)ϕ(x)

x
d x =

∫∞

0
+

∫0

−∞
.

Il secondo integrale si trasforma come segue:

∫0

−∞
i
(
e−i M x −1

)ϕ(x)

x
d x =

∫0

∞
i
(
e i M y −1

)ϕ(−y)

y
d y =−

∫∞

0
i
(
e i M y −1

)ϕ(−y)

y
d y

e quindi

IM =
∫∞

0
i

{(
e−i M x −1

)ϕ(x)

x
−

(
e i M x −1

)ϕ(−x)

x

}
d x

= i

∫∞

0

1

x

(
ϕ(−x)−ϕ(x)

)
d x + i

∫∞

0

{
ϕ(x)

x
e−i M x − ϕ(−x)

x
e i M x

}
d x.
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Osserviamo che

∫∞

0

{
ϕ(x)

x
e−i M x − ϕ(−x)

x
e i M x

}
d x =

=
∫∞

0

ϕ(x)−ϕ(−x)

x
cos M x d x − i

∫∞

0

ϕ(x)+ϕ(−x)

x
senM x d x.

In primo integrale converge verso zero, al tendere di M all’infinito, per il teorema

di Riemann-Lebesgue (lemma 12.2.1). Quanto al secondo integrale:

∫∞

0

ϕ(x)+ϕ(−x)

x
senM x d x =

∫∞

0

[
ϕ

( y

M

)
+ϕ

(
−

y

M

)] sen y

y
d y

al tendere di M all’infinito converge verso

2ϕ(0)

∫∞

0

sen y

y
d y =πϕ(0).

Pertanto,

〈Ĥ ,ϕ〉 = lim
M→∞

IM =−iPv

(
1

x

)
(ϕ)+πδ0(ϕ),

cioè,

Ĥ =−iPv

(
1

x

)
+πδ0.

Usually the Fourier transform of f ∈ S ′8R) will be denoted by

F( f )(ξ) = f̂ (ξ).

Problema 12.10.1. Show that

F

(
Pv

(
1

x

))
(ξ) = iπsgn(ξ).

Problema 12.10.2. Show that

F
(
xλ
+

)
(ξ) = ie iλπ/2

Γ(λ+1)(ξ+ i0)−λ−1

λ 6= −1,−2, · · · . Here x+ = max(x,0).

One can compute the Fourier transform of

1

ξ+ iε
,ξ ∈R

using Cauchy’s residue theorem and compute
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Lemma 12.10.1. Let ε> 0. If x > 0, then

(12.10.49)
1

2πi

∫

R

e−i xξ

ξ+ iε
dξ=−e−εx .

If x < 0, then

(12.10.50)
1

2πi

∫

R

e−i xξ

ξ+ iε
dξ= 0.

We have also the identity (in distributional sense)

(12.10.51)
1

2πi

∫

R

e−i xξ

ξ+ iε
dξ=−e−εx H(x),

where H(x) is the Heviside distribution.

Taking one derivative (in distributional sense), we get

Lemma 12.10.2.

(12.10.52) lim
εց0

1

2π

∫

R

e−i xξ ξ

ξ+ iε
dξ= δ(x),

where δ(x) is the Delta distribution.

Another application of the residue theorem is the following.

Lemma 12.10.3. Let ε> 0 and A,B are real numbers with A 6= B. If x > 0, then

there exists c 6= 0 so that

(12.10.53)
1

2πi

∫

R

e−i xξ

(ξ+ A+ iε)(ξ+B + iε)
dξ= c

sin(x(A−B))

A−B
.

If x < 0, then

(12.10.54)
1

2πi

∫

R

e−i xξ

(ξ+ A+ iε)(ξ+B + iε)
dξ= 0.

12.11 Free resolvent kernel via Fourier transform

Lemma 12.11.1. If λ> 0, then the Fourier transform

F∗
0 ( f )(x) = (2π)−1

∫

R

e ixξ dξ

ξ2 +λ



193

of

f (ξ) =
1

λ+ξ2

is

(12.11.55) (2π)−1

∫

R

e ixξ dξ

ξ2 +λ
= 1

2
p
λ

e−
p
λ|x|.

Proof. We have to compute ∫

R

e ixξ dξ

ξ2 +λ

Introduce the complex function

g (z) = e ixz

λ+ z2
= e ixz

(z + i
p
λ)(z − i

p
λ)

.

If x > 0, then we have

∫

R

e ixξ dξ

ξ2 +λ
= lim

M→∞

∫M

−M
e ixz d z

z2 +λ
.

and we can introduce the closed contour

ΓM = [−M ; M]∪γM

with

γM =
{

Me iθ : θ ∈ [0;π]
}

.

For θ ∈ (ε,π−ε)

ImMe iθ = M sinθ, =⇒ lim
M→∞

∣∣∣∣∣
e ixMeiθ

λ+M2e2iθ

∣∣∣∣∣≤ lim
M→∞

e−xM sinε

M2 −λ
= 0.

Applying the Lebesgue convergence theorem we get

lim
M→∞

∫

γM

g (z)d z = 0.

Hence

F∗
0 ( f )(x) = lim

M→∞

∫

ΓM

g (z)d z = iResi
p
λg (z) =

e−x
p
λ

2
p
λ

.
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Corollary 12.11.1. (Resolvent (λ−∆)−1 in dimension one) For λ> 0, f (x) ∈ S(R)

we have the representation

(12.11.56) (λ−∆)−1 f (x) = 1

2
p
λ

∫

R

e−
p
λ|x−y | f (y)d y.

The next case is to compute the resolvent

(λ+ iε+∆)−1 ,λ> 0,

in the case of dimension one. Therefore we aim at finding the Fourier transform

F∗
0 ( f )(x) = (2π)−1

∫

R

e ixξ f (ξ)dξ

with

f (ξ) = 1

λ+ iε−ξ2
.

Lemma 12.11.2. If λ> 0, then we have

(12.11.57) (2π)−1

∫

R

e ixξ dξ

λ+ iε−ξ2
=−

1

2
p
−λ− iε

e−
p
−λ−iε|x|,

where here and below p
−λ− iε= e (Log(−λ−iε))/2

and Log(−λ− iε) is the principle branch of the logarithm.

Proof. We have to compute

∫

R

e ixξ dξ

λ+ iε−ξ2

Introduce the complex function

g (z) =
e ixz

λ+ iε− z2
=

−e ixz

(z + i
p
−λ− iε)(z − i

p
−λ− iε)

.

If x > 0, then we have

∫

R

e ixξ dξ

λ+ iε−ξ2
= lim

M→∞

∫M

−M
e ixz d z

λ+ iε− z2
.

and we can introduce the closed contour

ΓM = [−M ; M]∪γM
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with

γM =
{

Me iθ : θ ∈ [0;π]
}

.

For θ ∈ (ε,π−ε)

ImMe iθ = M sinθ, =⇒ lim
M→∞

∣∣∣∣∣
e ixMeiθ

λ+ iε−M2e2iθ

∣∣∣∣∣≤ lim
M→∞

e−xM sinε

M2 −λ
= 0.

Applying the Lebesgue convergence theorem we get

lim
M→∞

∫

γM

g (z)d z = 0.

Hence

F∗
0 ( f )(x) = lim

M→∞

∫

ΓM

g (z)d z = iResi
p
−λ−iεg (z) =− e−x

p
−λ−iε

2
p
−λ− iε

.

In a similar way we can deduce the following

Lemma 12.11.3. If λ> 0, then we have

(12.11.58) (2π)−1

∫

R

e ixξ dξ

λ− iε−ξ2
=− 1

2
p
−λ+ iε

e−
p
−λ+iε|x|,

where here and below p
−λ− iε= e (Log(−λ−iε))/2

and Log(−λ− iε) is the principle branch of the logarithm.

Proof. We have to compute

∫

R

e ixξ dξ

λ− iε−ξ2

Introduce the complex function

g (z) = e ixz

λ− iε− z2
= −e ixz

(z + i
p
−λ+ iε)(z − i

p
−λ+ iε)

.

If x > 0, then we have

∫

R

e ixξ dξ

λ+ iε−ξ2
= lim

M→∞

∫M

−M
e ixz d z

λ+ iε− z2
.
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and we can introduce the closed contour

ΓM = [−M ; M]∪γM

with

γM =
{

Me iθ : θ ∈ [0;π]
}
.

For θ ∈ (ε,π−ε)

ImMe iθ = M sinθ, =⇒ lim
M→∞

∣∣∣∣∣
e ixMeiθ

λ+ iε−M2e2iθ

∣∣∣∣∣≤ lim
M→∞

e−xM sinε

M2 −λ
= 0.

Applying the Lebesgue convergence theorem we get

lim
M→∞

∫

γM

g (z)d z = 0.

Hence

F∗
0 ( f )(x) = lim

M→∞

∫

ΓM

g (z)d z = iResi
p
−λ+iεg (z) =− e−x

p
−λ+iε

2
p
−λ+ iε

.

Corollary 12.11.2. (Limiting absorption principle for the free Laplace operator)

If λ> 0, then for any f ∈ S(R) the limit

(λ+ i0+∆)−1 f (x) = lim
εց0

(λ+ iε+∆)−1 f (x)

is a well defined limit in L∞ and we have the representation formula

(λ+ i0+∆)−1 f (x) =(12.11.59)

= lim
εց0

(2π)−1

∫

R

e ixξF0( f )(ξ)
dξ

λ+ iε−ξ2
=

=
1

2i
p
λ

∫

R

e i
p
λ|x−y | f (y)d y,

where

F0( f )(ξ) =
∫

R

e−ixξ f (x)d x

is the Fourier transform of f .
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Corollary 12.11.3. (Limiting absorption principle for the free Laplace operator)

If λ> 0, then for any f ∈ S(R) the limit

(λ− i0+∆)−1 f (x) = lim
εց0

(λ− iε+∆)−1 f (x)

is a well defined limit in L∞ and we have the representation formula

(λ− i0+∆)−1 f (x) =(12.11.60)

= lim
εց0

(2π)−1

∫

R

e ixξF0( f )(ξ)
dξ

λ− iε−ξ2
=

=− 1

2i
p
λ

∫

R

e−i
p
λ|x−y | f (y)d y,

where

F0( f )(ξ) =
∫

R

e−ixξ f (x)d x

is the Fourier transform of f .
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12.12 Teoria della Trasformata di Fourier in più vari-

abili

In modo deltutto analogo al caso di una variabile possiamo definire lo spazio

di Schwarz n-dimensionale, come:

Sn =S (Rn) =
{

f ∈C∞(Rn) :
(
∀α,β ∈N

n
)

xα∂
β
x f (x) ∈ L∞(Rn)

}
.

Si dimostra in maniera analoga al caso unidimensionale (n= 1) che l’applicazione:

(12.12.61) F : Sn ∋ f −→ f̂ (ξ) =
∫

Rn
f (x)e−iξ·x dx ∈Sn

è un automorfismo di Sn che prende il nome di trasformazione di Fourier;

allo stesso modo che nel caso unidimensionale si dimostra, inoltre che F è

un’isometria (a meno di un fattore costante (2π)n) di Sn in sé (teorema di Plan-

charel, vedi (12.2.15)). La formula di inversione di F è:

(12.12.62) f ∗ =
1

(2π)n
̂̂f

con la notazione ovvia f ∗(x) = f (−x). Non è difficile provare che, per la trasfor-

mata di Fourier multidimensionale, valgono le stesse proprietà formali dimostrate

precedentemente:

(12.12.63) à∂αx f (x) = i |α|ξα f̂ (ξ), e àxα f (x) = i |α|∂αξ f̂ (ξ).

Su Sn è possibile introdurre una topologia in modo deltutto analogo a S

(=S1). Tale topologia è quella generata dalla famiglia di seminorme:

Y =
{
‖ ·‖N : N ∈N

}
,

dove

‖ f ‖N =
∑

k+|α|≤N

sup
x∈Rn

∣∣xk∂αx f (x)
∣∣.

In tal modo ha senso considerare lo spazio duale di Sn , che prende il nome

di spazio delle distribuzioni temperate e si denota con S ′(Rn) =S ′
n .

Lo spazio delle distribuzioni inR
n ha le stesse proprietà di S ′, in particolare

esiste un operatore di derivazione

∂α : S ′
n ∋ v −→ ∂αv ∈S ′

n

definito come:

λ∂αv,ϕ〉 = (−1)|α|λv,∂αϕ〉
(
∀ϕ ∈Sn

)

che estende l’operatore di derivata in senso classico e verifica le proprietà “nat-

urali” di derivata:
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(1) per ogni distribuzione temperata v ∈S ′
n , ∂αv ∈S ′

n ;

(2) per ogni funzione f di classe C∞ a supporto compatto e ogni distribuzione

temperata v ∈S ′
n , vale la formula di Leibniz:

(12.12.64) ∂( f ·v) = (∂ f )v + f ∂v ;

dove f ·v è la distribuzione che agisce al modo ovvio:

λ f ·v,ϕ〉 =λv, f ϕ〉
(
∀ϕ ∈Sn

)
;

(3) se v ∈S ′
n è una distribuzione temperata tale che ∂v = 0, allora esiste una

costante c ∈R tale che v ≡ c.

Infine, la trasformata di Fourier di una distribuzione v ∈S ′
n , F : S ′

n ∋ v −→
v̂ ∈S ′

n , è definita al modo ovvio:

(12.12.65) λv̂ ,ϕ〉 =λv,ϕ̂〉
(
∀ϕ ∈Sn

)

ed è un automorfismo di S ′
n . Essa verifica, inoltre, le stesse proprietà formali

della trasformata di Fourier in Sn :

∂̂αv = i |α|ξαv̂ e x̂αv = i |α|∂αv̂ .

12.13 Applicazione: simmetria e la trasformata di

Fourier

Sia y ∈R
n . Definiamo l’applicazione:

τy : Sn ∋ f −→ τy f ∈Sn

tale che

τy f (x) = f (x−y)
(
∀x ∈R

n
)
.

In particolare, se v ∈Sn e ϕ ∈Sn ,

〈τyv,ϕ〉 =
∫

τyv(x)ϕ(x)dx=
∫

v(x−y)ϕ(x)dx=
∫

v(z)ϕ(z+y)dz = 〈v,τ−yϕ〉.

Pertanto ha senso definire l’applicazione

τy : S ′
n ∋ v −→ τyv ∈S ′

n

definita da

〈τyv,ϕ〉 = 〈v,τ−yϕ〉
(
∀ϕ ∈Sn

)
.
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Sia, adesso, A ∈ GLn(R). Definiamo

̺A : Sn ∋ f −→̺A f ∈Sn

definita da

̺A f (x) = f (Ax)
(
∀x ∈R

n
)
.

In particolare, se v ∈Sn e ϕ ∈Sn ,

〈̺A v,ϕ〉 =
∫

v(Ax)ϕ(x)dx=
∫

v(y)ϕ(A−1y)|det A−1|dy = 1

|det A|
〈v,̺A−1ϕ〉.

Pertanto ha senso definire l’applicazione

̺A : S ′
n ∋ v −→̺A v ∈S ′

n

definita da

〈̺A v,ϕ〉 = 1

|det A|
〈v,̺A−1ϕ〉

(
∀ϕ ∈Sn

)
.

Infine, per ogni λ> 0, definiamo

θλ : Sn ∋ f −→ θλ f ∈Sn

definita da

θλ f (x) = f (λx)
(
∀x ∈R

n
)
.

In particolare, se v ∈Sn e ϕ ∈Sn ,

〈θλv,ϕ〉 =
∫

v(λx)ϕ(x)dx=
∫

v(y)ϕ(λ−1y)|λ|−n dy = |λ|−n〈v,θλ−1ϕ〉.

Pertanto definiamo l’applicazione

θλS ′
n ∋ v −→ θλv ∈S ′

n

definita da

〈θλv,ϕ〉 = |λ|−n〈v,θλ−1ϕ〉
(
∀ϕ ∈Sn

)
.

Quandoλ=−1, θ−1v coincide con v∗. Diremo che una distribuzione v ∈S ′
n

è pari se

v = v∗.

Diremo, inoltre, che una distribuzione v ∈S ′
n è omogenea di ordine k, se

θλv =λk v
(
∀λ> 0

)
.
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Osserviamo che, per ogni y ∈R
n ,

(12.13.66) τ̂yv = e−i x·yv̂ e àe−i x·yv = τyv̂ ,

Consideriamo una funzione rapidamente decrescente f ∈ Sn , per ogni S ∈
SO(n),

̺S f (x) = f (Sx)= f (x) ⇐⇒ f (x) = f (|x|).

Infatti, (⇐=) segue dal fatto che, per ogni S ∈ SO(n), |Sx| = |x|. (=⇒): basta

prendere una rotazione S ∈ SO(n) che porti x in (|x|,0, · · · ,0). Allora

f (|x|) = f (Sx)= f (x).

Problema 12.13.1. Se f (x) = f (|x|), allora f̂ (ξ) = f̂ (|ξ|).

Soluzione. Dalla definizione, fissata S ∈ SO(n),

f̂ (Sξ) =
∫

f (|x|)e−i x·Sξdx

=
∫

f (|x|)e−i S−1x·ξdx

=
∫

f (|Sy|)e−y·ξ|det S|dy

=
∫

f (|y|)e−i y·ξdy = f̂ (ξ).

che prova l’asserto.

Problema 12.13.2. Se f ∈ Sn è una funzione rapidamente decrescente omoge-

nea di ordine k, allora f̂ è omogenea di ordine −n −k.

Soluzione. Dalla definizione, per ogni λ> 0:

f̂ (λξ) =
∫

f (x)e−i x·λξdx

=
∫

f
(
λ−1y

)
e−i y·ξλ−ndy

= λ−n

∫
λ−k f (y)e−i y·ξdy

= λ−n−k f̂ (ξ)

che prova l’asserto.

Osserviamo che, per ogni distribuzione v ∈S ′
n , ogni λ> 0 e ogni S ∈ SO(n),

(12.13.67) θ̂λv =λ−nθλ−1 v̂ e ̺̂S v = ̺S v̂

le proposizioni precedenti valgono anche per le distribuzioni temperate:
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Problema 12.13.3. Sia v ∈S ′
n una distribuzione temperata. Allora:

(1) se ̺S v = v allora ̺S v̂ = v̂ ;

(2) se v è omogenea di ordine k, allora v̂ è omogenea di ordine −n −k.

12.14 Applicazioni: l’equazione di Laplace e l’equazione

delle onde

Vogliamo studiare la soluzione generale dell’equazione di Laplace in R
3:

∆u = δ.

Applicando la trasformazione di Fourier,

−|ξ|2û = ∆̂u = δ̂= 1,

pertanto

û =− 1

|ξ|2
∈ L1

loc
(R3).

Dal problema precedente segue che u deve essere omogenea di ordine −1 ed

invariante per rotazioni, quindi

u(x) = c

|x|

dove c ∈R.

In R
n (n ≥ 3), in modo deltutto analogo, al soluzione generale di

∆u = δ

con u ∈ L1
loc

(Rn) è:

u(x) =
c

|x|n−2
.

The one dimensional wave equation has the form

(12.14.68) ∂2
t u −∂2

x u = 0

with initial data

u(0, x) = 0, ∂t u(0, x) = f (x).

The classical solution is given by d’Alembert’s formula

(12.14.69) u(t , x) =
1

2

∫

|x−y |<t
f (y)d y.
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Using Fourier transform in x we can see that

û(t ,ξ) =
∫

R

u(t , x)e−i xξd x

satisfies the ODE

(12.14.70) ∂2
t û +ξ2û = 0

with initial data

û(0,ξ) = 0, ∂t û(0,ξ) = f̂ (ξ).

The solution is give by

(12.14.71) û(t ,ξ) = sin tξ

ξ
f̂ (ξ).

Using the inverse Fourier transform

u(t , x) =
1

2π

∫
û(t ,ξ)e i xξdξ

we can derive

Lemma 12.14.1. If t > 0, then

(12.14.72)

∫

R

e±i xξ sin(tξ)

ξ
dξ=πH(|x| < t ),

where H(|x| < T ) is the characteristic function of the set {x, |x| < t }.
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Chapter 13

Appendix IV: Sobolev spaces

13.1 Michlin - Hörmander theorem

13.1.1 Laplace operator in R
n; fractional powers of (1−∆)

For any differential operator with constant coefficients of order m

P (∂x ) =
∑

|α|≤m

aα∂
α
x ,

where α= (α1, · · · ,αn) is multiindex,

∂αx = ∂
α1
x1

· · ·∂αn
xn

we can use the Fourier transform and for any f ∈ S(Rn) we can write

�P ( f )(ξ) =
∑

|α|≤m

i|α|aαξ
α∂αx

with

|α| =α1 +·· ·αn .

Therefore inverting the Fourier transform we have

P ( f )(x) = 1

(2π)n

∫

Rn
e ixξQ(ξ) f̂ (ξ)dξ,

where

Q(ξ) =
∑

|α|≤m

i|α|aαξ
α

with

ξ= (ξ1, · · · ,ξn) ∈Rn , ξα = ξ
α1

1 · · ·ξαn
n

205
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is called the symbol of the operator P.

Using the notations

Dx j
=

1

i
∂x j

, Dα
x = D

α1
x1

· · ·Dαn
xn

,

we can consider the differential operator

P (Dx ) =
∑

|α|≤m

aαDα
x ,

so that its symbol is exactly

P (ξ) =
∑

|α|≤m

aαξ
α

and we have the representation

(13.1.1) P (D)( f )(x) =
1

(2π)n

∫

Rn
e ixξP (ξ) f̂ (ξ)dξ

In particular, the Laplace operator

∆= ∂2
x1
+·· ·+∂2

x1
=−D2

x1
−·· ·−D2

xn

has symbol

−|ξ|2 =−ξ2
1 −·· ·−ξ2

n

and therefore

(13.1.2) ∆( f )(x) =−
1

(2π)n

∫

Rn
e ixξ|ξ|2 f̂ (ξ)dξ

This relation can be generalized as follows

(13.1.3) (1−∆)ℓ( f )(x) = 1

(2π)n

∫

Rn
e ixξ(1+|ξ|2)ℓ f̂ (ξ)dξ

for any integer ℓ≥ 0.

Now we can give the DEFINITION of the fractional powers (1−∆)s/2 for any

real s

(13.1.4) (1−∆)s/2( f )(x) = 1

(2π)n

∫

Rn
e ixξ(1+|ξ|2)s/2 f̂ (ξ)dξ

This integral is well -defined for example for f ∈ S(Rn). The above identities

suggest to consider operators of the form

(13.1.5) A(D)( f )(x) = 1

(2π)n

∫

Rn
e ixξA(ξ) f̂ (ξ)dξ
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with symbol A in a class larger that the class of polynomials. In general opera-

tors of this type can be called pseudodifferential operators of convolution type.

For example, we can take

A(ξ) =
∫

Rn
e−ixξb(x)d x,

where b ∈ L1(Rn). Then using the fact that the product of two Fourier trans-

forms is Fourier transform of their convolution, i.e.

b̂(ξ) f̂ (ξ) = à(b ∗ f )(ξ)

we find

A(D)( f )(x) = b ∗ f (x) =F−1(A)∗ f

and then the Young inequality implies that

A(D) : Lp (Rn) → Lp (Rn)

is a bounded operator for p ∈ [1,∞].

Let ρ be a tempered distribution. ρ is called a Fourier multiplier on Lp if the

convolution

F−1ρ∗ f (x) = 1

(2π)n

∫

Rn
e ixξρ(ξ) f̂ (ξ)dξ ∈ Lp (Rn)

for all f ∈ S(Rn), and if

sup
‖ f ‖Lp =1

‖F−1ρ∗ f ‖Lp

is finite. The linear space of all such ρ is denoted by M p ; the norm on M p is the

above supremum.

Teorema 13.1.1. (The Michlin – Hörmander multiplier theorem). Assume that

ρ(ξ) is a mapping from R
n to R and that

∑
|α|≤L

|ξ||α|
∣∣∣∂αξ ρ(ξ)

∣∣∣≤C0.

for some integer L > n/2. Then there exists a constant C1 depending on p ∈ (1,∞)

and C0 so that for any f ∈ Lp (Rn) we have

‖
(
F−1ρ

)
∗ f ‖Lp (Rn ) ≤Cp‖ f ‖Lp (Rn ).

The proof is based on the application of properties of Calderon - Zygmund

operators and we shall skip the proof refering to [13].
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13.2 Sobolev spaces on R
n

13.2.1 Sobolev spaces H s (via Fourier transform)

As is customary, we denote the Sobolev spaces W k,2(Ω) and W k,2
0 (Ω) also by

Hk (Ω) and Hk
0 (Ω), respectively. Recall that when Ω = R

N , the spaces Hk (Ω)

can be equivalently defined via Fourier Transform since Hk
(
R

N
)

is the space of

functions u ∈ L2
(
R

N
)

such that

(13.2.1)

(∫

RN

(
1+|ξ|2

)k |û(ξ)|2dξ

) 1
2

is finite. Here û denotes the Fourier Transform F[u] of a function u ∈ L2
(
R

N
)

defined by

û(ξ) =F[u](ξ) =
∫

RN
u(x)e−i x·ξd x

Recall that (13.2.1) defines a norm in Hk
(
R

N
)

equivalent to the standard

one since

‖u‖2
Hk(RN )

=
∑

|α|≤k

∫

RN

∣∣Dαu
∣∣2

d x =
∫

RN

∑

|α|≤k

∣∣ξα
∣∣2 |û(ξ)|2dξ

The previous definitions extend to the case of non-integer order of smoothness

and allow to define the whole scale of spaces H s
(
R

N
)

, s > 0 simply by replacing

k by s in (13.2.1).

Let Ω⊆ Rn be an open set with continuous boundary ∂Ω. Denote by T the

trace operator, namely the linear operator defined by the uniformly continuous

extension of the operator of restriction to ∂Ω for functions in C∞
0 (Ω), that is the

space of functions C∞
0 (Rn) restricted 6 to Ω̄.

Now, for any x =
(
x′, xn

)
∈ R

n and for any u ∈ S (Rn) , we denote by v ∈
S

(
Rn−1

)
the restriction of u on the hyperplane xn = 0, that is

(13.2.2) v
(
x′)= u

(
x′,0

)
∀x′ ∈ Rn−1.

Then, we have

(13.2.3) Fv
(
ξ′

)
= (2π)−1

∫

R

Fu
(
ξ′,ξn

)
dξn ∀ξ′ ∈ Rn−1,

where, for the sake of simplicity, we keep the same symbolF for both the Fourier

transform in n −1 and in n variables. To check (13.2.3), we write

(13.2.4)

Fv
(
ξ′

)
=

∫

R=1
e−iξ′·x′

v
(
x′)d x′

=
∫

R−1
e−iξ′·x′

u
(
x′,0

)
d x′
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On the other hand, we have

∫
R
Fu

(
ξ′,ξn

)
dξn

=
∫
R

∫
Rn e−i(ξ′·ξn)·(x′,xn)u

(
x′, xn

)
d x′d xndξn

=
∫
Rn−1 e−iξ′·x′ [∫

R

∫
R

e−iξn ·xn u
(
x′, xn

)
d xndξn

]
d x′

= 2π
∫
Rn−1 e−iξ′·x′ [

u
(
x′,0

)]
d x′

where the last equality follows by transforming and anti-transforming u in the

last variable, and this coincides with (13.2.4).

We have the following.

Proposition 13.2.1. Let s > 1/2, then any function u ∈ H s (Rn) has a trace v on

the hyperplane {xn = 0} , such that v ∈ H s− 1
2
(
R

n−1
)

. Also, the trace operator T is

surjective from H s (Rn) onto H s− 1
2
(
R

n−1
)

Proof. In order to prove the first claim, it suffices to show that there exists an

universal constant C such that, for any u ∈ S (Rn) and any v defined as in

(13.2.2)

(13.2.5) ‖v‖
H s− 1

2 (Rn−1)
≤C‖u‖H s (Rn ).

By taking into account (13.2.3), the Cauchy-Schwarz inequality yields

(13.2.6)
∣∣Fv

(
ξ′

)∣∣2 ≤
(∫

R

(
1+|ξ|2

)a ∣∣Fu
(
ξ′,ξn

)∣∣2
dξn

)(∫

R

dξn(
1+|ξ|2

)s

)
.

Using the changing of variable formula by setting ξn = t

√
1+|ξ′|2, we have

(13.2.7)

∫

R

dξn(
1+|ξ|2

)s =
∫

R

(
1+

∣∣ξ′
∣∣2

)1/2

((
1+|ξ′|2

)(
1+ t 2

))s d t =
∫

R

(
1+

∣∣ξ′
∣∣2

) 1
2−s

(
1+ t 2

)a d t

=C (s)
(
1+

∣∣ξ′
∣∣2

)1/2−s

where C (s) :=
∫
R

dt

(1+t2)s <+∞ since s > 1/2 Combining (13.2.6) with (13.2.7) and

integrating in ξ′ ∈R
n−1, we obtain

∫

Rn−1

(
1+

∣∣ξ′
∣∣2

)s− 1
2
∣∣Fv

(
ξ′

)∣∣2
dξ′

≤C (s)

∫

Rn−1

∫

R

(
1+|ξ|2

)s ∣∣Fu
(
ξ′,ξn

)∣∣2
dξndξ′
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that is (13.2.5). Now, we will prove the surjectivity of the trace operator T . For

this, we show that for any v ∈ H s− 1
2
(
Rn−1

)
the function u defined by

(13.2.8) Fu
(
ξ′,ξn

)
=Fv

(
ξ′

)
ϕ




ξn√
1+|ξ′|2




1
√

1+|ξ′|2

with ϕ ∈ C∞
0 (R) and

∫
R
ϕ(t )d t = 1, is such that u ∈ H s (Rn) and Tu = v Indeed,

we integrate (3.22) with respect to ξn ∈R, we substitute ξn = t

√
1+|ξ′|2 and we

obtain

(13.2.9)

∫

R

Fu
(
ξ′,ξn

)
dξn =

∫

R

Fv
(
ξ′

)
ϕ




ξn√
1+|ξ′|2




1√
1+|ξ′|2

dξn

=
∫
Fv

(
ξ′

)
ϕ(t )d t =Fv

(
ξ′

)

and this implies v =T u because of (13.2.3) The proof of the Hn -boundedness

of u is straightforward. In fact, from (13.2.8), for any ξ′ ∈R
n−1, we have

(13.2.10)

∫

R

(
1+|ξ|2

)s ∣∣Fu
(
ξ′,ξn

)∣∣2
dξn

=
∫

R

(
1+|ξ|2

)s ∣∣Fv
(
ξ′

)∣∣2

∣∣∣∣∣∣∣
ϕ




ξn√
1+|ξ′|2




∣∣∣∣∣∣∣

2

1

1+|ξ′|2
dξn

=C
(
1+

∣∣ξ′
∣∣2

)s− 1
2
∣∣Fv

(
ξ′

)∣∣2

where we used again the changing of variable formula with ξn = t

√
1+|ξ′|2

and the constant C is given by
∫
R

(
1+ t 2

)s |ϕ(t )|2d t . Finally, we obtain that u ∈
H s (Rn) by integrating (13.2.10) in ξ′ ∈R

n−1.

13.2.2 Sobolev spaces W ℓ
p (Rn) of integer order

The space of test functions C∞
0 (Rn) is too strong, while the space of distribution

is too weak to describe the space of solutions of partial differential equations.

As intermediate spaces one can consider the Sobolev spaces W ℓ
p (Rn) defined

for integer ℓ≥ 0 and any p ∈ [1,∞] as follows. A distribution f ∈ S ′(Rn) belongs

to W l
p (Rn) if the norm

‖ f ‖W ℓ
p
=

∑

|α|≤ℓ
‖∂α f ‖Lp(13.2.11)
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is finite.

Lemma 13.2.1. For any ℓ≥ 0 and p ∈ [1,∞] the space W ℓ
p (Rn) is a Banach space.

Idea of the proof. Follows from the fact that Lp (Rn) is a Banach space.

Basic properties of Sobolev spaces are given in the next

Lemma 13.2.2. Let ℓ≥ 1 and let p ∈ [1,∞]. Then we have

• for any multiindex α, |α| ≤ ℓ,

∂αx : W ℓ
p (Rn) →W

ℓ−|α|
p (Rn)

• if f ∈C∞
0 (Rn) and g ∈W ℓ

p (Rn), then f g ∈W ℓ
p (Rn) and we have the Leibniz

rule

∂αx ( f g ) =
∑

β≤α

α!

β!(α−β)!
∂
β
x ( f )∂

α−β
x (g )

• if b > a > are positive numbers, 1 ≤ p <∞ and f (x) ∈C∞
0 (Rn) is such that

f (x) =
{

1, if |x| ≤ a;

0, if |x| ≥ b,

then for any g ∈W ℓ
p (Rn),

(13.2.12) lim
R→∞

∥∥gR − g
∥∥

W ℓ
p (Rn ) = 0,

where

gR(x) = f
( x

R

)
g (x).

Idea of the proof of (13.2.12). One ca apply Lebesgue convergence theorem to

show

(13.2.13) lim
R→∞

∥∥gR − g
∥∥

Lp (Rn ) = 0,

the remaining part follows from the Leibniz rule, the definition of Sobolev space

W ℓ
p (Rn) and the estimate ∣∣∣∂αx f

( x

R

)∣∣∣. 1

R |α| .

Finally, we can show that C∞
0 (Rn) is dense in the Sobolev space W ℓ

p (Rn).
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Lemma 13.2.3. If g ∈W ℓ
p (Rn), then for any ε> 0 there exists h ∈C∞

0 (Rn) so that

(13.2.14)
∥∥h − g

∥∥
W ℓ

p (Rn ) ≤ ε.

Proof. The property (13.2.12) shows that we can assume g compactly supported.

Take ψ ∈C∞
0 (Rn), such that

∫
Rn ψ= 1, ψ(x) > 0 for |x| < 1 and suppψ= {x; |x| ≤

1}. Then setting

ψε(x) = ε−nψ

( |x|
ε

)

we define

hε(x) =ψε∗ g (x) =
∫

Rn
ε−nψ

(x − y

ε

)
g (y)d y =

=
∫

Rn
ψ(z) g (x +εz)d z.

For any ε> 0 the function

hε(x) =ψε∗ g (x) =
∫

Rn
ε−nψ

(x − y

ε

)
g (y)d y

is smooth in x and has compact support. Indeed if

supp g ⊆ {x; |x| ≤ A},

then

supphε ⊆ {x; |x| ≤ A+ε}

Further we have

‖ψε‖L1(Rn) =
∫

Rn
ε−nψ

(x

ε

)
d x =

∫

Rn
ψ= 1.

Hence, the Young inequality implies

‖ψε∗ g‖Lp (Rn ) ≤C‖g‖Lp(Rn )

with constant C independent of ε.

Further we can apply the Lebesgue differentiation theorem and deduce

lim
ε→0

∫

|z|≤1
g (x +εz)ψ(z)d z = g (x)

∫

Rn
ψ(z)d z = g (x)

for almost every x ∈R
n .

Since

hε(x) =
∫

Rn
ψ(z) g (x +εz)d z,
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we can write

hε(x)− g (x) =
∫

Rn

[
ψ(z) g (x +εz)− g (x)

]
d z → 0

for almost every x. Then the Lebesgue convergence theorem implies

(13.2.15)
∥∥hε− g

∥∥
Lp (Rn ) = 0.

This proves (13.2.14) for ℓ = 0. The remaining part follows from the defini-

tion of W ℓ
p (Rn) and the identity

∂αx hε =ψε∗∂αx g .

The above Lemma shows that the Sobolev space W ℓ
p (Rn) can be defined also

as the closure of the space C∞
0 (Rn) of test functions with respect to the norm

(13.2.1).

On the other hand, for any integer ℓ ≥ 0 one can define the Sobolev space

Hℓ
p (Rn) as completition of the space of smooth functions with compact support

with respect to the norm

‖ f ‖Hℓ
p
= ‖(1−∆)ℓ/2 f ‖Lp(13.2.16)

Lemma 13.2.4. For any integer ℓ≥ 0, p ∈ (1,∞) we have

• W ℓ
p (Rn) = Hℓ

p (Rn);

• there exists a constant C > 0 so that for any f ∈W ℓ
p (Rn) we have

(13.2.17) C−1‖ f ‖W ℓ
p
≤ ‖ f ‖Hℓ

p
≤C‖ f ‖W ℓ

p

Proof. It is sufficient to verify (13.2.17) for f in the Schwartz class, or in C∞
0 (Rn).

The inequality

‖ f ‖W ℓ
p
. ‖(1−∆)ℓ/2 f ‖Lp

follows easily from

‖∂αx f ‖Lp . ‖(1−∆)ℓ/2 f ‖Lp , |α| ≤ ℓ.

This inequality in turns follows from Michlin - Hörmander theorem 13.1.1, since

the assumption

(13.2.18)
∑

|β|≤L

|ξ||β|
∣∣∣∂β

ξ
ρ(ξ)

∣∣∣≤C0
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can be checked easily for the symbol

ρ(ξ) = ξα

(1+|ξ|)2
, |α| ≤ ℓ.

This proves the left estimate in (13.2.17).

The right one can be checked using the representation

(13.2.19) (1+|ξ|2)ℓ/2 =ψ0(ξ)+
n∑

j=1

ξℓj ψ j (ξ),

where ψ0 ∈ C∞
0 (Rn), and ψ j are smooth functions, supported in {|ξ| > 1} and

satisfying the estimate (13.2.18) needed to apply the Michlin - Hörmander the-

orem 13.1.1.

To make the proof of (13.2.19) more clear let us take n = 2.

13.2.3 Sobolev spaces of fractional order

13.2.4 Sobolev spaces of integer order

The space of test functions C∞
0 (Rn) is too strong, while the space of distribution

is too weak to describe the space of solutions of partial differential equations.

As intermediate spaces one can consider the Sobolev spaces W l
p(Rn) defined for

integers l ≥ 0 and real numbers 1 ≤ p <∞ as follows. A distribution f ∈ S ′(Rn)

if the norm

‖ f ‖W l
p
=

∑

|α|≤l

‖∂α f ‖Lp(13.2.1)

are finite.

Using Friedrich’s molifiers, one can see that for any

u ∈W l
p

there exists a sequence of smooth compactly supported functions tending to u

with respect to the norm (13.2.1).

This fact shows that the Sobolev space can be defined also as the closure of

the space C∞
0 (Rn) of test functions with respect to the norm (13.2.1).

The fundamental property of these Sobolev spaces is the inclusion

W l
p ⊆W r

q(13.2.2)

when 1 < p < q < ∞,1/p − 1/q ≤ (l − r )/n > 0. The inclusion follows directly

from the Sobolev inequality

‖ f ‖W r
q
≤C‖ f ‖W l

p
(13.2.3)
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The proof of the Sobolev inequality (13.2.3) , we shall present, is based on

suitable Sobolev identity. For the purpose we follow the approach from the

book of Maz’ya [38]. Namely, we shall use the following Sobolev identity.

Lemma 13.2.5. For any integer l ,0 < l ≤ n and any real numbers D > δ> 0 one

can find smooth functions ϕβ (β is multi index with |β| < l ) supported in the

unit ball and smooth functions ψα such that for any smooth function u(x) and

for |x| < D we have the representation

u(x) = δ−n
∑

|β|<l

(x

δ

)β∫

|y |≤δ
ϕβ

( y

δ

)
u(y)d y +

+
∑

|α|=l

∫

|y |≤2D
ψα(x,r,θ)∂αu(y)

d y

r n−l
(13.2.4)

where r = |x − y |,θ = (x − y)/r and the functions ψα(x,r,θ) satisfy the estimate

|ψα(x,r,θ)| ≤C

(
D

δ

)n−1

(13.2.5)

Proof. A scaling argument shows it is sufficient to consider the case δ = 1.

Let us take a smooth nonnegative function ω(y) supported in the unit ball so

that
∫

|y |≤1
ω(y)d y = 1.(13.2.6)

Introduce functions

f (x;r,θ) =−
r l−1

(l −1)!

∫∞

r
ω(x + tθ)t n−1d t

F (x;r,θ) =
l−1∑

k=0

(−1)k ∂k

∂r k
u(x + rθ)

∂l−1−k

∂r l−1−k
f (x;r,θ)(13.2.7)

We lose no generality assuming u has a compact support in |x| ≤ 2D. Since all

the derivatives with respect to r of the function f at r = 0 up to order l −2 are

zero we see that

F (x;0,θ) =−u(x)

∫∞

0
ω(x + tθ)t n−1d t

Now we apply the formula

0= F (x;0,θ)+
∫∞

0

∂F

∂r
(x;r,θ)dr
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valid in view of the fact that u is compactly supported.

On the other hand, from (13.2.7) we get

∂F

∂r
(x;r,θ) = u

∂l f

∂r l
+ (−1)l−1∂

l u

∂r l
f .

Hence we get the identity

u(x)

∫∞

0
ω(x + tθ)t n−1d t =

∫∞

0
u(x + rθ)

∂l f

∂r l
(x;r,θ)dr +

+(−1)l−1

∫∞

0

∂l u

∂r l
(x + rθ) f (x;r,θ)dr

Integrating this identity over θ ∈ Sn−1, we obtain

u(x) =
∫

u(y)
∂l f

∂r l
(x;r,θ)

d y

r n−1
+

+(−1)l−1

∫
∂l u

∂r l
(y) f (x;r,θ)

d y

r n−1

Having in mind that we have the representation

∂l f

∂r l
(x;r,θ)

1

r n−1
=

∑

|β|<l

xβϕβ(y),

we arrive at Sobolev identity (13.2.4) with

ψα = cα

∫∞

r
ω(x + tθ)t n−1d t .(13.2.8)

The estimate (13.2.5) follows directly from (13.2.8).

This completes the proof of the Sobolev identity.

To prove the inequality (13.2.3) it is sufficient to combine the Sobolev iden-

tity with the Sobolev inequality of Lemma 1.3.4.

In fact, Lemma 1.3.4 allows us to estimate the Riesz potential operator

Iλ f (x) =
∫

|x − y |−λ f (y)d y.

In fact, for 1/p −1/q +λ/n = 1 and 1 < p, q <∞ we have the following Adam’s

estimate

‖Iλ( f )‖Lq ≤C‖ f ‖Lp .(13.2.9)
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The Sobolev identity shows that

u(x) = u I (x)+u I I (x),

where

u I (x) =
∑

|β|<l

δ−n−|β|xβ

∫

|y |≤δ
ϕβ(y/δ)u(y)d y.

Let us assume u is a smooth function with a compact support inside the ball of

radius R and center at 0. Taking δ= R and D = 2R in the Sobolev identity we get

‖u I‖Lq (|y |≤R) ≤C
∑

|β|<l

R−n−|β|
(∫

|y |≤R
|y |βq d y

)1/q ∫
|u(y)|d y.

Applying the Hölder inequality, we get

‖u I‖Lq (|y |≤R) ≤C R−n/p+n/q‖u‖Lp ,

where C > 0 is a constant independent of R . To estimate u I I we start with the

estimate

|u I I (x)| ≤C
∑

|α|=l

In−l (|∂α f |)(x).

Now we are in situation to apply Adams estimate (13.2.9) and get

‖u I I‖Lq ≤C
∑

|α|=l

‖∂αu‖Lp

provided 1/q +1 = 1/p + (n − l )/n, i.e. for 1/p −1/q = l/n. Hence, we get

‖u‖Lq ≤C R−n/p+n/q‖u‖Lp +C
∑

|α|=l

‖∂αu‖Lp ,

where C > 0 is independent of R > 0. Taking R →∞, we get

(13.2.10) ‖u‖Lq (IRn ) ≤C
∑

|α|=l

‖∂αu‖Lp (IRn )

provided u is a smooth compactly supported function and l/n = 1/p −1/q.

Taking the closure of the space of smooth compactly supported functions

with respect to the norm in W l
p , we complete the proof of the Sobolev inequality

(13.2.3).

We shall close this section with the following Sobolev inequality

‖ f ‖L∞ ≤C‖ f ‖W s
p

(13.2.11)

for 1 < p <∞,1/p < s/n. An easy proof can be found when p = 2 by the aid of

the Fourier transform and Plancherel identity. For the general case, one can use

the Sobolev identity and the Hölder inequality.
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Lemma 13.2.6. ( Hardy , Littlewood ) Let m(ξ)= c|ξ|−t and consider the operator

I ( f )(x) =
∫

Rn
e i xξm(ξ) f̂ (ξ)dξ.

Prove that for 1 < p ≤ 2 ≤ q < ∞ and 1/p − 1/q = t/n this operator can be ex-

tended as a bounded operator from Lp to Lq .

On the other hand, for any real s one can define the Sobolev space H s (Rn)

as completition of the space of smooth functions with compact support with

respect to the norm

‖ f ‖H s = ‖(1−∆)s/2 f ‖L2(13.2.12)

Applying the Plancherel identity, we see that this norm is equivalent to the fol-

lowing one

‖(1+|ξ|2)s/2 f̂ ‖L2 .

It is clear that this is a Hilbert space with scalar product

( f , g )H s =
∫

(1+|ξ|2)s f̂ (ξ) ¯ˆ (ξ)g dξ.

We have the following property

Hk =W k
2 .

Moreover, the dual space of H s is H−s .

Now we can formulate a result for existence and uniqueness of higher reg-

ularity solutions of the Cauchy problem

(−∂2
t +∆−M2)u = 0,

u(0, x) = f0(x) , ∂t u(0, x) = f1(x)(13.2.13)

for the linear Klein-Gordon equation. Namely, if the initial data f = f0 × f1 be-

longs to the Hilbert space

H s ×H s−1

with s ≥ 1, then the Cauchy problem (13.2.13) has a unique solution

u(t , .) ∈∩[s]
m=0C m([0,∞); H s−m),

where [s] denotes the integer part of the real number s.
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13.2.5 Gagliardo - Nirenberg inequality

Another useful interpolation inequality is the following variant of Gagliardo -

Nirenberg inequality.

Lemma 13.2.7. Suppose f ∈W k
q/k

(IRn)∩L∞(IRn). Then for any integer k ≥ 1 and

any q ≥ k we have

‖ f ‖W k−1
q/(k−1)

(IRn ) ≤C‖ f ‖1−1/k

W k
q/k

(IRn )
‖ f ‖1/k

L∞(IRn ).

Proof. Let ϕ(x) be a smooth compactly supported function such thatϕ(x) =
1 near x = 0. Then for any q > 1 and any integer k ≥ 0 we know that

ϕ(x/R) f (x)

tends to f ∈W k
q as R tends to infinity. Moreover, for f ∈ L∞ we have the uniform

estimate

|ϕ(x/R) f (x)| ≤C | f (x)|.

This argument shows that without loss of generality we can assume f is com-

pactly supported. We can reduce the proof to the case f is smooth compactly

supported function, using Friedrich’s molifiers.

Moreover, the simple estimate

‖ f ‖Lq/(k−1) ≤C‖ f ‖1−1/k
Lq/k ‖ f ‖1/k

L∞

enables us to reduce the proof to the case n = 1. Then we shall proceed by

means of induction with respect to k.

We shall consider in details only the case

q ≥ 2k

and shall give only the idea for the case k ≤ q < 2k.

The identity

| f (k)(x)|q/k = f (k)(x)| f (k)(x)|−2+q/k f (k)(x)

and integration by parts give

∣∣∣∣
∫∞

−∞
| f (k)(x)|q/k d x

∣∣∣∣≤

C

∫∞

−∞
| f (k+1)(x)|| f (k)(x)|−2+q/k | f (k−1)(x)|d x.
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Applying the Hölder inequality, we get

‖ f (k)‖q/k

Lq/k ≤C‖ f (k+1)‖Lq/(k+1)‖ f (k)‖−2+q/k

Lq/k ‖ f (k−1)‖Lq/(k−1) .

Applying the inductive assumption for k −1, we get the desired estimate for k.

For the case k ≤ q < 2k we use the relation

| f (k)(x)|q/k = | f (x)|A | f (k)(x)|q/k | f (x)|−A

and applying Hölder inequality, we get an estimate of type

∫
| f (k)(x)|q/k d x ≤C (

∫
| f (x)|Ar d x)1/r (

∫
| f (x)|−As | f (k)(x)|2d x)1/s ,

where s = 2k/q and r = 2k/(2k−q). Further, we make an integration by parts in

∫
| f (x)|−s A | f (k)(x)|2d x

and use the inductive argument as it was done above in the case q ≥ 2k.

This completes the proof of the Lemma.

The above estimate has few interesting corollaries.

Corollary 13.2.1. Suppose f ∈W k
p (IRn)∩L∞(IRn) with p ≥ 1. Then for any inte-

gers k > l ≥ 1 we have

‖ f ‖W l
pk/l

(IRn ) ≤C‖ f ‖l /k

W k
p (IRn )

‖ f ‖(k−l )/k
L∞(IRn )

.

Corollary 13.2.2. Suppose f , g ∈W k
p (IRn)∩L∞(IRn) with p ≥ 1. Then we have

‖ f g‖W k
p (IRn ) ≤C (‖ f ‖W k

p (IRn )‖g‖L∞(IRn ) +‖g‖W k
p (IRn )‖ f ‖L∞(IRn ))

Proof. It is sufficient to apply Leibniz rule in combination with the estimate

of the previous Corollary.

Corollary 13.2.3. Suppose f ∈W k
p (IRn)∩L∞(IRn) with p ≥ 1. Then for any λ> k

we have

‖| f |λ‖W k
p (IRn ) ≤C‖ f ‖W k

p (IRn )‖ f ‖λ−1
L∞(IRn ).
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Proof. It is sufficient to apply induction with respect to k in combination

with Gagliardo - Nirenberg inequality.

In fact, due to Leibniz rule we have

∂αx F ( f ) =
∑

cα1,...,αm F m( f )∂
α1
x f , ...,∂

αm
x f ,

where the sum is over m = 0,1, ..., |α| and |α1|+ ...+|αm | = |α|. Then with |α| = k

we get

‖| f |λ‖W k
p (Rn ) ≤

∑
‖| f |λ−m‖L∞‖ f ‖

W
|α1|
pk/|α1|

...‖ f ‖
W

|αm |
pk/|αm |

provided

|α1|/pk + ...+|αm |/pk = 1/p.

Applying Corollary 13.2.1, we get the desired estimate.

This completes the proof.

13.2.6 Fractional powers of operators and some integral repre-

sentation

We start with the identity

Lemma 13.2.8.

(13.2.1)

∫∞

0

t s−1d t

1+ t
=

π

sinπs

for any s ∈ (0,1).

Proof. Using the integral representation of the Gamma function

Γ(z) =
∫+∞

0
t z−1 e−t d t ,

we get the representation

(13.2.2) A−s =
1

Γ(s)

∫∞

0
t s−1e−At d t ,∀s ∈ (0,1), A > 0.

Using the relation

Γ(s)Γ(1− s)=
π

sin(πs)
, s ∈ (0,1),

we find ∫∞

0

t s−1d t

1+ t
=

∫∞

0
t s−1

∫∞

0
e−λ(1+t)dλd t =

∫∞

0

∫∞

0

(
t s−1e−λt

)
d te−λdλ=

∫∞

0

∫∞

0

(
t̃ s−1e−t̃

)
d t̃λ−s e−λdλ=
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= Γ(s)Γ(1− s)= π

sin(πs)

Make change of variables t = τ2 and get

I ≡
∫∞

0

t s−1d t

1+ t
= 2

∫∞

0

τ2s−1dτ

1+τ2
.

For any real s one can define the Sobolev space H s
p (Rn) as completition of

the space of smooth functions with compact support with respect to the norm

‖ f ‖H s
p
= ‖(1−∆)s/2 f ‖Lp .(13.2.3)



Chapter 14

Sobolev spaces H s(Ω) in domains

Let Ω be an open domain in Rn with C 2 boundary ∂Ω. Sobolev spaces on man-

ifolds H s
p (Ω), s ∈ R,1 < p < ∞, can be defined similar to corresponding Eu-

clidean spaces H s
p (Rn) , usually characterized via

H s
p = (Id−∆)−s/2Lp

by replacing the Euclidean Laplacian ∆ with the Laplace-Beltrami operator on

(M , g ) and using an auxiliary parameter ρ, see Section [3.1] The spaces H s
p (M)

were introduced and studied in detail in [Str83] and generalize in a natural way

classical Sobolev spaces on manifolds, W k
p (M), which contain all Lp functions

on M having bounded covariant derivatives up to order k ∈N, cf. [ Aub 76, Aub

82]. To avoid any confusion, let us emphasize that in this article we study ex-

actly these fractional Sobolev spaces H s
p (M) defined by means of powers of ∆.

But we shall use an alternative characterization of these spaces on manifolds

with bounded geometry as definition - having in mind the proof of our main

theorem. To be more precise, on manifolds with bounded geometry, see Def-

inition [18, one can alternatively define fractional Sobolev spaces H s
p (M) via

localization and pull-back onto R
n , by using geodesic normal coordinates and

corresponding fractional Sobolev spaces on R
n , cf. [ Tri92, Sections 7.2.2,7.4.5]

and also [Skr98, Definition 1]. Unfortunately, for some applications the choice

of geodesic normal coordinates is not convenient, which is why we do not wish

to restrict ourselves to these coordinates only. The main application we have in

mind are traces on submanifolds N of M . But also for manifolds with symme-

tries, product manifolds or warped products, geodesic normal coordinates may

not be the first and natural choice and one is interested in coordinates better

suited to the problem at hand.

Therefore, we introduce in Definition [11 Sobolev spaces H s,T
p (M) in a more

general way, containing all those complex-valued distributions f on M such

223
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that

‖ f ‖
H s,T

p
:=

(
∑
α∈I

∥∥(
hα f

)
◦κα

∥∥p

H s
p (Rn )

)1/p

is finite, where T = (Uα,κα,hα)α∈I denotes a trivialization of M consisting of a

uniformly locally finite covering Uα, local coordinates κα : Vα ⊂ R
n →Uα ⊂ M

(not necessarily geodesic normal coordinates) and a subordinate partition of

unity hα. Of course, the case of local coordinates κα being geodesic normal

coordinates is covered but we can choose from a larger set of trivializations.

Clearly, we are not interested in all T but merely the so called admissible trivi-

alizations T , cf. Definition 12, yielding the coincidence

H s,T
p (M) = H s

p (M)

cf. Theorem 14 As pointed out earlier, our main applications in mind are Trace

Theorems. In [Skr90, Theorem 1], traces on manifolds were studied using the

Sobolev norm (?) with geodesic normal coordinates. since these coordinates in

general do not take into account the structure of the underlying submanifold

where the trace is taken, one is limited to so-called geodesic submanifolds. This

is highly restrictive, since geodesic submanifolds are very exceptional. Choos-

ing coordinates that are more adapted to the situation will immediately enable

us to compute the trace on a much larger class of submanifolds. In particu-

lar, we consider Riemannian manifolds (M , g ) with submanifolds N such that

(M , N ) is of bounded geometry, see Definition [18, i.e., (M , g ) is of bounded ge-

ometry, the mean curvature of N and its covariant derivatives are uniformly

bounded, the injectivity radius of
(
N , gN

)
is positive and there is a uniform

collar of N . The coordinates of choice for proving Trace Theorems are Fermi

coordinates, introduced in Definition [20] We show in Theorem [26] that for a

certain cover with Fermi coordinates there is a subordinated partition of unity

such that the resulting trivialization is admissible. The main Trace Theorem

itself is stated in Theorem [27, where we prove that if M is a manifold of di-

mension n ≥ 2, N a submanifold of dimension k < n, and (M , N ) of bounded

geometry, we have for s > n−k
p

TrN H s
p (M) = B

s−n−k
p

p,p (N )

i.e., there is a linear, bounded and surjective trace operator Tr N with a linear

and bounded right inverse ExM from the trace space into the original space

such that TrN ◦ExM = Id, where Id denotes the identity on operator N . The

spaces on the right hand side of (?) are Besov spaces obtained via real inter-

polation of the spaces H s
p , cf. Remark ⌊7 . When just asking for TrN to be linear
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and bounded, one can reduce the assumptions on (M , N ) further by replacing

the existence of a collar of N with a uniform local collar, cf. Remark

cf. [Tri92, Section 1.3.2]. In particular, for k ∈N0, these spaces coincide with

the classical Sobolev spaces W k
p (Rn)

Hk
p

(
R

n
)
=W k

p

(
R

n
)

, i.e., H0
p

(
R

n
)
= Lp

(
R

n
)

usually normed by

‖ f ‖W k
p (Rn ) =

(
∑

|a|≤k

∥∥Da f
∥∥p

Lp (Rn )

)1/p

Furthermore, Besov spaces B s
p,p (Rn) can be defined via interpolation of Sobolev

spaces. In particular, let (·, ·)Θ,p stand for the real interpolation method, cf.

[Tri92, Section 1.6.2]. Then for s0, s1 ∈ R,1 < p < ∞ and 0 < Θ < 1, we put

B s
p,p (Rn) :=

(
H

s0
p (Rn) , H

s1
p (Rn)

)
Θ,p

, where s =Θs0+(1−Θ)s1. Note that B s
p,p (Rn)

does not depend on the choice of s0, s1,Θ The following lemma about point-

wise multipliers and diffeomorphisms may be found in [Tri92, Sections 4.2,4.3],

where it was proven in a more general setting.

Lemma 14.0.1. Lemma 1. Let s ∈ R and 1 < p <∞. (i) Let f ∈ H s
p (Rn) and ϕ a

smooth function on R
n such that for all a with |a| ≤ [s]+1 we have

∣∣Daϕ
∣∣≤C|a|.

Then there is a constant C only depending on s, p,n and C|a| such that

‖ϕ f ‖H s
p (Rn ) ≤C‖ f ‖H s

p (Rn)

(ii) Let f ∈ H s
p (Rn) with supp f ⊂U ⊂R

n for U open and let κ : V ⊂R
n →U ⊂R

n

be a diffeomorphism such that for all a with |a| ≤ [s]+ 1 we have |Daκ| ≤ C|a|·
Then there is a constant C only depending on s, p,n and C|a | such that

‖ f ◦κ‖H s
p (Rn ) ≤C‖ f ‖H s

p (Rn )

Vector-valued function spaces on R
n . Let D (Rn ,Fr ) be the space of com-

pactly supported smooth functions on R
n with values in F

r where F stands for

R or C and r ∈ N. Let D′ (Rn ,Fr ) denote the corresponding distribution space.

Then, H s
p (Rn ,Fr ) is defined in correspondence with H s

p (Rn) from above, cf.

[Triebel, Fractals and spectra, Section 15]. Moreover, Besov spaces B s
p,p (Rn ,Fr )

are defined as the spaces B s
p,p (Rn) from above; B s

p,p (Rn ,Fr ) :=
(
H

s0
p (Rn ,Fr ) , H

s1
p (Rn ,Fr )

)
Θ,p

where (·, ·)Θ, p again denotes the real interpolation method with s0, s1 ∈ R,1 <
p <∞, and 0 <Θ< 1 with s =Θs0 + (1−Θ)s1 Lemma 2. The norms ‖ϕ‖H s

p (Rn ,Fr )

and
(∑r

i=1

∥∥ϕi

∥∥p

H s
p (Rn ,F)

) 1
p

are equivalent where ϕ =
(
ϕ1, . . . ,ϕr

)
∈ H s

p (Rn ,Fr ) .

The analogous statement is true for Besov spaces.
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